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f,r‘ hc rcsfricfed9bda刀o凡 、vhj‘△) s'1n integrabjc

只yn∶PJccfic,nap of Neun,ann l j,c Th`y‘ harc1山 c con∶ n∶ on Lax l,lah iX,(Jx″ nrr ic缸 扩̄刃afrlX
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I 1Il1roduction
II is 、vcll kn。 、vll 1hat the nonlineaIiza⒈ iorl :ne{b° d 。r Lax pair is applied to genera1e n

ni1e di∏lensional continu。 1is integtable sys⒈ eI11s as 、Vell as discr。 tc integrable吞 ys‘ en1s【 1ˉ 71 In

con1inuo】 s case 、Ve cAn ob(diIl flni1e dim。 nsional integI able IIanⅡ lIoni'1tl sys1ems, 、Vhilc in

discrele case 1he intcgrablc symplectio inaps  〔br exalnple, in co111inuous Case tiVC kinds ()f

nonlincaⅡ %ed← KdV nows(BaΓgtI1a11n and Ncumann饣ypes)were pmven Ⅱ)be c。 I11pltω1y in-
tegraljle6ni⒈ e diⅡ、e】lsiorlal HaIniltonian systcn1sby C,,)hnd Ceng ul Aud in d。 cretc case tWo

kinds of i11tegI,l〉le sy】nT lcc1ic maPs(discre切 Ba,gmann扎 nd l`enrnalm types)h℃ r。 studled
bv Ragnisco, Cao and、 Vu(67 、Vhc1hcr llnite dimension泣 integrabIe IIaInil1oη i|△Il systoms or
integrable syI11Ⅰ )lec⒈ i(;tJlaPs, a11 of thcm p。 ssess s1】猛Ciently n1any involll⒈ ive conserved il△ tc-

gI扎ls In geteral a】 l in1egrab1e symPlectic ltlap I1as 九 set()f Con|iIll1o11s iuV01utive c。 nsCrVCd

i【l1egr々

"s丨

冫Xl

In ltcr㈣ ,晚 l el,c,⒒ Ⅱ 加 hteleshng and al1,犭 n。,fad thc dlscr。 k洫 d ColltⅡ l lol s lt
tegrabIe sys1e】 tls sharc 1hc samc Lax matrix and `-1n九t【 ix 、vith the good 】)r。per1y of bcing

nondynamical 11eccnus Qia。 and strh1}lPp llavc l°und111ree fttr1hcr paiTs of diforent Con-

1inuo11s integrable sys‘ etns sl aring 1he e。mmon r-matriX again being nondynaInicil 1° l T°

ot】 I k【 l。、vledge,1hese arc so hr the。 nly bur cxaluples of pairs of(lifFeren⒈ ft1ite dinlensional

lntegr1ble sys1ems possessing 1hc above proper:y tllen the q"e、 Ii()Il arises wlle1her or n。 t

1bese pairs can be rcstricted into a syn、 l,lectic s1∶ b】【lanif)ld1° re1ain the abovc pr。 pcrty 、、℃

wi11give a sure reply iIl1his pt讠 I,cr

AppIyitlg 1hc previ。us idea ll】  to a syLnplectic sl∶ bIllarlin)ld, we shall sh。 、v tha1° n this

symplecⅡ c snbmanih1d the restⅡ cted c-KdV now"l is jus饣 1be itl1erPola1ing Hamil1。 nian now

o￡ iI)varian1of the restrjc1ed T)da no、 ˇbeiIlg:iI)in1cgrablc symP1cctic maP of Ncunann type

They share the coΙ l】n°】1LaX matrix, dynamical`-matrix and systelll o￡ inVolutive GOnserVed

iIlIegrals Tllc、 vh。 lc p peris o略 ani伢ed as R)llt)、~、  In the next seCtion,begin】 1iIlg、 ǐ1haL⒊x
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mdtrix cndo、ved、vith t、vo dineretlt auxiliary ma1rices,、 ve prcsen1anothcr LaX iepresen1dtion

for the rcs1^‘ ted Toda n。 w(ad9screte sys1em of Neumann t/pe)evel c。 n鼓dered in lte￡ lF,l and

the Lax rePresen1扯 lon fnT1he restriCted cˉ KdV now(ac° n1“uous system of Neumann tVpe)

In scc III, introducing Dirac brackct on a symplectic submanifr1d, 、vc iIllay the rcstriGted

σKdV n。w in i1 Then we gl△·e1he common'ˉm乩rix(dynamicdl)of the restrlc1ed⒍ KdV
n。、v and the restric1ed roda n⒍ v under饣his Dirac bracket,、 vhich guaralltees the integTability

°f thcm  section IV is devoted 1o describing thc separabuity 。f v kri● bIes for thc res1ricted

c-KdV n。、v s。me remarks are given in1he las1section

Beforc displaying our main resul1s,le1us give somc b否 ic syn△ bols and not峦 ions Let dp^

di=∑
揸 1dp`^d町 0tas梳 lld岔d symple山

c struc1urc lI,the Euclld spare″
Ⅳ =〈ω,Θ忉 =

(Pl,  ,PⅣ ),日 =(gl,  ,qⅣ )),入 l,  ,人Ⅳ be Ⅳ albltrary given dlstinct p扩
·lmeters,λ and u

be txvo dl【il=ren1spectr龃 p缸 aⅡ虍ters,洫 d〈 ,〉 sta lds for thc s1.ndald lnner product ln tlle
E11clid space nⅣ  Den。 1cΛ by Λ=di鸭 (入 b¨ ,入Ⅳ) 0n symplectic m洫 ifold(Π

2Ⅳ ,dp^dgl

‘he Poisson bracktt of txx/o Ⅱan1iltonian ftlnctlons只 C is denned by

(只 c)=苣
:(昌:箸
-筋
:g景 )

σ=(号
入+告
竺↑
%° D钅

人 吉将∵;01))
After a dlrec1calculation,,e have thc foll。 wiIlg Iheorom

t无eorem】  The colitinuous Lax equation

乃扌=lσ,‘l≡ σ乃-ErJ,   ‘Ⅱ=az/a￡ ,

(D

I【  Lax Represen乇 a七ions of七 he Rl·stricted Toda aⅡ d cˉKdV F1ows
In the ligh1of though1in Ref Il凵 ,we nrst introducc1he buowing2× 21raceless matnX

Ck Lax m。 ti对

乃 =zO,RO=(官
虽 )+Ξ 芒 玎 C扌 乌 免 )坐

(斜
B昱 乩 ) 

⑵

`Vhcn 
ǐe、ving the vaTial,Ies g and P 孙 the functions of continu。 us ⒊̌ iabIe 岔, ,ve 0ve an

a11xili缸 y1na饣 rix〃 as

⑶

⑷

o cquN众ent to a Gon;iltuous Neu∏lann t· pe o￡ hni1e di】nensional Hdtniltonian system仁 aued

tht。 restrltIed⒍KdV no Jl

助冖=-告人∮pj+告 (〈
^q,?)-1)P∮

+Φ,p)町 ,

%,Ⅱ =^幻 +吉人j%一 劳((Λ♀,Il-1)%,  丿=1,2,¨ ,Ⅳ ,

〈g,q)=1,  仞,P)=吉
set

then equation (5)rCads

v=〈Λq,0-1,  v=Φ ,砂 ,

(5)

(6)

,p`,

⑺
%o=_pj+;人,%一 告△%,   J=1,2,¨

which is the cˉ KdV spectral problem卜 叼

Ψ峦=(^告】l吉
·
 芸入一Ξu)Ψ

w⒒h thc ao。 xe t·/ry C0nstralrlts(6),λ =、 ,Ψ =Φ j,纫 )T simultan⒛ usly the potentials

也,v determhled Ⅱ  Eq⑼ Ⅸ耐 l· 曾vc the Neum狃 n type of Co灬 tralnt四 C~1=(钅 ,1F=

∑ 土 lβ J/犭“,”J/JvF d1hec KdV”
ec1r敲 Pob忆m⑶

p” =-告 x,巧 +;叼j+vg,

〈g,0=l,  佃,p〉 =岑 ,

⑶
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N° 2 0n1he Restrt1ed Toda a“ dc KdV F1oo/$of Nou诬ann Type

Now,we1urn to the1.猛 ma1rix(2) After introducing another au苑 liary matlix σ,

J=(1a。乌)/臼)        ⑼
wlth a2=〈Λgˉ p,Λqˉ p)+〈Λg,q)— 〈Λg,g)2and b=〈Λq,g)-1,R·e have the following

thcorcm through a⒗ ngthy but direct Galculatlon

T^eoret庀 2  rrhe discre1e Lax cquation

I′汐=J乃 ,   z′ z̄(入 ,p′ ,矿)                (lO)

ls equivale lt1° a dlsCr。 tc Neumann Wpe o￡ nnlte dimcns⒗ndl symlJlectic map锕 :lp,g)T→

(p′ ,q′ )Ti。mn2Ⅳ t。
`Ⅳ

,

咕=a%, ζ=G1(人j%_p,ˉ 蚝)9 J=1,2, ,Ⅳ , (g,0=】 , (q,0=芎 , (11)

which is ca1led the rcs1riGted Toda no、 v

n咖 硒 】  When、 vc understand1he创 oove t,,,matrlCes乃′and rr in the sense I′ →‘̂+l,
Ij→ 邑‘←e,g→ tl,,p→ pn,色 → nn,b→ 0,Ⅱ h· re n o thc discrete varidble),then
1he rest,lc1ed Toda now(11)。n1hc syΙnplectlc subma,lifold lyf=(臼 ,p)∈

'Ⅳ
Kq,g〉 =1,

衍,pl=→ 。n⒍ hl吨 but tht d1。 rre扼 Netlm⒛n盯s1em⒍ udlei bo Ragnlsco㈣

ne%nar凡 刀 For the restoc1ed Toda now(】 1),廿wo° ther Lax representations wcre prgentρ d

in Re‘ I61dnd【 131conp缸ing w⒒h thcm,onr Lax ma1Ⅱ x(2)ls much hke tllat ln Re⒈ u31,
bu11he a△。lhary ma1ix J is eviden11y dilFcren1 Due1o讠 he cl⒑ iGe o￡ our matrices(2)and

J,iom1he next sectlon we c⒊ 、see tha1the procedure。 frˉⅡ1。 tr9X ls sinp⒗

III DynamicaI Tˉ Ⅱ̌Ia乇riX and Integrability

In thc l眈 t sectlon,“ atlng flom thc△ Bx ma1丘 X(2),we。 btalned a discre1e nnite d⒈

men鼓md symploctt map OD md a c。 ntinuous n血te dlmc11s⒗ nd Hamlltolllm W萌 em O)

1hrough introducing two di硐 ℃retlt auxlllary matrices Sincc their Lax matrices are the samc,

they should珏ave a comm。 nrˉ m“rix 1n tl1is section,the dynaiRical common`-ma1riX is prcˇ

sellted,and W“ h thc dld o￡ tho r ndt⒒ x,eqtldt⒗ns(5)and(11)· ire sh。 wn to be comple1el v

血1egr。 ble in Lio⒒ vnle’ s sense

To see thls,oIl the sympkctic subΙ l1,。 lnif。 ld in R2Ⅳ ,Jlr=彳 (g,p)∈ R2Ⅳ |F≡ 〈￠,q〉 -】 =0,

C三 〈q,o-1/2=Ol,We il· trrjduGe a D心 ac bra l。 1

(∫ ,夕)Dˉ (∫ ,g)+告 ((∫,FHc,彐 )— I∫,clf只 口)), 02)

whth can be easil· provcn to be a p。心s。n brack。t With Eq(12),a dlred calcuIatlon ylelds

P,t,Pos讠犭饣o呢 】 T“ restll⒍溆 cKdV now⑸ ean ca脐 tlle Hatnlltonlan∞ non⒗龃 ccjua吐cn

血 the D∶rac bratket

%艹 =忆 ,Ⅱ)D, P-叻 =〈 p∮ ,Ⅱ〕D, j=】 ,2,¨ ,Ⅳ
wlth a HamiIto血 an

〃=劳〈
'Ψ
,0-告 /p,p)

P9uPoB氵切oη 刀  △ct^(入),B(入 ),σ (入)be deflned in Eq (2) The讧
(且 (入),^(u))D=(c(入 ),σ (u))D=。 ,

(B(入 ),彐 (u))r,=2IB(人 )_Il(u)l+4{^(入 )△B(u)—
^(〃
)刀 (入 )l,

⑽ 豇⑺b=宀阳一酬 2α衬夙⑷
u⒇α咖=宀㈨ -α刈+¤ vα妨9

∈)

沮X

⑿)

an

⑶

⑷
诅ed

阝)

Φ)

←3)

)r=
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△0,⑷ =∑∑耐
^忙

9屁
丬⑴′”0,⑷ EΙ⑴‘;⑴ , 刂=12,⒛

Thcn,lt fol⒗ Ws fr° m Eq(16)that

4(Tr I2(^),△Y‘
·(u))D=Tl(乃

2(入
)甲 乃
2(u))D=o

Apparenllv,ht Lax m乩 r仅 O)】`idds

酬η=Ⅱ钔=:+害宀,

刀:=助 ,0=珈 q+·
氵宵Ll哔片 咩

9氵 =、 ¨

伊 吖
l lll,=宀 u⑶ —

ql/Il+r㈤ ⑽ α 力   ㈣

Lct L1(入 )=‘ (人 )Θ r and E2(u)=r∞
z(u),herc r is the2× 2uPit matriX Then from the

above pr。 position vve have

Theo'e%n9 The Lax matrix lˉ denned by Eq(2)satisnes1he ftlndanental Pc,lss0n bracket

(I(入)甲 ‘(〃 )〕 D=lr12(λ ,u),山】
(入 )l-I`21(入 ,u),z2(u)l            (15)

wlth a dynanlical rˉmatrlx T12(入 ,u)=_I2/(〃
一入)P+s⒓ (入 ,u),r21(人 ,u)=Pr⒓

(u,人)P,

〗rI(鲡 马 →⑧玩 仳 ⑧
CP㈥

J烈 珈 dⅣ ˇ 驸 e∵∶∶∶∶|{∶|{i|)J

硼 篱磷 擞慊辗艋饿Ⅳ
咖嗥

(I2(入 )申 Ij2(u))D=If12(入 ,u),El(入)l-F21(u,jx),I2(ull,

su“tlttl砬ng Eq㈣ lllto Eq㈩ ,课ξ⒒恳烈雨挠弦J茧J,亻 :
restllc1ed Toda且 ow(11)° n11、e sympl· c

as well岱 ∑ 杠 】鸟 =〈p,0=眚
丘。mt吣 “鸵 T。tt L冰 eqtlatit n(】 Ql Tberchre

El,E,,⋯  ,εⅣ only刀 1,Ι元,⋯ ,EⅣ ~l arc independen1o￡
J/f Thus,we ob1ρ in

←Θ

←o

,Ⅳ      (1sl

For the

〗:9讠 0,g)
ar,tng

呈叩髁 丨如咒J扌:;墁讠丑裎;∶袋1氵
∞npletψ lntegablc翮吣Ind∞ e澜洫

For t犰 溺 “ded cKⅣ № w。nM,砒 号蓿 0=,芏 】入j马 志,咖汕 lnlp‘钥

(Ⅱ ,马)D=0,J=1`2,¨ ,Ⅳ Therefore,照
get

铷留伊si只W求焦父程W曲
㈤⑶°c°mdd山汕g铀△翮呐lndeˉ
迄∶

`,1。

o

∶蚤:乒各i瘤 菇 :l∶ :l扌 婪 鞲 揖 亏I巍
媾

Ⅰ
li薯

蝌 烈

say that both the restriGted and c。 nstrained nltltc dimensi。
nal integrable cˉ KdV n°Ws are tbe

illtel polatlllg Ⅱanilt。 nian noW。￡lnv狈
ant o￡ the cor。esponding T。da integrable symplec1ic

maI,

IV separabillky of Variables for乇 he Restricted c-KdV Flow

弼槛胃:J∶∶11爿罴:扌:∶暴廴:∶;j∶⒈:It喙社1⒊氵l扌】∶冫:;户:￡ l铲
l h thls
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(〃 ,λ)P,

智)9
llen1s Oi

(17)

^
°

N° 2 0n th‘ R欠$1rc1d T da艮 nd cˉKdV F1。w‘ 。f Neumann TyPe

As usua】 ,I15J let11s6rs1introduce ne、 v Coordinates o11 1he2iY-2dimension机 symplec1ic
subm inlfold n/r in刀 2Ⅳ Le1″ b ,̈uⅣ ~1be1he Ⅳ-1zero poirlts of C(人 )and vb¨ ,vN~】
be;he half values of^(人 )on these poi1比s,ie,

窖禹=哥女←料’氓=扣㈤,叫即ⅡⅣ→ ㈣
P'opo晚 J:°厄 J Ncw coor山 nates(u火 ,v女 )I=1are canollcdˇ c° rljug茄 ed on lhe symp⒗ ctlc
submalllⅡ lJ lV in`22Ⅳ ,ie,

伽 j,笆dD=(vj t丿·〕D=。 ,  (色 j,v攵 )D=岛 走,  J,凡 =1,2, ,Ⅳ -1  (20)

Wi1c
de;‘(^)=P(λ )/Κ (人),             (21)

where K(9)=饪 Π胆 l(入 一λ七)=4∑ 拦 1← 1)’αj入
Ⅳ J,md P(入 )=入

Ⅳ+乃v】 入Ⅳ 1+ +P。

o a pdynomhl。 f。lder Ⅳ lll terms of入 Equa“ on Ol)"dd·
Pv1=_r,1+2,  只v2=α 2-2α 】+8Ⅱ +I O勿

Generally,cach Pt沁 consis1cd of lnx/t lu伍 ve ftl,lctions马 md ccns讠 ants、 tnjs Pt and马
are in in∞ lut0n For c lr Hamllt。“an fln“ on丑 ,wc h洫e rJ=昔 (PA· 2-1+况 lˉ α2)
In1he b11owing,m。tlva1cd by Ref·

llˉl and uBl lve c。 nslder1he separa“ on of varlables

for the Halnnt。 llan P(人 ) Ir。m Eq(21),we k∞W

03)

Ⅱ。·氵⒓⑼
△÷1

Replacc v.b△·as/a也飞and intcrpret the coerFlcicnts of P(人 ),Pl,Pl,¨  ,乃v2,as the in‘ e旷 al
con81ants The Hamil1°n Jacobi equatlon foll。 、vs

锁V(入 +2㈣ +琶 u大)4苔 亏f兰兮∵千孥贯古孑(器)2=只λ卜  ⒇
M/e、vish t° look for the action n1nGti。 n‘ 、vith the for1n

Ⅳ-1

s0"￠、乜Ⅳ1)=∑ fkⅡ0        ⑿Φ
In“ rung Eq(26)int° Eq(25),diJlding the I,vo sid$by Q(λ )and taking rcsidue of
Eq(25)at^=u忙 ,,vC get返 (as火 /a△七)2=— P(也 k)/K(u〖 ),凡 =1,⋯ ,Ⅳ -1 Flllml弘 u,eh。ve

Thcrefore1he linearized coorrI⒒ la1es are

Qj=箦 =:∶
∶∶∫

⒚

t7≡贡亨翕予|南
dλ ,    丿=0厂  oⅣ ⒉̄

Thus,tll the symp贼 tlc sllbmm、lf ltl(M,∑
拦了
dQj^d马 )1he曲孤c noW gonerat。 dl· the

Hami1t。 nian function Ⅱ is

马=邛 , Q-=叫 +吉订Ⅳ2岔 , J=0,1, ,Ⅳ -2,

P0灯 )=-1磋 K(也芮),  凡=1,⋯ ,Ⅳ -l
Uslng the Lagrange interpo1aton,P(人 )can be cxpressed as

只”=Q⑶ (人 +② αl+彗 u.)4瑟
硭 衅 箐 七

忻,α 村=
(18)

For thc

i夙 lp,o

,anlong

ependen1

Li殂pu锣

its indeˉ

、且ov/atld

ns1raned

Tll△R,We

湖 are1he
·
nnplectlc

1
一

2
〓s 冖f

⑿9)
where邛 and Q9征e2Ⅳ -Dc° nst·ln⒖ Thls o the hllear么 ed equdtlon of tlle restriC1ed⒍ KdV
且o、v。n lvr In a ftlrther pr。 cedure we。 an obtain the aIgebraiG~geometric soluti° n ofeˉ KdV
eq lation uslljg the moth,d descrlbed in Re‘ n丬 and uq,xv· hicll o°mittod here
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V Conclu茹on
Beft△e star1ing our conClusions, it seems necessary 1o re-s1ress thc1,o 

“teohniCal tems”

usu扯ly used in thc theo△ y of integral)le sys1ems in order to avoid confjsion∶  one is 
“co⒈

就raiIled Πuw’
’
, v·
·hiCh means the hni1e dimcnsional l】 amiltonian no、v 。r symp1ec1ic map 血

R2Ⅳ under1he BargInann type of cons1raint 1he other‘
‘
festriGted n· x,” means1he nnite d⒈

mcnsional Ⅱan、iltonian no、v。r symplec1ic maP on some symplec1ic subnl扛】ifuld of R9Ⅳ
 under

thc兮

滞 ⒒ 盟 ⒒ 二 窄 载 矿 :∶⒉ lr;∶;遇押 甓 拜 △ :∶:暴1:l谩;nif,ld ln P2Ⅳ

dc1crn、incd to be symplectic by1he Neu,nann1yI)e of coIls1fain1 By making usc ofthe Dirac

bracket(ic Po。·on brack。 t on九 symplFruc subInanif,ltl),it resttlts in11⒑ l· ,rcstrit ted且 ow8

(。ne the dlsrr。 te Tod九 Wmplec“ c maI,,the othel thc con0nuc屿 c-KdV Hmntnn|an s胛
tCm)

sharing the s献ne r-matrix bcing dynamical instead of n。 ndynamicil This point is innately

differel△ t tom tha1in k‘ pl洫d uq

Besides the Pair o￡ consIrained Toda now汕 dc~KdV n。 w presen1ed in R。 f tq,reGently

。1her1hree fttrthcr p敲 rs(l钥  。￡di‘兄rent oons1rained lq。 ws`⒒e△und1o possess1he common

r-matriX、 vith an intcrcs1ing pr° PertV bciIlg nondynamical instead of dynan,ical An th。
sc

resul1s、veTe givcn、 lndC△ 1he Bargmann type of constrllnt in1he co.tinnous Cases As fr,r1he

Neuma了ln type of c。 nstraint, wc nrst time discuss here thc 1、 ″o rcs1riCted n。、vs 。、vning the

salne rˉ matrix beiI1g dynamicd on a symplec‘ ic sub∏ lanifr,ld

sincc the cons!rained or restric1ed discre1e Toda a1、 d con1inuous △
-KdV no、 vs have 1he

samc Lax matriX, r-matriX and invol1】 tive couserved iI1⒈ egrals, 、ve can C0mc out this re8ult∶

can the disGrete Toda symplectic map bec。 1ne an exact (liscrc1iza饣 ion of t11e con1in"ous o

KdV n。 w? Th。 probkm is still opeIl Addi1ionally,because of thc examp忆 sin n∞ f ⒚l and

this papcr, we would likˉ to give a ftr1her co珀 ecturo∶ Whether can any6nite dimensional

c。 ntinu。 us H,miltonian∏ o、v correspond饣 o a hni1ed∶ mcnsion龃 diserete syInplectic maI su0h

1hat they share a conmon Lax Ina1rix? lf1his is0Κ ,then1he discrete intesIable systems Mn

be greatly enl⒊ ged
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