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Abstract

The number Y, of offspring of the most prolific individual in the nth generation of
a Bienaymé—-Galton—Watson process is studied. The asymptotic behaviour of Y, as
n — oo may be viewed as an extreme value problem for i.i.d. random variables with
random sample size. Limit theorems for both Y, and EY, provided that the offspring
mean is finite are obtained using some convergence results for branching processes
as well as a transfer limit lemma for maxima. Subcritical, critical and supercritical
branching processes are considered separately.

Keywords: Bienaymé—Galton—Watson branching process; max-stability; max-semi-
stability; random sample size; transfer theorems
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1. Introduction

Let {Z,} be a Bienaymé-Galton—Watson (BGW) branching process defined by
Zy—1
Zy=) Xim), n=12,...; Zy=1,
i=1

where {X;(n)},i,n = 1,2,... are independent and identically distributed (i.i.d.) random
variables, taking on non-negative integer values.

The process {Z,} can be thought of as stochastic model of an evolving population of
particles or individuals. One of the main objects of investigation in the theory of branching
processes is the size Z, of the nth generation. However, there are many other characteristics
describing the tree structure of the population process, which are studied as well. The number
of individuals in a generation having a non-empty offspring set in a certain number of gen-
erations (so-called reduced branching process) and the number of individuals’ pairs having
the same number of offspring, are two examples of such random variables (see [13], Chapter
IV). In the present work our attention is focused on a new random variable concerning the
population: the maximum number of offspring of a particle living in the nth generation.

Denote by f(s) = EsXi™ the offspring generating function and by f; (s) its nth functional
iterate, i.e. fo(s) = f(fum1()), n =1,2,..., fo(s) = s, 0 < s < 1. Additionally, let
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Maximum family size in branching processes 633

F(x) = P(Xi(n) < x) be the distribution function of the ‘offspring variable’ which has mean
0 < m < oo and variance 0 < 62 < 0o. Define

Y, = max{X(n), X2(n), ..., Xz, ,(n)}

or equivalently

P(p<x) =Y P(Zn1 = F () = fu1 (F(). (8))
k=0

The study of the sequence {Y,} might be motivated in different ways. A natural interpreta-
tion within a demographic framework, for example, may be given. Indeed, the random variable
in question is the number of children in the largest family. Thus, the asymptotic behaviour of
Y, provides information about the influence of the largest families on the size of the whole
population.

Alternatively, certain kinds of extremes in branching processes have been considered (see
e.g. [5, 11] and references therein), and investigating Y,, is perhaps plausible as a contribution
to this program. Similar questions are also considered in [10] (e.g. the application concerning
‘hero mothers’). Note here [1], where the maximum of a random number of i.i.d. random
variables is considered when the number of variables forms a supercritical BGW branching
process.

We proceed with a transfer limit lemma for maxima with random sample size in Section
2. In Section 3, the asymptotic behaviour of Y, is studied in the critical and non-critical
cases, separately. Limit theorems for EY, are established in Section 4. A particular case of
Lemma 2.1 as well as some of the results given here under stronger conditions are presented
in [14].

2. A simple transfer limit lemma
Recall that a non-degenerate distribution function H (s) is max-stable if and only if for a
distribution function F(x) there exist functions a(n) > 0 and b(n) such that

nl_Lngo F'(a(n)x + b(n)) = H(x), 2.1

weakly. If (2.1) holds, then F(x) is said to belong to the domain of attraction of H (x), i.e.
F € D(H). According to the classical Gnedenko result, H(x) = exp{—h(x)}, say, is of the
type of one of the following three classes:

h(x) = (—x)° for x € (—o00,0), =1 x € [0, 00),
h(x) =x"° for x € (0, 00), =0 x € (—o00, 0],
h(x) =e™* for x € (—o00, 00),

where a > 0. Necessary and sufficient conditions for F € D(H) are well known. In particular,
F € D(exp{—x"%}), a > 0 if and only if for x > 0,

1—-F(x) =x"°%L(x), 2.2

where L(x) is a slowly varying function at infinity (s.v.f.) (see e.g. [15], Proposition 1.11).
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634 1. RAHIMOV AND G. P. YANEV

Consider the following two sequences of random variables:

(a) {ni(n)}: independent for any n, with a common distribution function F(x);

(b) {v(n)}: non-negative integer-valued and independent of 7; (n) for any n.

Let r : Nt — R be a function such that r(n) tends to infinity with 7.

We shall prove here a transfer limit result for a maximum with random sample size (see
also [6], Theorem 6.2.2 and [7]).

Lemma 2.1. Assume that (2.1) holds and that there exists a random variable v with ¢(u) =
Eexp{—uv}, u > 0 such that

. v(n)
lim P (—) < x| B,,) = P(v <x) (2.3)

n—oo r(n

weakly, where B, are some events, such that {v(n) > 0} C B, for every n. Then for x € R,

. maxi<i<v(n) Ni(n) — b(r(n))
lim P ( a0 )

where a(-) and b(-) are defined by (2.1).

Proof. First, note that {v(n) > 0} C B, is equivalent to {v(n) = k} < B, for every
k=1,2,... Now, since (2.1) implies lim,_, o Fr™ (a(r(n))x +b(r(n))) = H(x). we obtain

<x| B,,) = p(h(x)),

n—0o0

P( max n;(n) <a@®)x +br®n)) | Bn)

1<i<v(n)

=Y P(n) =k|By)P (1 max )m(n) < a(r(m)x +b(r(m) | vin) = k)

k=0
=2 P (&2 -~ Bn) FrOMT® a(r(n))x + b(r(n)))
= \r(m)  r(m)

oo
—>[ HY(x)dP(v < y), as n — 00.
0

Note that there are no restrictions on the dependence of the events B, and {n;(k), k
1,2, ...} in the conditions of the lemma. In what follows we use Lemma 2.1 with n;(n)
Xi(n), v(n) = Zp-1,and By = {Zn—; > 0} or B, = {Z,—; > O}.

3. Limit theorems for Y,

3.1. Critical process (m = 1)
Let the offspring generating function satisfy

fis)=s+1—-9"eLa/a —s) (3.1

for0 <o <1, where 0 < s < 1and £L(x) is a s.v.f. It was proved by Slack (see e.g. [3],
Theorem 8.12.3) that (3.1) is a necessary and sufficient condition for

lim P(QnZ, >y|Z,>0)= P(Z >Y), y >0, (3.2)
n—oo
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Maximum family size in branching processes 635

where Q,, = P(Z, > 0) and Z has Laplace transform
o) =B =1-(1+u"®"V  us>o. (3.3)
Moreover, if (3.1) is fulfilled then
Qn =n""* M), (34)
where M(n) is a s.v.f. and lim,_, oo M (x)L(x /% /M (x)) = 1/a.

Remark 3.1. The case @ = 1 is particularly important; here ¢(u) = 1/(1 + u), so the limit
law is exponential. If 62 < oo, then (3.1) holds for @ = 1 and £ (x) is asymptotically constant.
If 0 < @ < 1, then (3.1) is equivalent to (2.2) fora = 1 + @ and L(x) ~ aL(x)/T(1 — )
as x — oo (see [2], Thm A). Note that (3.1) does not necessarily imply (2.2) in the borderline
case a = 1.

Recall that the de Bruijn conjugate of a s.v.f. L(x) is as.v.f. L*(x), unique up to asymptotic
equivalence, with

Jim Lx)L*(xL(x) =1, Jim L¥x)LxL*(x)) = 1.

Theorem 3.1. Assume thatm = 1.
(a) Let 0% < 00 and suppose that (2.1) holds. Then for any x € R,

-1

— 2
lim P (Y—"——b—(”—) <x|Zp1 > 0) = (1 + o—h(x)) . (3.5)
n—00 a(n) 2

(b) Let 62 = oo and suppose that (3.1) holds.

(1) If0 < a < 1, then for x > (,

Y,
lim P <x|Zy_1>0)=1-( + x20+y-le,

where the s.v.f. L1(x) is the de Bruijn conjugate of 1/L(x).
(i) If« = 1 and (2.1) holds, then for any x € R,

lim P (Yn — b(n/M(n))
n—>00 a(n/M(n))

where M (n) is a s.v.f. defined by (3.4).
Proof. (a) 1t is well known (see e.g. [9], Theorem 2.4.2) that for x > 0,

<x|Zp-1> 0) =1-Q0+hr)™,  36)

Zn—
lim P( n-l 5x]Z,,_1 >O)=P(Z§x),

n— 00 n

where Eexp{—uZ} = 1/(1 4+ 02u/2). Now, (3.5) follows by Lemma 2.1.
(b) Since (2.1) and (3.2) hold, we have by Lemma 2.1

_ -1
lim P (M < x) = p(h(x)), 3.7

n—00 a(Qxh

where @(x) is given in (3.3).
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636 1. RAHIMOV AND G. P. YANEV

(i) Define the generalized (left continuous) inverse of a non-decreasing function U by
U“(y) = inf{x € R : U(x) > y}. Since 0 < o < 1 then (3.1) is equivalent to (2.2)
witha = 1 + « (see Remark 3.1). Thus, F € D(exp{—x~U*%}) x > 0 and one can choose
in (3.7) (see e.g. [15], Proposition 1.11) b(Q;l) =0and

1 < _ _
@)= (1 - F) (07" ~ @ /Ly (@p T 38
where, according to Proposition 1.5.15 in [3], L (x) is the de Bruijn conjugate of 1 /L (x). This
completes the proof of (i).
(ii) The claim in this case follows from (3.7) by a straightforward argument.

To illustrate what the normalizing constants in Theorem 3.2 could be, let us consider two
examples in which they can be calculated explicitly. In the first one, the offspring generating
function satisfies (3.1) with .L(x) = logx; in the second, it is required that the offspring
distribution function has a regularly varying tail, instead.

Example 3.1. (a) Assume that f(s) =s + (I — s)lte log(1/(1 — s5)) withO < o < 1. That
is L(x) ~ logx, and then (see Remark 3.1) L(x) ~ alogx/I"(1 — «). Therefore, (see [3],
Corollary 2.3.4), L1(x) ~ L(x). On the other hand, from [4], p. 309, 1/Q, ~ (n logn)l/"‘.
Finally, by Theorem 3.1(b)(i), we obtain for x > 0,

. Y, _
nl_1>n010 P (cnl/(“(1+“))(logn)l/(l‘“’) <x I Zn—1 > 0) =1-( 4 xeU+a)=lja.
where ¢ = (I'(1 — a)(1 + o))~ 1/ 1+,

(b)Lete = 1 and 1 — F(x) ~ x~2logx. In this case (3.6) holds with b(n/M(n)) = 0,
a(/M®) = 0n *(L1(Qr/*)V2 and h(x) = x~2. By Proposition A(ii) in [2] it follows
that L(x) ~ flx(logu)/u du = (10gx)2/2. Since limy—, oo M(x)L(x/M(x)) = 1, we have
1/M(n) ~ (logn)2/2. Now, from (3.4), 1/Q, ~ n(logn)2/2 and, since L(n) ~ logn (see
e.g. [3], Corollary 2.3.4), we obtain for x > 0,

: Yn _ 2y—1
nl_l)rgoP(folzn_1>0>—l—(l+4x) .

Instead of using Lemma 2.1, one can directly prove the following result.
Theorem 3.2. Assume thatm = 1, (3.1) holds, and
P(X1(1) > n)

- 3.
no%e PX () > n+ 1) G
Then for x > 0,
lim P (QnU(Yn) < x | Zno1 > 0)=1— (14 x%)~ Ve, (3.10)
n—

where Q,, satisfies (3.4) and U (x) = 1/(1 — F(x)).

Proof. Since lim,,_, oo @, = 0 we have (cf. [12], p. 24) that (3.9) is a necessary and sufficient
condition for the existence of a sequence {u,} such that for x > 0,

I_F(un)_x

n

lim 3.11)
n— o0

This content downloaded from 129.113.194.27 on Tue, 19 Apr 2016 15:41:41 UTC
All use subject to http://about.jstor.org/terms



Maximum family size in branching processes 637

On the other hand, (3.1) holds if and only if
Tim (1= fu@exp(—uQa))/Cn =1 —pW),  u>0,

where ¢(x) is defined by (3.3). Since limy,—, oo (1 — F (u,,)) = 0, we get as n — oo,

P > | Zyy 5 0) = LTI F@) 1= fo i (explin Fan)

Qn—l Qn—l
1= fa—i(exp{=(1 — F(un))(1 +0(1))})
h Qn—l
_ I = fu—1(exp{—xQn—1(1 +o(1))})
Qn—l
= 1—-pX). (3.12)

Further, from (3.11), using Lemma 2.2.1 in [6], one can obtain for x > 0,

1—
nmp(_Qi(_Yﬁsx|z,,_l>o>

n—oo n—1
1 - F(, 1-F 1-F
o p(LF 1R 1oru )
n—00 On1 On-1 On-1

= lim P(Yy, > un| Zn—1 > 0).
n—oo

From this, taking into account (3.12) and (3.3), we obtain (3.10).

Remark 3.2. Itis known (cf. [6], Corollary 2.4.1) that if (3.9) does not hold then there are no
functions a(rn) > 0 and b(n) such that (Y, — b(n))/a(n) converges in distribution to a non-
degenerate limit. Therefore, (3.9) is a necessary condition for Theorem 3.1 to hold. One can
verify that (3.9) is not true for geometric and Poisson distributions. On the other hand, some
classes of offspring distributions which satisfy the conditions of Theorem 3.1 are provided
by Theorems 3.48 and 3.50 in [16]. Define Fixj(x) = P([X] < x), where [a] stands for
the greatest integer less than or equal to a. According to the theorems mentioned in [16], if
the distribution function Fx of a random variable X belongs to the domain of attraction of
H(x) = exp{—x~%}, x > 0,a > 0, then so does Fx]. Further, Fx € D(exp{— exp{—x}}),
x € Riff Fix; € D(exp{—exp{—=x}}), x € R, provided that sup{x : Fx(x) < 1} = oc.

3.2. Non-critical processes (m # 1)

It is known (see e.g. [3], Theorem 8.12.5) thatif 1 < m < oo, then there exists a sequence
of constants {Cy}, lim,—, 0o C, = 00 such that {Z,/C,} converges almost surely to a non-
degenerate limit W. The Laplace transform ¥ (u) = Eexp{—uW}, u > O of the limiting
random variable is the unique (up to a scale factor) solution of the functional equation

vw =1 (v(=))- (3.13)

The constants C, take on the form C, = m"/L,(m"), where (see [3], Theorem 8.12.6)
Ly(x) = [y P(W > y)dyisas.vf.

Instead of (2.1), let us assume that the following weaker condition holds. For a distribution
function F (x) there exist two functions a(k) > 0 and b(k) such that

kl_l}l‘l(;lo Fk([z(k)x +bk) = Gx) = exp{—g(x)}, say, (3.14)
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638 I. RAHIMOV AND G. P. YANEV

weakly, where k runs over a sequence of positive integers k(1) < k(2) < ... subject to the
condition
k 1
im etD_ o (3.15)
n—oo  k(n)

This assumption leads to the following extension of the class of max-stable distributions. A
non-degenerate distribution function G(s) is max-semistable (under linear transformation) if
and only if (3.14) holds for a distribution function F(x); F(x) is said to belong to the domain of
attraction of G(x), in our notation, F € SD(G). The case r = 1in (3.15) corresponds to max-
stable laws. It was proved by Grinevich that convergence (3.14) implies that G (x) belongs to
one of three types corresponding to the three max-stable laws. The explicit expression for g(x)
in (3.14) as well as necessary and sufficient conditions for F € S D(G) were established in [8].
In the subcritical case when 0 < m < 1, itis known (see e.g. [9], Theorem 2.6.2) that

lim P(Zy=j1Zi>0=pj.  j=01... (3.16)
n—

where {p;} is a probability distribution whose generating function y (s) = Z?‘;O pisi s <
1, is the unique generation-function solution of the functional equation

y(f(s)) =my(s)+1—m, y(0) =0, (3.17)

where f(s) is the offspring generating function.
Now, we are in a position to prove the following result.

Theorem 3.3. (a) Assume that 1 < m < oQ.
(1) If (2.1) holds, then for x € R,
(Yn - b(Cn)

lim P

aC) < X> = ¥ (h(x)). (3.18)

(ii) Assume (3.14) with k = [C,] and normalizing constants a(Cy,) and b(C,,). Then (3.18)
still holds with h(x) = g(x).
) If0O <m < 1, then for x > 0,

lim P(Y, <x|Z,—1 >0) =y(F(x)),
n—oo

where y is the unique solution of (3.17) among the probability generating functions.

Proof. (a) (i) Since {Z,/C,} converges almost surely, and hence in distribution, to W the
assertion follows by Lemma 2.1.
(ii) Since
lim FI)(a(Cy)x +b(Cy)) = Gx).

it is not difficult to see that
o0

P(Yy < a(Co)x +b(Cp)) =) P (

k=0

Kk \ pewsc,
C, C, ) F (@(Cp)x + b(Cp))
oo
_>f G’ (x)dP(v < ),
0

as n — 0o, which completes the proof of part (a).
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Maximum family size in branching processes 639

(b) Using (1.1) and (3.16) we obtain as n — 00,

1— fu—1(F(x)) 1 Jo—1(F(x)) — fu-1(0)
1 — fu-100) 1 — fu-100)

=1=E(F?% 1 (x) | Zy_1 > 0)

— 1 —y(F(x)).

PYp>x|2Zy—1 >0)=

Example 3.2. Let us consider the case when the offspring distribution is geometric, i.e.
f(@) = p/( —gs), where 1/2 < p=1—-q < 1. Thenm = q/p < 1 and it is not
difficult to see that the solution of (3.17) is y(s) = (1 — m)s/(1 — ms). Hence

_ (-0 - q*th
p—q(l —gkth)~

lim P(Y, <k|Z,-1 >0)
n—>o0o

4. Convergence of EY,,

Let {V,,} be a sequence of non-negative random variables. Using an argument from [15],
p- 77, itis not difficult to prove the following technical lemma.

Lemma 4.1. Assume that there exists a random variable V withEV < oo, such that

lim P(V, <x | By)= PV <x),
n—00

weakly, for a sequence of events {B,}. If forany N > 0

o0
Jim lmsup 3 P(Va > j| B) =0, (.1)
j=N+1
then
lim E(V, | B,) = E(V). 4.2)
n— 00

In the subcritical case the following theorem holds.

Theorem 4.1. If 0 <m < 1 and EX (1) log(1 + X;(1)) < oo, then

o0
Jim E(Yy | Zyp-y > 0) = ;O(l — y(F(k)) < oo,

where y is the unique solution of (3.17) among the probability generating functions.

Proof. Since y’(1) < oo if and only if EX;(1)log(1 + X1(1)) < oo (cf. [9], Theorem
2.6.2), we have by Theorem 3.3(b)

(o]
EY =) (1 —y(F(k)) <my’(1) < oo, 4.3)
k=0
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640 1. RAHIMOV AND G. P. YANEV

where P(Y < x) = limy— 00 P(Y, < x| Z,—1 > 0), weakly. Further, for j =0, 1. ...

Mg

P(UYn> | Zuoy > 0) = Y P(Zuot =k | Zumy > OP(max Xi(n) > j)  (44)

~
Il
—

M8 e

P(Zy—y =k | Zuoy > 0)(1 — FX(j))

IA

P(Zy-1 =k| Zy—1 > Ok(1 = F(j))

I
—_~
I
—_

I = F(G)E(Zn-1 | Zp—1 > 0).
Therefore, since limy,_, oo E(Zn_1 | Zn—1 > 0) = y'(1) < oo (cf. [9], Theorem 2.6.1),
oo
Jim_Tim sup Z P(Yp > j | Zy1 > 0) = lim y'(1) Z (1-F()=0. (45
N—>oo n—oo N—o00 .
Jj=N+1 j=N+1
The claim of the theorem follows from (4.3) and (4.5), appealing to Lemma 4.1.
Notice that, as could be expected, under the conditions of Theorem 4.1, we obtain
lim E(Y, | Z,-1 >0) <m lim E(Z, | Z,—; > 0).
n— 00 n—00
Example 4.1. Let us come back to Example 3.2, where the offspring distribution is geometric.
Then, by Theorem 4.1,

oo qk+] 1 o0 1

nl—1>n<;loE(Yn | Zn-1>0) = g mqk+1 +1-m = 1—m Z q—(k+1) +c¢’ (4.6)

where ¢ = m/(1 — m). Denote by S, the partial sum of § = ZZ‘;O 1/(g~%*+D 4+ ¢). Then
Sn < k=0 g**1! and S < m. Further,

1 g -1 1 1
Sn < Z g—k+D +qc Z —(k+2) 4 =4 (S" N g ' +c + gD 4 ¢ )"

Hence S > m(1 — m)/(1 — pm). Finally,

< lim E(Y, | Z,- 1>0) <
1—pm 1—m

Further on we assume that (2.2) holds, i.e. F € D(exp{—x~“}), x > 0. Let us consider the
critical process.

Theorem 4.2. Assume thatm = 1 and (2.2) holds witha > 1.
() If 6% = o0, then

1 1 1 |
- i = B(-.——). 4.7
Jm s M y(n )E(Y" | Zn1 > 0) aa — I)B(a' ala — 1)> “.7)
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where B(u, v) is the beta function and L5 (n)M (n) ~ Li(n'/e@=D/pMla(n)), n - o isa
s.v.f., where L1(x) is the de Bruijn conjugate of 1/L(x) and M(n) is defined by (3.4).
(ii) If 62 < oo, then

,,1_‘,‘130 nl/a(Ll(nl/a))l/a

1
o? /e w/a
2

E(Yp|Zn-1>0)= (— W’
where the s.v.f. L1(x) is the de Bruijn conjugate of 1/L(x).
Proof. (i) Since (2.2) holds, we have F € D(exp{—x~%}), x > 0 and by (3.7)

lim P(Yy <a(Qy)x | Zn1 > 0) = 1 — (1 +x4C@7D)~ /@D, 4.8)
n—

where a(Q,; h=@1/0-F)( 0, 1). The right-hand side in (4.7) is equal to the expectation
of the limiting distribution in (4.8).
On the other hand, by (4.4) we obtain
P, > ja(Q;") | Zuot > 0) < (1 — F(ja(Q, Y E(Zn—1 | Zn—y > 0) 4.9
(1 — F(ja(Q,;Hh))(1 — F(a(Q; 1)))
(1= F@a(@:"))Qn1

By the properties of regularly varying functions (see e.g. [15], Proposition 0.8(ii)), for a
given ¢ > 0 and large n

1-F(ja(Q; ")
1 - Fa(@;")
In addition, by Theorem 1.5.12 in [3],

< (1+¢g)jote, (4.10)

_ -1
limsup - £ @@n ) _ @4.11)

n—oo Qn

By (4.9)-(4.11) we obtain

Y, > 1+£
11m lim sup E ( >j|Zn—1 > O) = 11m E =0. 4.12)
N—->oo n— 00 (Qn ) —)OO] “N+1 J

Jj=N+1

Now, by (4.8) and (4.12), applying Lemma 4.1 and using (3.8), one can obtain (4.7).
(ii) The proof is similar to those in (i), using (3.5) instead of (3.7).

It is worth noting that Theorem 4.2 and (3.4) (with@ = a — 1) imply
E(Y, | Zp—1 > 0) ~n~ VO Li()E(Z, | Zp—1 > 0) for o2 < oo,
E(Yy | Zn—1 > 0) ~ n~YeL4(n)E(Zy | Zn—1 > 0) for o2 = oo.
where a > 1 and L3(n) and L4(n) are certain s.v.f.s.

Example 4.2. As a continuation of Example 3.1b, from (4.7) with a = 2 we obtain

% i ogmy - I | Bt = 0=
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In the supercritical case we shall prove the following result.

Theorem 4.3. Assume thatm > 1 and EX1(1)log(1 + X1(1)) < oo. If(2.2) holds, then

. EY,
lim
n—>o0 mMa(L(mn/a))l/a

=/ (1 =¥ (x%)dx, (4.13)
0

where the s.v.f. L1(x) is the de Bruijn conjugate of 1/L(x) and ¥ (x) is the unique (up to a
scale factor) Laplace transform solution of the functional equation (3.13).

Proof. Since F € D(exp{—x~?}), a > 0 and EX(1)log(l + X(1)) < oo, we have by
(3.18)
1— —a
lim P(Yy > a(m™)x | Zy_; > 0) = - Y&
n—oo 1 —q
where a(m") = (1/(1 — F))< (m") and q is the extinction probability. Note that
o0
f (1 —y¥(x"%)dx <oo iff EXj(1)log(l + X;(1)) < o0
0

(see e.g. [9], Theorem 2.7.2).
Further, by (4.4) we obtain

P(Yy > ja(m™) | Zp—1 > 0) < (1 = F(ja(m"))E(Zn-1 | Zp—1 > 0) (4.14)
_ (= F(Ga(m™)) d — Fa@m"))m"
(I = F(a(m")))Qn-1 '

By Theorem 1.5.12 in [3], we obtain

limsupm”™(1 — F(a(m"))) = 1.

n—oo

Therefore, by (4.14), appealing to (4.10) with Q' = m", we have for & > 0,

o0

oo
lim li P " i| Zyo1 >0) = i =0.
fim e 30 PGy > 11000 0) = i, B

Applying Lemma 4.1, we obtain

m
n— oo

Now, one can complete the proof, using (3.8) with Q,j' = m" and 1 — a = a, and the
equality EY,, = E(Y,, | Zp—1 > 0)P(Z,—1 > 0).

Notice that, under the conditions of Theorem 4.3, we have
EY, ~ m "1"VI Lsn)EZ,,

where a > 1 and Ls(n) is a certain s.v.f.
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