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Abstract. We investigate the computational power of Step-Cycle
Chemical Reaction Networks (CRNs) when restricted to void reactions
of size at most (3, 1). Step-Cycle CRNs extend the previously introduced
step CRN model by repeatedly cycling through a fixed sequence of species
additions and reaction phases. We show that even under the severe con-
straint of trimolecular void rules—which can only delete or preserve
species—the model retains full computational power. In particular, we
prove that (3,1) void Step-Cycle CRNs can polynomially simulate (1) any
general CRN, (2) any general Step CRN, and (3) any general Step-Cycle
CRN. Ultimately, these results demonstrate that the Step-Cycle model
retains its complete expressive power even when restricted to (3, 1)-size
void rules.
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1 Introduction

Chemical Reaction Networks (CRNs) [5,6] are a well-established model of
abstract molecular computing. CRNs transform complex real-world chemical
dynamics into a simpler system consisting of molecular species, which change
through applications of reactions. CRNs have been shown to be computationally
equivalent to other important models of distributed systems, including Petri-nets
[20] and Vector Addition Systems [17], as shown in [11,15].

There is a long history of proposed extensions to the models of distributed
systems mentioned above. These extensions include inhibiting transitions by
the presence of certain species [1,9,13,16], establishing a priority of firing some
transitions over others [16,21,22], and enabling parallel firings of transitions
[8,23]. It is known that each of these extensions allows the systems to detect when
a species is absent (not possible in the traditional CRNs), which immediately
unlocks Turing-universal computation [7,19].

This research was supported in part by National Science Foundation Grant CCF-
2329918.
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026

E. Formenti and L. Manzoni (Eds.): UCNC 2025, LNCS 16364, pp. 378-393, 2026.
https://doi.org/10.1007/978-3-032-15641-9_25


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-032-15641-9_25&domain=pdf
https://doi.org/10.1007/978-3-032-15641-9_25

Polynomial Simulations with Trimolecular Void Step-Cycle CRNs 379

This paper focuses on one such extension, the Step-Cycle CRN model, which
reflects cyclic protocols often seen in molecular systems and laboratory practices.
In particular, we explore the expressive power of such systems when restricted
to simple void rules that only ever remove species. The following paragraphs
provide background on void rules, step-cycles, polynomial simulation, and our
main contributions.

Void Reactions. Perhaps the simplest form of reactions in CRNs are void reac-
tions, which do not generate new species. Void reactions can be categorized into
two types: true void reactions that only delete reactant species, and catalyst void
reactions that may preserve some reactant species. While conceptually simple
and relevant to practical implementation, restricting systems to only use void
rules can drastically limit computational power. For example, the reachability
problem (which asks if a target configuration B can be reached from some initial

configuration 71)) is known to be Ackermann-complete for general CRNs [12,18],
but becomes polynomial-time solvable when restricted to true void rules of size

(2,0) [2].

Step-Cycle CRNs. Of particular interest to this paper is a recently introduced
extension for CRNs known as the Step CRN model [3]. Motivated by real-world
laboratory practices, the Step CRN augments a traditional CRN by introducing
new copies of species into a configuration once no more reactions can be applied
to it. The authors of [3,4] demonstrated that Step CRNs, even when restricted
to true void reactions of small sizes such as (2, 0) or (3, 0), can compute threshold
circuits. In [14], it was then proven that the addition of only one step strengthens
the CRN reachability problem with only (2,0) rules to NP-complete.

The Step-Cycle CRN is a simple modification to the Step CRN model in
which the system continually loops through its steps. The cyclic nature of execu-
tion makes this model particularly relevant for automating recurring operations
in wet lab experiments and other time-structured settings. All of the results of
this paper involve Step-Cycle CRNs that are restricted to using void rules of at
most size (3,1).

Polynomial Simulation of CRNs. Although the aforementioned CRN exten-
sions have been shown to be Turing universal, universality alone does not capture
how efficiently these models can simulate one another. For this reason, recent
work [7] has introduced polynomial simulation as a framework for comparing
models not just in power, but in practical encoding complexity.

Under this framework, one CRN system 7" simulates another T if configu-
rations of T' can be represented as configurations of T, and the dynamics of T
are faithfully reproduced by bounded sequences of transitions in 7”. A simula-
tion is polynomially efficient if the number of species, rule size, volume growth,
and transition steps remain polynomially bounded with respect to the simu-
lated system. This approach provides a more nuanced comparison between CRN
models. It allows us to reason about simulation overhead and efficiency, rather
than treating all universal models as equally expressive. In this work, we use
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Fig. 1. Our simulation results (and corresponding theorems) with (3,1) void Step-
Cycle CRNs. An arrow pointing from a system 7" to another system T represents 7"
simulating T under polynomial simulation. Note that other than the (3,1) void rule
system, every system in the hierarchy is a generalization from left to right.

this framework to analyze the power of Step-Cycle CRNs that are restricted to
using void rules of at most size (3,1).

Our Contributions. In this paper, we show that (3,1) void rule step-cycle
CRNs can perform polynomial simulation of:

1. general CRNs,
2. general Step CRNs, and
3. general Step-Cycle CRNs.

Thus, even when restricting this experimentally motivated step-cycle model to
some of the simplest void-rule reactions, full expressive power is maintained.
These results and the corresponding theorems are visualized in Fig. 1.

2 Preliminaries

We first describe the CRN model, as well as its extensions discussed in this paper
and void reactions, then describe the framework of polynomial simulation.

2.1 Chemical Reaction Network Models

We formally define the CRN models discussed in this paper as follows. Example
systems for each CRN model are shown in Fig. 2.

CRNs. A chemical reaction network (CRN) C = (A, I') is defined by a finite
set of species A , and a finite set of reactions I' where each reaction is a pair
(]—%),]_3)) € N4 x N4, sometimes written ]_%)—>]_3), that denotes the reactant
species consumed by the reaction and the product species generated by the reac-
tion. For example, given A = {a,b, ¢}, the reaction ((2,0,0), (0,1,1)) represents
2a —b+c. -

A configuration C € N4 of a CRN assigns integer counts to every species
A € A, and we use notation c [A] to denote that count. For a species A € A, we
denote the configuration consisting of a single copy of A and no other species
as X} It is often useful to reference the set of species whose counts are not
zero in a given configuration. In such cases, the notation {E’)} is used. Formally,
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Fig. 2. Example systems for the CRN models discussed in this paper. The blurred
portions of the figure represent invalid reaction sequences. We also use colors for the
alphabet of the species set of a system. (a) CRN model. (b) Step CRN model with
1 step. Note that the step species are only added once the system reaches a terminal
state. (¢) Step-Cycle CRN model with 2 steps. Note how the system adds the species
of Step 0 again even after the addition of the species of Step 1.

{6')} ={xe | E')[A] > 0}, and when convenient and clear from the context,
—
we further use {C'} to denote the configuration (vector) representation in which
—
each element has a single copy. Finally, let [C'| = >, ., C[}\] denote the total
number of copies of all species in a configuration, sometimes referred to as the
—
volume of C'.
. - = . . . . . =1 . - — .
A reaction (R, P) is said to be applicable in configuration C' if R < C; in
—
other words, a reaction is applicable if C' has at least as many copies of each
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. - . - = . . . . .
species as R. If the reaction (R, P) is applicable, it results in configuration
C" = C— R+ P if it occurs, and we write C' — C’. If there exists a finite sequence

. — — — — — .

of configurations such that C - C;—...— C,, — D, then we say that D is

— — —
reachable from C' and we write C ~ D. A configuration is said to be terminal
if no reactions are applicable. We denote the set of reachable configurations of
a CRN as REACH:. We define the subset of reachable configurations that are
terminal as TERMc. When considering computation in CRNs, we use the notion
of output-stable computation from [10].

Definition 1 (Discrete Chemical Reaction Network). A discrete chemical
reaction network (CRN) is an ordered pair (A, ') where A is an ordered alphabet
of species, and I' is a set of rules over A.

Deﬁmtlon 2 (CRN Dynamlcs) For a CRN (A, F) and conﬁgumtions A and
B we say 1. that A —>cm B if there exists a rule (R P) e I' such that R < A
and A — R + P=38.

Step CRNs. A step CRN is an augmentation of a basic CRN in which addi-
tional copies of species may be added to the system once it reaches a terminal
configuration within a step. Once a step has passed (i.e. all copies of the new
species are added), the system transitions to the next step if it exists. Formally,
a step CRN of k steps is defined as ((A,F),(?O,gl,...,?k,l)), where the
first element is a normal CRN (A, I') and the second is a sequence of length-|A|
vectors of non-negative integers denoting how many copies of each species type
to add after each step. We define a step-configuration 6’2 for a step CRN as a
valid configuration C over (A, I') along with an integer ¢ € {0,...,k — 1} that
denotes the configuration’s step.

—

SO, Sl
s

B; zfezther
+

Definition 3 (Step Dynamics) For a step CRN (( I,

K W
Sk-1)) and step-configurations A and BJ, we say that A —s

—

— — — — — - =

1. i =j, there exists a rule (R, P) e I' s.t. R < A;, and A;— R+ P = Bj,
or — — — —

2. i+1=j, A, is terminal, and A; + S; = B;.

Step-Cycle CRNs. A step-cycle CRN is a step CRN that infinitely repeats
—
steps 0 through k — 1: that is, once S j_1 is added to the terminal configuration

in the (k — 1)th step, the resulting configuration is treated as the new initial
configuration for the step CRN. A step-cycle CRN of k steps is again formally

- = —
defined as an ordered pair ((A,I'),(Sq, S1,..., Sk—1)). We also define a step-

configuration 6’2 for a step-cycle CRN as a valid configuration C over (A, 1)
where i € {0,...,k —1}.
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Fig. 3. (Left) A system T with states Aand §, and and transition 4 —r B. (Right)
A state-space diagram for system T’ that simulates T. Here, each arrow represents
—

some transition X — Y under the dynamics of T’. Observe how T follows T” and
T’ models T.

Deﬁnltlon 4 (Step-Cycle Dynamlcs) For a step-cycle CRN ((A,I), (?0,

— — —
Sl, ce Sk—l)) and step-configurations A and B j, we say that A; An B;
if either

- = — — — - = —
1. i =j, there exists a rule (R, P) e I' s.t. R < A;, and A;— R+ P = Bj,
or . I,

2. (i+1) mod k=j, A; is terminal, and A; + S, = B;.

Void Reactions. A wvoid reaction is any rule that does not create any new
copies of any species type, and can only delete or preserve existing species copies.
Thus, a void reaction either has no products or has products that are a subset
of its reactants (in which case these products are termed catalysts). The formal
definitions of void reactions and rule size are as follows.

Definition 5 (Void Reactions). A reaction (1—3:, 1—5) is a void reaction zf1_3> —

]_%) has no positive entries and at least one negative entry. There are two classes
of void reactions, catalytic and true void. In catalytic void reactions, one or more
reactants remain and one or more reactant is deleted after the rule is applied.
In true void reactions, there are no products remaining.

Definition 6 (Size-(i,7) Reactions). A reaction (I_%),?) is said to be a size-
(i,7) reaction if (i,7) (|R| |P|) A reaction is trimolecular if i = 3, bimolec-
wlar if i = 2, and unimolecular if i = 1.

2.2 Simulation

To define the concept of one system T’ = (A’,I"”) simulating another sys-
tem T = (A,I') we introduce configuration maps and representative con-
figurations. A configuration map is a polynomial-time computable function
M : configsy, — configsy |J® mapping at least one element in configsy, to each
element in configsy, and the representative configurations for a configuration
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— — A — —
C € configsy are [C'] = {C" | C = M(C")}, also computable in polyno-
— —
mial time.! We say a configuration map M is valid if for all C’, D’ € configs;,
— - = —
where M(C’) # 0 and M(D') = 0, if C'~ D’ then D' ¢ TERM7. Finally, we
—
define the concept of macro transitionable for representative configurations A’
— — — — —
and B’, denoted A’ =7/ B’, to mean that B’ is reachable from A’ in system
— — — —
T’ through a sequence of k intermediate configurations (A’, X1,..., X}, B) such
— — —
that M(A’) # 0, M(B’) # 0, and each M(X]) € {M(A4’),0}. Note that k can
— —

be zero, resulting in the sequence (A’ B').

Intuition. Each representative configuration set [[6]] is a particular collection
(of at least 1 configuration) that adheres to the strictest modeling of system T

within system T' That is, any C e [[6’)]] must be able to grow into anything
that C = (C’) can grow into, and no O e HE’]] may grow into something
that C' = M(C”) cannot grow into (Fig. 3).

For a given configuration map and collection of representative configurations,

we define the concepts of following and modeling, followed by our definition of
simulation.

Definition 7 (It Follows). We say system T follows system T’ if whenever
— — — — — —
A" =7 B and M(A") # M(B'), then M(A") -7 M(B’).

Definition 8 (Models) We say system T' models system T if A —T B
implies that VA e [[A]] B e [[B] such that A’ = B.

Definition 9 (Simulation). A system T" simulates a system T if there exists

a valid, polynomial time computable function M : configspr — configsy and poly-
) . — — — — —

nomial time computable set [C']| = {C' | M(C") = C'} for each C € configsy,

such that:

1. T follows T".
2. T models T.

Polynomial Simulation. We say a simulation is polynomial efficient if the
simulating system adheres to the following:

polynomial species and rules. The number of species and rules is at most
polynomial in the number of species and rules of the simulated system.

polynomial rule size. The maximum rule size (number of products plus num-
ber of reactants) is polynomial in the maximum rule size of the simulated
system.

—

! We write M(C") = () to mean that the mapping is undefined, which is not the same
—
as M(C'") = 0.
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polynomial transition sequences. For all B such that A —1 B, the expected
number of transitions taken to perform a macro transition from M (A) =
M (B), conditioned that M (A) does macro transition to M (B), has expected
number of transitions polynomial in the number of rules and species of the
simulated system based on a uniform sampling of applicable rules.

polynomial volume. Each c’ € [[6}] has a volume that is polynomially
bounded by the volume of C, and for any macro transition A" =1 B,
any intermediate configuration within this macrotransition has volume poly-
nomially bounded in the volume of M(A’) and M (B’).

3 Simulation Results

Here, we show our simulation results achieved by void Step-Cycle CRNs with
rule size at most (3,1). Due to space constraints, detailed explanations of the
constructions are presented in this section, while the complete formal simulation
proofs are left for the full version of this paper.

3.1 Table Notation

Here, we provide an overview of notation used for the added species and reactions
illustrated in our tables in this section.

In detailing the added species created for the simulating system, we may
describe that we add a species using the universal quantifier, such as for each
reaction ~y; in I" or each step S; € Cs. If the added species shares the same index
1/l, then this indicates that we create a unique species for each reaction, each
of which we add one copy of. If the species does not have an index, this means
that we add |I'| copies of that species instead. We may also further indicate
that we add species for each individual species in the reactants and products
(indicated by R, and P; respectively) for each reaction, or for each step species
for each step-configuration. A similar case is made for the reactions created for
the simulating system.

For example, if the added species of a step is described as: Vy; € I : @, 51‘,
then the step introduces |I'| copies of @', but a single copy for each of
Zil, e 75|F\' Similarly, if the reaction is described as Vy; € I": 6—&—61- +9i—
(), then we create a reaction set consisting of 5 —|—61 +91—0,-- ,8 + 6\F| +
o
gr|— 0.

Theorem 1. Step-Cycle CRNs can simulate any given CRN under polynomial
simulation, even when restricted to at most size-(3,1) void rules.

Proof. Given a CRN C = (A,I') and a configuration C of C, we construct a

—
Step-Cycle CRN C5. = (A, I, (_>6, .. ,?g)) and a configuration C’ of Cg.
that simulates C over C' as follows.
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Species and Configuration. We first add the species from C with no changes.
For the new set of species, we first create G,G1, -+, G|, and g1, -+ ,g|r|- G
functions as a global species that randomly selects a rule v; € I' to attempt to
apply a rule in the set of species for all A; € A. However, a single copy of both
G; and g; must be present for G to select v;. GY, -+ - ,G’Fl are also made; these
species are used to ensure that, if «; was found to not be applicable, it will not
be selected again until another separate reaction is successfully applied. We also
construct the species Ef, ... ,Eﬁ'”l for use in determining if the count of any
reactant species r; € R; is zero. a, and a, are created to verify if applying -; is
either valid or invalid, respectively. We also create the species ¢ and w for assis-
tance in the above processes. Ri,.. .,R:?lml and P}, .. .7P‘|flm‘ are made for
use in the actual application of ;. The pair of species y; and yo are used to per-
form “clean-up” operations for excessive species. Finally, we create x and z. The
former determines if all reactions have been selected without any successful rule
application; if this is true, then z ensures that G' can no longer select a reaction,
effectively indicating a terminal configuration for Cs.. The final species set of

. IRl
C:S’CISthenAI:AU{G7G17"'7G|F\7gla"'7g\F|aGII7"'7GTF|aE%a"'7E|['“F‘a
IR rl [Pl
R%a"'aR‘pfm aplla"'ap|p|‘m 7ayaanacvwaxayl7y2az}'

Given a configuration of C 6), let the configuration of Cs, be ¢ =Cu
1 = — —
{G17"' aG\F|7 g1, g\F|}

Steps and Reactions. We first note that we construct the steps and reactions
of C%, such that a specific subset of the reactions will only be applicable within
specific steps. Therefore, our descriptions here will mainly describe the steps in
order, along with any relevant rules that are applicable only in those steps. The
full set of added species and reactions for each step is illustrated in Table 1.
The first steps (0-4) involve selecting a random reaction and determining
the validity of applying it within the set of species for all A; € A. In Step 0,
we only add one copy of G. Then the only initially applicable reaction is an
instance of Reaction 1, which represents 6 selecting a random reaction v; € I'
to try simulating. We then move to Step 1, where we add a single copy of E’); for

each individual reactant r; for each reaction in I'. If a E}; species represents a
reactant that is not in ~;, it will be filtered out by Reaction 2. In Step 2, we add
a single copy of w. w performs two operations in this step: it first deletes all ¢’
copies with Reaction 3, and then checks if each reactant species in ~; is present
in the configuration by Reaction 4. If the check is completely successful, then
no E’)z copy will be present after this step, indicating that ~; can be applied,
and at least one otherwise. We then progress to Step 3 and add a single copy of
@ . If any E‘)f copy is still present, then @, will be deleted (Reaction 5), but is
preserved otherwise. Finally, in Step 4, we add a copy of @ ,. If 7y is present,
then @, is removed through Reaction 6. Else, @, remains in the configuration.

Step 5 will apply ~; if allowed. Here, we add one copy of species representing
each individual reactant and product for each reaction in I", both in their “nor-
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Table 1. Steps and reactions for a (3, 1) void Step-Cycle CRN Cgs, simulating a CRN C.

Step Additions Relevant Rules
¢ M.7+G -7
.z — Z
1 VypelVreRi: EI VypelVreRi: 2 Gi+El— Gy
_, 3. W+ gi—w
2 w V’Y»;GF,VTjERi: 4E)+7-+E'>j—>w
: J i
5 Yy, €,¥r; €ERi: 5. B+ @y+ W — B
Y — — | =
2. Ay+wW+7Z =0
4 @n 6. Qy+ an+ W — ay
7.Gi+7T;+ Rl - G,
s = —_— LJ —>Z.*>
Vrj € Ri 115, RI Vr; € R :8. B4+ 7 ;+ R — 0
5 Nymel: Yy, €I 9.7y+7’j+l-€{aﬁy
— T — _ = —
Vp; € P;: Py, Pl Vp.efp..lo.Gi+pj+‘5~>Gi
J Lo — — j —
11. dn+7D,+ Pl =>7d,
6 Vyerl: T,G; VeI : 1227+ G+ Gi — 0
Yy €T < Yy € 13. @y + ¢+ G —a,
] V’/‘jERi. _ =i N
Vv € I': 15. y1+ R) — 41
—
ijEPillG.zl-FP‘zﬁzl
g Twer: 9 17. Gi+ g — G
U1 18. 1+ 7 — Y1
19.71+7y*>71
20. Y1+ adn— Y1
21. Y14+ ¢ — 71
9 2’2,7 22. W1+ Y2 — 0
Vv, €I G, Vv, € I 23.74’72‘%?}1
Return to Step 0.

mal” form and in their ﬁf or 1_35 form. Regarding reactions, we first perform a
similar procedure to Step 1, in which each reactant r; and product p; not from
v; is filtered out through Reactions 7 and 10. Then, if v; is found to not be
applicable by the presence of @, then we delete all product species p; and I_D)f
with Reaction 1_1_> Additionally, we use Reaction 8 to delete all reactants whose

corresponding Ef is still present (Reaction 9). The effect is that any reactants

of ~; that were present in 5; in Step 0 are restored back; those that aren’t are
removed. Alternatively, if 7; can be applied by the presence of E)y, then the
added reactant species r; and Rg will be deleted once again (Reaction 9) and
the product species are left unchanged.
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The final steps (6-9) constitute of “clean-up” operations, as well as ensuring
that our reaction, if not applied, cannot be chosen again until another reaction
is successfully applied. In step 6, we add a copy of E’); for each reaction, as well
as |I'| copies of @'. Here, @ and G will delete all present copies of E‘)l through
Reaction 12. Note that if C5. selects a reaction +y; from Step 0, then at least
one copy of 2, and thus a copy of 5;, is guaranteed to remain. Then in Step
7, |I'| copies of ¢ are introduced. Only if E)y is present will it delete a copy of
¢ and the 6; copy if 7; is selected. Moving to Step 8, we add a copy of ¢
for each reaction and one copy of 1. U1 will remove any remaining excessive
species with Reactions 14-16 and 18-21. In Reaction 17, ¢; will be deleted
if the corresponding 5}; species is still present; this ensures that -; cannot be
selected again in Step 0 until another reaction is applied due to the missing ¢ ’;
species required for Reaction 1. Finally, in Step 9, we add a copy of % 2, one copy
of 7', and a copy of 51 for each reaction. 3'; and ¥ will delete themselves
with Reaction 22. Additionally, if at least one copy of §; exists, then Z" will be
deleted (Reaction 23). If Z' remains present after this step, it indicates that we
have exhausted all of our reaction choices and none of them can be applied.

We define the step-configuration mapping as follows. If a single copy of Ef is
present in the step-configuration of Cg¢ 8;, then we map 6; to a configuration
of C in which the number of all species \; € A in 8 is equivalent to the count
of all species \; € A in 6’)2 We note that, by the construction of Csc, 5) can
only be present in the first step configuration §:6’ so any configurations with a

defined mapping can be simply referred to as C’.

i@ = e GN X G e D)
0

otherwise.

Polynomial Simulation. Let n and m be the maximum number of reactants
and products of any reaction in I', respectively. Cs, has O(|A| + |I'| - (n + m))
species and O(|I'|(n + m)) reactions. Cg. has a maximum constant rule size of
(3,1). The sequence of transitions is at most O(|I'|(n +m)). The volume of any
representative configuration differs from the original volume by only by a poly-
nomial amount O(|I|). The volume of any configuration along a macrotransition
will differ from the original volume by at most O(|I'|(n + m)).

Theorem 2. Step-Cycle CRNs can simulate any given Step CRN under poly-
nomial simulation, even when restricted to at most (3,1) void rules.

Proof. Given a Step CRN Cs = (4,1 (?0,...,§>k)) and a configuration of
Cs 65, we construct a Step-Cycle CRN Cg, = (4,71, (_)6,...,5)’12)) and a
configuration of Cg, 55 that simulates Cs over 65 as follows.

First, we create the same species as described Theorem 1. We now construct
new species exclusively for the step functionality of Cs. First, for each step
?l € Cs, we construct the species S;,d;, and Ejy1. S; is used to record the
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Table 2. Steps and reactions for a (3,1) rule size void Step-Cycle CRN Cs¢ simulating
a Step-CRN Cs.

Step Additions ‘Relevant Rules
Steps 0-6 follow from Table 1.
Vy; € 1 < Vv €1 13. Ty +C+ G — Ty
— _ — —
14-5z+i;+3{_}a S_l>
T VFiccsivs; €507, S B, TVE i eCs P A
17.?+E’)1+?—>7
vy er ST HE =T
Vv, €1 : 19. Y1+ R} — Y1
7 Vp; € Pi:20. T1+ P —
Yy €T 7 2. G+ i — G
8 2. Y1+ dy— Y
23. Y14+ a@n— Y1
36. T1+ b — ¥1
37. Y1+ ¢ — Y1
VS, eCs: 26. 71+§{—>71
9 VS, eCs: S VS, e€Cs: 27. S1+ S+ E;— 0
— — VS, €Cs 28. S+ Si+d;— S
10 VS els: di 29. §Z+E)l+?"?
72 Vg)l €Cs: 30. 72+71~>72
1 3. Yo+ T — Y2
Vv, €I G 32. Yo+ Y1 — T2
VeI 33. G+ 97— G/
12 zz,? 34. Yo+ Y20
Vv € I G, 35. 24+ Gi— g
Return to Step 0.

current step-configuration the system is simulating, which is represented by the
missing S; copy. Additionally, F;;1 will help perform the transition from step ?l
to S 1+1 when needed while d; removes any excesswe species involved simulating
the steps. Furthermore, for each species s; € S 1, we create the species S] to
ensure only the step species will be affected by reactions related to the sunulated
steps. Finally, the species b is made to assist in smaller tasks for Ck,.

The final species set of Cge is then A" = AU{G,G1,--- ,Gp|, 91, , 91,

’ |Rm\ IRirl p1 Pirl T I
G, IF\E o IFI JRE o RETLPL o PR S S

<1 s
,SOa"' ) S‘k kla Elv"‘ ,EkJrlvayaanabvcvwaxayhy%z}'
Constructing the configuration is the same as from Theorem 1, with the
only new addition of the species Si,---,Sk; So is intentionally excluded to
—
represent Cg, starting at Step 0. Then, let the configuration of C5, be C' U

— —5 — —
{Gla"' 7G|F|7717"' 7?\F|a517"'75k}‘
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Steps and Reactions. Steps 0-6 and its respective relevant reactions are con-
structed as described from Table 1, with the exceptions of modifying Reaction

flir
24 to 7 + G — () and removing Reaction 25 to ensure that we can “reset” our
reaction choices back to normal once a new step has been reached. The full set
of added species and reactions for steps 7-12 are presented in Table 2.

Step 7 adds the step species from ?l if allowed. This is determined by the
configuration of Cs. following Step 6. Recall that, if no copy of 7' remains
present following Step 6, then this indicates no reaction ; was selected, and the
simulated system Cs must be at a terminal step-configuration.

We add |I'| copies of © and a copy of ?f ,ﬁl_}rl and b for each step-
configuration S_>'l € Cs and a copy of ?j for all step species. If a copy of @
remains present in Step 7, all copies of ?j, S { and E)l+1 copies are removed by
Reactions 16 and 17, preventing any step species from being added. Else, each
present ?l copy removes the Ej;; copy and their respective step species in its
“normal” (5';) and ?{ form. This leaves one copy for all step species in ?l and
E)Hl. Additionally, E)y must be present, and thus Reaction 13 removes all Zf;
copies, allowing 6 to select reactions when introduced again.

Steps 8-9 performs some initial clean-up operations and the transition from
?l to §>l+1 if required. First, Step 8 introduces 3'; and |I'| copies of ¢’; and
largely functions similar to Step 7 from the construction of 1. The only changes
are that 71 does not remove @ and now removes any remaining copies of _b), <,
and ?f by Reactions 36, 37, and 26 respectively. In Step 9, we add a copy of ?l
for each step. In the case that the step-configuration ?l has become terminal in
Cse, a copy of each of ?l and Ej; must be present. It then removes §l+1 by
Reaction 27, representing preparation for the next step.

The final steps (10-12) perform the final set of “clean-up” operations. Step
10 adds one copy of 71 for each step-configuration. If Cg, has performed a
transition to a new configuration, then E)l will remove the excessive ?l copies
added in Step 9 by Reaction 28. Else, then a remaining copy of Z will remove
the 7; copy and extra copy of ?l with Reaction 29. Step 11 and 12 essentially
follow the same function as Steps 8 and 9 of the construction in Theorem 1; they
perform the last “clean-up” reactions.

We define the step-configuration mapping as follows. Because we are simu-
lating a CRN system with step-configurations, we must map both the count of
all species \; € A and the step-configuration ?Z If a single copy of G is present
in the step-configuration of Csc C', then we map 6’)2 to a step-configuration of
Cs in which the number of all species A\; € A in C is equivalent to the count of
all species \; € A in E’); Additionally, the specific step of Cs is represented by

— —
the one missing copy from all of Sq,- -, Sk. A special configuration mapping
— — —
is present for the final step configuration S x_1. If a copy for all of S¢,---, Sk
—

— —
is present in C', then C; only maps to the step-configuration S_1.
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(Saea G INT- X1,0) if G e {0y NS¢ {Ch
= — — — — — — —
M(Ci") = { (Caen Ch yW1- X k—1) if G e{CiY ASo,--, Sp_1€{C}
[} otherwise.

Polynomial Simulation. Let a be the number of steps in the simulated CRN,
n be the maximum number of reactants of a reaction in I', m be the maxi-
mum number of products of a reaction in I', and p be the maximum number
of introduced copies in a step in Cs.. Cse uses O(|A| + |I'|(n + m)) species and
O(a-p+|I|(n +m)) reactions with maximum constant rule size of (3,1). The
worst case transition sequence has O(|I'|) length. Any configuration of Cs¢’ has
at most an O(|I'| + a) blowup in volume.

Theorem 3. Step-Cycle CRNs can simulate any given Step-Cycle CRN under
polynomial simulation, even when restricted to at most (3,1) void rules.

Proof. Given a Step-Cycle CRN Cse = (4, T (?07 . gk)) and a configuration
— — —
of Cs¢ C'sc, we construct a Step-Cycle CRN Cs, = (A, I, (S§,..., S’)) and

— —
a configuration of Cs, C’ that simulates Cs¢ over C g¢ as follows.

Species and Configuration. First, we create the same species made in Theo-
rem 2. We then include Ey to allow Cg. to simulate returning to ?0 following
the additions of all species in ?k

The configuration is constructed the same as in Theorem 2, which is 8 U

— — — —
{Gl7"' aG\I—'|7?1a"' 7?\F|7SI7"'7S/€}‘

Steps and Reactions. The steps and reactions are again constructed nearly
the same as in Theorem 2. The only new modification is the specific variant of

Reaction 15 g)k + E)k+1 + b — @ from Step 7 is changed to ?k + Eo +b— 0.
The effect of this new change is that, upon Cg, adding the step species of E)k,
the EO copy is not removed. Therefore, in Step 9, when an additional copy of
?0 is added, Reaction 27 is executed, leaving no ?0 copies remaining. This
indicates ?0 as the next step-configuration to simulate; El then becomes the

gt
next deletion species to survive, eventually triggering Reaction 27 on 5.

The configuration mapping is structured the same as in Theorem 2, although
we remove the special mapping case for the final step:

u@ - {(EveaC/N) - X0i) 1T e (G 1S ¢ {0
’ 0 otherwise.

Corollary 1. Step-Cycle CRNs are Turing universal, even when restricted to
at most (3,1) void rules.

Proof. Follows from Theorem 3 and the fact that general Step-Cycle CRNs are
Turing universal [7].
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4 Conclusion

We have demonstrated that the Step-Cycle CRN model retains a vast compu-
tational power, even when restricted to using only trimolecular void reactions,
through simulating CRNs, step CRNs, and Step-Cycle CRNs under polynomial
simulation. Nevertheless, there are still several open questions to pursue.

For example, can other extended CRN models—such as those with inhibitors,
priorities, or synchrony—also achieve polynomial simulation using only small
void reactions? Furthermore, can a Step-Cycle CRN, under the same rule restric-
tion, simulate other models such as inhibitory CRNs [9], coarse-rate CRNs, or
instruction-parallel CRNS? How do these instruction-parallel CRNs compare to
the ability to add a large number of species in a single “step”?

Also, our simulation definition allows for nondeterministic simulation of
deterministic systems. While polynomial efficient simulation requires that all
macro transitions are expected to complete in a polynomial number of steps,
this does permit cyclic reaction sequences that may never complete the macro
transition. The question of whether (3,1) void rule Step-Cycle CRNs can deter-
ministically simulate general Step-Cycle CRNs remains open.
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