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Based on Cao’s theory, this paper presents the commutator representation of three new
isospectral equation hierarchies and explains that two different nonlinear isospectral evolu-
tion equation hierarchies can be associated with the same spectral problem.

§1. INTRODUCTION AND GENERAL THEORY

It is a very interesting topic to seek the commutator representation of isospectral equations
or the Lax representation. Its key lies in finding out a differenti al operator W,, such that
L¢ = [Wp, L]. Professor Cao Cewen presented the correct frame of this problem in [1] and elab-
orated the significance and the function of commutator representations. We have know that the
cornmutator representation lays a foundation for the discussion of Lax system nonlinearization
and Liouville’s integrable system(®3]. So far, some resultsl*~"] on the commutator representa-
tion have been obtained. In this paper by using Cao’s thought!J, we supply the commutator
representation of three new nonlinear isospectral evolution equations!8), but the method here is
a little different from [4-7]. As for the integrable systems produced by nonlinearization of three
spectral problem in [8], we have had some conclusion which are presented in another paper.

Consider the spectral problem 2
v = Uy = U(X uw)y, (1.1)

where X is the spectral parameter, and w = w(z) is a potential functional vector. The underlying
interval Q is (—oc,o0) or (0,T) and the potential w(z) decays to zero at infinity or is periodic.

e = ;,—% z € Q. Each element in U(X, w) is related to A, w(z) and its derivatives.
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Following the methid offered in [9,10], we consider the auxiliary problem
y = V(My= v w)y, n>0. (1.2)
Then the zero curvature equation determined by the compatibility condition of (1.1) and (1.2)
U=V 4 [U, V™) =0, n>0

can give nonlinear integrable evolution equation
wy=JLfy, n>0, 5 (1.3)

Where J and L are integro-differential operators which depend on the potential w(z), and J is
generally a Hamitonian operator. & = L= is the public recursive operator of equation hierarchies

(1.3).
Definition 1.1. Integro-differential operators J and K = JL are called the pair of Lenard’s

operators corresponding to the spectral (1.1).

Choose G_; € KerJ = {G|JG = 0} and order KG_; = JGj, j =0,1,2,---, the sequence
{G;}$2_, recursively obtained as above is called the Lenard’s recursive sequence of (1.1). Gen-
erally, G; is the poiynomial of w and its derivatives, and is unique if its constant term is required
to be zero. X; = JG; = KGj_; is said to be the vector field of (1.1). The hierachy w; = X;(w)
produced by X; is called the nonlinear evolution equation hierarchies of (1.1).

Rewrite (1.1) as
L(w)y = Ay (1.4)

Definition 1.2. L., (£) = £|e=oL(w +££), VE.

Simply write L,,, as L. below.
Consider the operator equation generated through the pair of Lenard’s operator A" and J

WLl= L.(EG) < LAIEY (1.5)

where G 1s a certain vector function; V = V(&) is an undetermined differential operator; and
[, -] is the Lie bracket.

Theorem 1.1. Let {G;} be the Lenard’s sequence. For each G; (j = —1,0,1,---) there
exists an operator solution V; = V(Gj) of (1.5). Then '
W, L= LX), m=0,1,2~, (1.6)
where Wi = 3= V;_yL™3.
ji=0
Proof.
= W L1 =3 % EIE™ 2
j—0
=N E(RKG— )L™ —L.(JG )L
j=0
=ZL.(JG,—)L"‘*J' ~ L (JG;_ )L™ 1+1
j=0

=1 (X )
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Theorem 1.2. Let the conditions of Theorem 1.3 be tenable and L, be an injective homo-
morphism. Then the evolution equation hierarchies of (1.1) has the commutator

Ly = W, L], (1.7)

in (1.7). W, is the same as in Theorem 1.3.
Proof.

Lf = L*(w%‘):
Ly — W, Ll = Li{w;) = Lu(Xin) = La(wy — X))

Note L, is injective. :
Corollary 1.1. w; = X(w) is the compatibility condition of Ly = Ay and 3 = W, .
Corollary 1.2. The potential vector function w(z) satisfies the stationary nonlinear system

determined by the vector field X;

Xnv+a Xy +--+anXe =0, (1.8)
if and only if
[ﬁ"'j\' +a Wn_o1 + -“—I‘O‘.NWD,L] =0; (19)
where a;,aq,---,ay are constants.

Proof.

Wn+aiWn_14 - +aeyWy, L] = L(Xn)+ a1 L (Xn=1) + -+ + an L. (Xo)
= L.(XN + a1 Xn_1+- -+ anXp).

L. is injective, so Corollary 1.2 is right.

§2. COMMUTATOR REPRESENTATION OF THREE EQUATION
HIERARCHIES

The three spectral problems studied in this paper whose pattern is y» = Uy can be all written
as :
Ly=(Li + L20)y = Ay, (2.1)
where the 2 x 2 matrix differential operator L = L; + L, 8 = 5‘-‘5, A is the spectral parameter,

L, is reversible, and y = (y1,y2)7.
Let a 2 x 2 matrix differential operator V = V; + V4L in which V3, Vs are 2 x 2 function

matrixes. Through calculation, the Lie bracket [V, L] is (note @ = L3 (L — L;)):
V. L] =V + VoL, L]
:[V.l, L] < LQVI.I — [VI,Lz}L;ILI
+ ([Vi, Lo) L3 + [Va, L] = LaVa o — [Va, L) L3 " L1)L + [Va, La] L5 L2, (*)

Using (%), we try to obtain the commutator representation of the isospectral equations as-
socuated with three spectral problems below

1 Au—1 :
v = Uiy, U,_(AH] = ) (2.2)
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; 1 —A+v+1
= sy 'r') = : 2.8
Yz 2y. L ( Ce _1 ) | (2.3)
- 1 A+ du+v+1
= [/ [ — . :
yr = Usy. Us (_)‘J_l_,\u_!_v_l . ) (2.4)
2.1. The spectral problem (2.2) is equivalent to
=2 17 -1 8+1 -

g ) L1=(:% })

R i T
Lz—u(l U)? y_(ylryE) 2

L= +§L‘ V&, L. is injective,
The pair of Lenard’s operators K, J are
1 :
K=z0u™'67!, J=07', 807 =07'0=1J 'K = %a‘*u—‘a”,
Define the Lenard’s sequence {G;} recursively: G_; =0, G; = J-'KG;_; (j = -1,0,1.- -}.
Gj(z) is the polynomial of u(z)’s inverse u~' and its derivatives. X;(u) = JG;, j=0.1.2, -
3

Let 8710 = —2. Then the first few results of calculations are X = u=2u,, X; = Hu3u, )r

and X» = —%(u*l(u‘z'))zz),.
The representative equations produced by X; are
w=u"%u,, j=0, (2.6)

1 :
Uy = E(H_sb‘.:)z, J=1

The former is the semi-classical Mkdv equation (u; = u~2u, can be changed into v, = v?v,
through transformation v = u~!), the latter is the nonlinear diffusion equation.
Let G(z) be an arbitrary smooth functionon @, J =97, K = $0u=1871, and L expressed

as (2.5). Then the operator equation

B = (i j)(L.(KG)-L.(JG)L) (2.8)
has the operator solution
I e | .
V=V(G)= SY a G(_a 8)' (2.9)

In fact, if let A = Lu=18~!G. Then V = V(G) = (i :":) L. Letting Vj = 0. 15 =

(i :j) in (*) and substituting the expressions of L and L+ into (*). by calculation we have

v.L] = (i :i) (—%"—L+2AL"’)

:(} j)(,c (K€) L. (G},
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Order V = V(G;) = %u*aﬂc(:g g) for each G (5 = 1,01, .}, In light of the

result narrated in §1, we have

[Wm‘L]: (i :i)L*('Xm)' m=0'1\2- 1 (2'}-0}
where Wi, = 3~ V;_1L™~7. Furthermore the hierarchy u; = Xm(u) produced by X, (u) has
7=0 i
the commutator representation
1 -1 : :
(e el 211)

Under y-y =0 and A; = 0, u; = X,,(u) is the compatibility condition of (2.5) and

1 -1
(1 ___I)yt = Wny

for

Corollary 1.2 in §1 is correct for the vector field Xm(u) of (2.2).
2.1'. For the spectral problem (2.2) if we let the pair of Lenard’s operators K = 0~!, J =
10u~'07!, we can get the comuutator representation of another nonlinear evolution equation

hierarchies of (2.2). Especially we point out J='K = 20ud-!. Some results are expressed as
below and their proof are the same as 2.1. N
Choose G-, = u, € kerJ. The first few results of the Lenard’s recursive sequence Giriig =

J=IKG; (j = —1,0,1.---) and vector field X, = JGpn (m =0,1,2,---) are
@g = 20ud "y, 6’1 = 40ud~'ud ™ 1u; )?g =, )?1 = 2ud " tu.

The vector field ‘?m = JG. produces another evolution equation hierarchies of (2.2) u, =
X (1) with the representative equation as

u = 2ué " 'u, m=1. (2.12)

Let é(z) be an arbitrary smooth function on 2 and V = V(é} (its expression as (2.9)). Then

V. L] = (} :i) (.76~ 1.(RB)L) (2.13)
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Order V; = V(G;) for each G; € {G;}22_,. Then

W )= (:} ;) EAR) =00 0y (2.14)

o 1 _— - ~~
where Wy, = Y~ V,_;L™t7~!, Hence the evolution equation hierarchy u; = X,,(u) nominated

j=0
by another vector field J?m has the commutation representation
(:i })Lg = [W,.. L]. (2.15)

Under y-y = 0 and A\, = 0, u;, = X’m(u) i1s the compatibility condition of Ly = Ay and

-1 1 =

Corollary 1.6 in §1 is also right for the other vector field fm(u} of (2.2).
2.2. The spectral problem (2.3) is equivalent to

v—1 —=0-1 .

=nme n= ("7 3) B2 (5 T

LB (s)= (g ?) ,V€, L. is an injective homomorphism.

s %32—{—3'0, J—a %3—&—1},

Let
G_l =l Gj = J_IIX-GJ'_I, .XJ' = JGJ = I{Gj_l (J = 0, 1,2,"-),
The first few are
Go=v G-l'u + v? G—‘—l—v +§vv ER o
0— Y, T 2 T ’ - 4 T 9 T )
1 1 4 5
Xo=uwz; X3 = §vm + 2vv,, X;= vaw -+ Z(U Yor 30 ves

The representative equation of vy = X,,(v) produced by the vector field X,,(v) of (2.16) 1s

V¢ = —VUpzr + 200, m=1

2

which is the well-known Burgers equation{!1.
Let G(z) be an arbitrary smooth function, and expressed as (2.16).

equation (1.5) has the solution

Then the operator

. Go 1,
"':“'(G}:(lc 'Ga)
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which is obtained through the calculation of (%). So the evolution equation hierarchy r, = X, (v)
of (2.3) has the commutator representation

Ly = W, L), (2.17)
where

e~ G a0 o, i
__E :‘E"- m—j _§ : J 2 ti=ls mej
Wm _—j=ﬂ J_IL : (%G Gj——la < )

j=0 Jbiz

Two corollaries in §1 are right here.
2.3. The spectral problem (2.4) is equivalent to

N 1l dutv=-1 —g=il
Ly =2y, L_:\h( 1-20 /\u+?)+1)' e

% 1 dutv=1 ~1 S iG]
L=1L,+ L0, LI—X( 1 ,\u+v+1)’ Lz_(—l 0)'

1
Ltw(£)= (él s Aé? : ) sgz(fl:EE)T’ ’tU:('I'.I‘._.‘!J)T,

0 &1+ Lo
L. is an injective hornomorphism.
2 0 ] _fd o ey 0 1 :
ﬁ'(%52+51} 0)' J_(—é?u a) g A‘(%aﬂ u)' o

G-1 = (Lu) ekerd, G, =T 'KG;-1,
Xo=JdG; = KG;: _; (J=0;1,2-).
The first two results are '
u v+ u? T - 2uuy + vg
el e
The vector field X,, produces the soliton hierarchy w; = (u,v)T = X, (w) of (2.4) with the
representative equation as

1
Uy = 2uuy + vy, U = 5Uzz + (uv)y, m=1.

Let A(z) be an arbitrary smooth function on 2. L, K, J are indicated as (2.18) and (2.19).
Let G = (A, uA)T. Then the operator solution V = V(G) of the operator equation (1.5) is

Ad 1A
V:L"{G}:( e ’).
14, A48

Let Gj-1 = (Bé_l)' Then
oy 0 1 B
ey L ;
Gy =J ""GJ—I"(%EQ-!-‘U u)(Bj )

( 3 II+UBJ 1+HB)
(:+éj.1

&
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= B; ~ 0
GJ i (IIBJ')’ G'?_E 5 (%Bj_l‘,; ‘+"l‘-BJ-;_1)‘

If y(z) is the eigenfunction of (2.18), then

where

Ls(KGj-1)y = Lu(JGj_1) Ly. (2.20)

In fact.

- 0 o

o 1.1, -
L*(JG_;'-—I) Ly :1(53-4- al‘)Bj_l -Ly

I Lo
(507 +09)Bj_ -y = L(KEGj_1)y, v = (v1,0)7.

So, if we consider the commutator representation of the evolution equation associated with
(2.4) or (2.18), we are sure to have

LK€ )= E.(JG- )L (2.21)
Let G; = (B‘?il] = (%B,-_l,,+fii_,_1+uﬁ,) be the Lenard’s sequence of (2.18). Then the

operator equation

[Te’},L]:L,‘(KGj)—L.(JGj)L (2.22)
has the solution

' §ip
Vi = V(G;) = (IB“a EB"'”) - (2.23)

1B, B;d
In fact, G; = G; — G,;_,. Note G; = (B;,uB;)”. Hence
[Vj, L] =L.(KG;) - L.(JG;)L

LR = LUKG. ) = LG+ E(JE )L
=L ARG, )~ L.{JC L. :

Moreover, the evolution equation w, = (u,v)T = X,,(w) of (2.4) has the commutator repre-

sentation
~[( Bj-10 iB;_, ) i
L= . 2l el 2.24
=3zt e (224
where L is expressed as (2.18), each B;_;(j = 0,1,2,--- ,m) is determined by the Lenard’s

sequence Gj_j.

Two corollaries in §1 in are also correct here.

Remark 2.1. In 2.1 and 2.1’ of §2 we present the commutator representation of two different
nonlinear evolution equation hierarchies associated with the same spectral problem (2.2). on
which we have some results(!2.
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Remark 2.2. As for the commutator representation of the isospetral equation. the spectral

operator L which is related to the eigenparameter ). potented w(z) and & = 2= is the first time
involved in this paper for the spectral problem (2.4) or (2.18).
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