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Spain
aramos@unex.es

ISSN 0930-0325
ISBN 978-3-642-11154-9 e-ISBN 978-3-642-11156-3
DOI 10.1007/978-3-642-11156-3
Springer Heidelberg Dordrecht London New York

Library of Congress Control Number: 2010920305

c© Springer-Verlag Berlin Heidelberg 2010
This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations
are liable to prosecution under the German Copyright Law.
The use of general descriptive names, registered names, trademarks, etc. in this publication does not
imply, even in the absence of a specific statement, that such names are exempt from the relevant protective
laws and regulations and therefore free for general use.

Cover design: Integra Software Services Pvt. Ltd., Pondicherry

Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



Foreword

One of the charms of mathematics is the contrast between its generality and its
applicability to concrete, even everyday, problems.

Branching processes are typical in this. Their niche of mathematics is the abstract
pattern of reproduction, sets of individuals changing size and composition through
their members reproducing; in other words, what Plato might have called the pure
idea behind demography, population biology, cell kinetics, molecular replication,
or nuclear fission, had he known these scientific fields. Even in the performance of
algorithms for sorting and classification there is an inkling of the same pattern.

In special cases, general properties of the abstract ideal then interact with the
physical or biological or whatever properties at hand. But the population, or branch-
ing, pattern is strong; it tends to dominate, and here lies the reason for the extreme
usefulness of branching processes in diverse applications. Branching is a clean and
beautiful mathematical pattern, with an intellectually challenging intrinsic structure,
and it pervades the phenomena it underlies.

The problem that gave birth to branching processes, that of the astonishingly
frequent extinction of noble families, illustrates the situation well. The starting point
was a question, which today would seem more intriguing or amusing than serious:
Where have all the well-known families gone? Where are all the Hohenstauferns,
Plantagenets, Tudors, Trastámaras, or Vasas? How come that they so often have died
out, even though the populations they were part of increased? Degeneration?

But to Bienaymé and Galton, 150 years ago, this was a serious concern, and
behind it lurks a question of general scientific interest: Can frequent extinction of
separate family lines go hand in hand with a rapid increase of the whole population?
Is this a general property of the branching pattern and not some oddity of human
populations? If so, would it be part of an explanation of the extremely frequent
extinction of species?

After a first disastrous mistake and 50 years of ensuing confusion, branching pro-
cesses were able to prove that in natural conditions frequent extinction of separate
family lines is completely compatible with exponential (“Malthusian”) growth of
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vi Foreword

the whole. This is, indeed, a mathematical property: a strongly supercritical branch-
ing process can still exhibit extinction probabilities say around 75%.

Extinction matters, like the time and path to extinction, remain important in
branching processes and cutting-edge areas of application like conservation biol-
ogy. But with time branching processes have developed into a full-fledged theory
of population dynamics, encompassing the growth of populations as well as the sta-
bilization of their composition, and their pedigrees looking backward. Mating can
be dealt with, at least in simple processes, the effects of random environments clar-
ified, and the first steps are being taken on models where there is a feedback from
population size on individual behaviour. Today branching processes is a mature and
important part of mathematics, and also of theoretical biology, theoretical chemistry,
nuclear physics, computer algorithms, and demography.

Many aspects of the theory and its stance today were presented at the 2009 Bada-
joz workshop on branching processes, organized by the active branching process
group of the University of Extremadura. This book contains most of the lectures
given. It will be of great help to those wanting to acquaint themselves with contem-
porary branching process theory.

Gothenburg, Sweden
September 2009 Peter Jagers



Preface

The Workshop on Branching Processes and their Applications (WBPA) was held
during 20–23 April 2009 in Badajoz, Spain. This conference gave continuity to
such important previous meetings as the First World Conference on Branching Pro-
cesses held in Varna, Bulgaria, in 1993, the IMA workshop on Classical and Modern
Branching Processes held in Minnesota, USA, in 1994, and the more recent Sym-
posium: Branching in Biology held in Gothenburg, Sweden, in 2005. The WBPA
was promoted and organized by the Branching Processes Research Group belong-
ing to the Department of Mathematics of the University of Extremadura, Spain.
There were 35 invited participants from 15 countries from all over the world.

The papers presented at the workshop maintained a healthy balance between the
theoretical and practical aspects of branching process theory, showing it to be an
area of active and interesting research. They clearly indicated the importance of
branching concepts in the development of theoretical approaches to solving prob-
lems in applied fields such as Epidemiology, Cell Kinetics, Genetics, and, of course
Population Dynamics.

The Proceedings consists of 20 papers. All of them have been thoroughly re-
viewed. Parts covered by the workshop have been classified into the following areas:

1. Population Growth Models in Random and Varying Environments
2. Special Branching Processes
3. Limit Theorems and Statistics
4. Applications in Cell Kinetics and Genetics
5. Applications in Epidemiology
6. Two-Sex Branching Models

The first part deals with Population Growth Models in Random and Varying En-
vironments. V. Vatutin considers critical branching processes in independent and
identically distributed random environment. He shows the asymptotic behaviour of
the survival probability and proves a conditional functional limit theorem under hy-
potheses which are milder than those used in classical papers. G. Alsmeyer revisits
the extinction problem in branching processes in a stationary ergodic environment.

vii



viii Preface

The use of random times in connection with the stationary environment leads him
quite naturally to the use of Palm-duality theory in some of his arguments. C. Brau-
mann compares the density-independent models of population growth; namely the
Galton–Watson process, the simple birth and death process, and the Malthusian
stochastic differential equation model, the first two being demographic stochasticity
models, and the third an environmental stochasticity model. P. Mayster establishes
the existence of stationary distributions for alternating branching processes, where
two Markov branching processes act alternately in random time periods of observa-
tion and treatment.

In Part 2, Special Branching Processes, F. Klebaner considers models of popu-
lation–size–dependent branching processes with the feature that they are supercriti-
cal when the population reaches a certain threshold, near critical around that value,
and subcritical below it. G. Yanev reviews the existing results and presents new
ones on certain subtrees of the Galton–Watson family tree. He considers rooted and
complete subtrees, i.e., subtrees rooted at the ancestor and being family trees of a
deterministic branching process. K. Mitov et al. study Bienaymé–Galton–Watson
processes subordinated by a renewal process for which the interarrival periods have
a finite mean or heavy tails. V. Topchii studies renewal measure densities associated
with the problem of determining the expected number of particles at the origin of
catalytic branching random walks.

Part 3 focuses on Limit Theorems and Statistics. I. Rahimov considers a branch-
ing stochastic process with non-stationary immigration given by an offspring dis-
tribution depending on an unknown parameter. He estimates this parameter and in-
troduces a bootstrap process. The paper deals with how good the estimator must
be in order for the bootstrap process to have the same asymptotic properties as
the original process. M. Ispàny and G. Pap investigate critical and nearly critical
Galton-Watson branching processes with immigration, obtaining related functional
limit theorems by using a general convergence theorem for martingale differences.
M. González and I. del Puerto propose a weighted conditional least squares estima-
tor of the offspring mean matrix for a multitype controlled branching process and
study its asymptotic properties in the supercritical case.

Part 4 comprises some applications of the branching processes theory in Cell
Kinetics and Genetics. N. Yanev considers some new ideas for branching process
theory that arise in cell proliferation modeling. He considers distributions of dis-
crete and continuous labels and of ages and residual lifetimes, models of leukemia
cell kinetics, age-dependent branching populations with randomly chosen paths of
evolution as models of (in vitro) progenitor cell populations and the estimation of
offspring distributions, multitype branching populations with a large number of an-
cestors, and asymptotic likelihood estimation of the basic mitotic parameters. M.
Kimmel and M. Mathaes propose a modification of the discrete time branching pro-
cess described by Griffith and Pakes to model the amplification, mutation, and se-
lection forces of Alu elements. They derive a limit frequency spectrum of the Alu
element distribution, which serves as the theoretical, neutral frequency with which
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real Alu insertion data can be compared through statistical goodness of fit tests.
M. González et al. use a two-type bisexual branching process to model, in a two-sex
monogamic population, the evolution of the number of carriers of the two alleles
of a gene linked to the Y chromosome. They deal with inferential problems arising
from this model, considering a frequentist and parametric approach. They consider
the situation in which the only data available are the total number of females and the
total number of males of each genotype in each generation. This leads them to use
the expectation-maximization (EM) method in order to obtain maximum likelihood
estimators.

Part 5 is about applications in Epidemiology. This is an applied area in which
a number of new and exciting contributions were made at the Workshop. F. Ball
and P. Neal are concerned with applications of branching processes to model the
spread of an SIR (susceptible–infective–removed) epidemic among a closed, ho-
mogeneously mixing population consisting initially of certain numbers of infective
and susceptible individuals. Each infective remains infectious for a period sampled
independently from an arbitrary but specified distribution, during which he/she con-
tacts susceptible individuals independently with some rate for each susceptible. C.
Jacob et al. treat the problem of modeling the propagation of Bovine Spongiform
Encephalopathy at the scale of a very large population (Great Britain) in order to
predict its extinction time and to evaluate the efficiency of the main feed-ban regu-
lation. They elaborate a multitype branching process in discrete time with age and
population dependent individual transitions. The types are the health states at each
age. M. González et al. use a Sevast’yanov age-dependent branching process to de-
scribe outbreaks of infectious diseases with an incubation period. They propose a
method to obtain the optimal proportion of susceptible individuals that have to be
vaccinated in order to eliminate the disease from the population. D. Heinzmann is in-
terested in modeling the transmission dynamics of the macroparasite Echinococcus
granulosus. He presents an approximation for the time to extinction in a sub-critical
epidemic two-host interaction process for this macroparasite by using multitype
branching processes.

Part 6, Two-Sex Branching Models, has contributions from S. Ma and Y. Xing
who introduce and study a class of discrete time bisexual branching processes in
which in each generation there is allowed the immigration of females and males,
depending on the current numbers of females and males in the population, and from
M. Molina who presents a summary of the literature associated with the classes of
two-sex branching processes.

The organizers greatly appreciate the major response from the participants to
submit contributions to the Proceedings. They would also like to thank all the peo-
ple who actively participated in organizing the workshop, and those entities which
provided financial and scientific support. The main funding came from the Spanish
Ministry of Science and Innovation (Ministerio de Ciencia e Innovación), the Uni-
versity of Extremadura itself, and the Local Administration. The Spanish Society
of Statistics and Operations Research (SEIO) supported the meeting scientifically.
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Also, our very special thanks go to Peter Jagers for accepting the task of writing the
foreword of this book. Finally, many thanks to Springer Publishers, particulary to
Niels Peter Thomas and John Kimmel, for making it possible for this project to see
the light.

Badajoz, Spain Miguel González
September 2009 On behalf of the Editors
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6
Extension of the Problem of Extinction on
Galton-Watson Family Trees

George P. Yanev

Abstract We review the existing and present new results on certain subtrees of the
Galton-Watson family tree. For a positive integerN, define anN-ary subtree to be
the tree of a deterministicN-splitting, rooted at the ancestor. Dekking [2] raised
and answered the question how to compute the probability for a branching process
to possess the binary splitting property, i.e.,N = 2. Pakes and Dekking [8] studied
the general situation whenN ≥ 2. Surprisingly, the caseN ≥ 2 is studied so late,
whereas the question for extinction of a branching process, i.e., non-existence of an
infinite unary subtree (N = 1) has been studied extensively over the past 120-150
years.

Mathematics Subject Classification (2000):60J80, 05C05

Keywords: branching processes, Galton-Watson family trees, binary andN-ary
trees, geometric offspring, Poisson offspring.

6.1 Introduction

Let {Zn} be a Bienayḿe-Galton-Watson process with offspring probability gener-
ating function (pgf)f (s) = ∑∞

k=0 pksk. SupposeZ0 = 1 and as usual assumepk < 1
for all k, and also thatpk > 0 for somek > N whereN is an integer. Galton [3]
formulated his famous problem of “the decay of the families of men”, which is to
determine the probability that the process{Zn} becomes extinct, i.e.,Zn = 0 for
somen≥ 1. Let us consider the family tree of{Zn} (see [4], p.122-125 for a formal
description). Note that the family tree is finite if and only if the process becomes
extinct. As it was pointed out by Dekking in [2], the problem of non-extinction can
be formulated as “with what probability does the family tree contain the (infinite)

George P. Yanev
Department of Mathematics, University of Texas - Pan American, 1201 West University Drive,
Edinburg, Texas 78539, USA, e-mail: yanevgp@utpa.edu
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unary tree as a subtree, rooted at the root of the family tree?” Then he asked the
question, “with what probability does the family tree of a branching process contain
the (infinite) binary tree as a subtree, rooted at the root of the family tree (binary
splitting property)?” Here the binary tree is the family tree associated to the branch-
ing process with offspring distribution given byp2 = 1. It is surprising that this
extension of the classical question for extinction of a branching process is studied
so late, whereas the latter has been studied extensively over the past 120-150 years.

It this paper we study characteristics of certain subtrees of the family tree of
{Zn}. We call two subtrees disjoint if they do not have a common node different
from the root of the entire tree. In addition, we consider only rooted and complete
subtrees, i.e., subtrees rooted at the ancestor and being family trees of the deter-
ministic branching process with pgff (s) = sN. Let the random variableVN be the
number of complete infinite and disjointN-ary subtrees of a branching tree, rooted
at the ancestor. The event{V1 > 0} implies that there is at least one infinite unary
subtree and thus the process would never die. The event{V2 > 0} can be interpreted
as the set of process’ trajectories where the family tree grows faster than binary split-
ting. Dekking [2] computes the probability for a branching process to possess the
“binary splitting property”, i.e.,P(V2 > 0). Pakes and Dekking [8] study the general
situation whenN≥ 2. Mutafchiev [7] proves limit results for the survival probability
of anN-ary subtree. In [11], Yanev and Mutafchiev study the distribution ofVN.

In Sections 2 and 3 we review some existing results. In Section 4 we prove a
limit theorem for the ratio of the conditional expectations ofZn, provided that an
infinite N-ary and an unary subtree exist. Sections 5-7 cover the particular cases
of geometric, Poisson, and “one-or-many” offspring distributions. There we discuss
corollaries of the general results as well as some numerical illustrations. Finally, in
the concluding remarks, we point out some links between the problem of existence
of an infinite completeN-ary subtree and other research results.

6.2 Critical phenomenon

DefineT2−1 to be the maximum height of a complete binary subtree rooted at the
ancestor. Note thatT2 = 0 if Z1 < 2. Also, T1−1 is the maximum height of a unary
subtree rooted at the ancestor and thusT1 is the extinction time of{Zn}. We start this
section with a theorem about the probabilityγ2 = P(T2 < ∞) that there is no infinite
complete binary subtree, i.e., the growth is slower than binary splitting. Notice that
γ1 = P(T1 < ∞) is the probability that there is no infinite unary subtree, i.e., the
extinction probability of the process.

The following result is fundamental. We present the original Dekking’s proof.

Theorem 6.1(Dekking (1991)).The probabilityγ2 is the smallest root in[0,1] of
the fixed point equation

x = g2(x), (6.1)

where
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g2(x) = f (x)+(1−x) f ′(x).

Proof. For n = 1,2, . . . let γ2(n) be the probability that the family tree associated to
{Zn} does not contain a complete binary subtree of heightn rooted at the ancestor.
If the family tree hask nodes at level 1 (i.e.,Z1 = k), then it does not contain a
complete binary subtree of heightn+ 1 iff k = 0 or 1, or either all or all but one
of thek subtrees rooted at these nodes do not contain a complete binary subtree of
heightn. Therefore one has

γ2(n+1) = p0 + p1 +
∞

∑
k=2

[γk
2(n)+kγk−1

2 (n)(1− γ2(n))]pk

= p0 + p1 + f (γ2(n))− p0− p1γ2(n)+(1− γ2(n))( f ′(γ2(n)− p1),

and hence

γ2(n+1) = f (γ2(n))+(1− γ2(n)) f ′(γ2(n)) (6.2)

= g2(γ2(n)).

Therefore,γ2 = limn→∞ γ2(n) satisfies (6.1). Furthermore, if we putγ0 = 0, then (6.2)
is also true forn = 0. Sinceg′2(x) = (1−x) f ′′(x) is nonnegative,g2(x) is increasing
and it follows thatγ2 = limn→∞ gn

2(0) is the smallest root in[0,1] of (6.1). ut
Note that a similar recurrent argument can be applied to derive the equationx =

f (x) for the probability of extinctionγ1 (see Kemeny and Snell [6], p.80-81).
It turns out that no simple expression involving the moments of the offspring

distribution can be found that will yield whetherγ2 = 1 or not. In fact, Dekking
[2] shows (see Theorem 6.2) by a counterexample thatγ2 cannot be a continuous
function of the moments of the offspring distribution, nor of any other parameter of
the process which depends continuously onpk, k = 0,1,2, . . ..

In [8], Theorem 6.1 is generalized to the case of the presence of a completeN-
ary subtree (N ≥ 2) rooted at the ancestor, i.e., the family tree of the deterministic
branching process with pgff (s) = sN. The following theorem for the probabilityγN

that there is no suchN-ary subtree with infinite height holds.

Theorem 6.2(Pakes and Dekking (1991)).The probabilityγN is the smallest root
in [0,1] of the fixed point equation

x = gN(x), (6.3)

where

gN(x) =
N−1

∑
i=0

(1−x)i

i!
f (i)(x).

In examples when the offspring distribution can be parameterized by its meanm,
Pakes and Dekking [8] observe the following unusual critical phenomenon. There
is an (critical) offspring mean valuemc

N > 1 for N≥ 2 such that
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{
γN = 1, m< mc

N;
γN < 1, m≥mc

N.

This is qualitatively different to the behavior of the extinction (or not having an
infinite unary subtree) probabilityγ1, when the critical offspring mean ismc

1 = 1
and {

γ1 = 1, m≤ 1;
γ1 < 1, m> 1.
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Fig. 6.1 Geometric offspring.

This difference occurs becausegN(x) is increasing but not convex;g′N(1) = 0.
Thus the critical case occurs whengN(x) first touches the diagonal of the unit
square somewhere other than unity. Figure 1 illustrates the situation for geomet-
ric offspring: a)m= 1 - critical case for unary subtree; b)m= 1.5 - supercritical
case for unary subtree; c)m = 4 - critical case for binary subtree; d)m = 4.5 -
supercritical case for binary subtree.

Next theorem gives a sufficient and a necessary condition forγN < 1.
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Theorem 6.3(Pakes and Dekking (1991)).(i) If γN < 1, then for somes∈ (0,1)

(1−s)N−1 f (N)(s)≥ (N−1)!.

(ii) If

2N ∑
k≥N

pk

k+1
≤

(
∑

k≥N

pk

)2

,

thenγN < 1.

We will finish this section with a remark from [8]. “Inspection of (6.3) should
make it clear that there is virtually no hope of finding explicit expressions for the
distribution ofTN for N ≥ 2. It is even more unaccessible than the extinction time
(T1) distribution.”

6.3 Distribution of the number of complete and disjoint subtrees,
rooted at the ancestor

Recall that the random variableVN for N = 1,2, . . . is the number of disjoint com-
plete N-ary subtrees with infinite height, rooted at the ancestor of{Zn}. As the
following result shows, the probability mass function ofVN can be obtained using
the Taylor expansion of the pgff (1) about the pointγN evaluated ats= 1.

Theorem 6.4(Yanev and Mutafchiev (2006)).For j = 0,1,2, . . . andN≥ 1

P(VN = j) =
jN+N+1

∑
k= jN

(1− γN)k

k!
f (k)(γN).

It is worth mentioning thatP(VN = j) is the( j + 1)st segment of lengthN in the
Taylor expansion off (1) aboutγN. Indeed, set (for simplicity)N = 2 and consider
the Taylor expansion off (1) about the pointγ2. Then

P(V2 = 0) = f (γ2)+(1− γ2) f ′(γ2)

P(V2 = 1) =
(1− γ2)2

2!
f
′′
(γ2)+

(1− γ2)3

3!
f
′′′
(γ2)

. . .

P(V2 = j) =
(1− γ2)2 j

(2 j)!
f (2 j)(γ2)+

(1− γ2)2 j+1

(2 j +1)!
f (2 j+1)(γ2)

Denote byVN(n) the number of complete, disjoint, and rooted subtrees of maximum
height n, (n = 0,1,2, . . .), i.e., for whichTN = n. Mutafchiev (2008) studies the
survival probabilityP(VN(n) > 0|VN = 0). Observing thatP(VN(n) > 0) = P(TN >
n) and P(VN(n) = 0) = P(TN < ∞), we can state his results as follows. Denote
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aN = g′N(γN) and2bN = g′′N(γN). One can see that

aN =
(1− γN)N−1

(N−1)!
f (N)(γN) (6.4)

and ifaN = 1, then

2bN =
f (N+1)(γN)
f (N)(γN)

− N−1
1− γN

. (6.5)

Theorem 6.5(Mutafchiev (2008)).AssumeγN ∈ (0,1) for N≥ 2. ThenaN ≤ 1.
(i) If aN < 1 (supercritical case), then asn→ ∞

P(TN > n | TN < ∞) = cNan
N +O(a2n

N ), (6.6)

wherecN > 0 is certain constant.
(ii) If aN = 1 (critical case) andbN < ∞, thenbN > 0 and asn→ ∞

P(TN > n | TN < ∞)∼ 1
γNbNn

. (6.7)

Remark 6.1.(i) Note that ifaN = 1 and f (N+1)(1−) < ∞, thenbN < ∞, see (6.5).
(ii) (6.6) extends toN≥ 2 the classical results (e.g., Harris (1963), Theorem 8.4) for
P(Zn > 0) = P(T1 > n) whenm> 1. (iii) For P(Zn > 0) = P(T1 > n), whenm= 1,
we haveγ1 = 1 and hence (6.7) forN = 1 is consistent with the Kolmogorov’s result
P(Zn > 0)∼ 1/(b1n) asn→ ∞.

The subcritical caseγN = 1 (N≥ 2) is treated in the following theorem.

Theorem 6.6(Pakes and Dekking (1991)).AssumeγN = 1 for N ≥ 2 and that
f (N)(1−) < ∞. Then

P(TN > n)∼ exp{−kNNn} (n→ ∞),

wherekN > 0 is certain constant.

In Sections 5-7 we will come back to Theorem 6.5 discussing its corollaries for
particular offspring distributions.

6.4 Ratio of expected values ofZns provided infinite subtrees
exist

In this section we prove a limit theorem for the ratio of the expected values of the
nth generation’s size,Zn, asn→ ∞, conditioned on the existence of anN-ary and a
unary subtree. Recall thataN = g′N(γN) andm= f ′(1) is the offspring mean.
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Theorem 6.7.AssumeγN < 1 for N≥ 1. If E(Z1 log(1+Z1)) < ∞, then

lim
n→∞

E(Zn | TN > n)
E(Zn | T1 > n)

= αN
1− γ1

1− γN
(6.8)

where

αN =
1

m−aN

[
m−

N−1

∑
j=0

1
j!

(1− γN) j f ( j+1)(γN)

]
∈ (0,1]. (6.9)

Proof. Under the assumptionE(Z1 log(1+Z1)) < ∞, there exists a random variable
W such thatZn/mn →W in L1 andEW = 1 (e.g., [5], Theorem 2.7.3). Thus,

αN := lim
n→∞

E

(
Zn

mn
;TN > n

)
= E(W;TN = ∞)

and, sinceγN < 1, we have

lim
n→∞

E(Zn | TN > n)
E(Zn | T1 > n)

= lim
n→∞

E(Zn ; TN > n)P(T1 > n)
E(Zn ; T1 > n)P(TN > n)

= lim
n→∞

E(Zn ; TN > n)P(T1 > n)
mnP(TN > n)

= αN
1− γ1

1− γN
,

which is (6.8). Next, we shall derive formula (6.9) forαN. Denote

ψn(s) = E
(
sZn;TN > n

)
and φn(s) = E

(
sZn;TN ≤ n

)
.

From [8], Theorem 6.1, we have

ψn+1(s) = fn+1(s)−
N−1

∑
j=0

1
j!

ψ j
n(s) f ( j)(ϕn(s)).

Differentiating with respect tos, we obtain

ψ ′
n+1(s) = f ′n+1(s)−

N−1

∑
j=1

1
( j−1)!

ψ j−1
n (s)ψ ′

n(s) f ( j)(ϕn(s))−
N−1

∑
j=0

1
j!

ψ j
n(s) f ( j+1)(ϕn(s))ϕ ′n(s)

Settings= 1, gives us

E (Zn+1;TN > n+1) = EZn+1−E(Zn;TN > n)
N−1

∑
j=1

1
( j−1)!

(1− γN) j−1 f ( j)(γN)

−[EZn−E(Zn;TN > n)]
N−1

∑
j=0

1
j!

(1− γN) j f ( j+1)(γN)

Therefore,
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E (Zn+1;TN > n+1)−E(Zn;TN > n)
1

(N−1)!
(1− γN)N−1 f (N)(γN)

= mn+1−mn
N−1

∑
j=0

1
j!

(1− γN) j f ( j+1)(γN)

Referring to (6.4), we have

E (Zn+1;TN > n+1)−aNE(Zn;TN > n) = mn+1−mn
N−1

∑
j=0

1
j!

(1− γN) j f ( j+1)(γN)

Dividing both sides bymn, we find

mn+1

mn E

(
Zn+1

mn+1 ;TN > n+1

)
−aNE

(
Zn

mn ;TN > n

)
= m−

N−1

∑
j=0

1
j!

(1− γN) j f ( j+1)(γN)

Passing to the limit asn→ ∞, we obtain

αN(m−aN) = m−
N−1

∑
j=0

1
j!

(1− γN) j f ( j+1)(γN) (6.10)

Note that sinceγ1 < γN < 1, we havem> 1 and on the other hand by Theorem 6.5,
aN ≤ 1. Hencem−aN > 0. Dividing (6.10) bym−aN, we arrive at (6.9). ut
In the next three sections, we will prove corollaries of Theorem 6.7 for three partic-
ular cases of offspring distributions.

6.5 Geometric offspring distribution

In this section we present results for the case when the offspring distribution is
geometric, i.e.,pk = (1− p)pk, k≥ 0 andp∈ (0,1). Then for|s|< 1 andN≥ 2

f (s) =
1− p
1− ps

and gN(s) = 1−
[

p(1− p)
1− ps

]N

.

The number ofN-ary subtreesVN is geometric too (see [11]) given by

P(VN = j) = γN(1− γN) j , j ≥ 0,

whereγN is the smallest solution in[0,1] of

(1−x+m−1)N = (1−x)N−1. (6.11)

It is clear from (6.11) that in the geometric caseγN → 0 as m→ ∞ and, as it is
pointed out in [8],
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γN =
N
m

+O(m−2), m→ ∞.

The critical valuemc
N for the offspring meanm is (see [8])

mc
N = (N−1)

(
1− 1

N

)−1

(6.12)

and the corresponding probability of not having aN-ary subtree

γc
N = 1−

(
1− 1

N

)N

. (6.13)

Note that ifm= mc
N, then asN→ ∞

γc
N → 1− 1

e
≈ 0.6321 and EVc

N =
1− γc

N

γc
N

→ 1
e−1

≈ 0.5820.

In Table 1 we list some values ofmc
N, γc

N, andEVc
N.

N 2 3 4 6 10 20 100

mc
N 4 6.750 9.481 14.93025.81253.001270.468

γc
N 0.750 0.704 0.684 0.665 0.651 0.641 0.634

EVc
N 0.333 0.421 0.463 0.504 0.535 0.559 0.577

Table 6.1 Values ofmc
N, γc

N, andEVc
N for geometric offspring.

Next corollary of Theorem 6.5(ii) (critical case) is straightforward.

Corollary 6.1. Assume geometric offspring. Ifm= mc
N, wheremc

N is given by (6.12),
then asn→ ∞

P(Tc
N > n | Tc

N < ∞)∼ 2
(
1−N−1

)N−1

1− (1−N−1)N

1
n

.

Next result is a corollary of Theorem 6.7 for geometric offspring.

Corollary 6.2. Assume geometric offspring. Then for anyN = 2,3, . . .

lim
n→∞

E(Zn|Tc
N > n)

E(Zn|Tc
1 > n)

=
m−1

m−aN
(1+aN). (6.14)

Remark 6.2.It is interesting to note that ifaN = 1 (critical case) then the limit (6.14)
equals the constant 2 for anyN. This is rather unexpected.
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Proof. We shall calculateα(1−γN)/(1−γN), which is the limit in Theorem 7. First,
using (6.11) andp = n/(m+1), we obtain

aN = g′N(γN) (6.15)

=
(1− γN)N−1

(N−1)!
N!pN(1− p)
(1− pγN)N+1

=
N

m(1− γN)+1
.

Also, since forj = 1,2, . . .

f ( j)(s) =
j!p j(1− p)
(1− ps) j+1 ,

we have

N−1

∑
j=0

1
j!

(1− γN) j f ( j+1)(γN) =
N−1

∑
j=0

1
j!

(1− γN) j ( j +1)!(1− p)p j+1

(1− pγN) j+2

=
p(1− p)

(1− pγN)2

N−1

∑
j=0

( j +1)
[

p(1− γN)
1− pγN

] j

=
m

(1+m−mγN)2

N−1

∑
j=0

( j +1)
[

m(1− γN)
m+1−mγN

] j

=
1

(1+m(1− γN))2

[
1+

N−1

∑
j=0

( j +1)
[

m(1− γN)
1+m(1− γN)

] j
]

.

DenoteSN(x) = ∑N−1
j=1 ( j +1)x j for somex > 0. One can see that

SN(x)−xSN(x) = 2x+
N−1

∑
i=2

xi −NxN

= 2x+x2 1−xN−2

1−x
−NxN

and thus,

1+SN(x) = 1+
2x

1−x
+x2 1−xN−2

(1−x)2 −
NxN

1−x

=
NxN+1− (N+1)xN +1

(1−x)2 .

Setx = m(1− γN)/[1+m(1− γN)] and thus1− x = [1+m(1− γN)]−1. Now, after
some algebra and using (6.11) and (6.15), we obtain
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αN(m−aN) = m−
N−1

∑
j=0

1
j!

(1− γN) j f ( j+1)(γN) (6.16)

= m[1− (NxN+1− (N+1)xN +1)]

= m

[
m(1− γN)

1+m(1− γN)

]N [
N+1−N

m(1− γN)
1+m(1− γN)

]

=
mN+1(1− γN)N

[1+m(1− γN)]N
N+1+m(1− γN)

1+m(1− γN)

= m(1− γN)
N+1+m(1− γN)

1+m(1− γN)
.

Therefore, using (6.15), (6.16), andγ1 = 1/m, we have for the limit in Theorem 7

αN
1− γ1

1− γN
=

m(1− γ1)
m−aN

[
1+

N
1+m(1− γN)

]

=
m−1

m−aN
(1+aN),

which completes the proof of the corollary.ut

6.6 Poisson offspring distribution

Consider Poisson offspring distribution with pgff (s) = em(s−1), m> 0. Whence

gN(s) = e−m(1−s)
N−1

∑
j=0

1
j!

[m(1−s)] j . (6.17)

The distribution ofVN (see [11]) can be presented forj = 0,1, . . . as

P(VN = j) = P( jN ≤YN ≤ jN +N−1),

whereYN is a Poisson random variable with meanm(1− γN). That is,P(VN = j) is
the( j +1)st segment of lengthN in the distribution ofYN. Some values ofEVc

N are
given in Table 2. In the Poisson case, one also hasγN → 0 asm→∞. Now, (6.3) and
(6.17) lead to

γN ∼ mN−1e−m

(N−1)!
, m→ ∞.

Denotey = mc
N(1− γc

N). It is shown in [8] thatmc
N andγc

N satisfy the equations

yN

(N−1)!
+

N−1

∑
j=0

y j

j!
= ey (6.18)
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and
mc

NyN−1 = (N−1)!ey. (6.19)

Since (6.18) has a unique positive solution, one can findmc
N andγc

N from (6.18) and
then (6.19). Some values are given in Table 2 below. It is proved in [8] that asN→∞

mc
N = N+

√
N logN(1+o(1)) and γc

N =
√

π/(2N)(1+o(1)).

N 2 3 4 6 10 20 40

mc
N 3.351 5.150 6.800 9.876 15.58228.77553.434

γc
N 0.465 0.343 0.282 0.218 0.160 0.107 0.072

EVc
N 0.654 0.793 0.844 0.876 0.886 0.899 0.929

Table 6.2 Values ofmc
N, γc

N, andEVc
N for Poisson offspring.

Here we state a straightforward corollary of Theorem 6.5(ii) (critical case).

Corollary 6.3. Assume Poisson offspring. Ifm= mc
N, then asn→ ∞

P(Tc
N > n | Tc

N < ∞)∼ 2(1− γc
N)

mc
N(1− γc

N)−N+1
1
n
.

Next result is a corollary of Theorem 6.7 for Poisson offspring.

Corollary 6.4. Assume Poisson offspring. Then for anyN = 2,3, . . .

lim
n→∞

E(Zn | TN > n)
E(Zn | T1 > n)

=
m(1− γ1)
m−aN

. (6.20)

Remark 6.3.. (i) The limit in (6.20) can be expressed in the form

(1− γ1)
{

1− [m(1− γN)]N−1

(N−1)!
e−m(1−γN)

}−1

.

(ii) Let mN = mc
N. Thenac

N = 1 and since the probability of extinctionγc
1 satisfies

γc
1 = exp{−mc

N(1− γc
1)}, one can see that for the limit in (6.20) it is true that

mc
N(1− γc

1)
mc

N−1
> 1 and

mc
N(1− γc

1)
mc

N−1
↓ 1 as N→ ∞.

Proof. We havef (s) = exp{−m(1−s)} and thus forj = 1,2, . . .
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f ( j+1)(s) = mj+1e−m(1−s) = m f( j)(s)

Therefore, referring to (6.9) and (6.17),

αN =
1

m−aN

[
m−

N−1

∑
j=0

1
j!

(1− γN) j f ( j+1)(γN)

]

=
m

m−aN

[
1−m−1

N−1

∑
j=0

1
j!

(1− γN) jm f( j)(γN)

]

=
m

m−aN

[
1−e−m(1−γN)

N−1

∑
j=0

1
j!

[m(1− γN)] j

]

=
m(1− γN)

m−aN
.

Hence,

αN
1− γ1

1− γN
=

m(1− γ1)
m−aN

and the limit in (6.20) follows from Theorem 6.7.ut

6.7 One-or-many offspring distribution

In this section we consider a two-parameter family of offspring distributions{pk}
defined forp∈ (0,1) and some integerr > N > 1 by p1 = 1− p, pk = 0 for 2≤ k≤
r−1, andpr = p. Clearlym= 1− p+ rp and f (s) = (1− p)s+ psr . Hence

gN(s) = 1− p
r

∑
j=N

(
r
j

)
(1−s) jsr−1.

Consequently, Theorem 6.2 shows thatγN is the smallest solution in[0,1] of

s= p
r

∑
j=N

(
r
j

)
sj(1−s)r− j .

Let Br(γN) denote a binomial(r,1− γN) random variable. It is shown in [11] that
P(VN = 0) = 1− p+ pP(Br(γN)≤ N−1) and for j = 1,2, . . .

P(VN = j) =
{

pP( jN ≤ Br(γN)≤ jN +U) if jN ≤ r,
0 if jN > r,

whereU = min{N−1, r− jN}. That is,P(VN = j) is the( j +1)st segment of length
U in the distribution ofBr(γN). It is shown in [8] thatγc

N is the unique solution of
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r

∑
j=N

(
r
j

)(
1−x

x

) j−N

= r

(
r−1
N−1

)

and also for the critical valuepc
N

(pc
N)−1 = r

(
r−1
N−1

)
(1− γc

N)N−1(γc
N)r−N. (6.21)

In particular, ifr = N+1 then

mc
N = 1+(N−1)

(
1− 1

N2

)−N

, γc
N = N−2, and EVc

N = 1−N−2. (6.22)

We list some values ofmc
N, γc

N, andEVc
N in Table 3.

N 2 3 4 6 10 20 40

mc
N 2.778 3.848 4.884 6.921 10.95220.97540.988

γc
N 0.250 0.111 0.063 0.028 0.010 0.003 0.001

EVc
N 0.750 0.889 0.938 0.972 0.990 0.998 0.999

Table 6.3 Values ofmc
N, γc

N, andEVc
N for one-or-(N+1) offspring.

The following straightforward corollary of Theorem 6.5(ii) holds.

Corollary 6.5. Assume one-or-(N+1) offspring distribution. Ifm= mc
N, then

P(Tc
N > n | Tc

N < ∞)∼ 2

(
N− 1

N

)
1
n

(n→ ∞).

Next result is a corollary of Theorem 6.7 for one-or-(N+1) offspring.

Corollary 6.6. Assume one-or-(N+1) offspring distribution. Ifm= mc
N, then

lim
n→∞

E(Zn | Tc
N > n)

E(Zn | Tc
1 > n)

=
N

N−1

(
1− 2N−1

N2N

)
.

Proof. We have forj ≥ 1

f ′(s) = 1− p+ p(N+1)sN and f ( j+1)(s) = p(N+1)N . . .(N+1− j)sN− j

(6.23)
It follows from (6.9) and (6.21)-(6.23), after some algebra, that
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αN =
1

mc
N−1

[
mc

N− f ′(γc
N)−

N−1

∑
j=1

1
j!

(1− γc
N) f ( j+1)(γc

N)

]

=
(1−N−2)N

(N−1)

[
N−N−1

(1−N−2)N −
1−N−1

(1−N−2)NN2N

N−1

∑
j=0

(N+1) . . .(N+1− j)
j!

]

=
(
1+N−1)− 1

N2N+1

N−1

∑
j=0

(N+1)N . . .(N+1− j)
j!

=
(
1+N−1)− (N+1)

(
2N−1

)

N2N+1

and the corollary follows from Theorem 6.7.ut

6.8 Concluding Remarks

Pakes and Dekking [8] point out that constructions of completeN-ary subtrees of
a Galton-Watson family tree, have appeared in the study of Mendelbrot’s percola-
tion process by Chayes et. al. [1] and in Pemantle’s work [9] on reinforced random
walks. In particular, Pemantle’s results imply that: if there existss0 ∈ (0,1), such
thatgN(s0)≤ s0, thenγN ≤ s0 < 1. In [7], Mutafchiev discusses an interesting con-
nection between the subject matterN-ary trees and the existence of a giantk-core
in a random graph. Consider an Erdös-Ŕenyi random graphG(n, p) with n vertices
in which the possible arcs are present independently, each with probabilityp. Pittel
et. al. [10] construct a Galton-Watson family tree rooted at a vertex of the graph
G(n,λ/n), (λ > 0), assuming Poisson offspring distribution with meanλ . They
show that a giantk-core appears suddenly when the number of arcs reachesckn/2,
where the constantck can be explicitly computed. It is remarkable that the values of
ck coincide with those ofmc

k−1 for k= 3,4,5 in case of Poisson offspring distribution
(see Table 2 and [10], p.114). This needs further investigation.
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