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Abstract We associate with a Bienaymé-Galton-Watson branching process a family
tree rooted at the ancestor. For a positive integer N, define a complete N-ary tree to
be the family tree of a deterministic branching process with offspring generating
function sN. We study the random variables VN;n and VN counting the number of
disjoint complete N-ary subtrees, rooted at the ancestor, and having height n and1,
respectively. Dekking (1991) and Pakes and Dekking (1991) find recursive relations
for PðVN;n > 0Þ and PðVN > 0Þ involving the offspring probability generation func-
tion (pgf) and its derivatives. We extend their results determining the probability
distributions of VN;n and VN . It turns out that they can be expressed in terms of the
offspring pgf, its derivatives, and the above probabilities. We show how the general
results simplify in case of fractional linear, geometric, Poisson, and one-or-many
offspring laws.

Keywords Branching process . Family tree . Binary tree . N-ary tree

AMS 2000 Subject Classification Primary 60J80 . Secondary 05C05

1 Introduction and Main Results

Consider the family tree associated with a Bienaymé-Galton-Watson process with
the following simple reproduction rules. At generation zero, the process starts with
single ancestor called root of the tree. Then each individual in the population has,
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independently of the others, a random number X of children distributed according
to the offspring distribution with probability generating function (pgf)

f ðsÞ ¼
X1

k¼0

pksk;

satisfying f ð1Þ ¼ 1. Further on we adopt the well-known construction of a family
tree generated by a simple branching process where the individuals are the nodes
and the parent-child relations define the arcs of the tree in the following manner, see
e.g., Harris (1963), Ch.7. Let the ith child of the ancestor be ðiÞ and in general
ði1i2 . . . ik�1ikÞ denotes the ikth child of ði1i2 . . . ik�1Þ. Then, a directed arc is assumed
to emanate from ði1i2 . . . ik�1Þ to ði1i2 . . . ik�1ikÞ. Since, in our case, the children
appear simultaneously, we suppose that the ordering is performed by a chance
device independently of the evolution in the process. This scheme produces family
trees (also called rooted ordered trees) in which the nodes of height (also known as
depth) nðn � 0Þ have labels ði1i2 . . . inÞ, with the ancestor (root) having height 0. The
height of a subtree equals the maximum height of its nodes.

For fixed integer N � 1, define a complete infinite N-ary tree to be the family
tree of a deterministic branching process with offspring pgf f ðsÞ ¼ sN . Further on we
will consider rooted subtrees of a family tree. Two such subtrees are called disjoint if
they do not have a common node different from the root. These kinds of trees
appear, for example, in some computer algorithms; for more details see Knuth
(1997).

Let fZn : n � 1; Z0 ¼ 1g denote the generation size process, and let TN � 1 be
the height of a complete N-ary subtree rooted in the ancestor; TN ¼ 0 if Z1 < N.
Notice that T1 is the extinction time of fZng. The study of the probability �N ¼
limn!1PðTN > nÞ that a Bienaymé-Galton-Watson tree contains an infinite com-
plete N-ary subtree was initiated by Dekking (1991) who considered complete
binary (N ¼ 2) subtrees. The general ðN � 2Þ case was subsequently investigated in
detail by Pakes and Dekking (1991). In particular, they encountered the following
phenomenon: if N � 2, then there is a critical value mc

N for the offspring mean
m ¼ f 0ð1Þ such that �N ¼ 0 if m < mc

N and �N > 0 if m � mc
N . This is qualitatively

different from what happens for N ¼ 1 where the probability for non-extinction
�1 ¼ 0 if m ¼ mc

1 ¼ 1, except for the trivial case where f ðsÞ ¼ s. Our work is
motivated by the results of Pakes and Dekking (1991).

We introduce the random variable VN to be the number of disjoint complete N-
ary subtrees with infinite height, rooted at the ancestor of a Bienaymé-Galton-
Watson family tree. Clearly �N ¼ PðVN > 0Þ. As usual, we assume for the offspring
distribution fpkg1k¼0 that pk < 1 for all k and pk > 0 for some k > N. Let N be the
set of all positive integers and denote for x; y � 0 and any j ¼ 0; 1; . . .

GNðx; y; jÞ ¼
XjNþN�1

k¼jN

xk

k!
f ðkÞðyÞ:

Pakes and Dekking (1991) showed that PðVN ¼ 0Þ ¼ 1� �N , where 1� �N is the
smallest solution in ½0; 1� of the equation

x ¼ GNð1� x; x; 0Þ: ð1Þ
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Our goal is to study the distribution of VN . As the following result shows, the
probability mass function (pmf) of VN can be obtained using the Taylor expansion
of f ð1Þ about the point 1� �N .

THEOREM 1 If N 2 N then for any j ¼ 0; 1; :::

P VN ¼ jÞ ¼ GNð�N ; 1� �N ; jð Þ ð2Þ

and PðVN ¼ 0Þ ¼ 1� �N is the smallest solution in ½0; 1� of (1).

REMARKS

(i) If N ¼ 1, then obviously PðV1 ¼ 0Þ ¼ 1� �1 ¼ q is the extinction probability of
the Galton-Watson process. Now, (2) becomes

PðV1 ¼ jÞ ¼ ð1� qÞj

j!
f ðjÞðqÞ; j ¼ 0; 1; . . . ;

which in turn implies that EðsV1Þ ¼ f ðqþ ð1� qÞsÞ. This identity follows
directly observing that the number of distinct infinite unary trees is equal to
the number of first generation nodes having infinite line of descent.1

(ii) Also note that a sufficient condition for PðVN ¼ 0Þ < 1 is given in Pakes and
Dekking (1991), Theorem 3. In particular, they show that PðVN¼0Þ<1 ðN�2Þ if

2N
X

j�N

pj

jþ 1
� ð1�

XN�1

j¼0

pjÞ2:

The number of complete N-ary subtrees is a measure for the rate of growth (or
fertility) of the branching process. In fact, as was pointed out in Dekking (1991), if
PðV2 > 0Þ > 0 then we can say that the branching process grows faster than binary
splitting. In the study of the tree structure of branching processes, an important role
is played by the process_ total progeny. Denote by �n the number of individuals who
existed in the first nþ 1 generations, i.e., �n ¼ 1þ Z1 þ . . .þ Zn, n ¼ 1; 2; . . ..
Obviously, �n equals the total number of nodes having height less than or equal to n.
Let us also define the random variable VN; n to be the number of disjoint complete
N-ary subtrees of height at least n rooted at the ancestor of a Bienaymé-Galton-
Watson family tree. Let

 N;nðsÞ ¼ Eðs�n ; VN;n > 0Þ and �N;nðsÞ ¼ Eðs�n ; VN;n ¼ 0Þ: ð3Þ

The following result presents a recursive relation for the joint distribution of VN;n

and �n.

THEOREM 2 If N 2 N then for j s j� 1 and any j ¼ 0; 1; :::

E s�nþ1 ; VN;nþ1 ¼ j
� �

¼ sGN  N;nðsÞ; �N;nðsÞ; j
� �

: ð4Þ

1 The authors are indebted to the referee who pointed out this argument. It implies immediately the
result of Theorem 1 for unary trees.
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Notice that, if N ¼ 1 and j ¼ 0, then the above recurrence reduces to the well-
known E s�nþ1 ; Znþ1 ¼ 0ð Þ ¼ sf E s�n ; Zn ¼ 0ð Þð Þ, see e.g., Kolchin (1986), p. 120.

Applications of complete N-ary trees can be found in the analysis of algorithms,
see Knuth (1997). Problems of this nature appear also in percolation theory. For
instance, Pakes and Dekking (1991) point out a relationship between the model of
N-ary complete and infinite subtrees and a construction employed by Chayes et al.
(1988) in their study of Mandelbrot_s percolation processes. The existence of N-ary
subtrees is also used by Pemantle (1988) in introducing the concept of a N-infinite
branching process. Let us also mention potential connections with problems of
percolation of binary words on the nodes of locally finite graphs with countably
infinite node-sets, see Benjamini and Kesten (1995).

We organize our paper as follows. In Section 2 we prove the main results.
Sections 3–5 contain some illustrations. In Section 3 we consider the family tree
generated by the fractional linear f ðsÞ as well as the special case of geometric
offspring. In the latter case, VN itself follows a geometric distribution. It turns
out that in the Poisson offspring case, given in Section 4, the pmf of VN can be
expressed in terms of certain Poisson probabilities. Note that the critical values
mc

N ðN � 2Þ in the Poisson case are less than those in the geometric one. Finally,
in Section 5 we consider the one-or-many (i.e., concentrated on two points only)
offspring distribution. In this case VN has a pmf given in terms of binomial
probabilities.

2 Proofs of the Theorems

Proof of Theorem 1: Let us consider PðVN ¼ jÞ where j ¼ 1; 2; . . . Recall that the
random variable VN; n equals the number of disjoint complete N-ary subtrees of
height n rooted at the ancestor of a Bienaymé-Galton-Watson family tree. First, we
will find the pmf of VN; nþ1 using the total probability formula. Indeed, to have j
disjoint complete N-ary subtrees rooted at the ancestor node there must be jN þ
k ðk � 0Þ nodes in the first generation. Each of these nodes can be considered as an
ancestor of a family tree rooted at the first generation. Consider the event ANðlÞ ¼
fjN þ l of the Z1 first generation nodes are ancestors of at least one complete N-ary
tree of height ng, where l ¼ 0; 1; . . . ;min fk;N � 1g. If Z1 ¼ jN þ k then for fixed l
the event ANðlÞ has conditional probability

PðANðlÞjZ1 ¼ jN þ kÞ ¼ jN þ k

jN þ l

� �
ð�N;nÞjNþlð1� �N;nÞk�l ð0 � l � min fk;N � 1gÞ;

where �N; n ¼ 1� PðVN; n ¼ 0Þ and by convention let �N; 0 ¼ 1. We have

P
[min fk;N�1g

l¼0

ANðlÞjZ1 ¼ jN þ k

 !
¼

Xmin fk;N�1g

l¼0

jN þ k

jN þ l

� �
ð�N;nÞjNþlð1� �N;nÞk�l:
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Applying the total probability formula and changing the order of summation, we
obtain

PðVN;nþ1 ¼ jÞ ¼
X1

k¼0

PðZ1 ¼ jN þ kÞP
[min fk;N�1g

l¼0

ANðlÞjZ1 ¼ jN þ k

 !

¼
X1

k¼0

pjNþk

Xmin fk;N�1g

l¼0

jN þ k

jN þ l

� �
ð�N;nÞjNþlð1� �N;nÞk�l

( )

¼
XN�1

l¼0

�
jNþl

N;n

ðjN þ lÞ!
X1

k¼l

pjNþkð jN þ kÞð jN þ k� 1Þ:::ðk� l þ 1Þð1� �N;nÞk�l

¼
XN�1

l¼0

�
jNþl

N;n

ð jN þ lÞ! f ð jNþlÞð1� �N;nÞ

¼ GNð�N;n; 1� �N;n; jÞ

By definition �N; 0 ¼ 1 and �N; n # �N as n " 1. Letting n!1, we obtain for j � 1

PðVN ¼ jÞ ¼ lim
n!1

PðVN;nþ1 ¼ jÞ ¼ GNð�N ; 1� �N ; jÞ:

Let us now consider the case j ¼ 0. The above recurrence is true for n ¼ 0, i.e.,
PðVN;1 ¼ 0Þ ¼ GNð1; 0; 0Þ ¼

PN�1
k¼0 pk: For n � 1, using the total probability formula

and an argument similar to that for the case j � 1, we obtain

PðVN;nþ1 ¼ 0Þ ¼
XN�1

l¼0

X1

k¼l

pk
k

l

� �
ð�N;nÞlð1� �N;nÞk�l

¼
XN�1

l¼0

ð�N;nÞl

l!
f ðlÞð1� �N;nÞ

¼ GNð�N;n; 1� �N;n; 0Þ:

ð5Þ

Computing the derivative of GNðx; 1� x; 0Þ, we get a telescoping sum which after
cancelations becomes dGNðx; 1� x; 0Þ=dx ¼ ð1� xÞN�1f ðNÞðxÞ=ðN � 1Þ! � 0 for
0 � x � 1. Thus, GNðx; 1� x; 0Þ is non-decreasing in ½0; 1�, and therefore

1� �N ¼ lim
n!1
ð1� �N;nþ1Þ ¼ lim

n!1
PðVN;nþ1 ¼ 0Þ ¼ GNð�N ; 1� �N ; 0Þ

is the smallest root in ½0; 1� of the equation x ¼ GNð1� x; x; 0Þ. The proof is
complete.

Clearly (2) implies that
P1

j¼0 PðVN ¼ jÞ ¼
P1

k¼0 �
k
Nf ðkÞð1� �NÞ=k! ¼ f ð1Þ ¼ 1.

Í
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Proof of Theorem 2: Let us introduce the notation

�N;nðtÞ ¼ PðVN;n > 0; �n ¼ tÞ; �N;nðtÞ ¼ PðVN;n ¼ 0; �n ¼ tÞ ¼ Pð�n ¼ tÞ � �N;nðtÞ;

where N, n, and t are positive integers. Proceeding as in the proof of Theorem 1, we
consider the event

ANðl; tÞ ¼ ANðlÞ
\
f�nþ1 ¼ tg;

where ANðlÞ is defined in the proof of Theorem 1. For fixed t and l (0 �
l � min ðk;N � 1Þ), using the fact that all trees rooted in the first generation grow
independently, we compute the conditional probability of ANðl; tÞ given Z1 ¼ jN þ k
to be

PðANðl; tÞjZ1 ¼ jN þ kÞ ¼ jN þ k

jN þ l

� �X 0 Y
jNþl

u¼1

�N;nðnuÞ
YjNþk

v¼jNþlþ1

�N;nðnvÞ;

where the summation in
P0 is over all nonnegative integers fnigjNþk

i¼1 such thatPjNþk
i¼1 ni ¼ t � 1. Then, the total probability formula implies that

PðVN;nþ1 ¼ j; �nþ1 ¼ tÞ ¼
X1

k¼0

PðZ1 ¼ jN þ kÞ
Xminðk;N�1Þ

l¼0

PðANðl; tÞ j Z1 ¼ jN þ kÞ

¼
XN�1

l¼0

X1

k¼l

pjNþk
jN þ k

jN þ l

� �X 0Y
jNþl

u¼1

�N;nðnuÞ
YjNþk

v¼jNþlþ1

�N;nðnvÞ:

Multiplying both sides of this equality by st and summing over t, we get

Eðs�nþ1 ; VN;nþ1 ¼ jÞ ¼ s
XN�1

l¼0

1

ð jN þ lÞ!
X1

k¼l

pjNþkðjN þ kÞð jN þ k� 1Þ:::ðk� l þ 1Þ

�
X1

t¼1

X 0 YjNþl

u¼1

�N;nðnuÞ
YjNþk

v¼jNþlþ1

�N;nðnvÞst�1:

Observe that the coefficient of st�1 in the series

X1

t¼1

X 0 Y
jNþl

u¼1

�N;nðnuÞ
YjNþk

v¼jNþlþ1

�N;nðnvÞst�1

can be written as

Xt�1

h¼0

X

n1þ:::þnjNþl¼h

YjNþl

u¼1

�N;nðnuÞ
X

njNþlþ1þ:::þnjNþk¼t�1�h

YjNþk

v¼jNþlþ1

�N;nðnvÞ:

The rule of multiplying power series implies that this coefficient equals the coeffi-
cient of st�1 in the power series expansion of

X1

i¼1

�N;nðiÞsi

" #jNþl X1

i¼1

�N;nðiÞsi

" #k�l

¼ ½ N;nðsÞ�jNþl½�N;nðsÞ�k�l;
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where  N;nðsÞ and �N;nðsÞ are defined in (3). Therefore,

Eðs�nþ1 ; VN;nþ1 ¼ jÞ ¼ s
XN�1

l¼0

½ N;nðsÞ�jNþl

ð jN þ lÞ!
X1

k¼l

pjNþkð jN þ kÞð jN þ k� 1Þ:::

ðk� l þ 1Þ½�N;nðsÞ�k�l

¼ s
XN�1

l¼0

½ N;nðsÞ�jNþl

ð jN þ lÞ! f ð jNþlÞð�N;nðsÞÞ;

which coincides with the right-hand side of (4). This completes the proof.

3 Fractional Linear Offspring

Let f ðsÞ be a fractional linear pgf given by

f ðsÞ ¼ 1� b

1� p
þ bs

1� ps
ð6Þ

and the parameter space fðp; bÞ: 0 < p < 1; 0 < b � 1� pg. Then the offspring
distribution is given by the geometric series pk ¼ bpk�1; k ¼ 1; 2; . . . ; p0 ¼ 1�P1

k¼1 pk and the offspring mean is m ¼ b=ð1� pÞ2. In the particular case b ¼
pð1� pÞ we have pk ¼ ð1� pÞpk; k � 0 which is the standard geometric distribution
with pgf f ðsÞ ¼ ð1� pÞ=ð1� psÞ. It can be verified, see Pakes and Dekking (1991),
p. 361 if N � 2 and Harris (1963), p. 9 if N ¼ 1, that for N 2 N

1� pð1� �NÞ ¼ ½b=ð1� pÞ�1=N ½ p�N �1�1=N : ð7Þ

PROPOSITION 1 If the offspring distribution has the fractional linear pgf (6), then VN

follows a zero-modified geometric (i.e., fractional linear) distribution given by

PðVN ¼ jÞ ¼ b

pð1� pÞ ð1� �NÞ� j
N ð j � 1Þ; PðVN ¼ 0Þ ¼ 1� b

pð1� pÞ �N ð8Þ

and

EVN ¼
b

pð1� pÞ
�N

1� �N
; ð9Þ

where

�N ¼
p�N

1� pð1� �NÞ

� �N

and �N is the largest solution in ½0; 1� of (7).

Í
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Proof: Since f ðiÞðsÞ ¼ i! bpi�1=ð1� psÞiþ1 ði � 1Þ, we have from (2) for j � 1

PðVN ¼ jÞ ¼
XN�1

k¼0

�
jNþk

N

ð jN þ kÞ!
bð jN þ kÞ! p jNþk�1

ð1� pð1� �NÞÞjNþkþ1

¼ bp jN�1�
jN

N

ð1� pð1� �NÞÞ jNþ1

XN�1

k¼0

ð p�NÞk

ð1� pð1� �NÞÞk
:

Now, setting ð�NÞ1=N ¼ p�N=ð1� pð1� �NÞÞ one can obtain the first formula in (8),
which in turn leads to (8) and (9).

COROLLARY If the offspring distribution is geometric, i.e., pk ¼ ð1� pÞpk; k � 0, then
VN is geometric as well, PðVN ¼ jÞ ¼ ð1� �NÞ� j

N ð j � 0Þ and EVN ¼ �N ð1� �NÞ�1,
where �N is the largest solution in ½0; 1� of ð�N þ 1=mÞN ¼ � N�1

N ðN � 1Þ.

Proof: In the case of geometric offspring (6) holds with b ¼ pð1� pÞ and
m ¼ p=ð1� pÞ. The equation for �N follows by inspection from (7). It is also given
in Pakes and Dekking (1991), p.361 if N � 2. Simple algebraic manipulations show
that this equation simplifies to �N ¼ �N . Now, the rest of the statement follows from
(8) and (9).

REMARK For geometric offspring with mean m > 1 we have PðV1 ¼ jÞ ¼ ð1=mÞð1�
1=mÞj and EV1 ¼ m� 1. In particular, PðV1 ¼ 0Þ ¼ 1=m which equals the probabil-
ity of extinction, see Harris (1963), p. 9.

Table 1 lists the probabilities PðVN ¼ jÞ, j ¼ 0; 1; 2; . . . ; 9 as well as EVN for
1 � N � 5. The critical mean values (see Section 1) are as follows: mc

1 ¼ 1, mc
2 ¼ 4,

mc
3 ¼ 6:75, mc

4 ¼ 9:481, mc
5 ¼ 12:207. The expected values in the last column provide

a measure of how many N-ary subtrees ð1 � N � 5Þ are supported by the geometric
family tree with offspring mean fixed to be m ¼ 13. See also Table 2 below for a
comparison with the Poisson offspring case.

4 Poisson Offspring

Consider the case of Poisson offspring distribution with pgf given by

f ðsÞ ¼ emðs�1Þ ðm > 0Þ: ð10Þ

Table 1 Probability distribution of VN assuming geometric offspring with m ¼ 13

VN ¼ 0 1 2 3 4 5 6 7 8 9 Q10 EðVNÞ

N ¼ 1 0.08 0.07 0.07 0.06 0.06 0.05 0.05 0.04 0.04 0.04 0.44 12
N ¼ 2 0.16 0.14 0.11 0.10 0.08 0.07 0.06 0.05 0.04 0.03 0.16 5.22
N ¼ 3 0.26 0.19 0.14 0.11 0.08 0.06 0.04 0.03 0.02 0.02 0.05 2.91
N ¼ 4 0.37 0.23 0.15 0.09 0.06 0.04 0.02 0.01 0.01 0.01 0.01 1.71
N ¼ 5 0.53 0.25 0.12 0.05 0.03 0.01 0.01 0 0 0 0 0.87

Í

Í
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Then, the probability �N is the largest solution of

ð1� sÞems ¼
XN�1

j¼0

ðmsÞj=j! ð11Þ

(see Pakes and Dekking (1991), p. 364). Since f ðiÞðsÞ ¼ miemðs�1Þði � 0Þ, formula (2)
becomes

PðVN ¼ jÞ ¼ e�m�N

XN�1

k¼0

ðm�NÞjNþk

ð jN þ kÞ! ; j � 0:

Therefore, we have the following

PROPOSITION 2 If the offspring distribution has the Poisson pgf (10), then

PðVN ¼ jÞ ¼ Pð jN � YN � jN þN � 1Þ;
where YN has the Poisson pmf

PðYN ¼ kÞ ¼ ðm�NÞke�m�N=k! k ¼ 0; 1; 2; . . .

and �N is the largest solution in ½0; 1� of equation (11).

Notice that V1 has a Poisson distribution with parameter m�1. To calculate the
critical value mc

N that yields a non-zero solution � c
N in ½0; 1� of equation (11) we first

notice that the product y ¼ mc
N�

c
N satisfies the equations

yN=ðN � 1Þ!þ
XN�1

j¼0

y j=j! ¼ ey; ð12Þ

see Pakes and Dekking (1991), p. 365. Following their way of calculation, one can
find mc

N and � c
N by substituting the solution of (12) into

my N�1=ðN � 1Þ! ¼ ey: ð13Þ
In case of binary trees, one can also use the Cayley_s tree function yðzÞ ¼P1

k¼1 kk�1zk=k! (see e.g., Odlyzko (1995), Section 6.2) evaluated at z ¼ 1=mc
N for

the solution of (12). Inserting it into (12), we obtain mc
2 ¼ 3:3509 and � c

2 ¼ 0:5352.
Our final remark concerns the case m!1. It is easily seen that Proposition 2

and the normal approximation of the Poisson distribution imply a local limit
theorem for VN . Moreover, Pakes and Dekking (1991) showed that in this case
�N ! 1. This enables one to centralize and scale the limiting variable VN in terms of
the single parameter m only.

Table 2 Probability distribution of VN assuming Poisson offspring with m ¼ 13

VN ¼ 0 1 2 3 4 5 6 7 8 9 Q10 EðVNÞ

N ¼ 2 0 0 0.01 0.04 0.11 0.19 0.22 0.19 0.13 0.07 0.04 6.25
N ¼ 3 0 0.01 0.09 0.25 0.32 0.22 0.08 0.02 0 0 0.01 4.00
N ¼ 4 0 0.05 0.30 0.41 0.19 0.04 0 0 0 0 0.01 2.87
N ¼ 5 0 0.17 0.51 0.28 0.04 0 0 0 0 0 0 2.19
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Table 2 gives the probabilities PðVN ¼ jÞ, j ¼ 0; 1; 2; . . . ; 9 as well as EVN for
2 � N � 5. The critical mean values are as follows: mc

2 ¼ 3:3509, mc
3 ¼ 5:1494,

mc
4 ¼ 6:7993, mc

5 ¼ 8:3653.

5 One-or-many Offspring

In this section we consider a two-parameter family of 1-or-r offspring distributions
defined for some p 2 ð0; 1Þ by p1 ¼ 1� p and pr ¼ p, where r > N > 1. Its pgf is
f ðsÞ ¼ ð1� pÞsþ ps r and thus f 0ðsÞ ¼ 1� pþ prs r�1 and f ðkÞðsÞ ¼ prðr � 1Þ . . .
ðr � kþ 1Þs r�k ð2 � k � rÞ. The probability �N is the largest solution in ½0; 1� of

s ¼ p
Xr

k¼N

r

k

� �
skð1� sÞr�k ð14Þ

(see again Pakes and Dekking (1991), p.366). Applying (2) it is not difficult to obtain

PðVN ¼ 0Þ ¼ 1� pþ p
XN�1

k¼0

r

k

� �
� k

Nð1� �NÞr�k

and for j ¼ 1; 2; . . . and r � jN

PðVN ¼ jÞ ¼ p
XjNþU

k¼jN

r

k

� �
� k

Nð1� �NÞr�k;

where U¼minfN�1; r�jNg. Let Brð�NÞ denote a binomial ðr; �
N
Þ random variable.

PROPOSITION 3 If the offspring pgf is f ðsÞ ¼ ð1� pÞsþ psrð1 � N < rÞ and �
N

is the
largest solution in ½0; 1� of (14), then PðVN ¼ 0Þ ¼ 1� pþ pPðBrð�N

Þ � N � 1Þ and
for j ¼ 1; 2; . . .

PðVN ¼ jÞ ¼ pPð jN � Brð�NÞ � jN þUÞ if jN � r; ð15Þ

where U ¼ minfN � 1; r � jNg and PðVN ¼ jÞ ¼ 0 if jN > r. The expected value of
VN is

EVN ¼ p
X½r=N�

j¼1

jPð jN � Brð�NÞ � jN þUÞ;

where ½x� is the integer part of x.

Table 3 Probability distribution of VN assuming 1-or-14 offspring with p ¼ 0:93 (m ¼ 13:09)

VN ¼ 0 1 2 3 4 5 6 7 EðVNÞ

N ¼ 2 0.07 0 0 0 0 0.06 0.53 0.34 5.86
N ¼ 3 0.07 0 0 0.06 0.87 0 0 0 5.05
N ¼ 4 0.07 0 0.06 0.87 0 0 0 0 2.73
N ¼ 5 0.07 0 0.93 0 0 0 0 0 1.86
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In particular, if r ¼ N þ 1 or r ¼ N þ 2 and N > 2, then (15) implies that VN

takes on values 0 or 1; if N ¼ 2 and r ¼ 4, then VN takes on values 0, 1, or 2. Table 3
provides some numerical illustrations. Note that the offspring mean m ¼ 13:09
enables comparisons with Tables 1 and 2.

It is interesting to point out the following relationship between the 1-or-r and
Poisson offspring cases. There exists (see Pakes and Dekking (1991)) a critical value
pc

N such that for p ¼ pc
N equation (14) has a single solution � c

N in ð0; 1Þ. Suppose that
limr!1ðr� c

NÞ ! y, where y satisfies (13) and (12). Then, applying Theorem 7, Pakes
and Dekking (1991), one can obtain that VNðrÞ converges in distribution to VNðyÞ,
where VNðrÞ and VNðyÞ are copies of VN assuming one-or-many and Poisson off-
spring with mean mc

N , respectively.
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(ed.), Handbook of Combinatorics, vol.2, pp. 1063–1230, Elsevier Sci., 1995.
A. G. Pakes, and F. M. Dekking, BOn family trees and subtrees of simple branching processes,’’

Journal of Theoretical Probability vol. 4 pp. 353–369, 1991.
R. Pemantle, BPhase transition in reinforced random walk and RWRE on trees,’’ Annals of

Probability vol. 16 pp. 1229–1241, 1988.

Methodol Comput Appl Probab (2006) 8: 223–233 233


	Number of Complete N-ary Subtrees on Galton-Watson �Family Trees
	Abstract
	Introduction and Main Results
	Proofs of the Theorems
	Fractional Linear Offspring
	Poisson Offspring
	One-or-many Offspring
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AardvarkPSMT
    /AceBinghamSH
    /AddisonLibbySH
    /AGaramond-Italic
    /AGaramond-Regular
    /AkbarPlain
    /Albertus-Bold
    /AlbertusExtraBold-Regular
    /AlbertusMedium-Italic
    /AlbertusMedium-Regular
    /AlfonsoWhiteheadSH
    /Algerian
    /AllegroBT-Regular
    /AmarilloUSAF
    /AmazoneBT-Regular
    /AmeliaBT-Regular
    /AmerigoBT-BoldA
    /AmerTypewriterITCbyBT-Medium
    /AndaleMono
    /AndyMacarthurSH
    /Animals
    /AnneBoleynSH
    /Annifont
    /AntiqueOlive-Bold
    /AntiqueOliveCompact-Regular
    /AntiqueOlive-Italic
    /AntiqueOlive-Regular
    /AntonioMountbattenSH
    /ArabiaPSMT
    /AradLevelVI
    /ArchitecturePlain
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialMTBlack-Regular
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeLight
    /ArialUnicodeLight-Bold
    /ArialUnicodeLight-BoldItalic
    /ArialUnicodeLight-Italic
    /ArrowsAPlentySH
    /ArrusBT-Bold
    /ArrusBT-BoldItalic
    /ArrusBT-Italic
    /ArrusBT-Roman
    /Asiana
    /AssadSadatSH
    /AvalonPSMT
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /AvantGardeITCbyBT-Demi
    /AvantGardeITCbyBT-DemiOblique
    /AvantGardeITCbyBT-Medium
    /AvantGardeITCbyBT-MediumOblique
    /BankGothicBT-Light
    /BankGothicBT-Medium
    /Baskerville-Bold
    /Baskerville-Normal
    /Baskerville-Normal-Italic
    /BaskOldFace
    /Bauhaus93
    /Bavand
    /BazookaRegular
    /BeauTerrySH
    /BECROSS
    /BedrockPlain
    /BeeskneesITC
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BenguiatITCbyBT-Bold
    /BenguiatITCbyBT-BoldItalic
    /BenguiatITCbyBT-Book
    /BenguiatITCbyBT-BookItalic
    /BennieGoetheSH
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BernhardBoldCondensedBT-Regular
    /BernhardFashionBT-Regular
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /Bethel
    /BibiGodivaSH
    /BibiNehruSH
    /BKenwood-Regular
    /BlackadderITC-Regular
    /BlondieBurtonSH
    /BodoniBlack-Regular
    /Bodoni-Bold
    /Bodoni-BoldItalic
    /BodoniBT-Bold
    /BodoniBT-BoldItalic
    /BodoniBT-Italic
    /BodoniBT-Roman
    /Bodoni-Italic
    /BodoniMTPosterCompressed
    /Bodoni-Regular
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolFive
    /BookshelfSymbolFour
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolThree-Regular
    /BookshelfSymbolTwo-Regular
    /BookwomanDemiItalicSH
    /BookwomanDemiSH
    /BookwomanExptLightSH
    /BookwomanLightItalicSH
    /BookwomanLightSH
    /BookwomanMonoLightSH
    /BookwomanSwashDemiSH
    /BookwomanSwashLightSH
    /BoulderRegular
    /BradleyHandITC
    /Braggadocio
    /BrailleSH
    /BRectangular
    /BremenBT-Bold
    /BritannicBold
    /Broadview
    /Broadway
    /BroadwayBT-Regular
    /BRubber
    /Brush445BT-Regular
    /BrushScriptMT
    /BSorbonna
    /BStranger
    /BTriumph
    /BuckyMerlinSH
    /BusoramaITCbyBT-Medium
    /Caesar
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-Italic
    /CalligrapherRegular
    /CameronStendahlSH
    /Candy
    /CandyCaneUnregistered
    /CankerSore
    /CarlTellerSH
    /CarrieCattSH
    /CaslonOpenfaceBT-Regular
    /CassTaylorSH
    /CDOT
    /Centaur
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturyOldStyle-BoldItalic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Cezanne
    /CGOmega-Bold
    /CGOmega-BoldItalic
    /CGOmega-Italic
    /CGOmega-Regular
    /CGTimes-Bold
    /CGTimes-BoldItalic
    /CGTimes-Italic
    /CGTimes-Regular
    /Charting
    /ChartreuseParsonsSH
    /ChaseCallasSH
    /ChasThirdSH
    /ChaucerRegular
    /CheltenhamITCbyBT-Bold
    /CheltenhamITCbyBT-BoldItalic
    /CheltenhamITCbyBT-Book
    /CheltenhamITCbyBT-BookItalic
    /ChildBonaparteSH
    /Chiller-Regular
    /ChuckWarrenChiselSH
    /ChuckWarrenDesignSH
    /CityBlueprint
    /Clarendon-Bold
    /Clarendon-Book
    /ClarendonCondensedBold
    /ClarendonCondensed-Bold
    /ClarendonExtended-Bold
    /ClassicalGaramondBT-Bold
    /ClassicalGaramondBT-BoldItalic
    /ClassicalGaramondBT-Italic
    /ClassicalGaramondBT-Roman
    /ClaudeCaesarSH
    /CLI
    /Clocks
    /ClosetoMe
    /CluKennedySH
    /CMBX10
    /CMBX5
    /CMBX7
    /CMEX10
    /CMMI10
    /CMMI5
    /CMMI7
    /CMMIB10
    /CMR10
    /CMR5
    /CMR7
    /CMSL10
    /CMSY10
    /CMSY5
    /CMSY7
    /CMTI10
    /CMTT10
    /CoffeeCamusInitialsSH
    /ColetteColeridgeSH
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CommercialPiBT-Regular
    /CommercialScriptBT-Regular
    /Complex
    /CooperBlack
    /CooperBT-BlackHeadline
    /CooperBT-BlackItalic
    /CooperBT-Bold
    /CooperBT-BoldItalic
    /CooperBT-Medium
    /CooperBT-MediumItalic
    /CooperPlanck2LightSH
    /CooperPlanck4SH
    /CooperPlanck6BoldSH
    /CopperplateGothicBT-Bold
    /CopperplateGothicBT-Roman
    /CopperplateGothicBT-RomanCond
    /CopticLS
    /Cornerstone
    /Coronet
    /CoronetItalic
    /Cotillion
    /CountryBlueprint
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /CSSubscript
    /CSSubscriptBold
    /CSSubscriptItalic
    /CSSuperscript
    /CSSuperscriptBold
    /Cuckoo
    /CurlzMT
    /CybilListzSH
    /CzarBold
    /CzarBoldItalic
    /CzarItalic
    /CzarNormal
    /DauphinPlain
    /DawnCastleBold
    /DawnCastlePlain
    /Dekker
    /DellaRobbiaBT-Bold
    /DellaRobbiaBT-Roman
    /Denmark
    /Desdemona
    /Diploma
    /DizzyDomingoSH
    /DizzyFeiningerSH
    /DocTermanBoldSH
    /DodgenburnA
    /DodoCasalsSH
    /DodoDiogenesSH
    /DomCasualBT-Regular
    /Durian-Republik
    /Dutch801BT-Bold
    /Dutch801BT-BoldItalic
    /Dutch801BT-ExtraBold
    /Dutch801BT-Italic
    /Dutch801BT-Roman
    /EBT's-cmbx10
    /EBT's-cmex10
    /EBT's-cmmi10
    /EBT's-cmmi5
    /EBT's-cmmi7
    /EBT's-cmr10
    /EBT's-cmr5
    /EBT's-cmr7
    /EBT's-cmsy10
    /EBT's-cmsy5
    /EBT's-cmsy7
    /EdithDaySH
    /Elephant-Italic
    /Elephant-Regular
    /EmGravesSH
    /EngelEinsteinSH
    /English111VivaceBT-Regular
    /English157BT-Regular
    /EngraversGothicBT-Regular
    /EngraversOldEnglishBT-Bold
    /EngraversOldEnglishBT-Regular
    /EngraversRomanBT-Bold
    /EngraversRomanBT-Regular
    /EnviroD
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /ErasITC-Ultra
    /ErnestBlochSH
    /EstrangeloEdessa
    /Euclid
    /Euclid-Bold
    /Euclid-BoldItalic
    /EuclidExtra
    /EuclidExtra-Bold
    /EuclidFraktur
    /EuclidFraktur-Bold
    /Euclid-Italic
    /EuclidMathOne
    /EuclidMathOne-Bold
    /EuclidMathTwo
    /EuclidMathTwo-Bold
    /EuclidSymbol
    /EuclidSymbol-Bold
    /EuclidSymbol-BoldItalic
    /EuclidSymbol-Italic
    /EuroRoman
    /EuroRomanOblique
    /ExxPresleySH
    /FencesPlain
    /Fences-Regular
    /FifthAvenue
    /FigurineCrrCB
    /FigurineCrrCBBold
    /FigurineCrrCBBoldItalic
    /FigurineCrrCBItalic
    /FigurineTmsCB
    /FigurineTmsCBBold
    /FigurineTmsCBBoldItalic
    /FigurineTmsCBItalic
    /FillmoreRegular
    /Fitzgerald
    /Flareserif821BT-Roman
    /FleurFordSH
    /Fontdinerdotcom
    /FontdinerdotcomSparkly
    /FootlightMTLight
    /ForefrontBookObliqueSH
    /ForefrontBookSH
    /ForefrontDemiObliqueSH
    /ForefrontDemiSH
    /Fortress
    /FractionsAPlentySH
    /FrakturPlain
    /Franciscan
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /FranklinUnic
    /FredFlahertySH
    /Freehand575BT-RegularB
    /Freehand591BT-RegularA
    /FreestyleScript-Regular
    /Frutiger-Roman
    /FTPMultinational
    /FTPMultinational-Bold
    /FujiyamaPSMT
    /FuturaBlackBT-Regular
    /FuturaBT-Bold
    /FuturaBT-BoldCondensed
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-ExtraBlack
    /FuturaBT-ExtraBlackCondensed
    /FuturaBT-ExtraBlackCondItalic
    /FuturaBT-ExtraBlackItalic
    /FuturaBT-Light
    /FuturaBT-LightItalic
    /FuturaBT-Medium
    /FuturaBT-MediumCondensed
    /FuturaBT-MediumItalic
    /GabbyGauguinSH
    /GalliardITCbyBT-Bold
    /GalliardITCbyBT-BoldItalic
    /GalliardITCbyBT-Italic
    /GalliardITCbyBT-Roman
    /Garamond
    /Garamond-Antiqua
    /Garamond-Bold
    /Garamond-Halbfett
    /Garamond-Italic
    /Garamond-Kursiv
    /Garamond-KursivHalbfett
    /Garcia
    /GarryMondrian3LightItalicSH
    /GarryMondrian3LightSH
    /GarryMondrian4BookItalicSH
    /GarryMondrian4BookSH
    /GarryMondrian5SBldItalicSH
    /GarryMondrian5SBldSH
    /GarryMondrian6BoldItalicSH
    /GarryMondrian6BoldSH
    /GarryMondrian7ExtraBoldSH
    /GarryMondrian8UltraSH
    /GarryMondrianCond3LightSH
    /GarryMondrianCond4BookSH
    /GarryMondrianCond5SBldSH
    /GarryMondrianCond6BoldSH
    /GarryMondrianCond7ExtraBoldSH
    /GarryMondrianCond8UltraSH
    /GarryMondrianExpt3LightSH
    /GarryMondrianExpt4BookSH
    /GarryMondrianExpt5SBldSH
    /GarryMondrianExpt6BoldSH
    /GarryMondrianSwashSH
    /Gaslight
    /GatineauPSMT
    /Gautami
    /GDT
    /Geometric231BT-BoldC
    /Geometric231BT-LightC
    /Geometric231BT-RomanC
    /GeometricSlab703BT-Bold
    /GeometricSlab703BT-BoldCond
    /GeometricSlab703BT-BoldItalic
    /GeometricSlab703BT-Light
    /GeometricSlab703BT-LightItalic
    /GeometricSlab703BT-Medium
    /GeometricSlab703BT-MediumCond
    /GeometricSlab703BT-MediumItalic
    /GeometricSlab703BT-XtraBold
    /GeorgeMelvilleSH
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Gigi-Regular
    /GillSansBC
    /GillSans-Bold
    /GillSans-BoldItalic
    /GillSansCondensed-Bold
    /GillSansCondensed-Regular
    /GillSansExtraBold-Regular
    /GillSans-Italic
    /GillSansLight-Italic
    /GillSansLight-Regular
    /GillSans-Regular
    /GoldMinePlain
    /Gonzo
    /GothicE
    /GothicG
    /GothicI
    /GoudyHandtooledBT-Regular
    /GoudyOldStyle-Bold
    /GoudyOldStyle-BoldItalic
    /GoudyOldStyleBT-Bold
    /GoudyOldStyleBT-BoldItalic
    /GoudyOldStyleBT-Italic
    /GoudyOldStyleBT-Roman
    /GoudyOldStyleExtrabold-Regular
    /GoudyOldStyle-Italic
    /GoudyOldStyle-Regular
    /GoudySansITCbyBT-Bold
    /GoudySansITCbyBT-BoldItalic
    /GoudySansITCbyBT-Medium
    /GoudySansITCbyBT-MediumItalic
    /GraceAdonisSH
    /Graeca
    /Graeca-Bold
    /Graeca-BoldItalic
    /Graeca-Italic
    /Graphos-Bold
    /Graphos-BoldItalic
    /Graphos-Italic
    /Graphos-Regular
    /GreekC
    /GreekS
    /GreekSans
    /GreekSans-Bold
    /GreekSans-BoldOblique
    /GreekSans-Oblique
    /Griffin
    /GrungeUpdate
    /Haettenschweiler
    /HankKhrushchevSH
    /HarlowSolid
    /HarpoonPlain
    /Harrington
    /HeatherRegular
    /Hebraica
    /HeleneHissBlackSH
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Narrow
    /Helvetica-Narrow-Bold
    /Helvetica-Narrow-BoldOblique
    /Helvetica-Narrow-Oblique
    /Helvetica-Oblique
    /HenryPatrickSH
    /Herald
    /HighTowerText-Italic
    /HighTowerText-Reg
    /HogBold-HMK
    /HogBook-HMK
    /HomePlanning
    /HomePlanning2
    /HomewardBoundPSMT
    /Humanist521BT-Bold
    /Humanist521BT-BoldCondensed
    /Humanist521BT-BoldItalic
    /Humanist521BT-Italic
    /Humanist521BT-Light
    /Humanist521BT-LightItalic
    /Humanist521BT-Roman
    /Humanist521BT-RomanCondensed
    /IBMPCDOS
    /IceAgeD
    /Impact
    /Incised901BT-Bold
    /Incised901BT-Light
    /Incised901BT-Roman
    /Industrial736BT-Italic
    /Informal011BT-Roman
    /InformalRoman-Regular
    /Intrepid
    /IntrepidBold
    /IntrepidOblique
    /Invitation
    /IPAExtras
    /IPAExtras-Bold
    /IPAHighLow
    /IPAHighLow-Bold
    /IPAKiel
    /IPAKiel-Bold
    /IPAKielSeven
    /IPAKielSeven-Bold
    /IPAsans
    /ISOCP
    /ISOCP2
    /ISOCP3
    /ISOCT
    /ISOCT2
    /ISOCT3
    /Italic
    /ItalicC
    /ItalicT
    /JesterRegular
    /Jokerman-Regular
    /JotMedium-HMK
    /JuiceITC-Regular
    /JupiterPSMT
    /KabelITCbyBT-Book
    /KabelITCbyBT-Ultra
    /KarlaJohnson5CursiveSH
    /KarlaJohnson5RegularSH
    /KarlaJohnson6BoldCursiveSH
    /KarlaJohnson6BoldSH
    /KarlaJohnson7ExtraBoldCursiveSH
    /KarlaJohnson7ExtraBoldSH
    /KarlKhayyamSH
    /Karnack
    /Kartika
    /Kashmir
    /KaufmannBT-Bold
    /KaufmannBT-Regular
    /KeplerStd-Black
    /KeplerStd-BlackIt
    /KeplerStd-Bold
    /KeplerStd-BoldIt
    /KeplerStd-Italic
    /KeplerStd-Light
    /KeplerStd-LightIt
    /KeplerStd-Medium
    /KeplerStd-MediumIt
    /KeplerStd-Regular
    /KeplerStd-Semibold
    /KeplerStd-SemiboldIt
    /KeystrokeNormal
    /Kidnap
    /KidsPlain
    /Kindergarten
    /KinoMT
    /KissMeKissMeKissMe
    /KoalaPSMT
    /KorinnaITCbyBT-Bold
    /KorinnaITCbyBT-KursivBold
    /KorinnaITCbyBT-KursivRegular
    /KorinnaITCbyBT-Regular
    /KristenITC-Regular
    /Kristin
    /KunstlerScript
    /KyotoSong
    /LainieDaySH
    /LandscapePlanning
    /Lapidary333BT-Bold
    /Lapidary333BT-BoldItalic
    /Lapidary333BT-Italic
    /Lapidary333BT-Roman
    /Latha
    /LatinoPal3LightItalicSH
    /LatinoPal3LightSH
    /LatinoPal4ItalicSH
    /LatinoPal4RomanSH
    /LatinoPal5DemiItalicSH
    /LatinoPal5DemiSH
    /LatinoPal6BoldItalicSH
    /LatinoPal6BoldSH
    /LatinoPal7ExtraBoldSH
    /LatinoPal8BlackSH
    /LatinoPalCond4RomanSH
    /LatinoPalCond5DemiSH
    /LatinoPalCond6BoldSH
    /LatinoPalExptRomanSH
    /LatinoPalSwashSH
    /LatinWidD
    /LatinWide
    /LeeToscanini3LightSH
    /LeeToscanini5RegularSH
    /LeeToscanini7BoldSH
    /LeeToscanini9BlackSH
    /LeeToscaniniInlineSH
    /LetterGothic12PitchBT-Bold
    /LetterGothic12PitchBT-BoldItal
    /LetterGothic12PitchBT-Italic
    /LetterGothic12PitchBT-Roman
    /LetterGothic-Bold
    /LetterGothic-BoldItalic
    /LetterGothic-Italic
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LetterGothic-Regular
    /LibrarianRegular
    /LinusPSMT
    /Lithograph-Bold
    /LithographLight
    /LongIsland
    /LubalinGraphMdITCTT
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSansUnicode
    /LydianCursiveBT-Regular
    /Magneto-Bold
    /Mangal-Regular
    /Map-Symbols
    /MarcusHobbesSH
    /Mariah
    /Marigold
    /MaritaMedium-HMK
    /MaritaScript-HMK
    /Market
    /MartinMaxxieSH
    /MathTypeMed
    /MatisseITC-Regular
    /MaturaMTScriptCapitals
    /MaudeMeadSH
    /MemorandumPSMT
    /Metro
    /Metrostyle-Bold
    /MetrostyleExtended-Bold
    /MetrostyleExtended-Regular
    /Metrostyle-Regular
    /MicrogrammaD-BoldExte
    /MicrosoftSansSerif
    /MikePicassoSH
    /MiniPicsLilEdibles
    /MiniPicsLilFolks
    /MiniPicsLilStuff
    /MischstabPopanz
    /MisterEarlBT-Regular
    /Mistral
    /ModerneDemi
    /ModerneDemiOblique
    /ModerneOblique
    /ModerneRegular
    /Modern-Regular
    /MonaLisaRecutITC-Normal
    /Monospace821BT-Bold
    /Monospace821BT-BoldItalic
    /Monospace821BT-Italic
    /Monospace821BT-Roman
    /Monotxt
    /MonotypeCorsiva
    /MonotypeSorts
    /MorrisonMedium
    /MorseCode
    /MotorPSMT
    /MSAM10
    /MSLineDrawPSMT
    /MS-Mincho
    /MSOutlook
    /MSReference1
    /MSReference2
    /MTEX
    /MTEXB
    /MTEXH
    /MT-Extra
    /MTGU
    /MTGUB
    /MTLS
    /MTLSB
    /MTMI
    /MTMIB
    /MTMIH
    /MTMS
    /MTMSB
    /MTMUB
    /MTMUH
    /MTSY
    /MTSYB
    /MTSYH
    /MT-Symbol
    /MTSYN
    /Music
    /MVBoli
    /MysticalPSMT
    /NagHammadiLS
    /NealCurieRuledSH
    /NealCurieSH
    /NebraskaPSMT
    /Neuropol-Medium
    /NevisonCasD
    /NewMilleniumSchlbkBoldItalicSH
    /NewMilleniumSchlbkBoldSH
    /NewMilleniumSchlbkExptSH
    /NewMilleniumSchlbkItalicSH
    /NewMilleniumSchlbkRomanSH
    /News702BT-Bold
    /News702BT-Italic
    /News702BT-Roman
    /Newton
    /NewZuricaBold
    /NewZuricaItalic
    /NewZuricaRegular
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NigelSadeSH
    /Nirvana
    /NuptialBT-Regular
    /OCRAbyBT-Regular
    /OfficePlanning
    /OldCentury
    /OldEnglishTextMT
    /Onyx
    /OnyxBT-Regular
    /OpenSymbol
    /OttawaPSMT
    /OttoMasonSH
    /OzHandicraftBT-Roman
    /OzzieBlack-Italic
    /OzzieBlack-Regular
    /PalatiaBold
    /PalatiaItalic
    /PalatiaRegular
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /PalmSpringsPSMT
    /Pamela
    /PanRoman
    /ParadisePSMT
    /ParagonPSMT
    /ParamountBold
    /ParamountItalic
    /ParamountRegular
    /Parchment-Regular
    /ParisianBT-Regular
    /ParkAvenueBT-Regular
    /Patrick
    /Patriot
    /PaulPutnamSH
    /PcEncodingLowerSH
    /PcEncodingSH
    /Pegasus
    /PenguinLightPSMT
    /PennSilvaSH
    /Percival
    /PerfectRegular
    /Pfn2BlackItalic
    /Phantom
    /PhilSimmonsSH
    /Pickwick
    /PipelinePlain
    /Playbill
    /PoorRichard-Regular
    /Poster
    /PosterBodoniBT-Italic
    /PosterBodoniBT-Roman
    /Pristina-Regular
    /Proxy1
    /Proxy2
    /Proxy3
    /Proxy4
    /Proxy5
    /Proxy6
    /Proxy7
    /Proxy8
    /Proxy9
    /Prx1
    /Prx2
    /Prx3
    /Prx4
    /Prx5
    /Prx6
    /Prx7
    /Prx8
    /Prx9
    /Pythagoras
    /Raavi
    /Ranegund
    /Ravie
    /Ribbon131BT-Bold
    /RMTMI
    /RMTMIB
    /RMTMIH
    /RMTMUB
    /RMTMUH
    /RobWebsterExtraBoldSH
    /Rockwell
    /Rockwell-Bold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /RomanC
    /RomanD
    /RomanS
    /RomanT
    /Romantic
    /RomanticBold
    /RomanticItalic
    /Sahara
    /SalTintorettoSH
    /SamBarberInitialsSH
    /SamPlimsollSH
    /SansSerif
    /SansSerifBold
    /SansSerifBoldOblique
    /SansSerifOblique
    /Sceptre
    /ScribbleRegular
    /ScriptC
    /ScriptHebrew
    /ScriptS
    /Semaphore
    /SerifaBT-Black
    /SerifaBT-Bold
    /SerifaBT-Italic
    /SerifaBT-Roman
    /SerifaBT-Thin
    /Sfn2Bold
    /Sfn3Italic
    /ShelleyAllegroBT-Regular
    /ShelleyVolanteBT-Regular
    /ShellyMarisSH
    /SherwoodRegular
    /ShlomoAleichemSH
    /ShotgunBT-Regular
    /ShowcardGothic-Reg
    /Shruti
    /SignatureRegular
    /Signboard
    /SignetRoundhandATT-Italic
    /SignetRoundhand-Italic
    /SignLanguage
    /Signs
    /Simplex
    /SissyRomeoSH
    /SlimStravinskySH
    /SnapITC-Regular
    /SnellBT-Bold
    /Socket
    /Sonate
    /SouvenirITCbyBT-Demi
    /SouvenirITCbyBT-DemiItalic
    /SouvenirITCbyBT-Light
    /SouvenirITCbyBT-LightItalic
    /SpruceByingtonSH
    /SPSFont1Medium
    /SPSFont2Medium
    /SPSFont3Medium
    /SpsFont4Medium
    /SPSFont4Medium
    /SPSFont5Normal
    /SPSScript
    /SRegular
    /Staccato222BT-Regular
    /StageCoachRegular
    /StandoutRegular
    /StarTrekNextBT-ExtraBold
    /StarTrekNextPiBT-Regular
    /SteamerRegular
    /Stencil
    /StencilBT-Regular
    /Stewardson
    /Stonehenge
    /StopD
    /Storybook
    /Strict
    /Strider-Regular
    /StuyvesantBT-Regular
    /StylusBT
    /StylusRegular
    /SubwayRegular
    /SueVermeer4LightItalicSH
    /SueVermeer4LightSH
    /SueVermeer5MedItalicSH
    /SueVermeer5MediumSH
    /SueVermeer6DemiItalicSH
    /SueVermeer6DemiSH
    /SueVermeer7BoldItalicSH
    /SueVermeer7BoldSH
    /SunYatsenSH
    /SuperFrench
    /SuzanneQuillSH
    /Swiss721-BlackObliqueSWA
    /Swiss721-BlackSWA
    /Swiss721BT-Black
    /Swiss721BT-BlackCondensed
    /Swiss721BT-BlackCondensedItalic
    /Swiss721BT-BlackExtended
    /Swiss721BT-BlackItalic
    /Swiss721BT-BlackOutline
    /Swiss721BT-Bold
    /Swiss721BT-BoldCondensed
    /Swiss721BT-BoldCondensedItalic
    /Swiss721BT-BoldCondensedOutline
    /Swiss721BT-BoldExtended
    /Swiss721BT-BoldItalic
    /Swiss721BT-BoldOutline
    /Swiss721BT-Italic
    /Swiss721BT-ItalicCondensed
    /Swiss721BT-Light
    /Swiss721BT-LightCondensed
    /Swiss721BT-LightCondensedItalic
    /Swiss721BT-LightExtended
    /Swiss721BT-LightItalic
    /Swiss721BT-Roman
    /Swiss721BT-RomanCondensed
    /Swiss721BT-RomanExtended
    /Swiss721BT-Thin
    /Swiss721-LightObliqueSWA
    /Swiss721-LightSWA
    /Swiss911BT-ExtraCompressed
    /Swiss921BT-RegularA
    /Syastro
    /Sylfaen
    /Symap
    /Symath
    /SymbolGreek
    /SymbolGreek-Bold
    /SymbolGreek-BoldItalic
    /SymbolGreek-Italic
    /SymbolGreekP
    /SymbolGreekP-Bold
    /SymbolGreekP-BoldItalic
    /SymbolGreekP-Italic
    /SymbolGreekPMono
    /SymbolMT
    /SymbolProportionalBT-Regular
    /SymbolsAPlentySH
    /Symeteo
    /Symusic
    /Tahoma
    /Tahoma-Bold
    /TahomaItalic
    /TamFlanahanSH
    /Technic
    /TechnicalItalic
    /TechnicalPlain
    /TechnicBold
    /TechnicLite
    /Tekton-Bold
    /Teletype
    /TempsExptBoldSH
    /TempsExptItalicSH
    /TempsExptRomanSH
    /TempsSwashSH
    /TempusSansITC
    /TessHoustonSH
    /TexCatlinObliqueSH
    /TexCatlinSH
    /Thrust
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-ExtraBold
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Oblique
    /Times-Roman
    /Times-Semibold
    /Times-SemiboldItalic
    /TimesUnic-Bold
    /TimesUnic-BoldItalic
    /TimesUnic-Italic
    /TimesUnic-Regular
    /TonyWhiteSH
    /TransCyrillic
    /TransCyrillic-Bold
    /TransCyrillic-BoldItalic
    /TransCyrillic-Italic
    /Transistor
    /Transitional521BT-BoldA
    /Transitional521BT-CursiveA
    /Transitional521BT-RomanA
    /TranslitLS
    /TranslitLS-Bold
    /TranslitLS-BoldItalic
    /TranslitLS-Italic
    /TransRoman
    /TransRoman-Bold
    /TransRoman-BoldItalic
    /TransRoman-Italic
    /TransSlavic
    /TransSlavic-Bold
    /TransSlavic-BoldItalic
    /TransSlavic-Italic
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /TribuneBold
    /TribuneItalic
    /TribuneRegular
    /Tristan
    /TrotsLight-HMK
    /TrotsMedium-HMK
    /TubularRegular
    /Tunga-Regular
    /Txt
    /TypoUprightBT-Regular
    /UmbraBT-Regular
    /UmbrellaPSMT
    /UncialLS
    /Unicorn
    /UnicornPSMT
    /Univers
    /UniversalMath1BT-Regular
    /Univers-Bold
    /Univers-BoldItalic
    /UniversCondensed
    /UniversCondensed-Bold
    /UniversCondensed-BoldItalic
    /UniversCondensed-Italic
    /UniversCondensed-Medium
    /UniversCondensed-MediumItalic
    /Univers-CondensedOblique
    /UniversExtended-Bold
    /UniversExtended-BoldItalic
    /UniversExtended-Medium
    /UniversExtended-MediumItalic
    /Univers-Italic
    /UniversityRomanBT-Regular
    /UniversLightCondensed-Italic
    /UniversLightCondensed-Regular
    /Univers-Medium
    /Univers-MediumItalic
    /URWWoodTypD
    /USABlackPSMT
    /USALightPSMT
    /Vagabond
    /Venetian301BT-Demi
    /Venetian301BT-DemiItalic
    /Venetian301BT-Italic
    /Venetian301BT-Roman
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /VinetaBT-Regular
    /Vivaldii
    /VladimirScript
    /VoguePSMT
    /Vrinda
    /WaldoIconsNormalA
    /WaltHarringtonSH
    /Webdings
    /Weiland
    /WesHollidaySH
    /Wingdings-Regular
    /WP-HebrewDavid
    /XavierPlatoSH
    /YuriKaySH
    /ZapfChanceryITCbyBT-Bold
    /ZapfChanceryITCbyBT-Medium
    /ZapfDingbatsITCbyBT-Regular
    /ZapfElliptical711BT-Bold
    /ZapfElliptical711BT-BoldItalic
    /ZapfElliptical711BT-Italic
    /ZapfElliptical711BT-Roman
    /ZapfHumanist601BT-Bold
    /ZapfHumanist601BT-BoldItalic
    /ZapfHumanist601BT-Italic
    /ZapfHumanist601BT-Roman
    /ZappedChancellorMedItalicSH
    /ZurichBT-BlackExtended
    /ZurichBT-Bold
    /ZurichBT-BoldCondensed
    /ZurichBT-BoldCondensedItalic
    /ZurichBT-BoldItalic
    /ZurichBT-ExtraCondensed
    /ZurichBT-Italic
    /ZurichBT-ItalicCondensed
    /ZurichBT-Light
    /ZurichBT-LightCondensed
    /ZurichBT-Roman
    /ZurichBT-RomanCondensed
    /ZurichBT-RomanExtended
    /ZurichBT-UltraBlackExtended
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


