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Abstract Bairamov et al. (Aust N Z J Stat 47:543-547, 2005) characterize the expo-
nential distribution in terms of the regression of a function of a record value with its
adjacentrecord values as covariates. We extend these results to the case of non-adjacent
covariates. We also consider a more general setting involving monotone transforma-
tions. As special cases, we present characterizations involving weighted arithmetic,
geometric, and harmonic means.

Keywords Characterization - Non-adjacent record values - Exponential distribution

1 Introduction and main results

Let X1, X», ... be independent copies of a random variable X whose distribution
function is denoted by F. There is a number of studies on characterizations of F by
means of regression relations of a function of one record value on one or two other
record values. For a recent paper on the subject we refer to Pakes (2004) (see also
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52 G. P. Yanev et al.

Ahsanullah and Ragab 2006, Chapt. 6). Denote upper record times by L(1) = 1 and,
forn > 1,

L(l’l) = min{j : ] > L(l’l — 1) and Xj > XL(n—l)}s

and the corresponding upper record value by X (n) = X[ (,); see Nevzorov (2001).
Gupta and Ahsanullah (2004) study the characterization of F' by means of the equation

E[y(X(m)|X(n —k) =z] = ¢(2),

for k = 1 and k = 2, where the functions 1 and ¢ satisfy certain regularity conditions.
Bairamov et al. (2005) consider a characterization of the exponential distribution in
terms of the regression on two adjacent record values

Ely(Xm)X(n—1D) =u,X(n+1)=v] (Ur<u<v<rp),
where [r = inf{x : F(x) > 0} and rr = sup{x : F(x) < 1} are the left and right
extremities of F, respectively.
The aim of this paper is to extend the results given in Bairamov et al. (2005) by

studying characterizations of F' in terms of the regression on two non-adjacent record
values

ElYy(XmDIX(n—k)=u,X(n+r)=v] (r<u<v<rp),

where 1 < k < n — 1 and r > 1. Further on, for a given function i, we adopt the
notation

M (u, v)

_h) —h@w) 9 (h(v) — h(w)
Y ' ‘M-’(”’”)_auiavf( v—u

) (u #v), (I

as well as ; M (u, v) and M (u, v) for the ith and jth partial derivative of M (u, v) with
respect to u and v, respectively. Bairamov et al. (2005) characterize the exponential
distribution as follows.

Theorem (Bairamov et al. 2005). Suppose F' is absolutely continuous with density
f, that h is continuous in [, r ] and continuously differentiable in (I, rr), and that
almost everywhere in this open interval

h'(x) #M(F, x). ()
Then

EIW X)) X(n—D=u,X(n+1) =v]l=Mu,v) (p<u<v<rr) Q)
holds if and only if lp > —oo, rrp = 00 and
Fx)=1-¢ "0 (x > 1),

where ¢ > 0 is an arbitrary constant.
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Characterizations via bivariate regression of record values 53

Next result is a generalization of the above theorem to the case of regression on a
pair of non-adjacent record values. Namely, (3) is extended for 1 < k < n — 1 and
r>1to

ER* D X)) X(n—k)=u, X(n+r) = v]

k - D!
— s M) <u<v<r. @

We consider two cases with respect to the spacings from the right record value in the
condition as follows: X (n) is one spacing away (there is a gap of size one); or X (n)
is two or more spacings away (there is a gap of size two or more). The techniques of
the proofs in these two cases differ.

Theorem 1 Suppose F is absolutely continuous and h is continuous in [lr, rr] and
h(k+’_l)(x) is continuous in (Ip,rp) forl <k <n—1landr > 1.

A Letr=1,1<k<n-—1and
Mi(p,v) #0 (f <v <rp). (5)
Then (4) holds if and only if
F(x)=1—e“) (x> Ip) and If > —00, rp=00, (6)

where ¢ > 0 is an arbitrary constant.
B. Letr >2,2 <k <n—1and Mr_1(lp,v) # O0(r < v < rr). Then both (4)
and

EIR DX )X (n —k + 1) = ug, X(n +r) = v]

k —2)!
N % reiMp_o(uz.v)  (Up <u<uy<v<rp), (1)

where M'(u, v) = [h'(v) — h'(u)]/(v — u), hold if and only if (6) is true.

Remarks (1) If k = r = 1, then Theorem 1A coincides with Theorem 1 in Bairamov
etal. (2005) because, using (9) below, the assumption (2) can be writtenas M (lr, v) #
0. (i1) The statement in Theorem 1A holds true when k = 1 and r > 1 as well [with
+M(lF,v) # 0 instead of (5)] and can be proved along the same lines, differentiating
with respect to u instead of v.

The following result is an extension of Theorem 2 in Bairamov et al. (2005) to
regression on a pair of non-adjacent covariates. As we will see in the next section, it
follows from Theorem 1 choosing i (x) = XK (ke + ).

Theorem 2 A. Letr =1. Forl <k <n-—1

ru + kv

EI XWX -k =u,X(n+r)=v]= P

(lr<u<v<rp) (8)

if and only if the continuous r.v. X has the exponential distribution (6).
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54 G. P. Yanev et al.

B. Ifr >2and2 <k <n — 1, then both (8) and forlp <u <ur <v <rp

EIX()| X —k+1) =us, X(n+r) = v] = ”‘i:(%

hold if and only if the continuous r.v. X has the exponential distribution (6).

The proofs of Theorems 1 and 2 are given in Sect. 2. In Sect. 3 we consider monotone
transformations which extend the results in the previous sections to a more general
setting. Illustrations are given in terms of characterizations involving arithmetic, geo-
metric, and harmonic means.

2 Proofs of Theorems 1 and 2

Further on we will need some recurrent relations for the derivatives of M (u, v) given
in the following lemma.

Lemma 1 Let h(x) be a given function and for integer i, j > 1 define M(u, v),
iM@,v), Mj(u,v), and ;M;(u, v) as in (1). If h(x) has a continuous derivative of
order max{i, j} over the interval (a, b), then fora <u <v <b

D@ = M) T M) = W)

Mj(u,v) =
V—u V—u

©
and 1M v) = M (. v)
M, v) = R O T T T B (10)
vV—u
where M1(u,v) and (M (u,v) are given in (9) and |Mi(u,v) = (M{(u,v) —

1M (u,v))/(v—u).

Proof 1Tt is not difficult to prove (9) by induction. We will proceed with the proof of
(10). One can check (10) fori = 1,2 and j = 1, 2. Assume that (10) holds for some
(i, j). Fixing i we shall prove it for (i, j + 1), i.e.,

i—-itMj1(u,v) =G+ 1) iMju,v)=@—u) Mj(u,v)

Indeed, using the induction assumption, we have

. . d .
imt My (e, 0) = (4 D My v) = o= [ii—iMju,v) — j iMj—(u,v)]
—iMj(u,v)

B]
. [V —uw)iMju,v)]— iMju,v)
(v—u)iMjii(u,v).

Similarly, assuming (10) for an i and fixed but arbitrary j, one can prove that it holds
for (i + 1, j). The lemma is proved. O

@ Springer



Characterizations via bivariate regression of record values 55

Denote R(x) = —In(1 — F(x)). Using the Markov dependence of record values,
one can show (e.g., Ahsanullah 2004) that the conditional density of X (n) given
Xn—k=u(l<k<n—DandX(n+r)=v(r >1)is

k+r—1! |:R(t)—R(u)j|k_1|:R(v)—R(t):|r_l R (t)

(k= D!(r — D! [ R(v) — R(u) R(v) — R(u) R(W) — Ru)’ an

where u <t < v.
We will need the following lemma, which is of independent interest as well.

Lemma 2 Let h(x) be a continuous in [lr, r ] function such that pktr=1 (x) is con-
tinuousin (Ip,rp) forl <k <n—1landr > 1. If

Fx)=1-—e"") (x >1p) and lp > —00, rp = o0,
where ¢ > 0 is an arbitrary constant, then

ER DX )X(n—k) =u, X(n +r) = v]
k+r—1)!

= m r_le_l(M, U) (lF <uUu<v< I"F). (12)

Proof 1t is not difficult to verify (12) for k = r = 1. Let us prove it for » = 1 and any
l1<k<n-—1,ie.,

EROX )N X(n—k) =u, X(n+ 1) = v] = kMg_1(u, v) (13)

for 1 <k <n — 1. Assuming that (13) istrue fork =i (1 <i <n — 1), we will
prove it for k = i 4 1. Indeed, making use of (11) with R(x) = c¢(x — IFr) and the
induction assumption, we obtain

E[R"* DX m)IX(n—i—1) =u, X(n+1) =]

= L [ (i+1) N
T (v —u)it! /h (O —u)'dt
i+1 l. . N
= Lo [0
i1
T (v —u)it!
x MO @) =) = @ = w EWO (X)X (0 = i) = u, X1+ 1) = v]]

N | |
N @jﬁ (1O =0 =i =0 M@, v)]
— i I:h(i)(v) —iM;_1(u, U)]

v—u
=@+ DM;(u,v),
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where the last equality follows from (9). This proves (13) for k =i 4 1 and thus (12)
istrue forr = l and any 1 < k < n — 1. Similarly one can prove (12) for k = 1 and
any r > 1, 1i.e.,

E[RO(Xm)IX(n—1) =u, X(n+7) = vl =71 1 M(u, v) (14)

To complete the proof of the lemma we need to show (12) forr > 2and2 <k <
n — 1. Let us assume (12) for r = j and any 2 < k < n — 1. We will prove it for
r =j+ landany 2 < k <n — 1. Since the left-hand side of (12) forr = j + 1 is

ER* DX ) X(n—k) =u, X(n+ j + 1) = v]

v

/h(k+j)(t)(t — ) w—=1ydr,

u

(k4 v —w)” D
h (k — 1)!j!

to prove (12) for r = j + 1 we need to show thatfor2 <k <n — 1

Ik, j+1)= /h(k+j)(t)(t —w T w—1ndr

= —w* M1, v) (15)

under the induction assumption that forany 2 <k <n — 1

v

Ik, j) = /h<k+f—1>(t)(t — ) w—ni"lar

u

= (v — ) My (u, v) (16)

Integrating by parts, we have for2 <k <n — 1

v

Ik, j) = /h“fﬂ'*“(t)(t —wk T w—ni"ar

u

= l./h“‘ﬂ')(t)(r — Y w—nldr
J

u

v
k—1 , )
+—,/ *+I=D @yt — w) v — 1)/ dr
J

u
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Characterizations via bivariate regression of record values 57

Let (x), be the falling factorial, i.e., (x), = x(x — 1)---(x —n+ 1) (n > 1) and
(x)o = 1. After iterating, we have for2 <k <n — 1

Ik, j+1) =jlk,j)—(—=DIk=1j+1)

k—2
=j D> (=Dt = DIk —i. j)
i=0
+(=DF 1k = D / hID (@) (v — 1)/ dt (17)

u

Observe that (14) and (9) lead to

/hU“)(t)(v —0)ldt = —hYV ) (v — u)’ +j/h<f'>(z)(u — 1)/ dt
= (—w’
x {=nD @+ERD X @)X (= D =u, X(n+ j) =v1]
= W —w[-hV W) +j j1 M, v)]
= (v —w) [-hY W) + (v — u) jM(u, v) + 1Y W)]
=@ —w™ M@, v) (18)

Using the induction assumption (16) and (18) we write (17) as

. k=2
Ik j+1 _ ; e
(5 _’u),.H) =J 2 Dk = Do @ = w7 o M- (u, v)
i=0

—(=D 2k = D1y jM(u, v) (19)

Now, applying (10) and iterating, we obtain

. k=3
Ik, j+1) . l. o
—(5 _Ju)m) = 2 (=D k= Do = w7 o My, v)
i=0

+(=DF2(k — Doy [J jo1Mi(u, v) — ;M (u, v)]
= j1§<—1)f(k — Dy —w* 7 My (u, v)
i=0
—(=D* 3k — De—ay (v — u) j My (u, v)
= jkf(—l)"(k — Do —w) 2 My i, v)
i=0
+(=DF Bk — Dgeny —w) [ jo1 Ma(u, v) — 2 ;M1 (u, v)]
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k—4

=j D (=D = Doy — w7 My, v)
i=0

—(=D* "k = D sy (v — u)? 1 Ma(u, v)
= jw =) Mgy — (k= D (v —u)*? - My_a(u, v)
= @—w"" M, v).

This implies (15). Similarly assuming (12) fork =i 2 <i <n —2)andany r > 2
one can prove it for k =i 4+ 1 and r > 2. The lemma is proved. O

2.1 Proof of Theorem 1A

Assume (4). Setting » = 1 in (11), we obtain from (4)

v

My—1(u, )[R(v) — R@)|F = / RODOIR(@) — R@)FIR (1)dt.

u

Letting u — l;“ and noting that the integrand is continuous and limuﬂl; R(u) =
1imu_)l;r (= 1In(1 — F(u))) = 0 we simplify to

Mi—1(p, V)[RW)F = / ROOIR@TR (1)dr.

lp

Differentiating both sides of the above equation with respect to v, we obtain
kM1 (p, D[RR ) + MU, v)[RW)TE = KO @)[RW)IR (4)

Rearranging and taking into account (9),

R() Mi(F,v)
Rw)  h® () — kMy_1(lF, v)
_ Mi(F,v)
(W —Ip)Mi(F, v)
1
- vV — lF ’

(provided that My (IF, v) # 0) and hence (6) holds. It follows that [ > —oo and
¢ > 0, and the continuity of F implies that rr = oo.
The converse statement follows from Lemma 2. The proof is complete.
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Characterizations via bivariate regression of record values 59

2.2 Proof of Theorem 1B
Assume both (4) and (7) are true. Formula (11) together with (4) imply

1 M1 (u, v) [R(v) — R(u)]F !

= / R =D @) [R(v) — RO IR() — R@) ™! R (1)dt.

u

Since the integrand is continuous, differentiating both sides of the above equation with
respect to u, we obtain

»My—1(u, v) [R(v) — R(u)]F"!
— (k47— D[RW) — R@)" 2 R () 1 Mi—1 (1, v)

=—(k—1)R' () / R D @) [Rw)— RO R~ R@)F2 R (t)de.  (20)

On the other hand, (7) and (11) lead to

r 1M} (u2, v) [R(v) — R(up)1F =2

= / R =D (@) [R(v) — ROT T R() — Ru)F 2 R (n)ydr. (1)

u
Therefore, letting up — u™ in (21) and rearranging terms, we write (20) as

R'(u) _ rMi—1(u, v)
Ru)—R(w) (k—1) 1My _y(u,v)—(k+r—1) 1 My_1(u, v)

(22)

provided that the denominator in the right-hand side is not O (This is equivalent to
rMyi_1(u, v) # 0, as we will see below). Since

r— My _5(u,v) =

gktr=3 W () — k' (u)
3Mr_18vk_2
gk+r=3

= S —Tagk2 (Mi(u,v) + 1M (u, v)]

= M1 (u,v) + Mp_2(u, v),

vV—Uu

for the denominator in (22) we have

(k—=1) i My_y(u,v) — (k+r —1) 1 M1 (u, v)
=k —-DloiMp—1(u,v) + Mr2,v)] —k+7r—1) -1 Mr—1(u, v)
=k -1 M2(u,v) —r —1Mg_1(u, v). (23)
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60 G. P. Yanev et al.

Finally, from (22) to (23) and applying (10), we obtain

R’ () _ rMy_1(u, v)
R(u) — Rw)  (k—1)  My2(u,v) —r 1 Mi—1(u, v)
rMi—1(u, v)

T M, v)(u — )
1

u—v

Integrating both sides with respect to u from [y to v, we obtain
In[Rw) — RUp)]=In(v—=Ir)+Inc (c > 0)

and thus R(v) = c¢(v — [F) and (6) follows.
The converse statement in the theorem follows from Lemma 2.

2.3 Proof of Theorem 2

Let h(x) = x**7/(k 4+ r)! and thus h**"=D(x) = x. We shall prove that, with this
choice of 4, (4) becomes

ru + kv

EX()|X(n—k)=u,X(n+r)=v]= P

(lp<u<v<rp). 24

Indeed,

1 vk+r _ uk+r

M(u,v) =

(k+r)! v—u
N SN TUUURIRY s BT SS B Iy S
(k +r)!

and differentiating r — 1 and & — 1 times with respect to u and v, we obtain

k47— 1)! Moy = kT =D @ = DR k= Dl
k=D — R = T T e — 1) (k +r)!

which proves (24). Now, if r = 1 [note that My (I, v) = Ir/(k+ 1) # 0] the claim in
Theorem 2A follows from Theorem 1 A. Similarly to (25) one can see that (7) becomes
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Characterizations via bivariate regression of record values 61

EIXWIX(—k+1)=ur. X e k=D
XOIX = k+1) = w0, X(r-47) = 0] = Tl M (s, v)
:M‘ (26)
k+r—1

Theorem 1B, (25) and (26) imply Theorem 2B. The proof is complete.

3 Monotone transformations and some particular cases

In this section, following Bairamov et al. (2005), we give a formal generalization of
Theorem 1, involving a monotone transformation of X. Let Y be a random variable
with distribution function G. The corresponding upper record values are denoted by
Y (n). The following extension of Theorem 1A holds. The proof is similar to that of
Theorem 3 in Bairamov et al. (2005) and it is omitted here. Denote for i, j > 0

8i+j h _ h
iMj(T(s), @) = - ( () — h(x)

xioyJ y—x ) lx=T(s), y=T(t) (y # x).

Theorem 3 Suppose that
(1) Y has a continuous distribution function G on [lg, rgl;
(ii)  the function T is continuous and strictly increasing in (Ig,rg), T = T(lg+) >
—o0 and T (rg) = o0; and
(i)  A**T=D(x) is continuous in (t,00) for | <k <n—1landr > 1.
A.Letr = 1 and Mp(t,T(@)) #0 (g <t <rg). Thenfor1 <k <n—1and
lg<s<t<rg

EROTYmNYn—k) =s,Y(n+1) =1] =kMy_(T(s),. T®)) (27)

if and only if
Gy)=1—e T (15 <y <rg) (28)

where ¢ > 0 is an arbitrary constant.
B.Letr >2and2 <k <n-—1,and Myp_1(t,T(t)) % O0wherelg <t < rg.
Then both (27) and forlg <s < sy <t <rg

ER* DTy m)Y(n—k+1) =5, Y(n+r) =1]
(k +r —2)!

= %= =i M2 T2 TO)

hold if and only if (28) is true.

Remark An analog of Theorem 3 when T is a strictly decreasing function holds as
well; for the case k = r = 1 see Bairamov et al. (2005), Theorem 3.

Different choices of functions 4 and T in the above theorem yield many character-
ization results. The corollary below gives a characterization that involves a weighted
arithmetic mean.
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62 G. P. Yanev et al.

Corollary 1 Let (i) and (ii) of Theorem 3 hold. If 1 < k < n — 1, then for a strictly
increasing function g

k
Elg(Ya)|Y(n—k) =5, Y(n+1) =1] = % (G <s <t <rg)

holds if and only if
G(y)=1- e—clg(y) — 8] (g <y <rg),

where ¢ > 0 is an arbitrary constant.

Proof The corollary follows from Theorems 2A and 3 setting T(y) = g(y) and
h(x) = x*1/(k + D).

Next corollary presents characterizations involving a geometric mean as a special
case.

Corollary 2 Let (i) and (ii) of Theorem 3 hold. If 1 < k < n — 1, then for a strictly
decreasing function g andlg <s <t <rg

E[gY(m)|Y(n—k) =s,Y(n+ 1) =1] = [g)]F®FD[g))/*D (29)

holds if and only if

—c {lgITED — gk}

G(y)=1- (g <y <rc),

where ¢ > 0 is an arbitrary constant.

Proof We will show that if h(x) = —x~!, then forj=1,2,...

M;(x,y)=(— 1/ (30)

j+1

Indeed, one can check that M (x, y) = —1/(xy?). Assuming that (30) is true for j,
we will prove it for j + 1. Using (9) we have

1 1, (J+ D! j!
Mj+1(x,Y)=yTx|:(—1)]+2 yit2 —(j+ D=1/ /+1j|
1 G+ DIy —x)
. [(—1)1+ iz }
G+ !
DT y/+2

and thus (30) follows by induction. Now, letus setfor 1 <k <n — 1

_ ® (1) —
h(x) = W and thus h (x) = W
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Characterizations via bivariate regression of record values 63

It is not difficult to see that, with this choice of %, (27) and (30) yield

1 1
E —|Y(n—k)=s,Y(n+1)=ti| = ——.
[[T(Y(n))]’”rl T[T 0]k
Setting in the last equation 7 (x) = [g(x)]_l/ &+D  leads to the statement of the
corollary.
Itis worth noting that if k = r = 1, then the right-hand side in (29) is the geometric
mean of g(s) and g (). O

Next corollary is a characterization in terms of a harmonic mean.

Corollary 3 Let (i) and (ii) of Theorem 3 hold. For a strictly decreasing function g,

E[g0)|Y(n—1D) =s,Y(n+1) =1] = % (g <s <t <rg).
holds if and only if
-~ -2 -2
GOy 1 c{leen? - 172 o< < ro)

where ¢ > 0 is an arbitrary constant.

Proof The result follows from Theorem 3 setting 4 (x) = 2x1/2 and T( y) = [g( y)]_z.

Finally, let us note that Theorem 3 and its corollaries yield many special cases.
In particular, one can easily adjust to our more general setting the examples given in
Bairamov et al. (2005). We present here only two examples making use of Corollary 2.

Example 1 (Weibull distribution). Let/g = 0,7 = 00,and g(y) = y~*%**+D _Then,
according to Corollary 2, Y has the Weibull distribution with G(y) = 1 — exp{—cy“}
ifandonlyiffor 1 <k <n —1

E [[Y(n)]—“<’<+” 1 Y(h—k) =5, Y(n+1) = t] = kg,

where 0 < s < 1 < oo In particular, a random variable Y has the Inverse Weibull
distribution with G(y) = exp{—cy'/?} if and only if

E[?(n)|)7(n—1)=s,17(n+1)=t]=«/§.

Example 2 (Pareto distribution). Let [ = a > 0, rg = oo, and g(y) =
[log y]~**+D . Then, Y has the Pareto distribution with G(y) = 1 — (a/y)¢ (y = a)
ifandonlyiffor1 <k <n —1,

E [[log Y I D | Y —k) =5, Y(n + 1) = r] — Mog 1 *logs1~",

where a < s <t < oco. Note that the regression relation is independent of a.
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