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bat (286-D%2:=1 aud (A+DZ = 2(AFD).
SOLLROVJ
Assume  Haat A;EeHmﬁﬂ) wi#n AQ:I avd BZ2=B  Theun
(26-1)%= (98-1(28-1) = 16 (98- -1(9%-D =
- (25)(98) -6R] -1(28) 1% =
S 42 -9B 98 1= 4Bt g+ X
4B -4B+ = OB+L=0+1=1.
amd
(A+1)% = (AYD(A41) = ACAYD +1(A41) =
= AN PATHIAF1% = AS4AL A4L =
S A249AL1. % 142441 = 2A141
=9 (A+1)

O frove: ¥8,C €Mk (: VAeHum(R): (B+CIA= BA4CA
Soﬁukbn »

let B.CeMuc(®) and Aec Hm(® fe gren. Lel ac [v]
and QG[\MI_‘ QQ gimu. Then ;
[(BredAT o8 = T Bty Ag2 = T. (Bay4Cax) Ay =

=§:. (BQA‘Q:"’C(QAQ,);’
yer 7% 50

= 1 Bu A "'I CQ Al =
3ebad 57t ye bl LR

= (BAYat + (G Dat = (BALEA
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Tt Collows fd
Vaelnd:Velwi: L) ATog = (BALCH a2 =

= (Bt A= BALCY

and Jﬂne»e.gme | o

Vo 8,6 € Mu (R : YAcMon (R) (B%C‘) A=BAsCGA.

) Prove: YAB.C cMum(® : (A=B=> At =Bs &)
Solubion

Lk ARG € Muw (R) fe %;vtn and assume ol A=B.
Then - |
A== che [v{] . Ve [w:] : Aa@ =Bo£ O
let aclu] and Belw] Lo givest. Then -
(A1) ok = Ac +Cat = Bagd Gag = (BrQ)ag
o.mi. il go@.owﬁ k\a{i
Vaeld:Véeln] : (Atcdog = (B4 C)ag -
= A1¢ =BG
oud WM’L«‘& we hore shown Hial
W AB, ¢ € Mo (R : (A=B = A+C =34 ¢)



 EXFRCES

H @ Comsi,:hzr 7[1'1@, emimc

A?[QSK S

,voJ Find  the wique Xt‘éélﬂ SUcL J(laoL A?‘:X»Ac}gl
) De & do bud 2welR suds dld AZ=2A4w]

@ Given e wmobis

L 2% 1% -t o | o
A=[o ('(}QMLB: | 2 ‘l{ o
y A el O D [ o)
QVQQ,UO.LQ ,cx.vch S'(MA()QFES o

&) G=AB O E= 943 -2A+]
) D =BA-%p2

_ Given Hhe mwotvices -

V { o o o 8 ¢

A’“it { o avd. B=lc arﬁ

S. | L‘J LQ cC o

evduale  aud siw()M\é G =A% —PA

©® Girn e makrix A:X& @] wilh o8, deR
c I o

o ok s AT (ot (ad 0L =0

-
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, D wa& ‘“,\x_ ?Qﬂpwtu% mew{?\?.) ,
o) Y Achu@®: VBcchc@ A(BC) = MBHAG
@7 VAeHanm Y B e U (R): Vc:eﬂsxw,ma (AB)G = ABO

@ V\olrn{wvx Malm\c U T
L(’,JC V\C&) X’(ssf} ‘,-,,Sun% ,

| Sind  cosd 4
Show ek

& ARG = R(9, h%) Yo, %et?x
) ROREN=1 , YoeR. |

. For A= {x “\Xau& E:[a ql

2. %) L9 44
SL«ow ’kfwi }CB’%EA |

@ For A‘[‘ &.;& bud B:L( Q] mi,Mn
o |

L

- o 0 N
_,0.‘@ efA | _,S‘naw ’R\QL . ;&E:EA.
@ (ons‘léer‘ kne. ’Qumc}ww ,

| { o % |
- Yxek: M&)—K«x ( —x’-/z]
) | o o |
 Show o
Vo elh: MKW = Mlatb)



dobwe

| S‘now J(L\a'{:

o) V%Hzie(ﬁ H(zuc%q) H(z&m(u)
HE)) Vi" 22 EC: M(222) = M(20 U (2

of compllx humgzr,,,w,t\ﬁxbe@@. o

O Leﬁ ALEC ﬂuﬁﬂ) Slr*ouj y«a{'/
A AB =Bk < (KAD(B-AD = (p-A) (M40, Ve
O (MY = A%94R 182 =5 AB=BA

;,E;C).‘Aﬁ':'lj( = (A-D2=1-4A

D AB =84 ABL-BLAL
,,s:e) (B2=7 A AB=-AB) = AB-BA-9

| @ Lek Achu(® sude Bt A=1  Show Hob the

W]QLY!CQS ‘
B= (1) (THA)
G W3R
| saiasﬁlg BE=B amd %=
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O Le£ 2 otbi (‘:‘C Be o COMAPQ’ZK wuwﬂerami

L Ty shews dhat KGR iikades! fhe thavsour




¥ Mobrie Tuvewses |

o el AG Ha(R) Ge o Square walrix . We S ok
 Blimne of h&n AB=BA-L. -
e [e A.e,gine X“ae sejc oQ aQQ h:ajcvices Aéﬂa(@) ‘de: saavc

au iuvevse @3 : o o
GLONLRY= § Ae Hal(® | 3B eHu®): AB=BA=T}
We sad ot | ‘
A won-sinaplar & Ae GLUWR)
A Siw%uﬁar &8 Aé LG [R)
¢ Square walrices  are Mo{: au&mwi-eeet ‘Lo hoave oun iuvevse.

Fov_ “e&xqwg&, Q:r A= {0 O] y e Ln\& :
‘ o 1

haswa [0 o] e]- [ o]0 ]

Uowcvu, we il o_rau& }Yho& ie a waleix does hiove av

o iwvtise, ik oo Wuique s |
. VA(Q‘QG Hu CRD » i AB=8BA=1 = 8=‘CJ
- Ac=cx=1

Frost

e et

) Lz,l: A’t6‘Cl e MaliR) e %ivm sudy  that AB‘—BA-—X-
ond AC=CAr=T1. Then
B=8L [ ldekhy wabox]
= B(AC) [ hapou\e)i) hc= 1]
= [BP,) C" [ ASSouo»Hm Pm()&r&a]
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=16 Uhgohew BA-1]
=G Llc&ew}s}é m_;,u‘.xl, B

H QDQQon?S ‘koa{i. o L S,
VA8, ceMuliR): 3 Ag=-BA=1 5 B=C
Ac=cA=) b

L* The Unoue nwesse og A,()., A@A@L:& oS A"l, o

ay 00:42 as it extsts.

> Caucellation ?vog,erl‘j,
I 3 L) U

VAB MR : V¢ €GLER) s (CA=CB & A >9)
VABeMA®) : Ve eGln, B : (Ac= Bc & A=B)

Ue dhow am&é e girsf SLOLWM{a Le{ Aﬁe Hvxaﬁ) tuﬂ’(
GeGlLln ) (e given. such fhad CA=CB. Then
A= 1h- [ idenkihy watvix |

=(c'e)A [ Climwene of ¢

= ¢7'CCA) | Y.a:soc;qhve,yraptrxg’f

- C,~1CCB) ’ [LBV&“A(’J{&‘- CA’CB] L
(1B Lamodedive poperk )
- 1B Lt tevse of C© |

=B [1&6%1“)\8 Yﬂa{’rfkl .
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| -H Qoﬂﬂows *“«ajc o ‘
VABeHa(R) -V € CLLR): (CA-(B=sA-B)

> Thvese of o %9 wmabrix

. LdA:Ia @} e Ho® f@e a WL squewe mabx

< 4
a) lf D= ad- Qc, 40, ten Aty non- §mzuzmr hﬂ#& |

etk

M ) g D ch. @c Q. {“ney\ A is Sh«%h@a‘{

® Apvﬁim{%m, {o ﬁ)ﬂi. Jinear 9%5[6,&5. |

, Amé 9% 9. .Qw’lear st\cm %s\&vz QB

i & % ’ff’-tlg l‘l
%X&»am% by,

an be rewvillen v tewms ol %mqlmx a 8e@m as;

[N

M& ‘ham SerecL 'ug.mg ‘MIE. &ﬂowng Vko?arl’é

o [Fhe cLln®: Yxbehul®: Chxzb & x=Ah) -




v Pfobg ;

Lt AL oud xbe Hm(® e %w.m,,;
Ax=b & A (A = A [ cancdlabion {Jm()@r\gﬂ

& (A Nx=A"'%  Lassouhre properi?]

& Ix= A-Lh [A"s,mt/um o? A
& x=hb  [iduhly walix]

I¥ Qomows knd: , o
Vie @) - Yxbe M : (hx=b & x= A7) o

Cowsﬁq%%, fg Ou@gg -0 lg 40 ; Haewn -

| %OuXJraw.\&f- b = [&n QL{HX } = IE« j[ﬁ)

‘ Qq_[\C{‘Qg,gfg “"L‘Jg.,u LGg Qg9 B , ,Lﬁ ‘
@KX1:X'QLL Qtﬁ.}‘i{{o!]: ‘

v 5 LQgy  Qqq . . g2. P

= i ] Qo9 —Qy 'or]

Sulgy g ly j-0y auldlb

9.

| fmm whids  we lmag Coﬁ,mﬁn}f H?m. Uniqur sgﬂu}ions
gor CKui. ‘ B , ,
Ly Nolotion - 9x9. delermiinaat

The e;cgmsion QAch iy Jt!ae. 9~)<2 cidevmivzéd;,og Hne .

Cmabvix A= K& g] and we terfer
c 4 |

: AQ&A = a : QA.—QC--

Q
c

5
d
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EXAMPLES

Q) USQ 'H'\e mc\n'x ivvevye ‘[‘O soﬁve an saskm

‘ % 2)4551 9
%}{—%:i

Soa«.i'iew
%waé:w £ [‘L SHxI:{\i] & -
Tx-w =14 -3 -tlly ’
1T s sl
‘3 %2 -1 L 9-)-53% | -3 A i

A Tedaaseoa] ot [-a-s L
I'F _ I
T( )14+ 2-4 26 2
< -t -l?j{ - {i] . Thes sofluhion get S=?((,@§’
¥ | .24 9

Z) SimiQowQ»é yor e ea‘&owiwg Pavo.me{n‘c s«éskm:
(at)x ¥ (.Q.-—L)tb = lGatq
Lax + la- 0\6-: Ta-|
Sofution_

D= 1a+t aq-1t

- (a+)(a-D- Lalo-D= (a-V) (ad|-%a) =

4a  a-t
= (a-0(h-a) = - (a-0)%,

Case 4 = For afl => Do , and Heelore:

ilqu ¥ (Owl)*g =lat? {w;t cx«\} {xlz [Ho&i](‘)
9Qox + Ca'lhg = Fa-1 Yoo a-l b fo-|



& [YX: {aﬂ 0.»11—L[‘11H.:{:
| ‘3 1 20 o~ fa-t
c 4 Ja-i 1-a ot | =
Bk L'ia QH:H?wL ] |
- T i+ Geo)(FomD | -
(a-0)% | -9a (4at2) + (a+D(Fa-D
=_-t | (a-O(Hatd - Ta £ 1) ] _
| (a-0)% 1-8a%-ta +Fal-atTa -I|
o cq4>,c-z~aea>1 ;
b0t [ - t9a-

=t [“3(61%)%]:[37}
| (a-0%* | (a-D%* N
& (xt%) = (%, O.; Hws soluhon seb 8= ?(3, 0%,
- Covse 9 Cor \’l=‘l'1 we hove :
| 51 (1+1)x+(\~t)5=H~l+a_ . 3%:@, e X=3
ol %l %LL_&):3=?-&~1 I%=6
ds which %ives o soQuHov\ ge{—: ;
oS- el Ix=3% =4 cz,évlgew@_
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~ EYER ,ClséS )

Use. Jrln,,e moirix, ~fverye %e, solve ane, | 100 ﬂ.owi‘/'% |

o) %xi”%:H ) 3%—-%:7) c)jz tly=%

o au?;b_ o Xl’,ié?ﬂ | x&%%feto |

) ilio\x ¥ Cu—%)% = o~ i

 Wa-Dx tloy = a-a? S |

e) % X+£&ﬂ)\3=9., 2) 3 DJ—%r—l—-o. e
(ot x4 C.L:ﬁ?t)%: 5 X-o4 = a- ol

b Dobuoude feboun Yoo vl o e povomcler
&eg\ . bJLIQ.Y‘Q, ‘K"Q CﬂVY@)()OhA-(WB v W\O-{Y{k (‘S
hov «‘s'\,mbulw vs. Siwz)u&a\r‘

@ Tl Qu aclh Qor w‘c,ido {’L-P— m,airz‘x
A- lu@ 9 ] |
B . ¥ |
D v\omws‘wx%uﬁn.
@ 1} At%eﬂum\ ake. Mm«%iw%uaw, S‘MQ {’Lah J 2

0 odlyo nemsimadar  with M jverse 2iveh Q‘é
(Am)~ r»%*‘%“ |



@ € ASCM® ouk G b vosuglar, Hoen

SL\ow J(Lai? o . ,

:icﬂ CA=CHB= A
D Ac=Bc¢= A=

35

@ B AK@ wlh =0, o bt A

o v\,uw-siw%uo@f hJ\'hll -

@ A skifes ALiAt1- 8, Show flob

- A {y mmsiwbﬂw oud Als Aq‘ o

@ ¢ A,ﬁéHm(@J with VA‘; @ein?, mu--siw}quw,y
- S‘f\ow M ,
(A-B) AL OAB) = (A4BD K (A-B)

asa{u ABe M) Wil 70 and B46. Sho
-6 Sl A s‘awbuﬁav -
| o) S’i_\/ubt&o.\r
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; V Hn,&vix ,TW.Q»A:SQQ.?QM,.;., e

° ,Lejc Ae an(l@ B o ma‘mx ,‘;h)‘t..uc‘Lg_gaa Hftt lvahs(’t?)e o

matrny ATEHwmn (R e:
Vacim]: Vbem]: (Aog= At

e Lt AéHuu?\) Be o squUoUre. w;alcrtx b)e. $a8 }{,m_{

A Sémmejmc@ AT = A Yo beln]: (AT)ob= A@a o
> ?raper\—}zs B

OV AB e M (B (ATBYT - ATEBT

Y oeR: YAeHua @Y : CAAT = AT

Y Ae Mo () : VB eHiw (R): (AB)T = BTAT
Yhe 6LnR): (AD-t= (A-DT
VA‘ c Hum (.&0 : (.AT)T" A

O BxaMPles

&) Prove lte @m»a o
¥ AeHax(R): VB e funlrd = (KBIT= BTAT

Sa%% o
Lei: AeHMCuZ) aud Béﬂkm(lm Lo a.wevz Ld’, Qe[W]

amd 2eDny Be given. Them-

| N Y_(A5>T:{QQ, (AE>Q€L = 2 Af;a gx‘o.—- Z AZS’Q’

JERS JELT

- I Eat Agz = (BTAT)QQ
]5&[!3 | |
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Tt SEQQou} -“ml: |

Vaelwl: Voefm]: [(ABY Jag = (BTAD

= (AB)T= BTAT

qm& %m—ego\rt .
VAe Mk (R = VBe Mun (@ : (AB)T= BTAT. g

8) Show  thok
VA£’ G,Hw(‘@\)’- % Ag Sémme{’hc = AB ngue‘an ;
ke - BA
9oﬂu3nom

L&JC ABE Hv! [@) @e zwe‘ﬁ bu.(lt ‘qu& AB >3mme£nc, vaA.

A=A . Theq
(AB)T = BT AT , [%ms?oie. 09- \,-.a}nx rOcLuug'l

= BA U’“@V‘Dk‘e’b AB Y MM&TI‘-/J ;
= AB [‘na\)a!&zsb AB - Wﬂ

=) AB Gémmdﬂ(—

CTE Follows Yook

‘\?Aﬁeﬂn(@ %AE smme&r( - AE %mmém .
A
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 Dgfoses

@ ?mp b WL% A b

%YW)VOEQ,

. SL\ou /Hnoi AT }yéﬂm(\?ﬂ 1y Stéwmelﬂt Oh,o‘ Whon - Stu%uﬂaf
fon A by oo Smmetric.. o |

@ L ABEMD. Show h
A, B, AB %’%W\mdnc = A@ BA

O Giren ABeHal® , dou td o
A Sé\mme%n(, = B- ‘P A? 53\#\0: &wc

O Cusider te volabion mobie
B(d) = Ecm% ~sm9‘§
| Sid  Cosd o
)Sﬁmfu -H,,ajc /B is vom- swbuﬂar u&l&; o
RS A
D) Show Mt
- [ROTT= RC9)
0 bor w\zm.L ov%aa) ;36\1% i Vz(ﬁ) S‘Bwuejmc
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) L AH® e o squae wabiv.
S‘I\Ow "I'\aoik N ;

o) A+AT ‘S%mm“;}r‘ic .

D Lk 2-arbi e@&h«atﬂae\?\aui L e
lmg im,,,,_ﬁwik avd dohne |
L a |

Show Mt

o) Y2e € ~%05: H(Ll%) :H(%)'( N N |
B Yz.eC: Yaze €Yo M(z.[20) = H@ON (24

@ Lejﬁ, A&e M) &e jﬁ,»'O squale vv;ain‘.cc,ﬁ,- (We
A Sa_} 'hﬂn{

7B shew-quanchic © Vabe ] : Bog =Bl

. & BT’: -B
VAR chal®y: SZA synwcic 5 ATBAR §kew«59mejtyic
. G skew -5 meeh;o
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| - DETERMWANTS AND [INEAR SYSTEMS
¥ De{-,uminaw}.s‘

DeL'?-fonaﬂ,k} are use_l 4’0 ;}ivul, 4—\;@. thverse of WN¥h ma‘ﬁ‘\%
‘b.xuk 502,& vixn p-meox §\6§Le,m5

o bebube ddadion of ddominads

) Pen/luinhou& o
Let Wl:-%1.93,. ,m§ A ermw}*‘nw o 15 a Nsﬁzq@ﬂma

,og hne_ ov&er og hwe, eszem() 2 V. Forma I‘ 0‘ [s
a Q;Se(\'wvl o [n] Tl whert Qé eadn dement of (W]
05 mapy ed M}‘n o Atsjmm}t Jﬁ“\ﬁ“é g (ul.
‘éy,- $e¥ 2 &QQ Pg{mal‘a;\ws oV (m]

EXAMPLE

’;or i=%: _ e o B
S5=3 (1,22, (130,(5.0,D (3,2.0, 132,023

ar the six pumklkons of [33 o
For 0:(9,3D: cl0=4 ,c'@.) 3, o—m &

?L) pe:muhlnw ‘ pcm’\k&k ;
\_e}c G'e$ -@e. a pumu*m\'uov; 0‘2 Ewl Ix)e. ele,gma H}Ae o

| YarA‘xb s(o) ag g as:

s(v) = beh[ﬁ’w CJ‘(a) B‘CQ))J o
Q&"M@ﬂ R
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ith  sig G0 delived a5

(A R ke
si«b\a(’x)? o, x=0

-1, i x<o

For oelu, Slm=d or sle)=-4 le s.g%..‘%i
o even pz:w&qboﬂe-%,s&)?& o

o odd f?ermu{n,’ﬁm & slo)=-1
- EXAWPLE

For 0= (3,4,9) | {ue po«r.il\é‘, .og o iy

0= a=8«

- S;Em[(_a(a} (6 -5o@-c)(-B)-c@)
x(ow-c@lW-+=x7]

= sigu L) @-9)(u-n2-DCa-w)]

= Sizn[ﬁ*i)(i)@ L) (3)(&)(—-9-)1 =-1

Cs(e) = si%\qlﬂ‘ v Cc’(cﬁ«tr(@)l =

¢ A' }rvmsgos{l‘ion s a chwmtq.{siw , Jc\aajc swi,,-Uaes MQF

boo efements of (] Everé penackadion  can fe ‘,Cava},*ut}(’Ji | |

as o sequ.e,nce.og trousposihtons . Av  even ,yerm»sﬁ&?@w

Con Qe comxm;k«i‘@\é o GveM ,leﬂmgx\f a?g _,i'mmgo,?ﬁliw‘i-“

An odd ,ge,muk}:ion requites Qn odd viumber o}
‘t;fcMs 1-‘
, pon owy. .
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- ExameLe

@) For o=(2,1,4,2), we cav coushrut & with
% transgosihions:

W | t 1

— (3,4 ,4,9)
‘Ow'w\ ﬂere.?or& ool o(U.-

Q’) Fov w=3% ; $9 hay 3 even gevmujfnt‘iow and
2 odd ?ewmzk‘n‘avzs |
A= 510'6‘{:3\ a evevz%
=393, (2.3,0,02,1, 9% €« even pe.rwmlm on;
B-50e6S;3l o oAi§ - -
=3$(3,2,0,01,2,2), (2,20 < odd permutntions

7»') De}tev‘mmank \ 7
,WQ now Wwe ?wvﬂu\LOJnms ‘l’a d.ey'me Jst\-umman‘) oy
‘ ‘? Qﬂous

0 € vy

VAE Hu(l@ : et (A) = I\ [ SCG')TY Aa‘a-‘(s-)l ;
a=\
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}H Ax1 ,9x2, 2x»  delenminauts
For m=1: TAul= A

i Mg |z Aukes-As As
Ay Asg!l

For n=9.:

1:0' nw=%: we use ‘I"'IQ. ,SQYVL&S 5‘-“%&'- .
hae her Ao A =
ual/A?}e).< Aaz';:,ﬁu\ﬁsg, o
NN Ny
+ + 4

= ,An Ags. Az + Mo hez Ay + AigAe Asg - Ais Age Azxk,’, | |
=~ Aihes Asa — A Ay Asz

P Nole Yhd Piere are 3 P,’Sil%e lﬂﬂb N (DWCSPOWAWB %J«l«e

2 even permatnbions of 33 omd 3 neaoi-‘wt terms wm;po@‘vg o

to '“\e, 3 odd ymmjmhﬂwﬁ.

b Budaneded pepechies of debermicads

) TeMlR) deckly maben =2 deb(D)- 1
) YAeMa (R : det (AT) = dek (A)



03) FAB eMa(®): det (AR) = dek W) {k (@
W fAeMalm)- CA mOw»s_imrguZav%B J&(A)%t))
, VAetu@® - (A sm%uﬁsxr;é:—) det(Ay=0)
l—’ 1t &ﬂws ‘hoa{ Hhe set GLn, ® ,og viou - §M%ugn.v
Wﬁ’wéms, sa‘cisgtes |
| Gl =5 AeMa® | det A#o?
5) VAeGLin®): deb(AD._ 4
- det(A)

}“‘ DC\tvm;ma\A og QOWW [‘{ppﬂr -Lr{aw,%uﬁar ,majnidzs
i N

olet AeHal®) e a wmalrix. We say -“49,{:
A Q-owcf-—‘l'rmw%uﬂg{é:@ Yobelul: Coch = At =0)
A \A‘)?u/‘:ﬁqw%uﬁax & \i&,ﬂ, civ]: (,Q) = kAa,L:O}

oTL canm be SLown %‘q{ i¥ A i upgewj:rmu wlay o Lmt%
‘L{iomﬁuﬂ.ow, ity delerminant  deb(B) 3 given 83 Hee leu.ct
0¥ oﬂ ,eb,a%o\aaﬂ Com(lo Vleu’rs: B ‘

[VAchoty: (A Joom—biwmgdar = &= T Ao )

o=

3

, V B . , w oo« |
. VAG Na (@Q‘ C A ,u?ve.r—'{n‘wt%u Qo.\r,g? f:;re{‘-_A: —“- Aap-) N
Oy

45



EXANPLES

o) Evaluale the c\elcvm‘maw{ of

A-V s]
; 9 1

Soﬁujﬁow ,

AG{(A\‘-’- )3 9 } :‘9’1“5‘2:%"'[0::—-1~
2 A
0 Evaluale hoe delerminant of

1 92 -9
A"-X" 1 0 s l;.simb 'k!e. Savrus nde.
6 3 |4
Sodubiow
Y9 -9 11 4
{4 o)t 1 =
o 3 4110 % |
=41449.0-0 +(-1)-4-%2-0.4-(-27-3-0-1 -1-4-4
| -{10-6-0-0-2= 4-6-9= - =-7F.
) Evaugle the defermiviant o¥
A3 0 9 | Solubion
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Cosnméc) O \PQA'QX_ wilh f!:se/Q S

Feell): (e ,Qoo\v,é@, I;ngte\\r 1)
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EXAMPLES

). Show it tt I net YOSS?QQQ o dfwe @ %tap‘n witl
3 verbices o Ac%v& 2 omd & verhas o GLL%Y@Q, 2.
Solubion | |
hssune %vcy‘q G exists with .VC&)’gM‘LQQLQ7‘\/¢,¢VQ.IV3,VH(Vs"j
Cosudy Had
3 Yaels]: dlua) =%
Vaels]: dva)=3
Tt follows fuat | - o
2e@Wl= T dw =T dd+ T ) =
neVvie) o-€f2] Lelo)
=% 9E5.%= 6515 = 04 =
= \E((v)!:ih/ﬁ — coubodichton,  sce  [E@I i o Vla&'fm’ﬁ
Cnawber, T o lloys kel 6 covmet Oo comsruchd.
: : vorkice GO
6) A %,v_n\:‘ﬂ, has %wtce 0s manyq : s FAB(’,S _ Show *qu,’t
l:\am_ ts ab least ome verbex wl'an A.ecam Qess Hone 2.
 Solubon o |
et & fe tne gragh  wiks LeN =1yl | Thea:

el T dw > L S =SVl
n eVV () ueVie) |

| -S| = e % Swalew! =
= S &l = $(H=0V3(e): 1 =



87

=> ?luevc‘?) ,“VC&M =0 Vé@): ’Q
= JueV@: dw=a.

O Lk 6 e a avagh wih A=, Show Yok e
!bva‘a(n Cavmo{‘ nok€ more eakeécs ‘knmq \NJLIQJ
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hé\T((r) | uev(w
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EXEACISES

| ® For Ihe ‘poﬂ’o,wm:af lampln; , et
Y((')z el , aud e values 02 |

the incidence mappt'mb ")6,:

o) | | g) 1 & 2
4 ' -
- QN ;L , e} ey
€q & €y
; >
4 eg} 3
¢
At e L ~e, d) 4 2 e
{
L3 ¢ Q9
4 €q 5 &/

@ Fo/ Yhe tbrq(ll\; oe }he ?vem'ou} exerscise,
fist e * degrees o each verley aund
wri e 8(0') aud ACs).

@ Slnow ‘l’lflql \l 'S V\o{: Pg‘);ﬂﬂi "0 Cl-emk

a ‘b"“l’l‘ wilh 8 vertices sudr Haal
Yhe Jeaavee of evev% verlex s 3.
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@ Show Hal i} i not Vossiefe 1o

CROJ{ o quln wi-lh ¥ v(n‘ice) o
o\e%ne%, and 2 verfices 09 o\e%uc .

@ Le’f G e a tbvqpla withy 10 verdices
$\A(l\ 'Ham‘ll : S
8(0) =A(6)=9
Wow many eres does G lave ?

G® let 6 be o %rap'ﬁ with V()] =8
such that A(6)=U. Show Jnat
[£(e) < %6 .

@ et 6 Qe a gragh wdn %a‘c
IV = E(]. Show +at 6(6) <3

®) Llet 6 de a howith A(6Y =Y.
Show Haat o |
e €21 vIe)

@ A ro.pL willhk 4 ed es has o Vul«%
u/il‘l? Ae%\-ee 4, a ?revlt% witls

dedree 1 oud ove wmove verlex

[What is He Aeéree o Ye Haird verlex?
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VEPY = Yud AE() - SJ/WF 55
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B =der eq,.. , God

Yreln-11 \V? lew)= %uv(,U»Kf\g
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@i’)—"’ BQNL\% %,vap\n?
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v Thee B oo wive groge 6 sude Fod

, ic, comlee. Biporbite wibe vk parfiion Ul

o u:%\ \A,wz..e_{N* ..,,,Gva& {L {5 bkﬂhvti ;,,qu,_wku,‘m.m |

 EXAMPLES

I'{hl S e .vkz‘.ﬁ‘., e




EXANPLES

) Evaluale 8(,1’{&‘,@) , Atkwl), owd. lE(ko‘,U\ ¥°f
the Com[zﬂ,.ck | Q\‘yadik %\'&f‘ﬂ Kab.
Sefubion
Let V(Ka&)‘; Viu Ve w:’“ﬂ_ W'cl“—'&, ovnd. W—Q,(?@. ,
Eadr verlex of Vi couneds 4o off verkices of g, there fore
CVuey s dw=lvel=e o
Sim;ﬁa:%, eadn Verlex og Vo conneds to ol verkices of Vi,
ond Huecelore: |
YueVe: dw=1Vl-a (2)

Tk ,Eo,ﬂows Mt |
%Lka,z) = min dlwy = mm%a,g%
e Vika,8)
AlKag) = mox d) = ntay o, 6%
weV (ke
aEKegl s T d = T A+ T dw =
weV(Ka,8) ueW, ueVy

| -G + Walo = o tho = Qo=
= | Elkeg)! = .
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~B) Shew 4hei ?w [ le‘t reeau,f.ox |
Oﬁukm/\ B

,Le£ .V(YLQ §u,,u¢§U Vo \m“n Wy Ug Jc’nQ an‘.po\w‘.
Wfl-ue> avd Vo = %.Vu\fﬂ..( : VQS, the inlerior ,,,,\{UL,\&GS,.
e wole  thot dludel aud d(v)=9 . T follows Yot
Uau‘\lc.”\[(?m) dw £40)
= Vug\IcV(lw) dluy < d[v)

= Do i3 ,mjt_&ta_uﬂar.,_

) Show el & 6 s Ww;“ loen
lgm 5(e lww

| Sofu‘ﬁou | |
Assome G 6 Vt%uﬁm. Than |
G Ye%uQM' = Yuue V) : dw=-dw)

o JoeN: YueVE):db=a

T Qoﬁﬁows {hot

SLG‘) min  dW=mmn o= o
ne\V C(r) we V(e

. MA ‘H'\zre?wc

L nevle) % (b)

@4 T d=1 Y o=
, ueV

o ly@| _ 3@
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EXERCISes

@ Draw the po%wiwa %\(‘gp,,l«s: o

a) Kq d) ki g 9) Py
Y K¢ ) Kg,g. LW Cs
A Ke Kz, 1) Cy

Ll’hidﬂ 02 Hae., vaphs w  the pl—cvious‘
@ g,

®

QXerCise 6Have ve

Fof o..b in}e(b»cn‘ 0&9' émo( by o
evaluale Mre oMowiua:

6) () Ak D IE(KD]
) §(ka,8) P AlKa,2) })\E(Ka,0]
) §$(P) YACPD) K lelpl
d) $(Ca) \2) Alca) D Velca)

[ You c@m check your cb‘cuml‘ answers
c‘b l-es\lt‘mb thewi when a=9%,6-%
or a=U4 , 8=3]

() Show Hat

Ka b \—e%uﬁw =) a-‘-‘@



100

@ Show $hal kg‘-.; is wot
\*e%ua

S\r\ow hna‘:
& K?ju!ar £ 506) =A(S).

, led G .Q;e, o Qn w-hk %ympla wl#n
B; mrjc biou ‘V-((’) Y U Veq.
\2 WVil=a and |Vgl=a+q
S\now %cﬁ:
le(e) £ tx’-+9.a,

@ Show Hial we cavnd Bufd a
bi oerr fe %rapln with i QY‘l’l"’[OVI
VCG) =V U-\fg_ such *hnqjt ‘V(‘ =
and \Wol =< and [(EB(&] > Ui

@ |
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Y Grofa_ogerebions
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0 EGEILD) = 3ec BO| Yo (@) A
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 covinisty o? Hhe verl{czs‘.fvo,w Weeéae)%oiovemct&vﬂ
OW% b vevbios n TV ) Covne( ed similody a5 n G

GQ{&‘@‘C{_{ 6 o

VN

etk e vemorol f e vedex & vewaes e

| dwo ,eif)gs Jat m,hcf&ch %:£ R
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%)a Volee slldon

, Ded - let G fe o avﬂ‘»\o o.:mL QJ Vo CV(G) [A)Q | o
- &QQIV\Q Jr‘e %mln G-Vo sudy Wi
G-Vo= G{w@-—vﬂu_w B

lhlue{ Vo iy k& tbv ln oﬂmhﬁ& Qag Mﬂ%"g o
vam %Q \rerl'lcas fn Vo Qnde u,ol EcLaes {~o wk:do ﬂ
 hee ‘«Mvws ore incidt. S

| \’;A,@ ok S\LQD@\(G(:L B

\/CG-T.E{D (Cr) o
{ L6LED) = C

| Vﬁego ;o “PG{F 1 (e,)‘ = L\/()_(c)

- | TMLL&‘LW G(Eﬂ camsisds ag af)}& }Lz vw]nus P RQ

/ " onzw\ai %Ny‘n G Q(A‘ uﬂa -F/e, ecLﬁe) —}‘L\o& P,eﬁo\,‘a Jo Gb |

I Ze 5 %n{,k ok b Foctlo e |
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?—‘ ‘_ Eo\ga\—e, Sug';'f&c}w\n I

T2l Lk € e o goph ad Lb Eo SB6)be
* éﬁﬂw\%%‘%mﬂquf&mﬁy; ” N
G‘,-.EQ, = (}'LE(,@ ,—‘Eo),, o

otk Hab  unlle veder. sulbrodion sublractiey |

Ci-a—i? Vc;vac); L’lo{— remove \lerkw&,. , Uwh’f GW% L

C,Irw.m& - I
-~ ExAMpe
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](?—* Grogh wise

A necerson condibion Bor Sebiuieg e grople union
~ GowGe ommam()‘ns G, Gg T Hof 6 ,;GB should. uid

L S‘m\—ewq e .g)(‘ 4'\,,5\,3\4 ‘}[N? ma S{A&he ,,Ve\r(‘l'us._
- Te Q“YMO«Q-MWEM iy: A é I

| Dg_({  let Gy g Be 4\-,1% %mgﬂns SucL\'HnaJC E(G(KQ F6g) =,
e &e?mt Ho .%V,‘!["n wmon 67 Gwbe  sudy ﬂ.si:_ o

- V(@ = V6o V(9
) Ye ekl .w-.,%co,;;Szhly(,(‘,(et)w b oeeflcd |
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: TW) &e%w\'«on QMra,Qx%es 'Lx -kl Unian OQ v Pag‘ld)
o Yoflous: _3 oo

'? l%k G’HGQ,I Q)e %VO. L)) Suc\q %QL,
] Yemelnl: (K;’m ==>L(GLQOEC(7Q"}5>
e A-&?’W\Q. Y Yroq ‘ﬂ G=G6ubaU-Ubn sud Heb: |
(V= U " V(6 = Y(6dU Y62 --U V(6w

N ae(vﬂ -
(o= U gl = EGIUEGQU- UE(Ge

oE [n’l

(Ve B Vel CoeElon) = 90 e )
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EXERCSES

@ Show ‘l’lna{ .Hn,ﬁ gaﬂowiné %VGP"D

ave 15 wwvr()laic |

B

CHinl . Loole of Htne "c\bcf?ﬂ“)

@ Cousider Hhe %vapk kg,a:@-

@ Q; C

PR

2

Draw 4"4(‘_ goUowimb:

o) 6L5a,f,d3] Ve-fa.di

)] Gi%“—t‘l’tezg}] 3) G- ic,i,ci

) ¢Lie b, d,e3] W) G-{d,e 0%
d) G-3a} 1) G'“in_,c.,e’g-g
Q) 6-3a,L}
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O ]m -hw, prenouy exercise, Qe{'
| = G- ‘fo. c,e, 93
6'9. 6Lfod,e3]
Dro‘w G"UG—
[Hink = List VC(,() E(6y, V(G E(Gq)
Rirst T .

. 1»; H\c , kev:ous Qx;e;vc"gek show "‘lm:l
e[;q,‘m UGLSbe3l 4 6T5a,d, §,e7]



108

V Connecked %mp[«s

I-» Woalles, lraills | palls

e Let G le a %m‘;l«- A wvldlk w is e seqleenac e
ot qﬂen«@(-inE verkices and ecl3cs Oe e
Porm |
W= CUQ,Q“V“le Uq\, . Uh—-(,QW, Un)

Suda  nal

Vwelnd - 1?@,(?_&5: 2111,,-, / Vi .

¢ Feo\.‘—u’ves oQ [~} walle.
o) Slartin Voin{i : S(w) = Vo
A Termm& Pomjc t tw) = Un
¢) Vi (w) = Ly
e (W) = en
oD Vevlex cel : Viw)= %VO,U“,,.., Uh§
e) Eo(%e, seb = T(wl= $e,,eq, ., euf
D Lenalh - UW) = lEW = n.

- “n'lC 5{[» 0? a_“._ ld(lLlL} iVl G-— IS C[CMO‘CA. W(G’).
« A Lol & o walle i whidh alt Wie

eddes are dedlerent . A (u“r\ fs o umﬂ«cn v which eﬂ
Jhe ealaoes ond yerlices are differend .
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> thas, Jor e W(G)
a) W Jrrouo.é-)
K> Ymme[Qw)]: (min = Cu(w) $ Cn(w))

¢) w Pam‘:\n &)
< W -‘ra«e
¥Wl,h e[Q(w)]U%i: (\m%h = Vwm (w)%'l)n(w))

v e Ae?me
T(6) = gWG Wie) | wis o {’Vmiﬁf
P = gweW(R | w is a ‘m{hg

¢ LC‘lZ 'u(v eV be two Vevl-x'(es o‘{ G willy
udv. Then we define
o) Set of oM rails Heal  conmed wu fo v
T(G— mM—v)= %WGTLG) ‘ slw) =u /H(W)c'vg
8) Sel oé olt ")a“ns Wial conmed u 4o v
P(6, usv) = fweP(6) ‘5(w)=u At =v%.

. Nole Mak W(G) (s an m?mgLe sel

(le. You tan a0 bade omd Yo,ﬂ\ Ge{ween
luo verh'ces luitpl'm‘h% )

but T(6) aud P(6) ore “both Pinile sels,

Ci.g ‘boo\ w:ﬂl T ou{ 02 (omgmaJ(fDWS 0\0

o\islind— eclzses avw(/oy ved.‘cas),
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I-—-) Connecled %mphs

e A ebmpln G is connedded i} Vor am} dwo
| not ~¢qqal Wr"i(cs ’bl,VG“V (6-) , H«ert 1
ol ft’asl owe q7q:hn Qrom u 1[9 v. |

6 cownneded = ¥ 1&,\)' e V(6 (U+V=7) PCG’IU'—"")\}iﬂ
: 1

. Tke Pouowmb 3!@.[7‘08 avc COM%@J“L:
Q) COM(IQLI-C %Vaplq ky,
b) Polin %\.ravpl/\.\ Pu,
<) Cycle %YQ{)E‘E Cu
o) The ﬂu‘parh'& gmplﬂ Kwm,in.

P Graph | owmpo uenls

Thm : Let G fe a mp‘n whicd, as_gx_o£
: COVW\QC‘QAL- Then ‘Hﬂ@. ver‘e( Se‘ V(G—)
cowm pf:( po\vjn‘h‘owe& o w Pi€(€§ V\(VQ,---,VW
Suc\n an{
) ¥wmmelwl: mén = Vi A V=g
) ViuVgu---uVw =V (6
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| ) G’[Vn}(onneck,i ’, V\ae[hﬂ
O vl 6vaIu---0 6LVl = 6

U e subgvaphs 60w, ., 60w
Qe m@aﬁl ,co,w()a,w‘ew}swpg G. |

o w(e)= fe vumber of componenls of 6.

. 00 V[Ouﬁzb :

G COmM,clt,,cL &) N(,G) = l“ |
G nd conneed e w(E>1.

I—b Br(fl% es . ‘
Thm - For any %mpl( G |

¥Yee B(6): w(6)$w(6-53) < w6l
l.e. removing o e;l%e, ma% or oy el

inCrease 'KAQ V\umdef o campawu;{s 46 1

- Pemark - Thig \}‘laeoyem cquuol Qe 8em¢ra£;'l;cl
lo We delekon o! verices.
o lebt G e a %mplf\, Aw edae ecEL()
is called o .Grii%e i? Be defetion oYe
increoses e namfer 09 cawrf)oheh{s ™

‘}"qe muﬂmb cbmrl‘a .
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ee k(o) .Qr.’o\be. & wl(6-%e2) > w6

@x«mcfﬁ
W 2‘ 13 X

The eiobes aw and fc are -@réo(tcs.

] LCL G lta o Commeo[-ei %m{;l«. (0e SQ‘% -I—Lni
a) G s wea[tfq -—L‘m'lfa( lg il has af leest
One Gn‘A (4 ¢

Q’\ G is $1:ron&&{~1fwtc(o‘, ;P !‘ll [”q—b ho QHA%&L.‘
CJ

. Ths
a) 6 $lrom ~[i*\(L¢GL_é—"9 'VQ,(%E(G): G-»ieff Cov,hetlt.c\
O & meg\uﬁvbuh&@ i G conmneded

He GE(G) : G -—‘{(’:{ vw{T
c¢>v~dr|e;.lc.=(~
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EXeRC(seS

Comiier Urxt QOﬁ(OUlwé taraf
o

e D,
L

)
&) Lisl Me componenls of He ?nﬂowiué
%fapks -
Gr=G-1c} Gy= G-3e}
G‘y_mG*—icLz.- , Gg :G»fke,g? ;
G3=G-1l%  Gg=G-1di}

@ What ae e @n’iao o? e avmp(q G? |

@ Cousider e Qofﬁowth% %my(q
C

L ‘ N, ¢
h 55] .
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o) List He cohn{)owehh, of e Qn&owi, mpl\a:
G&‘-: Gvgu—f G'qz G- {Q‘IIIQ:;%; %
Gg=G-143 Go=6~ §hs
Gr=6-544]  Ge-6-113

Q) Whak ake hae. QNI‘%G- o? -R.e, %Va(?[a G?
lek ¢ be a conneded %m{)_ln ad. lk

ee ECo). s‘now ok |
w(G-35e3)<9%
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¥ The L.,;,‘,;c.,,c;gg, makix

o Le,% 6 be o 3m‘;L with n= V(e
\IQTLC(_S o ,
V(6 - %v.(v,_, X _,v (.
T\ne—,, La.()ﬂo;cwm moArix LG— lS clegwxec{, o5

- | J~(Uq), ) lg oL,:K , '
(Lo)ag < -1 J il afl and vaosvg|
- Lt 0 , Ol"’!efu}("ie. ,

L ,2 kw((r)wi; Jhe V!umacr o? (a\MPOWéh{} oq G
evi bhe  chavackristic poLdnomio.L of L
“las O. comwiowu Q'o‘c"b 4&1(6)

Ci-Q- 0 is o YOO{ ,,w« muﬂ«(ﬂ C('ﬁa wC[r))
Thus

det (Lg-01)= 4% Pray
with Pcod o
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f Y Guoph_comodisy

| I"‘"’ Eig@ Co\alzredwcj\ ﬁ(@)

IDF L G e o goph ad 0 EosElE),
| U.?_. SQ\é "h’\&.t o , L
Bo i Qv - QeLQé. Cu.se% 2‘ Gé@
G-Eo not CotqheC%e'L
%VE C(Y(Eo) CE %Eo«-;' G E( Cov\wetLecQ

B '—ﬂl\e ?MQMP)‘L Muw\Qer o? Q&Bﬂ NUZlec:L o (ousjﬂm
Cukelt Eo <>)g G s 'H'JL e&ge. Connec}:vrkﬂ AC(T)
. 02 6. Move QQM%

[AC@ )mmjL E il Ea €'7CE(G) )\ Eo Qiﬂg Cujc sv? 2 G} o

N I VQAQX cwmedﬂv }‘:\ - <(G)

U

* Bkl G B a groh ad G Vo V(@ Ue s JM
T “?r
o iy o verex cukset 02 §FSN o
S SZ G-Vo Vlo{ COVIVLQQLQA
Vv\ eY (Vo) » C‘\/‘*%’VO 36' —V; vamev\e:;D

'T\ﬂe Slno%s‘e mvn@er 0{2 Mu) 4. '}a cowntmck a
verkex Cu m{:,\fo og‘ G b ';LQ verth Cemwgtl-\v\&g !A.(G-)JG



K(G) = miw%W lVo e (Vo) A\[s verlex cu)c,'l? 9— G:g

- 1—-‘ Walt ‘}(r\o. . ‘
G viet Conneded. (==> A(G' KCG o
G weakly likekew AG1=3
G shonaly  Jlinked &= A(G’)> i

‘r—’ A Wap@f _,o;.,, chmebhvx'%.
U

“VtecaQﬁ %\oi S((,) s *I‘LQ thmdm A@Brw_ o? G:Av‘ |

86 = mn Jdw lueVGE

| 1 con ;‘_Q)g Showy Ad:

T let G Ge o %v‘&plf) Thew
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¢ W@M_a k(e) SA0) <SLE 4 %'@'f,ﬂ -
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CQQL\&QQ"Q Jrhe \}er Qx éoMec&i\;x‘\A K(@ owu;\ QA3Q Cow/tec)':\h‘a ;
A(Cr) ?or '}he Cogﬁomvhb tbva?‘a G e e .

0 u.&"lbﬂ

Rl we vole h«a{ o
Cd@ e d@ =400 d d@dP) B
> 3@ =min d=3 = k(6) $3(6) =3 S B
ke V)
= k(Y =0 Y k@=1 k(@ =2V Kl)-3
Since. G covmeded = k(6) >o.
Tna &QQJ;‘»‘?‘, ove verlex
&) For G-20% we have:

whidh 15 comneded. G-90%, 6-1J are S}'miﬂﬂf‘»ﬁ ouedal .
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« Q)‘ For‘ G"idg ,wﬂe_,hg\;a Lo o R
] whida 15 conmeded | gl @6 |

| | ,S,%wmz‘!m&, G-1e) aud G-} -
| are ofso .LDhVL&Ql(.L.., o

et <kG@=1
T'B A.eﬁe{m ".\oo \IZJCME$ e
a) For G- iq &3 we hae:
4 ‘ u‘ whida s le Lcuideul{ot &6

%ﬁ szmmdné 6-36,& and
| G-3cal ave dlso “,,,comedc&

8) For G-3a,d3 we hove:

b e {wm\ by AL Comteded 9% -
c/.—\ﬁ S\avxme\\é G-38.% ad
c"i Q'S are a/(].sv Commedcc{ B

) »Fov G- ia,_ei we ;!no,.vc
4 wimin (s S‘)rtﬁ Couwec B«é

y ,, | - }ngme}ns G- 1a 23 G ‘2@,&3, o
c A 6-1803 61,43, 6-3cef

ave oyo Covu/zeciei

| 1& BO@MS »Qom (CL) aud (@
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4 For G«'H,,% ,(Qe have : - ,
| whida b conmeded, aud &é

S\amme‘?\% G'“% &,eﬁ aud
6-5ef% e alse comueded

From (o), @) (Q, ) it %Qﬁows kaak k(G)>9.

Smce 24 Kk(6) €3 =3 = k(=%

and smee k(6 €400 <S(0) > 3 < DK
:—a,ﬁ((s) =3




EXERCISES

@ CA’VIS('JQf l‘/\& Compﬂ&k %ro_‘)!,, Ko

Lel weWV (ko). Show |

@) Shou bt kKa—2ui = ka-l

®) Show hat |
k(Ka) = 1 Cka) < §Cka) < a-t

SfW\f.,,Q&Y 4, pDr ‘”/l( c,alMPer( gx‘paikk yqpl,,
Km,ﬂ» S%n‘éw k‘af 3
k(kaw) = ACka@) = § (ko @) = minia,bf

Chow tnak
03 K(?o») = /ACPO.:) :8(_?%) = {
8) klCa)= ACC) = 6(@)=2

Cqﬁu&a‘t k(6) amd g(r‘(‘r) Pm p
Qo@lowzvub %rap‘a‘zt

o b ) ¢ c
e
L ) P e
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VEU.QQHGM %mﬂng_

. The Cubron prolem:  Given o conneded ,%mp[« &,
oy HQM‘ o walk -I"Lout v v.isk_fL by G%L e oi— H—Q
 ovaph  once mcL ov\.@{ ahQ gm&ifetnm ;Lt B S
imi.w% erker ob fe end? (P He anser b )\é:), -

we SAB “Hwi G 05 om Euaenam %Y&,‘p‘n ond
cOwesvom&wa wqﬁk iy on EHQQH'M 1[mr-Q o

10l s Lk 6 be o commdel graph. We s Hd
G Sulerian & AWe TG : Elw)= E(6 ‘/\,;(w‘):{(m |

~ w= (a,oc,c, e, Qa,,@i__,i,&g, 0)

| Eu%fr ﬁm&) e &&mi pellem By fm{roludua_{’{&:" -
 delinmibons  for \n, veriex o ,;wi;,,.mv(x e

. g'onQow;mA O&?S:T , Eb‘&w’z F é

T T 6 G o _fw,w;;&;ea;ggd’@u Ten |
6 uluive YueV(©) - Jrewr - dy=9 |
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EXAMRLE

Comsider dhe gon

Cd =it ol cdl o2 = 6 vk Blerion.

A conndel quagl i & \,A,\;L;&@jwueiae; e
. ,,jcuo , \rﬁrl—iuﬂ;,._m Wi 3{!,,&5\.39, ﬂ Slrww h‘at {‘an 3,?9,(>‘o G
B ,V!o{?. E\LQ.W\QV\ e

Solubow

e wsume ot QLS wd QY wh

V(e :,{‘U“‘,Qq_l_&’lltUQCUSS B .
. A,C:&(us) - Frow %e_ i’\&vxo\s‘nakxvté gem.uo. [

T b =9le@ls dog+d lgrd i rdg 1= %0y
eVl 9494 xtBic =@
- = atlte=Y4.



125

G covmec\-«L = VUGV(Q CLCM\?O
s o&o}\Q,\:oAc>o
= u»i/\%"&Ac>&

T Ml et

atbre =Y &

& (ob c)e%(m 2), (\ 4.0 (9.,.( LO?

and —h&szre o

e edd VB mLL Ve OM e
= ( uwet Sflmoan., 0
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EXEQCIS ES

@) Wk e Collowing  graghs iz
ederian ?

C

«{@1

1 | e
c) o | ,eD ‘°~ kg’
e) | i 9 l
' Ka g K3,
o« &
[ [ c .
& ! ’
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| @ Snow Yk B
o) Ko CGlonamées aiped
8) Yob Clewes a o A boeer
o faelN: a9 = Pa nict Culonan)

@) A comedel Elluion guagh hoy 3 verkicnr oud 5
L eiis_‘?\nawhm{ﬁ one Verkex hay Jzém Y. thew auolher

. Verlex vnusl:\nme oLng 92
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, L\&) ‘Z \IQ:rlriuz} o&’ \as Q.S‘nOuL‘Htoi

D G Sulenon @Gwav«@w o

(D Show td o comedeh ryilar gy v o
~od L wnumber 02 Rrhu?s xsoﬂwmgs Culedew

B o heb o comodl regudar grogh wih oAl
wuber 02 ,, d@a S ,st,, ,w,‘nom mm@er o!l m%‘_;e;, IS
o md/‘apﬂx ot Y4 5 vieer Edlenaw.
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| V .Homi_ Honian 031 Q?‘ns -

* Momiblows folhm ¢ Lk 6 e o comnoded gagh. Can
L wWe COWSJCTuc}u.wQ—Qk . J(fmi‘ Vtstlbevtngktvkx J— Ruz

- Ogl'ﬁ{’\l? e aad ouly v R wi“;nm&h;,‘#)iw%‘ Qi :e&ze.
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 bomillonian  civauit,

v

-
(;Qo}tmb eia,&
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. yoﬂQQwivxgw .,legim{how: , .
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1D L 6 e @ comeded gaph Doy Bad [

1 G BomiYovioan & o o
s Fu g VO : FweV (6,00
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wh 6V camod hore more compomendy fhaw e
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by \noL ;Havmﬂmian. .
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(@) Ores Hworem

{1 Tom: let G Ge a grogh. Then:
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- EXAMPLES

Show | ‘["/ta}— ,{"At @Qoﬁeowm% %\;mrt‘q 11'5 ma‘k uawiﬂomiqw:
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SoQu{qonv
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lygln Vg =1
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v (D= Ha 6,c i efgl 5 = vl oii (4)
Fowm (1) aud @: G i .Vl,o{ ;, .H@mxlﬁm,z,,an A
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R\ e
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5 6 Vzo‘l'a Hamiu)\ﬁmigm,
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@ Show kAOJ; h’lQ Qoﬁzo win YQYL) ale
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- q) o ) &
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PN Y
4 N\
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) % s )
b\.XQ '_'

| @ Show okl ka ;15 \4awsuowia.w for
M %3

@ Show ot

Q) =0 = Ko, Hamlloniaw
N afld = Ko ust Hawu Yoniau

L‘*lk Qomw’? prowu *km‘? exerciye {me
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@D Lt ¢ fle o goh ubh less foan 7
Verl-ices ond  verlex CoYInec{'i v k(e) = 4.
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@ 9k5w fal o 3&&9’4 G with wLL;( cohme(liv{"’é
(O =1 05 uot Hawmilbouian

@  Show ¥t a ssmub&.mm aregl
with 4 verhies s ay s Howi Uouian.
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El CENVALUES AND EIGENVECTORS

¥ figenvalues aul Eigenveclors
3 8

* | ot AGH.M,, (KR) (e a 7quase n-a,{n'x. e s%
at QeC s au ec'aema,@;e o? A willa
)‘ez,(&emedw xeMun (e :'Q' and ou”—g i?

)

Ay =y
with x4 ©

wd"ﬂ Cfeha Ql‘behlﬂlﬁl‘lc ﬂ we QSSoC;a)f,
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02 oﬂ” Vu‘rors X an{'

to e ec'bemualue, (q Ths -

ore ei.beuve qio s

EaCA)-3xeMu(e)| Ax=dx?
ﬁ HOLJ "'o ?m& -qu_ el?"(y)u@lu(§

el 4 euaemvdat\og Ao ded (A-41) =O
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Praod

Nole Mt

Ax:ﬁx@ Ax-4x =0 4*,—=)‘ Ax-ﬁly;o
& (A-4Dx<o (1)
€q9.01) has aw obviows

and f det (R-21)40,
is wnigque - Lo Yows J&a{

| g E%Cn\rufuz 02 As

o 56[ (1) has a 91Qullbu X’l‘o
L) X=0 is NOT o

umque, Soecn[mw
& det(A-21)-=0.

Sofulrom X=0

Heu Hans sOQJm[t'Om

thmple

Flh& -Hne_ 813€MVO¢041€$ o‘p
1.

9 -y 1|
A=l o 3 -y
L4 1 5

(9 1 { o b
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R S S | |
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R |
= o 3, - =
9. 3.4

2 3.9
Sl 2-9 4¢-9 t [

6 o |
9.  0G-N* 3.9

- (-9 4

== (-Nf2-4 2-9
2 G-N)

9 G-+
(@D G-0241 2] - (@-)[(3-2)% 1]
(- (3-9-1)(3-2+1) = (-9 (-9 (4-2).

A

i

A eﬁnemvafue 02 46’7 ole;l:(A«‘Qi) o &

& (?-J))(?-“A)(LPA):Q
& )= 9. or AR

| ﬂ? A ?’l"ue’g?— eiaemvaﬂue
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1 How b Pid b egenveders

For eada e:aemvoﬂue ﬂ we wse G—musswn
£Q1 Wll.VIQLQO“ ‘LO So QVC -k\& QQUQJ fon
CA *9 1) X =0
The so ﬁul'lovu Spoce oQ Hacs equqi Y Coiwdo[rs
with e elbemwdwr Spoce EA (A,

Q)(mme e

Iln {—he previous eﬂmpﬂe:
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esm=3z| 1| ]2eh?
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EXAMPLES — THEORETICAL

Dlet AeMal® e o wabrix will AL =5k —61. Show

ek
A el ehv‘os@ue o¥ A ~ /A-‘—Q. V/A%
Solurion
Let QEQ(A) be on el Qv\\!ogm o‘? A wxha %X a CovaFOhAfh:)
Glaaku‘vov H ?o!?ﬁows ia’t
Ax gx aud
Ay = (AN x = AlAO = AR = Bi(Ax)= N(x) = 92¢.
and ‘]Lm&te: |

(A2-5A+61) x = Bx =0

A2 =6A -61 = A2-SA+(1=0 =

| S(A2-cht6)x=0x=0 ()

and  (A*-SAHED)x = A%-SAx+ 6Ix = A%x ~GAx $bx =
= (42 s&%)x @

Frowx () owd (2 .

(A2-5046)x =0 => N2-5846-0 = (A-D(A-3)= 0
= N-9V08-2
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EXERCISES

@ Fmi “ne. (uaevufnﬁues qm(_ com-,spouiiué
Ql(zi,hve(/"ﬁr spaces Por e Lﬁeow;,\é

matrices -

- 7
| It o o (A=1—s £ (o,0))
aY\ A=[2% L o

4 -7 1

(o 1t 3| (A=L— LU 1,0
e B-|1 2 3% 19— L(3,3,-0

1 %2 3 40| N<q1 — L(l_.L[L\)

[s -¢ -] 4=) S5L0.,9
d Cc= |-t 4 2 ﬁ:i—a&(ﬁ,ﬁ,—i))

L 3 -6 -4)

[answers can be CO"'V'?WVJC"( % ‘
\ th{»ﬂqg or D(‘l”“ﬁﬁ]
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@) Let A—_[l hu}

Qa-1 |
For whak volues og o does A Lawe

on%  oue ei%ehmﬁue,?

@ hototion wmatrix
Let  AWT)~ \ZCosS’ ~7m31
Sind  cos¥
Srow dhat R has real cibewaﬂu)

i?- ond- 09!0/16 i Sl'na =0 .
@ Find {he e(%e,uvaﬂués ol e Qoﬂow(wa

Ma\}fi)(
o o L o Cans- .ﬂ'-‘-—llfl)
A - 0 o 0 &.
{ o 0o o
Lo 4 o O j

O Lt heMu(B) Be o malng s doad
A2 =1. Show at & 4 5 an eubquﬁﬂ.
OY— A , Hen AL o d<-1. |

@ Lcl: A M () e a uen-— SM:BJQY w\a:‘vix,
Show Ml il ﬂalo 15 av) ef%emvaﬂu. ol |
A, ten LA is an eigeavolue of AL,
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@ Lt AeMal® with A*3A = -21. Show Hed i
) iyprvalue of A= §e-iVhaog

@ LC\? AGHY\UK) w(‘k'\ A-,l =Q.I.‘A . S!/\DUJ ﬂ;a“:i
p ersenvoﬂue of A= A=t
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¥V Charaderistic  polynomial

o The ole.[{rminauxf de{(AﬁﬁD Sim(le'gieS
4—0 o yolﬂvmmiqﬂ oe -J&Q ?orm;

deb (A-AD) = (-1)" ] +‘c,,,(’,l"‘h“ TIPS, T
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9‘3 &egim'how
; " ‘
det (A-91) = 2~ 'S(o*)TT (A-AD)a ot
az|

&Sy
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v " !

| ﬂ (A«ﬂ I)&,a'(p\) = Tr (A ’af.)qa_ =

ax| 7Y o=|

= T\— (Amq_" ﬂ) = (‘" D“ g\d 4+ .- lou)er of.;(,er
o=\ _—

We oso wole Haat ¥or O"%a"o e prcu{uf} |
Contoning al' peoql— one OQ’wdllqbonal eaemwé, olf
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Op U’/I”"l e Covzslraul' (I'-L \'Vliip{’t/u‘-eh‘ OP Q))
so it dees wot confribule addifiowal
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Q”ﬂq_, ~"/ﬂw ‘
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dek CA-A1)= ()" (4-4)(A- 20 (D- A
= (A, -)(Ag-A)--- (AL =D)
.

o=1|

Il Poﬂowf J‘LOLL

olejc A - atlt\gﬁa ﬂvJ '

Aproo‘p .
7 | o

deb A = det CA-01)= TT (Ja-o) = T A4
a=| o=l |

< {‘\(tggg"‘ﬂh. 0
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}—Q Tf(h(e, o? a H_adn')i

o Lel: AeMaun (R) @e, a Sguake e adr X
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Nole Ual ie
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= oA LoD 40y AR
- .-+ G
'“'\?"l Ch—t = (“l)h (al{ﬂq_*"““gvbﬂ ,
Consider f-ubaim the femmA o Ooln) <o .
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.
b (A-M)-) @1 (A-%Darw =

G'&VS,A o=

= Tr (Aaq“g) + %U\)
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| witl, n
o) =T slo T A-AD e,
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EXAMPLES

o) Let A;[Qt% 11 osz— I.C{: ﬁh’,’\g‘eﬁ ﬂt ‘Kc
CJa 2
elaenvolues o A. Fiud ol ae® such fhat 2 =1
%Vl\/ S
Solubiow AR A

9\19\9_‘2 A.C{A‘—'- \Q-}'} { ) = 2fat3) -1-%a = 9—/&46"20—"6
y L X

ond

Atda = A= (at?) +2 = atd

So {l. QMODJS -hﬁa*
1 1 A%Ai _ (Add*-20340

A '39. ARAS (Ads)*
({rA)i ~9detA _ (a45)t-%-6 _
(deb A)g“ 6*
- (a+9)E-

3¢
amd. “j(\ac\re%.e:

4 4 L s (a4 5)*-19 -1 (at9)2 (22 %6
AE A %6 |

& (0469 = 24266> (at5)2 =48 = |6-3 =Y42.3
o ots=ulz Vars= -4z &
& q=-5+%{3V a=-5-4/3



153

EXEQCISES

@ Let L | i |
A= L 9x+2 |

| 1 Ax-1

‘?' ﬁ.,’lilﬁ% are Lhe_ Qiaam/a!ue; o£

A, Qiui xeGsudr Haat |

Q) Q(’.\gga=i

G) ﬁu«}\gj gg = ‘f

@ Lek A:[XH ix]

2 x-L
Imk\ Ctze.ln\/du&? Aqu. ‘:wm( xe @
sudh  Hhat |
a) a1¥32=3‘
¢y 4 .+ -4
a, 1

9~ :
A A+ At -l Mk o402 = @i)*200)

@,Ld: A>{€Lll

L 1
willh e acmvaauu 1, 1g. Find acC
Such H.«»E f\?+5\2=0. |
(Uinl = Catb)3 = (a3¢£3)+ 3 (ot ) )
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The ?ouowm ! ro,@hms Lse
- a) del (AB) ? ,J.e[(,n(ko.t (®)
Q) &el: (1) =1.

let AeMan(R Lo o wabrix and fd
B=PLAP wih PeMHn.(R) o mws:aau_&u |
malrix. Show Hat A B hove e sanve
ei%&nvo&,ues ) |

(B Llebt A ® cHMun (R wth« A uom-sfwaqﬁr.
Show Wt AB oud PA have ‘hoe.
Same ciacuvaﬂues.

A9 let AeMay (RY Be a 9x2 malriyg.
A e singular, show ool

b (A0 = _tr(A)
| det (M)
}-—b (5ee exevcise () )

‘ @ Lt Aety (IR) le o 3x3 hoh-ﬁl'mﬁdgtw
madrex  wills e{%mvaﬂues ﬂu{‘liyﬂ'} Hoad

Salisg
'ﬁ‘ ').’Ln‘lf +ﬂ32'=i |

Show Mot
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9 det A




“ | C“fﬂ%" Homdbor,  Hheoem }V | .

{ T L Actntm) be o square wmadyiv ok with
§ ' C.L\o.,(ﬂ—‘j?f?sjﬂ'c Po mom&'mﬂd

1 Ak (A-AD = O ¢ Cu AN -t e ke

. Then A Sal'bgt%

th—,l\V‘AV‘ $ Gy A~ }f-'% éﬁA tcol=0
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T
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w’Lu\neat S\%s\[ems o& &gguv.ulml Cq'uqlious

o hewal ‘H’\"LL U‘Ht\t.. SO&{'J'OW '['o ‘HAQ
Jinemu['iql feftlm.holn
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B(L’h o™ Yo + e“'LS e Y (<
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%t(o)"-a! ? 31(0) =Z1" ey ‘éh (O)r—ah

1? we defive

A[l Al’\ e Alw {
A=\ Aq, Aiy._"‘Ai" ) l9""

L A‘vu Aug -t Avm ]

4‘«% -hnb Sgslem an G‘e, rewri{’fm 0!

i _‘Ba.@ = Ala(l:)-} Lo
dt |
\3(0)*-—-'0

T‘ne Soﬁu‘mm “o “4;5 ygkm

J:he'- Ma-l:ﬁ)( eéxpo nenh'

*——-» The wmalrix CKFOWWH"‘Q

I ) 1
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L e\d 4 \.Bm (é) i
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WI'Hﬂ O‘. = l
V\“. = n(n-9 (m~7_) --%.9-4
Ths 6cm,cra9.!'2'c9 W.e t‘lth{\')b&

A2

QX:: Z X“

n=o mnl

o The ma{rix expamwl»l'ol exp (A camvevﬂﬂ
gor ol Mqln‘ccs A. |

b Propevlies

@) _d ex()({;A) = Aexp({:A)z exp (L A) A
dt

Y Lexp(ay]™ = exp(-M
<) ‘A\?) =BA = exp(AtB) < exp(Alexp (B

d) dy® | Ay (D) > n (0 = exp HAD Yy (D
4"% & 9 | 3

‘e,\ l€ Xp (et A) < exQ (t A) exp ({1,&)



162

I" 50&4!{«“4 1o Qimalf S«éh[cm of O0Es
The  soludion to eroe,.‘ OpE ‘,s‘ASkm

Iyl _ Ay (£) W
dt

s g iven @»%
d r
13(&) = exp (EA) 13(0) +expld A)S exp (~eA P (Wde

}"' Bow +o calculole the makrix e)cpohoa{n'qz
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o) Let AecMuntf). Fom Jne Cayley— o tovr
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e lri%lal choawd side of Jhe CKPHSSI'OM
d(’o ove .

ba'we 9;‘\4(1 'an. etaZVNQIMQS ﬁuﬂilo“(ﬁ”
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*5 Lol -
L) = uo x " Ecd G xito
To Qino\.ﬂ He ,.__,co,_{,eei.cicﬂﬂis  CopCigaes Gyt
a) \Q A s au ‘ecaemmﬁua ogé_é, e

CQK < ?(.Qn)

O A b5 oan egemalee of 2wl
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(
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Cxownpfe.

OVAX ]
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exq(LA)r- C;{'Ar +CoI’— C.J:[i 1‘[ *(a[\ o]

| 9 1 o |
:[C;".’{'Ca .t ]
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Tt Dollows Hhat
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6 Lgettoge W Ze 43
eXmmeq_
Fov A = { o) { l |
| -§ &
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3t CL:'€1’£
4 =

th ws

e
-38)e** L }
cep(th)= s [(isiefff C (u3be®

Now QLL W) Cowsi der

L‘LﬂL T ‘Jﬁ | A [ l(L)]: 6 | [5¢ ]
zi‘;& *9% “’j,‘ 4—9:‘; \%a(lf) ["‘3 6} Ua
& |
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EXAMPLE / APPLLCA TUoN
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Vuﬂ@g dlm) = 4



200

e b wole Md [Vdia owd Ivaleh. T Dollows et
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= 9a - £>+2=0z>ﬁzia%ﬁ o




EXARPLE / APPLICATION

Ca nsider am utASa}wa}ei, loé,e;wo c.a.Vﬁ?OV' \moicng Ca ll £
S&u,l»t h'\a‘li , , , | ‘
a) E\Azns C ohm ha Y SIM()QL bouds : Q,KL([)*' |
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EXERCSES
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¢ The problum Lt P LR be a wet%u:
 Yundien Haal wiaps event
tdse ecE(0) 4o o\,mmlurhe)em
B " Terle) v a spannind Lree of 6
Yhen Jhe WCI%L& associafed wilh T is
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(o) g(eu.) is i imum
(6) The jwduced tbra([q Gtge,,eg,-..,euuﬂ

IS o‘ccz(lfc.

57 Re_p eqL y u.la’-i'l Quﬁ ool e gnma[.
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EXANPLE

AL AR
, From AC,CE choose CE
RQJCO" AC(C}(& AE'CA)
Add BC |
F\eju* AB Ccacle AECBA)
Reject g€ (c.aclg FCBE)
Add ED
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EXEACGSES
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O foo ol glover qofh

.8 A \79,@‘0&? bvag\n , Vw\)kows %Ll ?Q”\M ML3 eglons.
e ol e Irqion ngswo\‘}hw’coeo\ﬂ {aces
Cof Mo gragh G s dewoked F(0). Thiy indudn fe
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