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Abstract. A general synthetic aperture radar (SAR) signal model based on the Maxwell’s equa-
tions is derived, and three approximations are discussed for engineering applications. Based on
this signal model, a novel operation of SAR, called outer circular synthetic aperture radar (Outer-
CSAR), is investigated for wide observation. The Outer-CSAR works similarly to the general
circular SAR, but the beam of the SAR antenna points at the outer of the circle instead of the
inner. The signal model and imaging algorithm are presented for the Outer-CSAR, and further-
more, simulation is given to validate the signal model and imaging algorithm. © 2012 Society of
Photo-Optical Instrumentation Engineers (SPIE). [DOI: 10.1117/1.JRS.6.063547]
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1 Introduction

Synthetic aperture radar (SAR) has been developed in many different operations since the
1950s. The classic operations include strip-map operation, spotlight operations, ScanSAR
operation,' TopSAR operation,” and so on. Under these operations the platform of SAR usually
moves along a straight line while it illustrates the targets. These SAR systems are referred to as
linear SAR.? These linear SARs are used in many fields, such as soil moisture, forestry, wetland,
and agriculture by many researchers*'® Another operation, called circular SAR (CSAR),’
has been presented to observe targets from many different azimuth angles. The CSAR
platform moves along a circle at some altitude and stares at the targets near the nadir of the
circle centered on the ground. Usually the resolution of CSAR is much higher than those of
the linear operations. In this paper, we present a new operation based on the CSAR. The
platform of SAR moves along a circle and the beam of the antenna points to the outer
circle. That means the SAR works from the original left (or right) side-looking to the
right (or left) side-looking. While the platform moves along a circle fully, a cirque scene
can be illustrated. It will usually generate a bigger SAR image than the linear SARs or
CSAR at the same velocity. Of course, the observing efficiency is at the expense of the decreas-
ing resolution.

Before we discuss the signal model and image reconstruction, the general signal model will
be derived from Maxwell’s equations.'”'® As we know, the received signal of SAR is generated
by the microwave around the receiving antenna, and all the fields of microwave satisfy
Maxwell’s equations. The image formation will reconstruct the scene from the received signals.
So the image reconstruction is an inverse problem of electromagnetic wave propagation.'>* The
mathematical signal model is derived from the scattered field, and the approximations for the
engineering application are presented including antenna pattern approximation, far-field
approximation, and amplitude approximation for narrow band signal. According to this
model, the detail of the signal model for outer-CSAR is investigated, and the image reconstruc-
tion with simulation is given.
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2 General SAR Signal Model Based on Maxwell's Equations

2.1 Maxwell's Equations

Rather than the Maxwell’s equations in vector form, the simplified scalar model is used here for
our study.’!*?

[V2 = c72(x)97]e (. x) = —j(1.%), M
where x is the three-dimensional position vector, ¢(x) is the local propagation speed of eletro-

magnetic waves, and ¢(X) = ¢, in free space (usually, ¢, is the speed of light), £°'(z,x) and
J(t,x) are the total scalar field and the current density on the antenna, respectively. ¢(X) statisfies

1 1
CZ(X) = ?% - V(X)’ (2)

where V(x) stands for the target reflectivity function &£°(z,x) = £"(z,x) + £(,x), where
e"(t,x) and £°(r,x) are the incident scalar field and the scattered scalar field, and & (z, x)
satisfies

(V2 = cg?0p)e™(1,x) = —j(1,x). ©)

So, we can get the scattered field and the incident field as follows

(1, x) = / / ot = 1.% — 2)V(2)0% (1, x)dedz, @

en(t,x) = — // g(t — 7,x — z) (7, x)drdz, )

where g(,x) = G 4"“1(/"” , called Green’s function, is the fundamental solution of the partial

differential equation (V2 — ¢5%0?)g(t,x) = —6(1)8(x).”
Imposing Neumann series and Born approximation (or called the signal scattering
approximation)'®** on Eq. (4), the scattered field is reduced to

e°(1,x) = e¥(t, x) // t—1,x—2)V(z)0?e" (1, x)drdz. (6)
For simplicity, let us analyze the equations in frequency domain w
ES(,x) = — / G, )V (2) 0P E" (0, x)dz, )
where k =2, E"(w,x) is the Fourier transform of ¢"(z,x) given by,

EMw,x) = /G(a),x —y)J(w,y)dy 3)

where G(w,x) = 47[";“ is the frequency expression of Green’s function g¢(t,x), J(w,x) is the

current source in frequency domain. So, we have
E¥(w,x) // 0, X —12)G(w,x —y)V(z)w?J(w, y)dydz. 9)
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2.2 Mathematical Signal Model

2.2.1 Radiation pattern for a SAR antenna

Suppose a planar radar antenna is set up and the current density I is constant over an aperture
[—a, a] X [-b, b] in the plane formed by ¢é; and ¢,, then the radiation scalar F(k,x) can be
expressed by'”

b . o~ ~
Flk,x) = / ‘ / 16 +523) [ds, ds, — I[2a sine(ka% 2,)|[2b sinc(kb%2,)],  (10)
—a J-b

where sinc(x) = %) 5 — (5,2, is corresponding to the antenna direction.

nx

Let p(¢) be the transmitted signal, then the current density on antenna j(¢, X) is proportional
to p(t) and independent of position. So, J(w, X) is proportional to the spectrum of transmitted
signal P(®). Then

~

F(k,x) = P(w)[2asinc(kax"e,)][2b sinc(kbx"¢,)] = P(w)G,(k, X, e) ~ P(0)G,(kg, X, ),
(1D

where ky = 22 is the wavenumber corresponding to the carrier-frequency, and G, (kg, X, €) is just

c
an amplitude function independent of the transmitted signal.

2.2.2 Mathematic model of received signal

Suppose that the antenna is located at x, the incident £ (w, x), and scattered the field E (@, X)
are

o= [ O payaya S Fx ) 1)
o, x) = - P(w)dy % —— F(k,X = X).
yEantenna 47[|X - y| y 471'|X - X0| 0

e—ik\x—z\ ) e—ik\z—x0|

(k, x=%g)dz. (13)

E¥(w,x) & —/

V(z)w F
z€Etarget 47T|X - Z| 471'|Z — X0|

When a monostatic SAR receives echoes, the stop-go approximation is applied and therefore
the received signal is expressed by

Sree(@) = / ES (o.y)W(@. y)dy. (14)
yEantenna

Using Eq. (13) in Eq. (14), we have

e—ikly—| V(Z)wZE—in—xo\ -
D (e :_/ [/ T Wi, d]—Fk,z—x dz. (15)
reC( ) zZEtarget YyEantenna 47F|y - Z| ( Y) y 477,'|Z - X0| ( 0)
In the above equation, |y — z| ~ |z — xo| — (2= X) - (¥ — Xo) and ‘ylz‘ ~ |Z_IXO‘ are adopted to

produce the following form

o~ V(z 0)2e—i2k\z—x0\ .
Do) & _/ [/ e:k(z—xo)-(y—m)W(w7 y)dy] (>—2F(k’ 72— X,)dz.
z€target | J yeantenna (47[‘2 - XOl)
(16)
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Putting the unit weight function W(w,y) = 1 yields

e—iZk\z—x0|

ZGg(ko,Zi\Xo,é)dZ. (17)

Drec (a)) a /zelarget V(Z)CUZP(CU) (477J|Z - XOD

The corresponding signal in time domain is

1 [+ i p(t =2z —xy|/c .
drec(l)zz/_” Dyec(w)e tdwz,/zetargetV(Z) ((4H|Z|—X0|0)2 )G%(kOsz_XOve)dzs (18)

where p(r) is the second derivative of p().

2.2.3 Signal model after removing carrier wave and matched filtering

Because the received signal d,..(¢) is a radio-frequency signal, we need to remove the carrier
frequency w,. So, the baseband part is

d(1) = dyec (1) e (19)

It is noted that most of existing SARs make use of linear frequency modulated (LFM) wave-
form, referred to the chirp signal. That is

p(1) = eilonrtm?) — gim+im(D || < %ﬂ 20)

where y is the frequency ratio and equals to the bandwidth of chirp signal B, divided by the pulse
width in time domain 7,. @o(1) = wot, @, (t) = myt*.

; . t
pt) = [~(wy + 27yt)* + 2zylewoOtion) ] < EP 1)

Substituting Egs. (18) and (21) into Eq. (19), we obtain the echoes without carrier frequency

2av(t —t)? = i2 —iwot, +ip,(t-t,) .
d(t) ~ —/ V(z) {leoo + 2y (1 = 1,)]” = i m;}e G2 (ky, 2= X, &)dz,
zctarget (471'|Z - XOl)

(22)

w2 e~ w0ty tigy(t—t,)
- VZO—sz,Z/—\X édl,
Le[a_rget ( ) (477,'|Z _ X()Dz a( 0 0> )

where t, = 2|z — x|/ c.
Until now we just get a one-dimensional range signal when the SAR antenna locates at the
position x,. When the platform moves along some trajectory, X, ,,, and e may vary with the slow

—

time s, so we just replace X, #,, and e by x,(s), 1,(s), and e(s) in Eq. (22), and are able to get
two-dimensional echoes and matched filtering results:

w%e—iwoln(5)+i¢b[t_tn(5)] —_ =\

d(t,s) ~ — Aemget V(z) A —m )] G2lko,z — xo(s), e(s)]dz

(23)
= [ V@A) e,
Z€Etarget

— —2 —iZkO\z—xO(.x)\GZ ko, _/\ X 7N . L.
where A[z, X(s), e(s)] = —2 (4”‘1_;0((;’)‘1)2 %(8-¢0) jpcludes the antenna radiation and some
constant terms. Using the stationary phase method,”> we may get the expression in frequency

domain
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— —2myt,] e <‘l‘u7’_% .
D(w,s) ~ / V(z)Alz,xy(s), e(s)]rect {a) uld ”] ¢ e~ 12klz=%o(5)| 4,
zetarget 2myt, VT (24)

= / e~ 220 B (@, 2, %, (), €(5)) V (2)dz.
zE€target

where Blw, z, Xy (s), e/(s\)] = Az, x0(s), e/(s\)}rect [“’_z”ﬂ"} £ (?74) The goal of SAR imaging is

2myt,

to determine V(z) from the echoes d(¢, s) or D(w, s). The image processor can be thought as an
operator of the form

I(z,,) = // e~ 2K2=%0(5)| O [k, 2, %o (5), €(5)] D (@, s)dwds, (25)

where z,, is the first two components of z = [z,,, 0] (for the common SARs, one only gets two-

dimensional images), Qlk,z, X,(s), e/(s\)] is an imaging filter chosen by the following formula

o5 2)B (0. 2.x0(5).€(5)) | 75
Olk. 2. x(s). &(3)) = _ 26)
e 1B(@.2.%(s). ()

where ;((a) s,z) is a window function that prevents division by zero, &=
JIV kIR

first two components and | PG | is the Jaccobi determinant.

~ 2kP[xq (/)\ — z), with projections operator P mapping a vector onto its

2.2.4 Approximation discussions in engineering

In the above equations, there are a few approximations: the Born approximation in Eq. (6),
antenna pattern approximation in Eq. (11), far-field approximation in Egs. (12), (13), and
(16), and amplitude approximation for narrow band signal in Egs. (21) and (22). Almost all
works on radar imaging are involved in making the Born approximation. It makes the nonlinear
problem linear.>® The following discussions will focus on the quantitative analysis of the other
three approximation errors.

Table 1 Simulation parameters.

Variable Value

Carrier frequency wq 10 GHz

Antenna size [-a, a] X [-b, b] [-0.5,0.5] x [-0.05,0.05] m
Pulse width tp 20 us
Bandwidth of chirp signal B, 100 MHz
Platform height H, 5 km

Incident angle 6, 45 deg

Pulse repetition frequency f, 200 Hz

Platform velocity v 100 m-s™!

Radius of flight R, 2.5 km

Start azimuth angle 6, 45 deg
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Fig. 1 Antenna pattern with different frequencies within the main lobe: (a) G(k, X, &) in dB; and
(b) G(k, X, &) — G(kg, X, &) in dB.
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Fig. 2 Far-filed approximation errors: (a) amplitude error in percentage; and (b) phase error in
degree.
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Fig. 3 Narrow bandwidth approximation errors: (a) amplitude error in percentage; and (b) phase
error in degree.

Under the parameters in Table 1, the varying range of % is (0.995, 1.005), and Fig. 1 displays
the effect by the antenna pattern approximation. We can see the approximation error is very
small, which is less than 0.1 dB within the main lobe. So we may replace G(k,X,¢e) by
G(ky, X, e) for engineering applications.

Usually the distance between the target and the antenna is many times the wavelength or the
antenna’s length. So, |z — xg| > |y — X¢|, where X, is the position of antenna phase center, y is
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Downloaded From: http://remotesensing.spiedigitallibrary.org/ on 08/26/2012 Ter ms of Use: http://spiedl.org/terms



Sun, Qiao, and Chen: Outer circular synthetic aperture radar imaging...

the position of some point in the antenna, and z is the target position on the ground. Then we may
use the far-field approximation |y —z| ~ |z — xo| — (2=Xg) - (y — Xo). In Eq. (12) and those

equations thereafter, the amplitude —L is replaced by p—-" (J\) — \z—lxol’ and the phase
Z—xo|—(2—%p ) (y—Xq

[y—z|

term e*V=7| is replaced by e~%[=(=%)-(=%)I_ Figure 2 shows the errors by the far-field approx-
imation. We see that the amplitude errors are so small that they may be neglected. The phase
error is less than 1 deg and also very small.

Thirdly, we will illustrate the narrow bandwidth approximation. In fact, the errors just occur
when one replaces p(f) by —@3p(t). Fortunately, it just generates small amplitude and phase
errors. Figure 3 shows the errors by this approximation. We can see that the amplitude error is
less than 1%. The phase error is less than 1078 degree.

So far, we understand that the common signal expressions in engineering are the special cases
with depressing some complex constants. The following expression is usually used for discrete
point targets,

d(t,s) = Zanpo [t—zRé'O(s)} exp{—mnR;(S)}, 27
where o, is the radar cross section of the nth target, p(t) = exp {ig,(t)} = exp {izyt*} is the
base band chirp signal, and R, is the slant range between the nth target and the antenna phase
center at the slow time s, A = 20’% is the wavelength.

After these approximations, the engineers could concentrate on the imaging algorithms much
more easily.

3 Outer-CSAR Signal Model and Imaging Algorithm

3.1 Outer-CSAR System Model

When an outer-CSAR works, the platform of SAR moves along a circle and the beam of the
antenna points to the outer circle. That means the SAR works on the original left (or right) side-
looking to the right (or left) side-looking. While the platform fully moves along a circle, a cirque
scene can be illustrated, and we can observe many more targets at the same time. Figure 4
displays the imaging system geometry for an outer-CSAR. The position of antenna x,(s) is
(R, cos ,,R, sin 0,, H,), and the target P is located at z = (r,, cos 6, r, sin 8,,,0). Suppose
that the platform moves at the same angular velocity w,, then 8, = 6, + @,s, where 6, is the
initial azimuth angle and s is the slow time.

Because the radar moves along a circular trajectory, the antenna directions change all the
times. That means the antenna direction vector ¢ changes pulse by pulse. For simplicity, we
just consider G, (ky, X, &) = 4ab within the main lobe in the azimuth and range directions. Then

G,lko,z — x¢(s), e(s)] = 4abrect <0 + a‘;“s p> , (28)
A

where 6, ~ 70 is the azimuth beamwidth.

3.2 Imaging Method

According to the above equations, we have

— R, cos 0,—r, cos 8, R, sinf,—r, sin 0
& = 2kP[xo(s) — 2] = 2k [ il 11; Tp 2 : (29)
d 4ow,R,|r, cos (8, —8,) — R,
‘ ¢ ‘:ww rp €05 (04 =0,) = Ra] 0
o(s, ) c5Rxz
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v -

0,(6,) , Circular flight path

(a)
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(c)

Fig. 4 Imaging system geometry in outer-CSAR: (a) three-dimensional chart; and (b) top-view

chart; (c) side-view chart.

SAR image

Y(km)

X(km)

Fig. 5 Imaging results of a outer-CSAR.
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where Ry, = \/Rfl + 15, —2R,r, cos (8, —6,) + Hj.
Then, the filter is

— _ 9 i
Olk,z,xy(s),e(s)] = rect(w 2ﬂytn>rect< o + @, p) .

2myt, 0,
i <2ka, +g'—fy—%) 6D
4n*\[rww,R,[R, — r), cos (0 + w,s — 0,)|Ry,e
(abayco)? .

Substituting Eq. (31) into Eq. (25), we are able to get the image for an outer-CSAR.

4 Simulation

Table 1 lists the main simulation parameters in this paper. According to the given parameters,
y=5=5x10"? 52, @, = £ = 0.04 rad/s.

We set a point array as a tafget on the ground, and the distance between X and Y is 500 m.
After transmitting chirp signals and receiving echoes, we adopt the filtered back projection
algorithm with the filter Eq. (31) to get the imaging result displayed in Fig. 5.

From the imaging results, we can see that the outer-CSAR can inform a cirque SAR image
and the image area is much bigger than the general CSAR pointing at the center of the projection
from the path. The point targets are focused in both azimuth and range directions.

5 Conclusion

In this paper, we derived the SAR signal model from the scalar form of Maxwell’s equations. We
can use some approximations in engineering applications when the approximation errors are
neglected. The new operation Outer-CSAR and its imaging algorithm are presented. The
imaging result displayed that the Outer-CSAR is useful for wide observation.
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