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Trigonometric identities



Trigonometric identities

¢ I
sin(a £ b) = sinacosb + sinbcosa sin(2a) = 2sinacosa
cos(a £ b) = cosacosb Fsinasinb cos(2a) = cos?a —sin?a = 2cos?a — 1 =1—2sin’a
t + tanbd 2t
tan(a £ b) = Sana =iy —  tan(2a) = L(;
1 fL_F tant%tanlb 1 - tan 1a
cotacotbF cot“a —
tla+tbd) = ——— (! = -
cot(a ) cotb+ cota () cot(2a) 2cota
» sin(a + b)sin(a — b) = sin®a — sin? b
» cos(a + b) cos(a — b) = cos? a — sin? b
sin(3a) = —4sin®a + 3sina _ 3tana — tan®a
- cos(3a) = +4cos®a — 3cosa tan(3a) = 1 —3tan?a

In terms of

tan(a/2)

4 4
_ ian?
sin? g — 1 — cos(2a) cos?q — 1 + cos(2a) sing — 2tan(a/2) cosa — 1 —tan®(a/2)
2 2 1+ tan?(a/2) 1+ tan?(a/2)
1 — cos(2 1 2 2 2 1 — tan®(a/2
tana = 165G o 1dcosCa)  2tan(a/2) o 1 tan(a/2)
1 + cos(2a) 1 — cos(2a) 1 — tan®(a/2) 2tan(a/2)

Transformation to

s
Y

v b
. ) . sina + sinb = 2sin - sa:F
2sinacosb = sin(a — b) + sin(a + b) a2—|— b a2— b
2cosacosb = cos(a —b) +cos(a+b) » = cosa+ cosb = 2cos cos
2sinasinb = cos(a — b) — cos(a + b) b—2a
cosa — cosb = 2sin sin )
Si +b
tana £ tanb = w
Qo%gcocsib
cotaicotb:% ("
sinasinb

Also note the factorizations:
(r/2)ta cos (r/2) Fa

a+ (m/2 —2b) cos & F (m/2—0)
2 2

» 1 +sina = sin(n/2) £ sina = 2sin

» sina £ cosb = sina + sin(7/2 — b) = 2sin

» 1+ cosa = 2cos?(a/2)
» 1 — cosa = 2sin*(a/2)



PRE1l: Review of geometry



. REview oOF GEOMETRY

Vlorolel ok geoperdiadar s

Ue o()'we_ J(\AQ,, '?oﬁjzow_]w,z< (wo , W)uﬂ) w]h«o,ujt Pma?. .
D) Given 2 dmes (), (), (0
{ L) - ,,(Q:)//,(Qq)

@iy o

B (1)

H gl | (Qq)

| o
9.) G’i\lﬂ«,lwa ,Qi'aes (QJ,{Q‘L) .OM(L Qa Qi"’e (Z) S‘!d’\ ‘hﬂajﬁ
UM (1) and (DA =143 aud (NN(R2) =383, we
1 ,‘ | .}cle?ine e &naﬁas

o , , A
L / | Ax 2.)(:1)&3 ,%u& b= ‘()cBA

) b A Yo  omd 912‘341_%?'2;' |

o , / o Thew —

X A 4 X¢ . A{?‘f Eg"gi

L TerminoQo%: A B, IV\{'Cﬁ,Qy:WQQLEMQL_ an%zgm“ ;
A.,lB«L: im{r\’.ﬁw-, exkrior, (orm?am&iua, &hbﬁu.
BBy - verbical ,omzﬂes,, o




V Bosic propecies of .Jfriauxz\f(es

‘, (om;&er‘ Q. jma.v\%ﬁe AEC’ we tﬁ\Qg\ue o
”T\'\HL Gw\r)Q? L

[?-‘“ ISoques P\'OQQA‘L\

N A
o= & f& =%
l=c & B=C
ceca & C-4
' A
exomple
6' 3
Lde_ Sﬂ‘é ﬂ\ofc

_ A@C is  isesceles &1 a= Q»V@ CVC =0-

-

‘07 i
b

} TLH) Froyer

) Three sides

) A=\2)AQ o o= BC
CB A - h=CA
, =M

&-3 - Cawn QJ?_ S‘aqum Vioo

eiuaﬁt‘\b ? Imom Qes. UQ Ométt, ,
e Pm? :

The coses:

Beceo BeC



C Lded BC do e sde

o Ox osuda Lot BEK

x gnwg Cg!/AB ou h«e
. , o Yawe ‘nczQ'fﬂ?QqMQ as A
,Defme XC\A aw:\. Cq_ A("é Tb\e‘n
‘ C« B y QY M‘mm& ex{fnov Covmpouim% auaﬁes
. Ca_ A , @ interior - allernate aaBQes -
Tt Lollows dab o o

| K%mc = ng ¢ +C = BC.X = {80°

B— 30-00 biwale PN

WO)C H on_ BC— Suc‘« ){Lo.lc HAC 60 Degme )/\\‘ HAC"
a"& Afl = BAﬂ Q‘AA Hs "&MC OM‘L MQ = AH@ NOfe ‘{"«Qt
‘ 8Nelt A;* M AC =60°  we L}%e. I

ol ¢ o e uaﬂwe *'



| De Qﬂ)o [Aodé’.

G+ (80°~ A= (€0°- 90°- 30° = £0°
A
Mi= 180°- G- A = B0°- 6o~ 60°= (o°

U bl fhok A=l of-(P o> (M-AM=AC [0

Rg=A-A = 90°- Go =39° -6—'7AH BH

and ,lfbev,ego*e—

@< BC s BHEHC
- AMiAc luin BM=AM ad A

= hcs A fwia AM=AC]
=AC=9L = B-=0als. g




¥ Simfocdriangfesank the Pyflagorear_heorem

DDef - Comider doo bungfe ABC oud ABgCa |

UQ AQ?MQ

A, Fy‘clquLmCz@? Mt ABieBa AC-Ce |

AB‘ =8C‘ -_.‘CAs

AgBy  BaCa  CaAe

E A?I’;(« Aqﬁq.Cq_, “o.&« e vo4. ol the idrian
Alg; oud. Aa?)q.(g, are S(W\‘Qo.r
e e can show (ywop Owmi U—ec‘) llat
% Ag— }:9. => A(B‘C, "~ AQ.Bg.CQ.
B‘

élq o

c s vt can Be ek o el fhe Pybimaorean

, {‘/zeo}em T

— |
A=00° = o*=04%+ch

 Prood B | o
B Chooe M ou BC sudh fhot AHLBC.
Pebiue M, = Aic and fly = B
9 H ‘ auA Mo!e Jf'ﬂcdl )
,, AN Ml HL Hy- Joo
A N\ ¢ . Covn are ABC w% }‘ﬂC goﬂa SLah‘:

,ﬁ | C Mo A ﬁl T follows Hat



10

Compare Mo wih M. Bl shee B ook e A-fly
.HA 'Ycﬂﬂowz ’HAOFL , , ; TR .
CABcn MBA = BH _AB WM ¢ _BR- @

ABCNMAC = M = Ac =) CH = g =) Cﬂ‘-‘-ﬁ_ m

AC BC 6 o o
A

A® BC c a o

CFrom Eq 0 ek Eq@: o
CBHtcM= BC = €AY o T ME D
o

(e W




" V C ‘ir‘cfcs

~ Circumfercnce:

- =9%R
MArea:
A=+«R?

eComsider dhe arc AB. |
elde say. ﬂ,;{i the guﬁfe. Aos ySqu,cuAS

{’La QrC . Aa
e Lenath of arc:

I L(AB) - xR . (ASB)
- 360

wih. (A'SB) %ivev: iv; deqrees . o

. Ahgﬂes an \fo;J.Zah‘s

qué measure. D of e ““3‘0“ AP f.S
Aepineelg 6 ‘

- 21 (Me)| = [um - R \
260 |

11



12

Somc cowmonﬂ% L!}ga\. owtbﬂc; w AQ5RQ$
oml in rocliahs:

A6B i ?;;o"l '-t9°‘ 60° !90"! 180° [ 3¢0°
b Intelniainizlnigl n | 2w

To covivert:

(fadiovws) = _20 (oteayees)
260

Cc\earees):. %60 (radiawy)
an

b ARQ o?' a 5(6“01"

The area COA37 o? e se.(:('t)r olegfldgd@
85 e arc AB is:

(op8) = L B2V
Q

For ¥ =9%n . Hais gives He aco of
of e whole circle A:=nR%.



PRE2: Trigonometric functions

13



14

~ TRIGoNoMETRIC FOUNCTIONS
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~ EXAMpLES

A a) SLMQQ% LLG. C’X(ﬂress 1ou

» A 51,,( 90 >Co..5 9”)ng(7_) o

i (_19_1_) ‘svm,(_m_a_):c-o%m(nm: —sunlo= - g

) s (_E_g__) Y (ﬂ-}- 9‘2 )- — COS 22 )— —}Co} (ﬂ—— _%__) =

| ‘ﬂ+cosﬁnz) a:s(ﬂ%) /Q

{Q (m) Lon (xs Dn> Jw (5n —n/2) = Jm(nm

- f‘i.().w (ﬂ [3) = - @
i“ QDQ'Q WS o.'k

‘\A QMC%)“‘”(%)%M Ga - .




) Singlly e aposen

R O (e
 sin(x=20) cos(5n -0
9 Mw an

SM(Q,
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cos (x- 50/2) 0”7 co (3r\+x GH/QJ = - (o ()<+ﬂ/9_) = -

= = Cos(nf2- (-0 = - 5t (<) = slux

sm(wc”m [9)= sm (x+Qu-nfa) = sin(x-0/9) = - sin (ﬂ/i X

= —esX

sin (x-20) = C"t) Siv CZrﬂrx«%h}v —SGiux
, cOs(Sn = (0% () = ~ cos(-Q) = —cox

‘QD OUJ § LL\Q*Z

| A= Cos(K 0/9.3 Stw()d?n/ﬂ) V Siu)( ['(0%] = 71’4 |

;EV,Ss;n.(x—?m) cos(n )  [sm]l-cosx
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EXERCISES

@ Sim‘;ﬂ% JL:. -Pogowihg &pnss,t'ov

a) A= ¢in 3:;,')__ Cos (Eé},) cos (~ _%ﬂ_) Sin (ﬂél.)
b) A< sin (__2:_%.) tan (_2%_) cot (._ _35’)_) Co$ (_52‘1..)
Q) A= sin 20 4x) sin (n+)) 4 sm(..%i.‘!_ -X) sin(n-x)
A= Sin (_3_?3_. .}x> + Co¢ (}_2&-_ —X) - CoS(_;L +x>

e) A= Siw (Ot.*%ﬂ/i) {Qh(@-"ﬂ')
cot (3n/a-0) sin(a+ /2)

ﬂ) A = Sin (&—'f'ﬂle.)LQw (91 $a) (o) (m«nli)
cos(Ala-a) sin (3n/g +m5{au‘(9~n+eu)

B\ A< sin(Sr4od {‘av;(3ﬂ+ o) (os(‘m«f;)
(o) (?ﬂ-—et—) {'&M(Bni-a.) Sina
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Y Sioghe bioouomebic idodkbics

 hewll ol

A Sintx = - eI

! 15intxtcosty = | “*4, Costy = 4 - Siuix
i

Hany = Siue “ {omx;
coyK / COEX

Y ‘iu\n)( Ca{l(

Jcobx = Cosx o ek

i'{' ‘(‘,QVIQK; &' B i‘tCo Z)(f. &
Cos?x  Smux

Hebiod T show A-B Rl dodbber Bom inforelide
| QQ%QQV& I ;

*@%gﬁm; ,_fi

Az | (atB): = f‘1+‘ia%«féi

1) Tdived HA&L et ok h?

Aesa ol f?= (a-8)(at8)

Bz G | e%-6%= (a-t) (ot (obiD)

A u goﬂow ‘R‘Qjc A B ] ’I’Jrgg" CQ%Q:)(C\ &Q%Qq’)
0 Helbod of DQS,?O'Q}DM quﬁ;f o 4%e2f 130407 |

A—i’):-'-:--'%O——% (0B = C-%atht -0 |

 sAB
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DR

. a) Sll\oh) 1’\1\0.{'. ,
sin®x-coty = icosf—x)(& Sin XC0$7'X>
- OQQODV)
- We have:
swPx- costy = Cs[v&x coﬁx)(stv\??xircm z<3 =
= (giny—cosi) (sintx + Sivx cosx + cost) (Simg + cosx)
X (,Sl“q')( — StuX coy% '\'CDSZK) =
i(SMX—cOsx)(SmxfCosxﬂc&{—‘im%cosx)u smxcosx) =
- (sin?y - cos?x) (4~ sintx costx) =
Lf\ c@s‘ix) —Co5 xl (i G ik cosax> =
;( —9cost X)(&fem x cosTx).

» %"""’ ?\CLQQL ) 1‘\'12, 4£oﬂ‘owl“% -' go&onw{%m UQW’"’;» Q%gﬁv};’:, o

= (a-@)(atp)
ot 07 = (o-8) (ottalsdD
Q%= (b)) (ot-obil®
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@) Show ‘Hna‘{. {—sinx = ( L. *anx)qf
kst x4
SDQu‘Lovx e
, [;)& ino\e S [
{-sine (1= i) ® _ i-isim(irsiv\‘ixr_;
_,“'54"\% ‘ ,,ﬂm{»s,imx)ﬁ(,\-;swx), *,L—,,s,im?x ,
] - Qtny +sin?x -

1 g sivix g ostalx

Costx stx  cosx

( 1 ismz (S? X

’ Co5)< s X COSK C05K >

(A wx\ ( Jm)

C!)SK COSK

ol
© —

\”

‘C) SL-.ow ‘ HAQJC '[QWK%'L‘W‘A- ‘éamk &)M%
C0£X+Col:6

,QL&LOVI

e bave: S
J(OM\,(.L{W‘A - 'tQV\\("’!ZDM\}} - me}d—‘:au% -

G:fo(o‘%u | 3 - ({am%-l-l:ah)( )
{uvxx "IM - JCN"KJCW%

” {W‘x Jf&uv\ &amw JCW‘Q J,to_w,zzc l:awé

o

,{:QMX'P‘{‘O&'(!!A o
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EXeRCISES

B Shew Huak

o) tank & - Qihaa:{q_hla.-giv;iw

8) col?x - costx~ cotZx-costy

A Csind+cosY - (smd-cos N ~ 8sincos

d) {',oma (l—m{23)+ Co{ 3 Ci-—&w’-&) =0

9.7 $i\‘zq~x {:th - coslx CoL)( = %ahx —_— CO'(',X

Q) (sinx +Ccosx+ L)(simxifcosx-—- 1) = 9 sinx co sk

63 sinZa (L4+cot2a) + costa (L+tan2ad =9

R sin?x{oanx + ostx colx + Lsinx cosx = tanx+colXx
) 4 (sinbx +cos®x) —3Lcosy -sinty D% = 1

® Show Wk

oy Atlanlx _ lan2y  B)i-tanlx - }-2sinix
14 cot?x 1+ tanty

c) 4.“5!'148' _ iiSEIn.S‘ - -y tand
LsinY 1-Sind cosd

d) _stux o5k . sjux+Cosx

- cotx {- tanx
&) Cos?a ~wsa tsina - fano - sinta
Cosa
D storatsing | Cosa-cosb _
Coso + Cos{ Sa—sinb
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) @ Slmw -"th o S
&) Sinh —sin?a - coflq — col28
sinta Sm"-l o
6) (Sivatcos®)%4 (Losatsind)osa- Smﬂ) < 2(092
~ Sinha4 cas@

O costa-sivtl _ 4 (4 | )

 Sinfasin?f  tanZa " sinth cos?a
d) tovx-sinx _ L
Sindy (os2¥ +Cos%
e) _ tava  , cos?a _ fa
1§ tan?la  Siha
9 1(952)(‘51'&\.2)(” 2-tan?x
S o i*ionix o
) 4 = 4 < (tony- b0
(9wxx Cosxvl
h) (laue- St\&a.7q‘-l-(l cosa)? < (W-l

Coso..

a) \f L4cosl - sint o, . J;fnem. ‘anow
14+%s5in ﬁ
H\q.{:, 6intlh - i+ Cosiu.

A gsintea |
D xxxcosTiusin & §-> o’ *K’- = x"-\cgi.v |
, Q = )CSuna—- CO)9 ,

¢) Show thi: A+% n/Q_ =~ Cost A4 cosig 1.
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VGW?‘/IS ot  Siu a.uA—, GO .

| D g(x) =sm( | Dowmew A=K

 Rauae: ?(AFE‘M(] e i o
nl%\in 01,%/@[?%,., - |

A
U R AP .
yad N
. / . ] // \\\
%n/9 C
{Agi ! 1 \\
Vs | \\

9) ‘Q{K)‘e Cosx | Dommm= A (R |

P\qwae, \QM [lﬂ
IO{ nfa ﬂ[%/i[

%o\ To -] o | 5
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r—" H?/Hq o&o Qoq,w T‘«Q leﬁaw Is 'lo avayln -R«e, w?utn cixov\s
£U:) osin Qu%%—%%c , . ,
B oottt

B b- TQ\NNV‘OQO

W= aw%uﬁox \m,ro\]-a (g ‘El) %me} R o
(we we kv intead of wb for symuaﬁ &puﬂieme) |
, k 15 %e. wwemuw@ev> o
{7‘4%@ S‘Mﬂ ,
¢ = mjc%Qo *‘Y\rzose,
. Q= 6m o—fl"*‘i& o
o= verkqﬁ A
b Te %va\a Hrese QU\AJ':OMS B
e, S ollve the €C{uo}!on wH@ kn/9. wzllq Yts ec{ 'lv ‘E ,
ey For K- 0,1, 25%.4 Q[MCL the cbﬂﬂyom&fm% ‘(Lo‘{i,jﬁﬁléa

OMQ&_ Vloiﬁ, ‘l"a&

Csine Kk |04 |9 K «
| Cyw%ﬂ% ol e n| %/a]| S o%“f |
' lelea e el a0 -
codt . K 10 (* | A ?’Lf 0 )
cg=ch+@ o || n %] 9n vq
I feted eleal ¢ | e .

vy Giren e ponky (bo 2k, ut,ﬁm @;;m,@mgﬂ;
(L, Y m owstrudt  the 8W{}>L |
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EXAMPLES

(yvay\n LLQ ?umcjnow ) QLK\ 9~S(m (QKH’I | -’5\
© Sofubon .

S e

5 %

@ Yx= (5k-071 & x= Or-Dr

: s
’ﬁ!% // {
1

4

For k-o: % %o =(0-01[Y =-nla

"60: Q'O-& = ‘,’5.

For Kk={: % - ( 54Dy = By

‘3&‘21 L= 1

For k=9: in (5.9~ ?.)I‘(/q 8nly - Qn

‘31 2-0-1=-1

For W im (5.3-Dnly = %n/w

Uy = 9-(-1)-1=-3

_._Fov k=Y. }l Yo = (54-Dnld = Baly=%alz.

43 ‘Aq 2-0-1= -1
A

| S

2T | kN oy 9(9x#m) = Swn & Ux 49 = Skn &

> <



, m (;rof\n Qae ‘?umcsuw QLK)' « —_— C0S (9.)(-%— ntx ) .
Sobbow 2T

CSolves Gxg TEX o KO <:3~4(9[i><+£‘_t2<_._}= 6. kN o
% 9.

9 %

PR 2«:+2(ﬁ+£) %%ﬂ @a\?x+iﬂ+Qx-'3wnéﬁ HK'“(zK %)
& x= G-V

TFor K=0: %Xo ‘~(3-0*ﬂ)ﬂ[l‘t = -9a/ly=-nl?
Yo= 10— [+ = -2
%xl (3] - i)n/% = /it
o - /g R
For =9 %xq-—- (%2 Nnlly = L!n/‘t in[ o
Ye fo-(-0=%%
%5 = (33-9nli4 = Fnlly =nl2
y=lle-0=1l¢
x= (B4-Dally = 1onlly =6l

%q* / ("}‘\)'—/

Fof k=1:

Cfor k=%:

CFor k=Y

Q.S:

/R

39



40

 EXTResES

® @my\ﬁ&.&ommzué ‘9;;;.;&;;{ I

y ?m' gh(wn)

Q(K i +sm<x- TH")

o g(}d= 1 Sim( ﬂ;X» _ A,X%qﬁ >

6

040 < 9% s (9 xxn 4 Sx-0 A

9 T

= L beos (x- XHB1 iy
e ‘?K i CoS <)( 7 + é >

D g(\()’- - & 4‘9&0&( XCTTK-PD ;HCX“TO(X,"’D'j




Wy of dan ek ok

0 oot | Dowows A-fokasale lked
| Rouge D=0 Peried - T-n

RS Y Y T

Ho !l ™ol -t Lol v 1w

| |
, E o ,T‘nm ore V.ev{f;qﬂz _Qs%w,Pwtohs
L o x  of x=knen/e

i)
2

—— o o oy o o -
\“

| <17 b
~—'r--'*—~.-~;

) Bwecob®d | Downw: A-R-dinlwezd
. Ramger AM =R, Pevied T=n
l 0 [ iy l n[ [ JalYy [

l+ L

| o lf ;,,L:b/

| -ﬂnert ore \IQYl"KQ/Q ;
y Q)%M?lﬂk) o.{, X=Kn

f
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Cp Mol T g o b gk

JIw-

Soﬁvb

.

mg{@§ékblé—n/2

'

—*nl% ~oatC

0 e

n4 | ate

< >y |~ O |TF

0% | o)

OJLQM (wt+ «Q) tC |

okt [l
a9t Coa L

[o —acklobinr o]

Solve

L

oLob = wls

}

okt |

o | (4o

nly | etc

nlq c

Oy | -ade

- n B ,,,(fOD) p



EXAMPLES

@l et

‘. SOQ.M\WOV\ SO

Sofve: Qtnle=kaly-ole & 4(9xta/2) = Ylkaly -p/)e
5 8y 490 =un -9n &) By =kn-9n-2n & Bx= (k- e

& x= (ewon
3

For k=0 % %o = (0- ‘«Qh/@ --nfe
;,FOr =\ % x= ( LOD/B ~-%/8 |
= ‘L('Q =3
R §l
. cL-9.O ~{=-1_
For k=% étxa (2-Wn/8 = -0/8 |
»= -G -1 = 2-1=4
% xq= (4-Waf8=0

%_Aguw) - oy

' I

,FOV\LLl

nfg ( -%0f8 -y '.

!
I
t
)

o s e e ] g, o -

)<q_ (0.-9)n/? ,_,9,(\/6, ~aly

! l/wnlg —|
‘ =
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D) Grage e
' Sefbon

Jm %d- h&(%x n/?:)ﬂ

She - By = palt © 1908 -0/3) =B knfDe>
%ox = 40 = Pkné 3k = Guiae
yv= (%K emn/% |

ﬁej

| For k=0 % Keo= (3.0 401[36 = bnf36= 1[5
o o ;iéo-ﬁ,i(’ﬁrw)s?roo, R
For k=14 % xi= (3 401 [36 = Fal36
w=2-444=2
For k=9: }l 2= (2940036 = OUBC» 50/18
Y= =9.0+1=1
k=3 % X3 = (3.3+)n/ % = ‘31'1[3
o W;%()+ -
Ry k=y: % Xy = (2 ‘{‘r‘{)ﬂ/% = [Qn/% = L!n/
| “21‘* (o) =-o
B T U W
o | “\
T ,‘t.._..n\.__
ol ¢ ‘; \*\ (Bal36
’ T o %e/ig ;
SO R FUVNN. SR

| , ?ov’

L
12
s

oy Gy gty Y gy RO iy A, vy o ey oy -



 BReRasss

C © e e Rl ko

i Q) s %w(ﬂ%_) ,/

D detote(sen)

d £b<7> &Hm(U;\X - B ';K> | .

0l - o (x+3(n-%0)

0 dw= Lok (aGem 3003

o ko 253
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PRE3: Trigonometric identities
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TRIGoNoMETRIC TDENTITIES

] Aoufl"o,n as d i&ehiilies

@ cos (o +B) = coseacosd = sivm.sinQ

ot 0'(0‘0) awd K (1,0,
Choose A suh dhat
;ASK:Q_ , and choose B
Quc\'\ ‘Hna_Jff BSA =@ .

Alse chome C such ot
koC=08 on e olher side

; 0?- Hne. Circae. 1t goMow{

Jchgi,.': XA = Cosa , Yyu=Sina

Xp = co5lath)  Yp = Sinla+)
Y= Cos(~@), %C’S'“( ¢)

k=1, Y =0

v

SMCe |
BOk = BOA + ADK = Lro- atl 1= BOk=AdC=>

ABC = ADK+ KO C= a4l
= BK=Ac = BKZ = Ac? 1)
We Vlole -Haq{
Bk? = (xg- XK)'L{LCgE«% )2 <
= CcOs(q+Q) D2+ Csin(atl) — 0)?* -
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= cos*(aib) -%cos(at@) +1 +sivt(asd) =

= 1-9 costar@) + [ cos2at@)tstul i) =
s 4-9cos(atB)t L= 2-2cos(atld)
MA
 Ac?- CxA xa’- 4 Cxé,‘- 3’
Ceosa-cosB)%xC San&iﬁml)

1

n

cos?2a -9 cosacosl +costh -l—s‘!hi& +251haSmQ + szﬁ

= (sin%a $cos?a) 4 (Sint b+ cos®B) -2 (cosacosQ - sinasind)

=2441-9Ccosacosd - Sinasind) =

 =29-9(Ccosacos®-sina.sinl)
am( (\rom (1) il poﬂow; Haod ;

CPRE-ACE = 9-9cos(ath) = 2-2Lcosacosh ~sinasind) =

=3 (os(atB) = cosa cosB - sinasi nb .

Tt Sollow; Haal

cos(a-0)= coia.cwﬂ+ Stha..smﬂ D

@ {sinlatB) = sinacosh L sinb Cosa

Proof

sin (a+®) = cos (_';___. Caw)) = cos ((_L}f_q.)+(-c)>=
= @S (-—2—_——-&) cos(-£4) — sin (_'.i_...a) sin(-4)

< SiVlQ.COSQ -COSQ,i:"‘Sih@] =
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= Sipacosld + sinf coso

; 1"?0%&)5 -km:‘:

Siﬂ(_&-@) = sina CO‘;Q» -,SimQ CoSa . 0o

@) |tow (as®= toanat toud
A ¥ toma-tand

?foo(;\-

boan (a48) = Sin(at) _ Siviacosh +sindb cosa
Cos (q-!@) CoSa cquL - simwsihﬁ
[ Sina s{mﬁ ]
] +
. Cosa Cos WS o Cos B

Cosacosﬂv[in sina.  sink ]

s Cos4

—

- Lauq-’-{&hﬁ
i -lavalanl
:“ ?ouows %a.¥

lon (,aéll») = 'quda.*":&uL a
14 bowma taub

@ |cot (ot )= lacot @ FL | (1)

cotd + c,o{&
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Proot

(o“ (OAQ) - i

- 1—‘ {Tahn.{a\al -

ton(ath) l:amq-l Lond
{ i colocold —14
o cole  ootl — cotoucol
1 1 . cothbtcoba
wote. Gl cobacotd

- Co{n.Co{f‘Q) "5. |

cotl4 cata

T Sollows ok

ot (n-8) ~ Cotocotl-0)-1 _ —cotacdtb-}

@

cot (-8) + CO{‘Q' . "C0€ £ +cota

- Col’&toko@ +i 1

‘CO,{'- -Q - CoJCoy




 EXAMRLES

o) Evalluake  sin(Faf1) | cos(FolD) | {an(Faliw)
 Subion

We have: § o
Csin () = sn Bolig +40/12) = sim(nfu+0iz)=

= sln (n9) o5 (n(?) +sino(3) cos(a/) =

I S N B S Y (E3 )0

*> 4 2 % Y

cos(FallD) = cos(3nl1a44nl1a) = cos(r[ttnlz)=
= cos(n) cos(a(B) -sin(ale) smlafm=
=J§ ‘ _\ﬁl (3 __,,@((-'ﬁ>
% % 9. 9 Y
| ,, o Taul)
 lan(Anlie) = STl _ 4 At
os(al)  @BU-13) -
(W .4

(-F)GrE)

CtB e () . AHaB43 _ 4eals

\

B LS (') I £ -9,
=-9-13.
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D She et
Sin(o-b) Sl (ﬂ—f)

4 + Si“(("“’“) =0
Sina b Sinbsiuc  stecsima
Solibon
(J.)Q lno ‘k\a}: e
A= §m(a~%) Swa( ) T sin(c-o) -
Siva ik Sth>5ML

B SMC.S(Vl&.. » :
s{n (OL"Q’))SlV\C —{-Sm(@ (.7 Sina 1 sin (C a) SMQD

Sina ,SMA. Slne

\K

o
ond oo dhabe

Sw\(Q Qp) sinC ¢ Sm C) Siva. =

[Smo. (&) Qo"‘SM%CoSa-X Snc + [SM@ 5 C. =S5l cM@lSu«&*

S coa%;mc S(Mgo CoS O SnC +$tv\%§os CsSinau—smg Cos@z Slua =
S\V\Q':a cosC Stnma — $(m£¢ cosa SiunC =

Sl\/l& [S(MQ (osC - SW\CC&9§Q1—- SMQD S‘V\(Q" L)
= SW;@Y_ sinCe- OQ] "',"S!V)(C-Q.)SMQ -

)
- 5(4/\(\1 Qo) S 4+ s (@. C) smo,. 4 9\\0((.-0) SM@ =0 "'7

Sina s smc

\!
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Q) Sm #»mt

Clanla-b) Ham (Z’) c) ‘LLQMCC 0-) {am(a-—bﬂam(@ C)'l-ou(c-

 Sofen
Defme  x=a-L /\«6-9: C,A% o OMJL. V\o{'t J;Lai

x+«é¥‘t-(a DEB-O+(c-a)= ath4b-ctca=0=
= &= -X-

oud  theefore |

A- Low (a- @)#'Luw( -0 ‘r%oun C('Q) chw.xnucaméjr{aw%
jcw\k'k qu\vué)ir {:qm (-x ) = {wx#{m%—{:qm (K+i6>——, o
*{amX#l:&wé—- %Q”\X\Lé&"\‘,’\ = o |

'L Jcavx\c {:a‘qé R
uamd- LwQ (& Lanx Icamo U:Qh)( t 11-“1(43) -

Gw %wm(i jrnMxLOM‘& D -
| A_ {mx&u%
*‘-@ca\ax k’nv\éj 4—""“’*{”@5‘“% = — tuw}( Ewug jmm()('\'@ o
{- l:mnxlzo W%,

= taux %au«é Law (~x- %_) = {o.mx ché Jcam% = N R

z Jcam(& Qaﬂ:&m(@ cﬂ-\m(c o) = B
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o qu’X-\— sint (xt2n(3)+ sm‘?—(anfzi) ’%/Z
o SOMM o
Sm[xw\n ’z) = Sin me —ql3) = - Sth(x nl %) -

= - LS,_E,V\X co‘sw(o“(%):cosx, S CO‘{;)‘]T',, B
cosx sin(n3) - sinx os(al)=

(.B[i).wcwx—, (L) simx .

n

Al

,owi

(><+Hn[3)~ Siv. (xmw(%) = - in (xm )
| Lﬂnx cos(n(?) + cosy Sm((n]1=
== Sinx cos((@)= cosx sin(n(B=

| -~ (YD) siny - (V3/2) cosx
So ‘l EOQQM,JS ‘M/lut

A = i s (xfin{%) § sind (an{%) =

sinfy + [(13/2) cosxc 1~ - 2 L(13/2) cos }[(1/2) sinxe 14 [ (U2)sinyc]™
+ [(03/2) conc 12 + 2 [(13(9) conc I ()i ] + [ (1) simx [

Sintx + 2{(\5/@ Cosxlq‘+2 [(l 2) S(V\XIQ

sin?% + 9 (3/4) cos?x +%-(Q)simIx

U s 12 sinty + (3/2) costx = (3/2) siu®x 4 77/%) Costx

= (3/2) (Sin?x + costx) = 3/a.

i

"

\l

sintxk (B cosx — (Uadsime]®+ [=( g sunx - (17/2) msx]



EXERCISES

(D Show Haat B
o) Sin (oAQ-) S (Qfﬂ) = sinle - $'M7'2 ,
D cos (arl) cosla-8) = cos? o-5intl
O sivi (a-8) cosd +sinlcos (@-8) = sina
D) cos (a48) cosla-8) - sinlatd)sinla- @) = <os(2q)
&) 9 sin(a+4) - tana + lanld
Cos (@l B) + cos (a-@) | -
) sinla-0) + sin(b-9 + sinlc-ad _ o

cosa Cosl cosf CosC Cosye - Cosa
3) sinla-0) | sin(h-9 | sin(c-a) | o
Sina sink sh@g, Sivic Sinc-sina

h) {qu‘(ﬁa)“)“llﬂi(a,—) _ tanl) tan(30)
{-lan? Qo) tanZ(a)
D asxscobadgdpen(e o

Pt ot (i) ot (50« 4

@ Coﬁwﬁa«k I’Lei-krféémowc{:iq vmwzzers s‘imx,

s K, {mmx, COL)C gor
Q) x=1/l2 ) x= sulia

@ \? cos (a18) = Cosac@s.a, show ‘-H/.qjc
sin?(ai18) = Csinatsind)®
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| Yiofte ideditie

ol Ln%omo\ne.xrzc Mumﬁeh

°ThejcmbovwweLm,Muchr> of 9a LQ!!M) oP %Q o

| 6in(%e) = Lsiua cosan

tau (1) = 9ana

1 Cos (9-&)=C°Sq"0v'$mq'°\'

=9csta -1 |

ot (20) = sotta-{

1 Iv; iwms oe

cos(Qar) -

14

| Sinta= { - cog(%2q)
9

{-{avta |

Yt |

Lanto - §-cos(9a)

L ,,,Co&,ﬂ,&- =

heos@a) |
9.

| ,co£?r.q.= {{ cos(9a)

At cos(gq)

 decos(aw H

— IMMCc‘.S‘Qit Conseauen 0‘9’ cos(90) = Lcosta - £=if,_ﬂsim?g.A,,,,_,,,,H

o T Lerws of  Lou (o/2)

- Jsnas _ anley2

{+dan?(a/2)

l, e = A éﬂw (o./ 9)

- vaﬂ- (a/a)

| Cesa = 4- jc’-Me’( o/9)

CoLQt‘:- &/éuwa‘(.-&[ﬁ)

 Sdauleja)
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 Feod o oWl idedkbe

Sivzce 4 = &Hmﬁ'o. =>  Cos?Q - i

~ coste. o {4 fando.

i o ks

sino. = Asinalg) cosloja)= 9 Siulo/ ) cos? (afg) =

~ cos(o/a)

=91tan CQ/‘L) i | ) ?‘jﬁum(a/q)

H{omq‘ (a/i) 4 ‘f‘{ an? (Q/ )

_aud

_ Cova =9.c05?‘60-/4\)~&:9. A — i =
Mo ala)

,, o 9\“@— s Cu/@)» M {qu'[o.’[é)ww , S

ltlavt(af®) {+lou? (al2)

= {-'lqv‘q’ (Q/Q)

{+ian? (/2

< e

; lavia = _Sina

N A on?Gle) /

B (Al )

s iedete/9 ) _ a0
o [ Adan®las9) >  Adanblale)

,‘ COLQ;COS& N\ VV‘;{}-L@M?-‘(@/‘@) S

Sinew ( _4taulo/ - 9tanlo/g)
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o Do idoutidi et (% (}«x) = -l sin® o 4 Bsivie.

vool

Sin(30) = Sin(a4%e) = Sine. cos (2a) 4 51 (22) cosa =
= $ina C&“‘Q&VIQCO"‘(QSM Q,,Qo}@), Cosa=
= sina (1=2sin2a) + 2 sine (L —sinia)

cos(Ba)= Y costo —%coso

= siwa—9sin?a + Lsiva — Lsinca =

= (=2-)sinto - (L4 sima = = bsinZa + Fgjna
a1 cL

s @)= siv (W9 -20) = (Dein (Renlg ~30) = -siv (30)2-20)

, = ~sim (3ln/2~aD) = = [-Y5? (nig <o) 43sin (/g-a)]
,,,,, = ~[ "‘HCOS(5O\+%COSQ—]= Yeos?a %0500

 These V,s'«iem%i%ﬁsﬁ Qi QQ,UL)&(‘.%QMAL yf.e,,,wjod%onovne}h‘c_.

C ideabiies for vorious .nmoéﬂek m,iwo&, cos(0/2)=0 a5 o
anrxm%) Vo,ix{, Whida i3 dhowi %eowekicom i 717\2,_
{Y;aoovxowelcvtc_ CmQL ©

“nle o) AW,%Qe_ aly

otz el

. 1to

—

9. g,
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awd  whlivo @

 From Eqld wik Cq.()
 cos(al)= (1 S S \f{

V2 7 4

LI‘(awbgﬂ;.,.,.wew.,,;can show  sivln/t) = \5./ 9

Q’\) AVNXQQ TI/(D

[3)

| Le{ X ”;4 Cos(ﬂ/@ Oan l/)aj R\Oi

4 cos?(n/6) ~ B cos (rilb) = cos (nfad & ‘(ixg 3><k 0 (~> |

& X=0 \9x-{3=0 VQHB o&:.

e x%)=0 & x(x-B)axdB) =0

Since  x=cos(/f)>0 , fJ( Qvﬁﬁ wz,,,,,ﬁ,,%om Eq (L) ‘H«a't

s (al6)= 3/9

ALQ

Sin? ()€) = L —cos? (nfe) = |- (FB/)*= 4 (3/4) = 4[4 =

= si(nf6) = /g \/ sinln/e) =-Vfa

sz g (Beane sialnfe)>0)

) Ao,fz n/%}

Cos ( n/ ’6) :,_,_C,,,,QS?, (n/6) = Sin® .(Q[(z),:—-. ) (@/2)3 (A,/,z), Q—

=300 - (1O = 9J4 = g
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EXAMPLES ) o

Q) Evaluote Sin (Fa12) aud o L)

o Solubon
 We have
Sin. ( 1n/12) = sin CC 949 /1g) = Sm(ﬂ “7(!}\9—) = -an(%
| - 4 - cos (5n/6) __v\/i cos (n-n/6) S
Sall aqo n/ag ) S

\/V’Hcos(—ﬂ/é) - \/ Mcos(ﬂ/O , |
%

A EGe o [er - -lerE
GuoL

| %w(%/&:\/&“mgﬂm | :\/{—cos(n—ﬂ/%) = |
{§ cos Bnly) Ycos Cicnf)

—

\[’HQOS( niv)  _ / Atceos(nf4) -
- cos(=nl4) 1= s (n/g)

o i e
V&ﬁ/a V 9-fa ¥ (2-@)(29)

- _= 9\”& ‘.“ Q,LJ@ : I

VeEomr Jy-n @
()

g
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D) Sheo et o b Gue)t

Solubion

- Since

 cosZ(pl8) = ¥ c°s(n’/§)w; L+ (12/2) :.?jf__ _;7 A

9 g 4
© st = @t _ 9%9.907 +()® | 4 t4a +2
. ol L |
. biule _ 3+afe
e 8

cos2 (3n/8) = LHcos (Bnf0 _ Atcos(n-n/) _ 4-cos(nl0 _
N 2
- ﬁ.”CoS(ﬂf‘O - 1 - (@/17 N 9 - (2 =
o e 9 |
9 cos (30(8) = (9-@" _ 9*-9.9f+(@®" _ 4-43 +3
| e e {6
. b-4 _ 2-9]
l6 g

i bl bk

A= cost (n(8)+ cm,‘“‘(%n/%) = %4'%@ 4_ %-902 ‘;
8 8

L34E3-2l b L3 Lp
Y

a—

8 | 8
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) Show Jat  sin(B)  os() g
Solubion

, De \/\a\'e—'-; o o

b SnlBa) | cos(30) - _sin(Ba)coso — sinoccos (3a)

Stna. Coso. - Smogese.

- S{ﬂ(%q—Q) - S(‘v\(%j | = igmaCQSO\ _ ‘Z =8

Sma_Cose.  Suma (evo. 5“!4_&9\ cosa

D Show ek ow (/6 ro)dan (nfl-) = _Lcos(@a)- 4
 Geos@atl

SoiMJF‘Om -
We hover |
| A Jcaua (/6 $a) ton (nlt —o)= I
| Fan(nl6) +avo . Lou (ﬂ/(:)*Lqm\x =
1-Lan@l6) fonae At M/t
- J(uni(ﬂ[él*-l-ma?‘& - (UV3)*— Lanto, -
i'- (:uma(ﬂlﬁ{nmq‘k - U/ﬁ)q"hhqf‘% )
(l/?) - fonta - 1.‘3‘&&\47‘&
1- (‘[3)1@&%‘2'& %f‘tuvx?—a,
_ 1* (oS (‘ia) ; )
- b3 14 cos (20) _ (H’COY(Q&)\) - .7;(1- cos (20))

H

1

i

e i -

5 d-ws(@)  3(tesle) - (locoslaa)

ii" cos (%.0)




Gcos(20) -9 _

% | l+Cos(Qa) "7> 4 gCOS (io.)k .
3 4%co5(9a) - A+ co5(22)
- ?\[9‘ Cos(.%l)-'ﬂh _ Ycos2) -1

9 1 %cos (@] Qcoy(gad¥A

Yot

63



64

EXERCISES

@ Find Jhe lvizouomzsn‘t_ tapmbers for e
go@owimé , | amzﬂsr
o) X=n/g =22.6°
8) x=n/i9 = 45°
Q) X=95n/19 = F5°

@ Use e ?rcw'ous &QSu,Q{s 1o show Hat
Q) cos'(nl8) +cost (Zn[e) = 3/4
%) (1 ¥ cos (n/@))(L 1 cos (%!/9)) (At cos (Sn/8))
x CLtcos(Fnle) = 1/8

@ Skow *Hao:.{ g
o) cos (¢a) = léwsga -90 COSZQ. +Geosa
@) Co5s Cﬂ/lO) = 4 fii) + 2[?

4
A cos(nls)y- 4 (s +1)
4

@ Show Hhat
) sin(la) - lana . @ Licol%a _ 1
At cos(9a) ” 9 cole S (2q)
@) sin(4a) - olba ) ol?adl _ 4
- cos(3a) col?aq -1 cos(2a)

c) Cos‘*a—, sin“ a = cos (2e)
| A.) Cotov— [:oma: Q.Co{(,ﬂq)



@ Show ‘“ﬂﬂ.’L

@Q {om(__rs__,q); Cos(2a)
A Lisina

A Ces‘l(_%__&‘) *siw‘l(_%__.a) = s?h&ia)

A lan (LZ’__ + q,\) ~lon (.Bq_. - a> =% ton(2a)

) Cosat Sina _ Cosa-Stma . 9tan(2a)

Cova~Sivia Cosen £ STq

e) 1-— cos (2o) 1 5tu (20) - LUMCL
 fcos (_ﬁa) Fsin(20)

B\ cobadl  _  cos(2)

wla-] 1 —sin(2a

(9 Show Ik
Q) 3-Ycoslo FCosla = 8 sinta
%) 2 _ _sin(2a)

(1-”:.0\1401,)(1.-}&:"&) ifSi'n(Q.a,)

) tanx ¢ _ 3 g{um)_(___[‘_u‘»
an Cosx <9-4q>

d) th(‘“‘gﬂ )____ sivatsind,

Cos ot cosf
e) sinlfa) {-coslw) - [an(
i«cos (ia) CoSo ( 9~>

) tawm LI l:n'/' n__ - 9.cos(ge) - 4
| S (6 ) 9 cos (2o)11
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@) SO sl g

@ Sl""h’ -l'ko:l' o eoy (‘La") o ('-to‘) co) (Go") o (,60") =1

O Show Jka:l'

St Cosoo

) BeomtesB0 oot

, 35(\(\0\ Sth(_?q.

A b sina .- silq( ia) sin (,_.,_. q) S_m(.%t) N

Q) s rsina o cba

oS’ e - Cos(%«.)

) U sinta cos3a + Lfc.oﬁﬁ. Sm?m. Zsuq (,Qq.)
) _CosPe - cos (%) + Sin *“'S'V’CZ?:?, =3,

Cosa Slvm.

(Hind - Pse sin(2) = Lainxcosx) | 16

@ Chow thal

D sin(2) o (ks For aznlto, soke
lo

$ivl (9&):5}“" ("/9.-3,&))., D

&) SM( ) 14{s E k.

A Jcam( } m.(’:n) lan(? )-l—’mn( ) g

(“m‘[’ Swuld\ 'lo Sin , Cos abuL kec‘-uce_ {‘o
9/sinCalte) — a[sin(%a /()
whidh  can Qe cvaﬂualecl. vieL Cﬁ.l,(_@))



¥ froduch - Sum _idenkiligs

P Produd to Suwm

2 Sin‘OLCOSQ: = Sin (a-6) rsinlatd)
9 cosaCos% = Cosla-B)+ cos (o)
Asinasinb=cos Ca-£)—coglantl) | (D

L—)T]ncsc. afre immeol,im\-e COwSU{ueVla.s oQ -I"te
afl io\enh%‘es.

B> SUW\ '}0 Pro{uc'&

Sin&i%mg = Q-SM( 0.:;-‘@ ) COS(Q;;Q,)
Cosa } cosh = ‘icos(ﬂﬁ@ ) c°5<&»ﬂ )
Cosa—cos = ﬁ};n(aw, )gm(@ a) (e

lanatiand = _Sin (Oié)
Cosoncosl

colot cobl = Sin(bra) (11D
sine sink

. Nol& ‘H'lml.‘-
L+ sina = sin(A/2) £ sino. =
sina £ Cos b = Sinau + Smcf)/l Q,) - ...
At cosa = Lces? (ad) , A-cosa < Q.smq{aj@
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 LYAWLES
Q) Shaw deet Sk sin(30 559 _ daun(z
ot os(Bt s (k)
0 Solukes.
We hove:

Ao Sinxt §WL(7))O + N (Sx) /‘ [>mx+ SM(%)} WLWSM(%»’)

Xt Cos B e (50 [cot oo+ cos(3

_ iSm( i jCos(“ X >+$u«(77x> ___
92 c.o)()({'?)( )Ccs( X-5X ) 4 cos(3%)

2 5in (%c) NS(%OJr sin(3:) : 9!"\(77@{_9.(0;(@)“1 -

9. cos (Zx) cos(95) + cos(3) Cos (%x) [.9~ Qo&(?@ﬂ]
= M = ‘(:w(%x) =B

cos(%x)
8) Show thot  sin(2) $cos(8y) = Lsim| 11 _jfm)cos (.B__.,
' ‘OQMHOV! i * ’7‘4
h)e ‘/]QV@.

A= sin(2x) +Co§(91() = Siv (iz()—} Sin (.n/g, Qx) =
< %m(zzir(nla 5»<)> Cos (ix (n/g.- 9@)

,15 (in—n/i 9)< cos(ﬁx n/‘HSX ):
| K

fx

)

N
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| C) 5Low 'Hmi Sm(’%x) cos (8x) — sm(%c) coS(é)O =- sm(?@@;[?@
oQﬂ.‘hDW
. Dc ‘nwre -
A= sin(39) cos(Sx) S;n(Sz) Cos(Gx) =
Q)Y,Sm (B4 8x) 4 sin (B~ 3%] (/9- [9m(91<+(>)<7+5m (Sx- Gx)]
,_C [2) Csin (%) = sin(5) | = (2 (_SMUQ’SIM\C]
=D L sin (Ux) = sin(5x) = sttt £simx |
= ([/i)ISWIX - SM(( )1 = (o) Esm y 4sin (-6 | =
- in [ X+ (%) o -G
= () )‘is‘n( - )c 5(_&_%_9_,)

= 51 (-2 <05 (30) = =sin (8 005 (30§
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_EXERCGSes

@ mhk '}112. ?o Mlﬂ% e.xpvesssohs ay o Sum
or J.!“ﬂrcnw S
@) lam @) cora. O cos(§a)cos(Fa)
0) 2sinaces(4) ) sima-sin(za)

@ Evaluale tue Sollowi "d expressiohs:
o) %cos £0°.5in30° () cos(150®) cos(30®)
@) sinliS® cos79° ) 25in(36°) cos (64°)

@ Faclor ~H\¢ youowmg expressmus |
&) sm(Ua) tsina . £) sin(30+ sin (7 35in (109
6) sin(F)-s5in(sa) @) cosatlcos(2a) cos(3ad
A cos(sa) -cosla) W) cos(Fa)- cos (Sa) + cos(Za)
d) cos(3x) tcos(5x)  ~cosa

e) sinx-sindx+sin3x)

1) Show Wal

) cos (3a) - cos (So) = {ah (4a)
Sin(5a)-sin(3)
2) sin(20) +5n(38) co{'(_a)
05 (2a) - cos(3a)
) Los(fa)-cos(4a) _ lay (2a)
Sin (4a) =5 (%a)




d) Cosla) - 3o oy (Lo
. . 9.
Sival — sin (4 ,
e) Simlla) +5im(Sa’ ~5ina _ ltau (9a)

o5 (20 £ oS (Sq) } Cosa
§) sina tsin3a +sinsSad sinfa _ lan (L)

| oSt Cos3a + Cos Sa+ cosfo
%) Siot 4 sink  _ kah(a{'ﬂ; )
cosa t Cos Q 2
I cos (Sadcos(2a) - cos (4a) cos(3a) « — sinla sina
1) sinlla) cos & - sin(3a? cos (200 = Sina cosLa

@ S‘aow ‘hnq_t
) Cosatcos8)? +(sina-sin®)? = Ucodd ((atl )
A

B Cosatcos+ (simatsind)? = 4 cos? (a-8)
q.

c) (COSQ - COSQ))i'} C&ihq- 9mﬁ)2‘: 4 5;.,,1 C ov-ﬂi ) -
9

d) Sinlatl)sm(a-0) _ {qp2a-Lontld
costo costf |

e) cosatcos 94 cos3ax Co5(2a)sin(3al2)
sin(a/2)
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PRE4: Trigonometric equations and inequalities
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TRlGonoMETRAIC EQUATIONS AND INEQUALLTIES

¥ Tnverse {rfg.owome,{ric Cunclions

0 Tnverse sinve Arc&mx & % ,X’=-$um6
“n/iéasnli
Doman: A [-4 1] -
" Range: P(A)-L-n/2 /2]
9) Tnverse cosive - 3: Arcco;xé:D 3 X = Cosct

Sin 0$«a£,n
— 5 cos Vomain: A-[-1,1]
K Ry © Qm (o ﬂ

3) Taverse Hmo,,cwl: &% Archany é)%x = {qmé
-nfg. <y <nfe |

lan

“oma\m A = ( oo ioo)

. Vwmﬁe. Q(A) [ﬂ/i ﬂ/i)

A
-
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Ln Invevse, (olaw{a’ewk : '5: Avtcofx@ 3 X = CO{‘%<

G 0(3(“
> Co"-
Dowainn: A= (-0  {os)
p Cod Koun%e.: g(A)’-(Otﬂ) '
|

}—’ B‘a definclion, it follows Haat

sin (Avesink) =x |, ¥xel-1,03
Cos (Arccosx) =% ,¥xel-t 1]
(:an CAY’C"QV\X)“-’-X ? VXG 1
cot (Avccotx)=x , YxeR

and

Avcsin (sinx) = x , ¥xeL-nje n/2]
ArCCos chx? =X VKG'LO:W:‘

Arclaun (kamx) =% , ¥x e (~n/2 LT/2D
Avccot Ceolxd) =% |, ¥xe Co,1) |
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V Fumolo.menlal Th‘gonomdrio Equq{iowi

@ Sinx = 0. | & Ssinx =91v1,Q wi,Un ﬁ:-AvcsM(cO

> We assume lal <. o
__f’i:" SoQ.a;ionS:

?

—
5-4/./_- ....\5\@ £ |, n-4¢
I& - > Inth , 3n-§

\‘J bni@ , Sn-@’

X= ﬁkn-}@ Vx=(%in-4

@ Cosx=o. | & (osX = cos0 wilh; £= Arccos&

# We assume lal €4

‘ 900ﬂ.ll'0n):
é g 0
cos  an+d  9a-{
4rit 4n-4

x=9kn + 1
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@ tanx=0a | €9 tanx= Eo«u!& with £ = Arckan@)

> Assume aclh.

Solutions
6 nl
2ntk  3n4l
b+ 4 Sn+d

1 X= KT 'Hg

(Ol')(:o..

&) CoLx = Co’:@ w’h» 8- A\rccA- (a0

P Assume. aclf

— ot Soluliowns
¢ ) n¢d |
s 2a+f %4k

n+é

/ Untl Sa+ld

x=kntd
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i) Q=0 SiviIx = O &) X =KI]
| Cosx =0 €) X=Kn rr/e

9) a=) stix=1 € X =9kn +01/2
(Cosx=1 & X=2Kn

7)) a=-1 simx=-1& x= 94«!"1‘!11
cosx = - 149 X= (24 4) n

}—‘ Foyms reducible +o Fum‘-,cimem%d

'ITHGBOHO e Ln’c. e,qu od:iows

) Forms : sinf ) = Smacﬂ
os® ) = Co&%(x)

Lanf = Lay %Cx)
Cot Q (x) = Col: %Cx)

[XAMPLES

Q) is&n(3x+__) 1= 0@)5m(3x+ ) sm.’l_.@

& Px+ N - 2knr YV 3xg N (ikﬂ)ﬂ-.2..-
2 2 | 6 <

6

3<%+ P _ 0 V3x= Qerdn-n__ 0

6 2

6 %
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& 3x= ixn-_z_ Vax = (aktDu -1 _ &

kN
& X=2kn _n Vx=(xtOu _ N
% (8 % 6

1) Forms: Sin (Q(X)) = Co$ (36:))
%an(? (x)) = Co‘:(%(x))

We use 'l’qu Coguncktﬂn identilies {o reduce o e
vaious Qonm:

sin (x) = cos (n/?--x)
cos (¥ = sim (a/2 -xD

EXAMPLE

sin (n-92x) - cos(x+ nlQ) = O <=
@ s (-2x) = cos (x+r/I &
& cos (f2-n+2x) = cos (xtnly) ©
& cos (9x-nl2)=cos(x+n/4) &
@ Ix-n/e2=Ikn+x+n/y Vax-nlg = 9ka -x-nfu &
& 8x-9n= Bkn +4x +n\/‘3x—9_n =8kn-~4x—-n
&2 Ux= Bkn +%n Vigx = 8xa +n

& x=92Kn + 20 Vx= 2kn + 0
| H % 19,
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Dl [l snlyd |
| ,,.%m,(,?ﬁd)f-’—w_,'t}c,o..w,L%LX))ww S

e we the b bt sin bou ot are ofd o

e, Swm (ﬂ(): - %iuX OMA. ) {aw(*l)=~hmxowé~ Coh(.*‘ﬁ) = CDLX.,.,

. 4 ?\emavk o

Fovr Qﬂu.oqkm,& : com&&imin% l«Q\fM& 02 {’Lne %’-"YM , wat @(KD ov CO&GZU‘D
we Juroduce e goﬂowiw% restrickions ond weed Lo ve‘secs&
solubions 4hek Vielale fhere vestricions

 Tor ch(%(‘é)) & F»eq‘uire %(X)%%eﬂ:l n/% @Hﬁ | ké7[-

~ For cot C%(Kﬂ Hp&eqm\re ,«a(x).—% kn  with kKeZ

The Process gor QVXOVdug Suda miﬁciim),,i) QY ,&Qﬂowi

® SOQV'M%” *I'L\e, . OYi;iwo-Q equakﬂwn ‘%i,\"ﬁ o ,
=40 V Xg:}a(K)V*'-VX=¥m(K) with KeZ. A
Lhtch maé lv;cfzu&e V scﬁuhms } H‘a{ h%A- Jco QQ, ‘ VCjECkL o

(AM\A weo ’Qo)) og %w.zmgjs’%;, CO*GSiAfQYY ,%‘ae e n=1
whoe we lhave | | |

| x=,9u<) with kel D
° Givew a.kesjcr,ic¥iow ‘()()‘%kn +9/9 sofve:
=kntn/ae x=6c
;bo aaey{ =000 wih kel , We yequie
VAeZ: w4 G
Jthwgort, we 501&.: o
Jo-60 e -~ M-
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l/Je Vi’ 64 OM SoQu:Mg X = ?(K) ?of w\am‘a /\(V-) el
- We QccepJC QQQ 50%!”13 th) por which A[K éZ R
oy [e worlke SWNQW% er au \-esm,kouo d He {)o/m
| (x) %Kﬂ . om& proces oﬁ% n’)jrricbovo Yﬁjedwzé
dofubions @5 heeded. -

CEXAMRLE

Lan(3) + Lqu =0
Requive % X7 knenfa oo %x% Kneng
Y4 nin/e L x# Knz+0f
e have:

B ten(y) = Oé——) 1CUM @x) ~fanx & tan(B) = dawr (X
e V= kh-x & Ixix= Kl & x=kne x=knf4.
o) Ve oply xFknro/y

Y5 I PP S (S VU
I 9 % ﬁ

%)yi\f- k L U

Y 9. Y

,‘UQ \reﬁeujt X= Kﬁ/‘i yov lﬂel $uci4 ‘k\m{ K- 9. s MuﬂgpQL g ('
T’m; e Femove: % § / lﬁéz.i\l( LtA‘l’ig

Q) Le oy xdra[ztale o
Sellve Kﬂ% + L i[ﬁn )6“3 o

Y 6
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CPea = Wn 90 &5 k= kA o W9

G

,.we_ ’br\u) Pejetj( soQ/anom X= kn/‘t WLQV! 31("9- > o mu&pﬂe

R CQWWLQY Jc\ne,, o)stQ Qz[:{,e,y K= ng ) = (1;1“ k= LtA*?.ﬂ

s o e Nl bl - Whe wih dez
B Sowhoms are aQreo.Lb Fe}cM S

| - For k= (’lg

B 3(48) - g - qm\) W - 43002 =
=D Be-9 VtoLwVvl\J/(?JPfQL..Of 4
CFor W=Ydel: |
Dy-9 = %(qﬂm 2* "t(%\) +?7 a %%\345»»7
= -9 V!o’L vnuus()it, oL 4.
- For = L(ﬁ%}

2403 (W) -9- 4N 2= 4B 4T 4BIDIZS

= Dp-% hdk lMuU:QL OXLf

1 9 fzgow; 4{. % ho Qﬂitj'mwaﬁ SOQM{?OQ V&eﬂ; ’Lo Q’£ *C‘)tj-el

T‘\e 50@;/\{70«45 'H'm{ are.  acep }%i ore:
C$=Safq | Ae A (ie- Lm/z eV =tdez)d
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) Fom - Jcor (R = - cos(z)m) )

& cos (i) = cos (g () - ele.

cos (Bx ~nf0) 4 cos (20[3 -9x)=0 &> cos(%x~n[4)= - cos (2n/3-9x)
& cos(Bx-al4) = cos (n44n)3-9x)&)
© cos(Fx-alQ = o5 (50f3 -2V
& I -nlt=9%n F (nl3- 9x) V3y-al4 = 9un- (Sn/? Ix) &
e xtx= Wat Snl3 rafa VIxvonly = un -50[349x e
© Sx=2en+ G1430n V/B-9x = Qunt nly -50/2 &
[0

&) 9)(,94(0.[_ 93” v = Q\WO‘\‘ QJH "‘ngﬂ =
2 | 2

&) X= JKko 4,‘15” V x=2n - ‘7’“
5 co 19.
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| }—5 Ik o possifle Lo have equalions Hhal require @
comﬂ)iua:‘n‘ovx og ,l’eolam'o[ucs -Cmm J&;Q ‘eorms a.@ove,

EXAMPLE

tam GBx) +cot(2) =0 (0
ﬂ\ea[ulre:% 2x £ Katnlz é—.)i )Kf [f: 1t @

]
Ix 4 ko X4 Kk 2

1

(l](c) %qu (3)(7 = - Co‘: (Qx) &) l:cm C%x) = ,Col: (—QX)(—’) |
& btan(zx) = tan (._gt_ - G-Qx))@) Lan(3x) = lam (_Z__Hx)

O Ix=Kn+N _+9%x x= k4 N _ (200
9 9 9

This Vl'olmj'(ﬁ condition (2) “\u) l’hc eciuql-iovx
 oloes \no{ have Qhé SoQtA?iow,
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- EXERQSES

@ Sollve Me -?o lﬂouimg e@lu,a,l:foh;
a) sin(%q__%__)-_sin(x—-%)
&) taw?x = tan (?x+;.'_;__.)

:,Yc) Co$9.,>c ~cos(x/D=0
) tan(ax+ )= cod (n-%0

) sin (n-9x) - cos(xtnfu) =0
£) cos (n/646x) +sin (-3x) =0
8) o5 (Zx-nl4) tcos(2nf3-9%x) <0
) tan (x-n/3) = ot (2x)
i) sin?x+sinix =0,
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v Tvigohome{ric Equc&"ou} -1 uhkuowvl_
d

® Theje euc Qqua}wns of He Povim
¥(sim<)=-o ? taux)=o
$Cosxdz0  $leotx) =0
omnd ang (e Be SQQre.eL @g qu,xlﬂm.vg SuQs{(L(AiOVI.

EX AMPLES

) (34col)? =9 (24otxd. (O
Requive % # K.
Lek \é..?ﬁ—co{)( Thew
(M & g‘l 93 & 'g’* 93 =0 & %Cé—s)vo &
£ 3 oV'\é =¢ (1)
Nole Hiak
Y=0& Bicotx =0 & cobx = <3 & x =kn 4 Arecot(-%)
y=5 & Bicokx =5 € colx=92 9 x<kn +Arccot (2
Bohn Sof,u{-xovu avre accepkc\, Thus
e x=l<a+krcco{:’(‘»%) v xzkn+Arcco’cC9,)_

8) sin?x-YQsink=o ().

Lel y= simx . Then | |

(D@ 3’5 &3- 0 &) 13(5 4) =0 & 13(54)(13{9.) =0
Y= oné =9V lén-‘). (2

We Vnol-t Waat -
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‘é‘-’—OéQ SinX=0 &) X< K0

13*:9— &) sink =9 ®e— o solulions

=-2.69 sinx= -2 < Vo sp Lulioms.

Thws

()& x=kn.

L—? Nole Mial cince -1 €sinx €l aud -1 <cosx g1

sinX = o has Vo SO.QUA'('OVI w\am o>l or <-4,
\.E‘(ewtse, CoSX =0 \noq, Vie Sofu‘:l-iolq wl«.e,n'

o>\ o a<l-1.

EXERCULSE

, @ Sollve R\e ee:{u.al’ions‘
@) 3lanlyx -Yltaux ¢ L-0
8) 2costx =12 cosx+2
A Lsiulx + 12 = (413 ) sinx
) launlx - (14{Z) taux+I2 =0
e) UcosYx-3Fcosix +8=0
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V Trigonomelric Equations - Mulliple wnknowns

- |f possiﬂae, e We {vicbouomelric idenlities 1o
colver} ol Yermy inks Hhe same qmz‘)ﬂc and. the

Sawme Jcri%o no melric— P—u lnt." ion.

EXAMPLE

a) co3dx-smix =1 & |

= (1-25in2x) - (~lsin?x +3omx) = 1 &

& ~2sin?x + Usinx-3sinx =0 (1)

Lel w= stnx. Then

Ne -242 #Hﬁ"’ ~35: 0 & ‘lf’-—zgi-%g =0 &
& \é(q3i~i%~3)=o & ‘
© Y=o \/Luéq--21é~7; =0 (‘1)‘

Solve Ltéﬁ'—ﬁ-é-‘&:o : - -

A= (02— 4-4.(-D=4+48 =562 = 4. 13 =

o Xig (0205 | 4sd

u 4o

Thus :
(W& ]é:O vg: 1+L{I;_ vg: i”ﬂ? (2)
q,v

| Nole Wat
=06 SINK=0@E X =K | |
\é: Mi_é) SinXk = i‘*ﬂ—’; >j_4____‘V\o SOLU.‘HOVI$_
Y 4 |

Y= ______.i'm = sim%x4) x=%rn+Arcsin (1-‘53 )Vx = (.‘lK{-Dn—Avc;in(l -;r‘;)
1 ¢
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&) x= KnV‘tx:Qkat_%_éa) x=kn Yx= KQ‘) + N

R)\ Q.Sfﬂx } {;o.vzx = @ (p
Bhequire: x ¢ ka+n/2

() & %sinx 4 _SivX  _ 0 &9 Sinx (9.4- i ) =0
Cosx Cesx

&) SinX . 2cosx ¥l _ o & SinX (2cosxiV) =0
Co X

& StX =0 v 9.cosxyl=0 (2

’UC \no‘-e -H.;a.{i

Sinx =0 € X=Kf «— &,CCCPLCJ-

Yeosxtl=0& cosx = ....%,_: = -*Coi(._%_“) = Coj (ﬂ ‘*-%-)

&) Cosx = ,c,os,(ﬁﬂ )éz) x=9xn + 10
L] -[ 2
accep led..
Hoerelove -

(& x:t«n\/xzimi_%_. ‘

C‘—7 Tu\(nqu( LUMs «l'o" pmiuojts
v Y

Q) SinSx-sinPx = sinx &5 fL,sinC 9X*3X> cos(_.?i*_?_zf) = Sthx
9. p A

&) Lsink Cos Ux ~sivix = 0 &) Sux (QCos Y4c-1)=0 &
&) Sivix=0 V coslx = _.%’_:.: cos._%_.é‘-)

14
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I"’" Twm ‘Noc‘.uc‘s {o FUms

d) 5in(3x) sinx = _%:.@7

[Cos(‘éx~)<) Cos(?x{»x)] g &)

&) wslx-coslx =1e&) coslx-(2cos?2x —3)=1
&) cosIx -9 cos?Ix =0 &) CosZx (i- 2cosix) =0
&) Cos9x =0 V cos 2x :% = €COY __%... &

&) ix,kn+ Vik = 2kn + O 2 &

& x=X%¥n . n Vx=kot D _
9. 4
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EXERCLSES |

@ Solve {he -poﬁaowmg ,equdio‘hs’;

) Lsin?xi {3 cosxtlzo
B) siwlx-sin2x = 1/2
Q) Simix = sin?x
d) coslix + 2cosy =0
@) smix-~cosix =0

9 Lan(.i‘q_at;x)-},{gnw—i:,o
| 2) V2 taux = Qsinx

@ SO»QN | %c, Qo.@owwxg equodians *

(uan". ‘»'lu(n Sums +v ?roo(udg or vice Vﬁiié)

&) cosdx+Cosx = Sink +Sinlx

B sinx4sinixisindc<o

¢) LCosxtcostX+Cos%x =0
D) cosbx F5iv 9x = sindx —costx
@) Co5X-CoSTx = cosdxcosGx

) Qsinxsindx= L
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V S_peuaﬂ 4%}7:5 oe lti%omohscl‘n‘c. ;CQua{l‘otn}

?—'—) &SI +QCo$x =C (Liuear Trl'govmmeltic)
T‘uesc equql‘iohs; L-ave_ So‘Qu’riohy uLeh c@'*@"b CQ’
w\'lic‘\ can Qe. o@!mneA Qs FOﬂowS:

asinx +Bcosy = ) Sihx%-‘g’_.. cosx=_ ¢ )
o o

LCJC kavxw = .__ai__., . They
o
(1) & Sinx 4 tanw cosx = ..%: &)

&) Sinky SIMW  asxs € &
Cosw o

& SinkcCosw + Sinocosx = € Ccosw &)
o

& sin(x4w)= € cosw (9).
O
Let sind = € cosw . Then @& Sin (xtw) =sm
> & ... ele.
To defive 9 we require | Cc/a) coswl <4
Nole -an.{ <

! £ CoﬁbOl?' = _S.:z:.. c:osq'w = Cq' L =
% ' at a? i ttantw
- 2 <t L1

at {4+ (8/0% 2442
&9 6240% 7 2.
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EXAMPLE

Sinlx +13 coslix = V2 € sinlx+ tan(nfz) cosix =12
& sinlxcos (v/%) +siulnlz) cosUx = 12 cos (/) &
& sin(Ux+n/%) :Ji-(i/i):_f_z‘_: siv (L_)(:)

‘1

& Ux+nld:=9un4 ..‘?L_l__. Vixinls=(0tOn- 7 &
q

EOUx=%kn-~_0_Vux=(2x+0n-I0_
19 12

é-'—'))(:. 31 - n VX:-. (QK‘?Q” - Tn
2 4g 4 tg
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| %}—-) a.sm2x 4+ Bsinxcosx + ccosix =0 [ (Homo%ehtow)

, W’ Coyx =0 , Hhen 4vie eﬂua}fow 35\10.'5:
asinlx -o & sinx=6

which iW’PQies k«a{ sin?x 4 costx “—'O‘ié {e C-on'tmclic-}ion‘

e iay Hoove fore assume Jhal osx 0 atd divde

H«.e eQuqJ.on wnun (‘og'x o

a sivfx @ sinXcosx 4 ¢ x| &
costx

cos?x cos¥x
& atanlx ‘;‘Q{wa tc=06&).. elc.

)

oLSMq‘X 4 Qs:‘wx (0K 4 ccosixj%- d, (PsquoL0MO3eweou>)

- Can Qe veduced 4o l«omnzem,ous as Sollows :

oSin2x +8stnx cosx 4 ccostx = d (sin?x +Cos?x)&

& la-d) sinlx+ Bsinxcosx + (c-d) costx <0 & |
@ ... elc.

Exanrlie

sinkx +sindx +2cos?x = ..&. &2

& Sntx +%sinxcosx + Leostx = (1/2) (siv?y i cos?x)
; & ‘lsiyﬂ»x-t C[sinx cosx 4+ Ycosdy = 5a'n9x+cosix
&) Sn?x + Usinkcosx tDcosix = 0 &
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& lontx + ltanx + 3> 0 3 =
A-16-4-%2=16-12-4
=) ‘L’Qth ‘-1&_9‘ -

—

% { L ':-lan(ﬂ[‘l) %uﬂ(-nl‘l)
& x=KatArddan (-2) Vx= xn-nly
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(3!}—4 F (.‘:ol.VlXot Co9X, SiuxCosx 2 =0

el %,_ s5iix 3 cosx . Uhen
43?--.-_ Sihix-‘- QSInx(osx {-60525( = 9
= l+9-$m><cos>< = SlnXCosx‘:_‘a_:_i__ ,
9

Tt foltous Hat Fly, 3322 )=0& .- elc

EXAMPLE

SinK+ cosx = sinxcosx+i (D.

Lek Y= SingsCosx. Then
13"- (sinx +cosx)% = sin?yg {-Q.Smxcasm coslx =

= 14 25iuxcosk = Sinx cosx :,_B__‘L .
y

s, 1&,_'5%1__ 16 Wy =yl-1+26
& 13’*—23_+1:09 (3-&)"=o %9‘134.:0@) 5:1 |

& Sinxtcosx =149 sivx{ tan(nlY cosx = L &

& Sinxcos (n/) ¢ siv (Nf4) cosx = Cos (nfy)
£y stk +0l4) = stn (n/2-n1) @ sin (xinly) = sin (afy)

& x+nfy=9Kkn +nly V xin/y = (24 n~-nl4
& x=9«nV x=(k+On-n/9
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EXEACISES

(@ Solve the Sollowmy equations:

@) J6iux -3 cosx =3

Q) sinlx +1% coslix =12

€)Y x4 cosx =1

d) Qsinx +Dcosx =1 |
€)Y S¢indx -Bsinxcosx —Lcostx =0
£) costx+ Gsindx+3=0 |
@ sin?x +sindx —2cosix = 1/2
h) $inX Fcosx = L 4siex cosx

1) Lsinx +2cosx - Usiuxcosx =1
) 4 4 4 9T

$inx Cos X

_K)  Slnx ~Cosx +sinx cosx = 1.
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V SoQtinqL iv{gono’hz‘lﬁrfc eq.ua:}iam} in an t‘mkvva{‘

To )03\1& a ‘tri onoVnLJcn'c e‘{ﬂ-akon iv av 'W?levan,
(a,8) or (a,8T or [a,8) or [0,0] we work as
9oﬂow$-.

¢ Find the obememl sofutions iw ;cvms of ke
°oq chune Halt x Qeaon%s b e inlerval owd

dertve a CothPOhAtwé iwcqmﬂtﬁé ?or K

®3 Lisl Bﬂ( So;.QM{'ion} kaa.{ Sq{isfwé Jee i"eunb-&a -

for k.
EXAH?LE
tan (__%_.-}x)-——":an (._‘:-.’(__..X> =913 (L
Fiad afl solulions in the inlerval [Q'n]‘, M
Soludion . .
| We requi e

N oax RO+ % X+ Kn+lY

._fl.“_.....)c# Kn{-_%___. x 4 kn-nl4
q 2

Let 5:&.4;4. We uole Haat

H%’

i- {oua(,n/q) bounx i~ tawx 1“3

—

{:o\n(__g__fx): tan(n /) + taux _ 1+tanx _
q



—

tan (-?f —X):: Yan (a[Q@) -~ taux _ {-tanx _ i-y
L btan(a/y) ok A4 tanx {4 %

(Ve 3ty A8 9B s
i-y4 ilué
&> (143)1 “(i—g)iaaﬁ CL—\&)(HQ
& 14'9-343%*1"’9_16-—%9’ =9/J3 -~ ,59..«15
& Lﬂa, = 2{3% *CQ@)»‘@)
& (22 52+L¢3,~—9.Fa ~0&

@ B‘32+23’B:°§,;% =244

A-4-4{z.CH)=
Y E12= 16 = Y% o

= ‘él: ‘L - -2 ;-E Dr
253 K

= 9" = " = rgn
e 9{3 3 3
We wole that

, 13; -E@) tanx = —{% = -l:om(._%_)z {:am(:—g—-)@
& X= ki~ _.%__ « occepled

Oun(l.
- 13 } - V2 1 n n
=272 _ HtamnXX= 2 .= (N e X=KT1 —_—
5 D) 3 O (é)é—) + a

T
accephed .
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Now we reouire ot Xe[.O,II]:
a) For x=Kn+n/3:
O0<KN=-/3 <11 & 05k-1/3 A&
& L2 Kk<Y/2&) K=1
*\s(l( {5 an imkcbev)‘
Thus: x=t-nlz = Y9n/3
¢) For k= ku+n/t
o< wata/l Sne ofkil/lE<l &
& -1/ €k <S8/t & k=0
Thas x=0a4n/¢ =n/c.
Thus solubton set tn fo,n] is: S=3n/¢,%n/353
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" @ Solve

@ Solve

@ So.Qr e

@ Soﬁve
So.o.l'e

EXERCISES

the polﬂow:‘.n} equation in [-q,nl

cas (2x) +3cosx =0

sin(%%) +5m(5x)= sin (8x) in To,2n).

Licostx -BTcosix + 8=0 v (n/2,%a/2],

ostx + Usinx 13=0

1% cos X -3sinX =3

in (2n,30)

in L[n%al
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|4 Tn'%o nowmelric Imequa.ﬂu'hes

The solulion of Jm‘%omow.ehic Ilchuo.ﬁilies in ﬂne_
[o,2r] ivlerval can Be visuolized ow the
{vi%onome}ric civele . These SOLA‘!OW} o Yaen
@e %emmﬂi 2‘.‘4 Qg aidl’ué Qun ?0" sin or cos

and. “n Yor tan or col.

CEXAMPLES

a) 25tn (Bx-V) <1220 € sin(3x-1)> 2 &

D ——

7 |
& Sin (3x-1) > sihé_%_) &)

O ninlu$3x-1 £nt3aly

& Wwntalat L <3x < lentdaly+L

% f 114'3‘.‘(&4 > +1¢. i

(
3.
@ 2wn . N4 oy 2en | 30tY
3 e - T > 14




102

B) k(¢ n‘['ﬁ) < 9
Sog-u‘;iol/l

> Mvccot(@) trn < ><+;..('z_. {Ptenss -

& Avcao{:,(i) +Kﬂ-—%., \<)<< n4kh~ 2 &

e (Aot @034k <x < '%'ZL' tkn
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EXERCISES

@ Solre M;goﬂowing‘ in;(’(kuaﬂ;'{ies‘

a) sin (%) > Fi/i d) cot bx <f? -
B s (91 T3/2 @ colix £-13/2
O tamx 2B/3 ) {Tceesxgl

@ Solve W %o ﬂowmg in equa!l;he;

e sin(x~ulg)>0 ) %es(ax/sI<t
D cosIxin/B) <2 K Qs (xt0/p) -T2 %0
QA tan Gx-alt) <o O %s(x-nl3d>>-13

d) ot (x+n/2) €1 wm)3tan2¢-T3 <o

) lan (X/3) >13/3 W) ot (20403 Yo

9 sinlx+2n/2) > -1/ ©) len(x-0/) -1
) Hi<sin3x <VZ/9  p-Bfp<lanx<t
h) -12/5. <cos2x <ifs. P -13 <wt3x<4

1) %sinx +4>0
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PRES5: Application to Triangles
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APPLICATION To TRIANGLES

v ?lig‘n{ Trnfangfes,

A A A
C I A=90%« B+C=90°l
d *|A=80° at =% ?
o
A A-30° e Bct = At 1Bc?

I——v Hne,lrvmn!'o ﬂuae POr {fn‘a, Nﬁ&‘l"l‘ohfo

\@N& [o ypom'.le, sin9= ofp | tand : °PP_ |
o5 N hyp adj
Pt CosD = adi | cold= adj
adja cent l 1 hzr opp
SinB#,_ﬁ___: cos C @:qsisz icxc;;sf.
o C-acosB = asinC
Cos B = _C - sinC B=-ctauB =ccot G
* cxbeot B= llanc
lanB- € _otc T
c
cok B = Cﬂ; - tan C
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I—’» SOQVIVI% v.3\|{ {qu%ges

(:vwen A 90°   QuuL {wo o"'lel- eae.MUAS . wsu. B ——

ohe og ‘“46!’1 @an ,

a Su{o-, IL ) Pomﬂﬁa ')‘0

Calu&o.k all ohner efemendts 0? *HAQ. l'na.l/%.le

g QQQ.\MQ"II'S we wmean :

- a) the a?ﬁe«.-.A,e,c o

&) The sides: abec

- EXAMPLES

1) Hapolenusc + Amgﬁe

| GWCW ‘Bo : 59° A 90°  a=Y4.
C

b= AC< BCsin B = 4sin30° < 4- (L/a) =%
oot 0% = 4% -9%= [E-U4=1224.3=c= Qr'

C=30-8-86-%0 = 60°

9) Side + Angﬂe

Given : B=192  A=-90° 6 £ =3



3 C=00-8=980-15 =15°
| 152 P
A , ;
sinb=AC 3 . a-_ 2 @
&c o Sin [5°
Note Hat
sin*loe - L —cos%0° _ 1-13/s = 9*"'5 =>
2 9 4
= sinls® = V3-{3 (2)
9

From (1) and (D

Ol —

- bVve—13

2 - y
V2-13 Vo -3 9-J3

9
- 6Cat@d Va3 _ G(%Ti)\/g»{a e
(143)(2-5) 4~ |
6(2+i3)Ve-3 . (@

o

FYOIM (%) Qni Q’—B:

¢ qret- [ 9%
296(2+{2)2(2-30)~ 9 =30 @+22(4-%)-9

107

=36(2+13)-8 =914 (a4iZ2)-2]=9[72 +4i3 1=

= c= 3 F+ul3z
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%) Sidet Hypolere

 Given: A=90° , &=2\B,cﬁ?; R

%= at-c*= (W3 )*-%%=4.3-9 -

= lg-9=3=0-y

cosB= AP -2 _ %2 _ ces%0° = B=30°
LA S

C=%0-B=%p-%0 =¢go°

| i g‘¢e+g‘&e o

Given: A=90° ' Q>=" 6 ., =2 e

Q,q'-.-.Q,?'-(' ct - 69%-9.’5 =% +4 =thio = O.:Q.JT;

koﬂn 3= A'C - g - b = ?7"*”’7 B‘: Ard—avsﬁg)-
AR ¢ 9 |

C~%0-8=20- Arctan(3) .
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EXERQSES

@ Selve the Qeﬁﬂowtmzh'g‘ﬂ’c ihmagﬁv wr%‘ A=90°:

o) =2 , c=4
67 83600 ; o=9

c) B=uge @95
o) C=15° , =1

e) a=%Iz, 6=3
£ b-4+72 | o=16

I——) TO (—‘neck ]ﬁaur a.wsu)eﬁ e oo Cuﬁwﬂa_('vr ‘S‘o
(omp,'ym -“no:l- ‘Bour P‘QSUQ“) So- I'S% Houw?,!'delf
I‘J Cul'l'l'la . . '

~ AN_ sin/B-C
8 —C £05 (__E:__) - Sint (T)

a
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Y Geworal Triamgles

 ———-bBELE
Consider an arb: {""’3 4nan3¢¢ Aéc.

- a=9C

o« _ 5 |
sinC |

@D Law of sines o - -

| smA  sinp

Prood

> Bring e heigk AD will ApLBcC.

From AE!C. AD = AC- s5inC = §sin c o
A .
From ADP : AD=AB-SinPB=csinB ¢y

From Q) and (93: -
botnC=csmb=>_& -
| 5SmB  sinC
‘Sim;‘.ﬁqr‘% we ,,.%ILL' D S Q . O
SinA B

e e e prejedin L prove et

Qou.w oe (o Sines.
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:—> PYO}S&C‘LiOW @Qws L c:a@sﬁ +QJCO$A
CL‘JQCOS(;«PCCO&B
b-ccosAtacosC

?VDoQ

Case §: B /2 (acuke au%&)

, C > Srrnz uqe_ bl.-?.t'%[n‘: CD.LAB
m wih DeAB.
B ; A
D C

From Eac : BD= BC sB=oacesB, (1)
From C(BA: AD= ACcosA=bcsA @
From (1) and ():

c= AB = BD4AD = oxcosB 4+ Beos A

Case 2: B>nfq

c > Bh'm% He he.‘gkf L as
N “ S o
oL
D
B C A |
A . A o o
From BDC : BD=<=BC cos (CBD): o cos(N~-B) =
T —ocosh. )

From CSA : AD: AC cos A= B cos A («)
From (%) and (@0: ‘
c=Ap= AD-8BD= bcosh— (~ocosB) =
= oncosh $bcos A
p\epeaL al’}umzn{: Por dhe oHner fwo e,cluqft‘ons.
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,‘ @ Law o Q _CoSuhes
J o lcoesA= A% +ct-ol

lal=02:c?2-98ccosA | ~20c
CosB = C.Q“'l- 03 “gi

| 0%= cttal-%cacosB | o] CosB =
| c2- 02482948 cosC %ca
9.{. el _~ C.?‘

2ab

1 Cos C =

g4y ct=1 C Ccoy A to-cos @, +CC0~w$ﬁ+ﬂ>wsA) N o
=bccosA tabcosC +accosBibeccosA 00000

=94ccosA + (abcosCtocosB) =
2 98ccosAt alBcosCtecosB)

= 24&&C9$A4~& =
= a?2=0%4c?%_ %0c.cos A

K?'Pfalr argumevﬂ!‘ ?0*' Hne. ouver lwo ealua.('mn).f B
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I——) SchfVLoX qehzvaﬂ 4\’(‘&({2&&3
g0 &~

e [Je we me ,ch of sivtes when %;w,w:

o) 1 side +2 amgﬁeS

3) 9 S;‘A&S}; o.méf;g hoL .Q)ehuean #nm

We wse the faw of cosines when given

A % sides R o

&Y 9 sides -F,angfc Beltween them.

e (e olso mnole Mat for ang hionale oun ﬂé, A

5 "D 2 '

we bhare O<KA<n , aud uuaek_pore:
simA=x© A=Arcsin GO Y A= 1i- Aresiw (0
GsA=x & A14cho§(x7.

o When soﬂviw3 simnA=x we we e ?oﬂowiua

lnqv-%ﬂe, Pmpe&}*}o ,accepé or rejed’ Soﬁu"t'th-
a<b & A<

bse & B<e
c<o & C<A  ebc.

EXAMPLES

o) 9 Sl’o\cs + amo)le, wp(: .Qe}weuq J’Ltlm- (one Soﬂuhom)
Given: o=6,8=¢ , B=60°.
- Since - o _ 4 =
Sin A S nb
= sinA= @sinB  _ Ssinbo® _ G-([3/2) _ sV3
| @ | 6 ¢ 3

>
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=y AA:”Arcsiu.(Sr> V A R Arcs(m [g >~>

s Az yge VAxiso-w6=134.

Since  a <8 =y A<B 73 = AZ ‘lé" (om 80011.410'07

B =¢Co°:

- C=18o- A BZ 190 - 46~ éo~‘-1-‘t°

simC SW®
> c=BsmC . bsmI . g4
SinB . sinbo®
Thas: a=5  A24°
cXbbt CET4o,

| Q) % $:d¢s 4—ng9¢ ho{ @dw“ﬂl %em (2 Soﬂwlums)
G’l\(‘QVI A 3001 o= Q. ﬂ Z
g - _ 9 =

sin B SMA | L
o sinB - 4smA__3sin30° | 3-0/D) _ 3

o 9__ g_ i
= B Arcsm (3/4) = qeo v rg, = mo qe 132°

Cince 0L<@==D A<B =7 %0 <

Bt s0lution Fof G ore vaﬁi amu J‘«ere are
{‘wo yoﬁnﬂ'ﬁe 1-“0043125.
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) 4 sides } auale not between Yhem (no solidion?
G’l"tlﬂ : A:—ggo,u:?.lgse

@ - a_ =7
s Siv )\ |
- sinp= LsinA - 8smmbs® _q.02 _ 977 >4
e 9. 2 |

{:Lus Vo hmu%f@ 15 Possi.aﬁe-

d) 2 Sfeleg‘
Given a=13/a ,8-12/2, = (Z 12/ 4
Nobe Hiad -
o(’—:?;/t; owu{ .@2:9,/%‘1/1 and
ct- (lG+12)% _ 6+2a+2 _ 8443 _

16 L6 6
- 2+13 |
) L 2413 3
Cosh= QFrct-o® 2 4 o
2 c .12 V¢ +g
| & y
049403 -3 4403 _ 44(3 _
V2. (16 4§2) 24712 9+903

= 12 _ 1 _ cosbo® =3 A=6o°.
9 (4413) 2 ~
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47, 3 _ ¢
Cws B= _cH1at-E% 4 q' 4 _
lac A . V3 . o +14
x r
9413439 2+(3 _wUz4v

» (C42) 13 (ic+2) Bz (1340

= 1 _ ceslse = @=4go,
{4

C=180—A-B < 180°- 6o°-US2= 15°

l’.) ya 91'6{98'} Omtzﬁe_ i @e{’wee‘ﬂ

Given : a=2,64=% , C=%0°

ct-al1? -2 cos C = 214'%9'—'—2-9..'5-(03300 =
= C:Vi%—Gfé

coslp = CQ%&Q«EZ _ (‘3‘6@)_}_19—’29-

2ac 9.9V B=67%
_A3-6B3+u—9  8-¢@

- u/fi3-¢h Uf13-¢i3
b33 B;A,Ccos(q/%’? '
{12~ 603 IV13- 613
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Ccosh= 82ic?-a? | 3% (13-413)-27

48 2-3- iz
_9t+13-613 -4 _ 18-603

22319 o As Mrecos(_3-13 )



118

o

@) a-

o)
)]

e)

®

BC. Show Hat

O EXERCNSES

Solve due following goueral hmmples ABc:

a=% ,08=J2 , €=45°
o=4 , Qrﬁ, (=60

l'omhﬁg Had 1t 90415;1!?—3 Le MoMweide

itlehlf'l‘lé:

{ B¢ cos(A )< sin(BC

’Ca'ﬂs,icleu" o ‘}n‘a.wa_e, Aéc L;e{? A'D ,Qew%e,, ,’ o

Bisector of Me u_nbﬂe,_A with 0 a poiuf on :

P8 _ AB
DC Ac

(”c‘uti Vse e law of sfnzs l’D co,l(,uﬁalc DB,‘DQ.
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@ Let AgC fe & l’rm-v\.bﬂc oavd Leb AM Le a
med (an w:}'{a H on BC suc‘n k,\a.{" BM=<= (M.
1§ leL“AH, show Hat 4

b2kt :2y§+~_"‘5’;,_

9
8 'r 7/

Moo
(Himl‘i Vse qu ,og cosStnes to mQCuQak tlan)

@ SLow H.e, Hoﬂwe(c{e ‘i‘iiemb'(’l'ﬁ); yor a.vx3 {Yc'a\qbﬂev

D AT ef) =B
8) _ﬁ_{ig_;,-w(%)_,, m(g;c )

O e (B ()

b+cC

(l4fnl Usetﬂaw o? Stnes 1[0 ‘unk o, @ c v
Levwn Oﬂ S(MA 5lu9 stnC . TL.QK W< k«xﬁ

SUin J‘o F(Oo‘ud’ ieh{ bes)

1——» The wtml} im Sc 05 e levser- kcnowy,
Cosw 09 Wr& hwgehés

ad) '@‘«'-c, simA = sm(B-C)

a?
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VAo of browgles

Lk ABe fe a diample wilh beigils ha s he.

1‘: _,’l'ﬁ _VWQ.H_ k\aown}ha{; Hne. ora OQ A BC kl’ -

A-ohe _ Bhe _che |
+ % 2

Ue nok le{"z ho=csin®

Lné osin C

, e Jﬂ(, — Q:S;n A
oud Haefc?orc

2 %

e wiﬂl la‘m‘u d@w -]"/\u{

A VsGar(s-0)C-) | (Hevors fovamela)
9¢ = a+ltc |

A= L o&smC-*__.ﬂc SmA ,___-Q.C.Slng S
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Proo;)

A?.}é__&(ﬁhgé

= A2- 1 atclonip = L q a2c?(A-costB) -
4

4 o622 (A-cosBY(LtcosP) =

L,
= _i_,qq‘cq‘[‘l—- oﬁ%ci~ﬁilli+ ol - @2}
H ﬁac, Qocc
-4 o (oc—at-c?182) (G +olpct-47)
b (9a)?
-4 (o2 (a-o02]] (e 22-42] <
16
,Tg[Q-ou“f—][@+a~cj[a+c-@][mcfﬂ>]
< (a4bt) [atbtd (o-4+0 (a3f-9
9 92 2 2

Nol Hat

oo _atbic oo atbtc-2a _ —ailbtc

—

% 2 9.

s-06- 0-btc Hud s-c- _otB-c
2. 9.

Cdhes AZ = 50568050 |
- A= \/s(svu)(5~0,) (5-O - 0
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| @ Find the avea of lfiqﬂ,ysgﬁc{wu_{lfh“" R
) a=1, =9 , C=6o°
.

@ Swew Mol for omy biangle ABC:

o) Sin (___g:_,)-.-. »,,,(S";‘,‘—) (s~a) (Hml t Use ‘co&,‘is"atw :

_c=4%°

Co-  identilies .Qhﬁa{anQ.i,? }' |

o 4 WC'%F\/ e Mngwmw o

® Cosider o triomgle ABC and  feb AD Ge dhe
 Biseclor of 'H'leomzle_A with D en BC. Vse

e resutd of exercise 3 4o shew Juak

o) DB=_oc  ond DC=_8c
btc G+

Q) Sa_: AD= _acC 9sim (B/2) coc(B/2)
bt an(A/®D
(l}iq&:-vse low of Gines on Aé‘l))
‘ C) gq: ‘Lf@? .‘[;(_5:03 ) S

- B+c |
(uml‘- USe, exercsse 7’)
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PREG6: Vectors
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VECTORS

V De‘civxi’l's‘ovzs

e A Vcdo‘f 19 e eu’l(. Se%wat{: w,ihn on es-[o.uz‘jhul
Au’rcol-ion, it A;E are {wo Faivﬂcs, Hen Jﬁ |
represents e vecor defined @y e Line
Segm‘en% A wilh divedion Crom Al B

2

/ | A= iviliad point
A | B = teominal point

: ’3 Vector £quality

Def : Let ﬁ-ﬁi , (:.——C?1l Qek{wo vectors. Let H;—ADnBC,

e Hhen de?:nc. vector equaﬁthé as
Collo ws : |

—a Y
AP = CD & %AH&HD
BM = MC

D & fnterpk:*al:ion: 1{ Ef%c“b
then AB:=cD and
ABJ/CD and AB and
D haye “lhe csame
dt‘&d’iohu.
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ProE, : A%;%E‘D = AP =co AAB/cD

, Ptoog

- Let ,ﬁL: A&B and ﬁz_: (‘,ﬁb,

CLek C=BED and D= AbcC .
P)‘} delindbion - Ae ”~h€6 =7 AM=Mp A gM-Hnc
e also viele MHaak : My = ﬁg (veréu‘mﬁ (Ln%ﬁcs) (2
Froma (1) and (2): A#‘,B: C!ﬁ o @
Frowa (2): AB=cD.
From (2): /Kr‘-“-b =y ABl/cD Ceé{uﬁi Mkn‘or aﬂema}?hg,

| auaﬁ;es)‘ n

- ® Yedor iepresentntion

. Cohsider a (_a.rlesiam wordiun—}-ﬂ ‘skm wlhn n\qfs
Cx'0x eud 13’0:3. leb AP Qe a vedor wiih

4 A(Xkle) aud B(Kg,»[;).
'36 _________ B Uf repres etk

AB = (Xg-Xa, Yp~ YA
Nole Hrodt Hae same vedor
may hove olifferent
vt > i@p)—e,se,wjrul'iom i different
| Coordinale sadsewns,

- IR AW e, TR mm e gy

R —

><

o
«

®
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@ Zero vedor

D defive e 2ero vedor a5 0= (010) Sor ang
coordivale $5$\-€m . Nole Hial for any pm’% A

@ Rolabion of coordinale syslem

3 X

{

~ Cowsi bLtk a ,COQ.v&c‘,,wae S%skm N Com.sihlfn%p o?- an

X, -oxis aund L -OaKIS We define o wvew coordivale

, S‘as lem ’ Qz ;_\roxtmlivz} ,, Ccun[&mﬂogkwisc, Q‘j amgfe, 3}.
. Cohsfsh'm, oe an xg- OXI(S and %isﬁmxis o
let AB be a vedor. &
‘ )E?;r- ,CX;,,,Lé,L,) in “Ae,,, , X:%l _,,co,oninaalt 9,3 S.Lcm
% A% =(xq, \éq) n e Xg_%icoorcifmva.lf,“ S«a:)‘km.,
~ then . o

| Xg=x) cosD 4y, 5ind
[ Yg=—xi sind + 3, cosy} |
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‘Je Un'{é éqmm&dﬂ; : ()(q.,%.,)'—‘—ﬁ(.a) CK}U@,)

IL can be shown

| RCDDHR(92) (Xugﬂ = R{9:99) (Xh%,)

® M%\r\f%ﬂie_e? vechor

olet & ’".(Q;,,&g,) be o vector. lle ith'he_:

, latl = \/ QF‘(’Q.%

RIrw! Ytiprtsehh We ﬁaa,%*:ln oc %e \rec{wv ou.
DT Qo Mows Maab For dwe [?Oihfi AB:

)  1ABI=1BAl= AB.

.. UQ wo ke ‘“«Ql:' &l (V\VQYiah(: under }o{fa‘h"é)h:. |

Tem : [IR@®)E =12

Ptoog'

Clet a=(a,02) and ADa =(8,.80. 1 follows
~ lhat
Qt = 0yCesd 4 &nghs
- Bg- ~05mY toqcosd
. and 'H'\eyegowe.
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gl {'Gﬁ - (Q 60$9 +(19.$lu952+ (-u.smﬂ{agwsﬂ) =

< Qy Cosig {-Qalaa cos&SmS t aq Slhia + @y 3!“28
~20a.aq Co5Ysnd + ag cos?d <

-~
-~

at (cos2d +5in?d) +al(cos?d #5in20) =

= IR al= {8282 <Vattad=1a\ q
EXAHPLE
<;) Fov = ({2-3,72+¢4) | evaluale (1.
SDQU-{'I'OP)

131/ (2-Dt+ Gzes? =

f‘l—-‘)-‘rq‘.uwwfiu

Q) R a.k -“he Ved'bf

E= Ci‘ti) gg "'300
So lutrou

Bolale the axis in Jine, OPPOSll“( A.We(;hch +320° “
Let an&) A(20°) o =

- R(30°) (2,4). The,
X= 9cos30°+ Lsn20° = 2(13/2) +1- (&/2)—
=13 ¢ 117. 913z + 1L

2«

9 5in%0° + 4 cos%0°
A

- e
S

-

-
-~
-

~%-Cy/) 1 (V3/2) =
. Thus R(%OQ,(%FH 13-2
- o

4
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EXemases

@ ‘»Ck A.E,‘C’ @l “wec ?oinl‘> Lul‘l"" A(Q_tal

B(3,3),cli.9).
o) Evaluate [ABI .
8) Rotale Bc 8y 4s©.
A Rotale AC 8y 15°.

@ Evaluake 11 with
o) &= {Joe+la ,Va-1q )
= (%3412 ,3-12)

¢ &
D a = (2,1-72)
& =(9+302,1-12)

® Let AG+TE,I-12) and BOL-{F, 4412)
Roltole AP Q‘A %00

WD Let A(2,-1) and B(-1,1).
V\o(fa‘*. /ﬁ'} 3? 150.

‘ I“" To \'o%’a"f a Vet‘lor avé nugﬁq_ 3 we met
rolale He¢ axijes Qé Qhﬁb ~-0. Thw 4o
Ml—a}e‘. a, Q3 ambﬁe- 9’ we CJW&LC

2 =R(-9a .
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¥ Veder c@etajcioms

e c‘.e.?ime. 3 \tec('tnf Opew&iovzs:
Y ‘V'Cc{—ov Suy

. Q) 9wﬂqr Pro,thtcjt

) Tuner _VroaLu.o{- Coto{: proa(ud?),

@ Vector sum

L&t & l@ ;QQ—; \reo{'vrf w«'l:fa a = Ca;s(aqj aud.
Z- (8,69). Then we defive

-

o+l = Cai+B,,049t88)

- b ProPerHes

a ’r@ = 0+ commutodive
at(@+) = (at@)+cC associative
o+ ® =Qa B vieudral element

 We also defime -a = (-a, -0g) and Hierefore

—3

loat(-a)=(-a)ta =© invers e eﬂe\mm{
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b Geomelvic | nk\ryvdoihw

T : For «m} lh&c Foiﬂf} AG C:

T
|A® tBC=AC |

. C (Xc,,‘éa.,
Then.

A

ABBC = (xp-xa Yo-sa) + (xe-xe, Ye-yq) =

T XB-Xpa ¥ Xc—Xp ,_,13& %13A_-} %C’”\éf‘5> =
= CXC"’XA i \éc “3/&);’-; A:_(“. « o :

@ Scalar produd

fet & = (0,00, Then we define.

198 = (Day,Qa0) , YAeR |
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. ® P peviies

e +rl) = As Al drshri Butive
(M= Ad+pa distriBudive
(Q\Q o = A (ytx) ’A (As) asspciotive

: ‘ vieulrol ele ment

2 o ™
oLeL 9!.
1
© & Pf-

—

C 09- %0 AC?‘VIC :
a&-C=-8+NE= (a-8e,a9-00
b Defive Me unit vedboys: T =(1,0) owd “g:- (o, 1.
T‘neh: A a
‘&.z,(a,,ag_)-;ali {‘Qqs .
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EXAMPLES

) l? &'.*a(_‘i,&) aud I:(,gz.q)) QVQIUQ)Q -
¢ =%x438

c=9a4+33=9(9,04%(3,9=
= (4 D+(2,67= Cues ,2+6) = (13,8)

é) ‘2 & = (x41, 7 and = ( x- 1,\(\—3), find QM.
such Jlat & - a'é o . |

S,o {'tolﬂ

a-90= (x¢t 16) -9 (x-\ X{%) =
= Ot g) (2% 49 -9x-24)
~(x+i 9.)(-&*2,'3 -2x - 9_«3)
= (-x+3, 9.3c-g)
T’c ¥oﬂows -”La{

o -2l-0% 3' Xt%:0 & ixﬁf% &

~9-x—n3- ~9 ‘3-4=o0
& 5 X% 433"1( =3
-(-%:: '3':'.-‘

© (x,na) = (3 ,-6) .
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i} c) Le{ AB(— @e. a —!nw feAcxmA fc‘; H ﬂz ‘kgt - |
MKL{')OWJ‘.‘ o? BC. Slﬂow h«a{:

 AM= (4 (AB AO.
 Solubew

H mcc{pom{' oc FJC = BH U/i) BC- )“‘ .
- s BM=GlDBC.
Bt ?naow; et

. .

- M-

gL

AB+ (1/2) (- AB+ AC) =

AB +OM = AB+ (1/2)BC = AB 4 (1/2)(BA+ Ac)' o

';_,-(a 1/ A® + (1/2) AC = (i/aOAe»’r Ci/ﬁ)Ac—

< (M) AB+ Ac).
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EXERCISES

B @ Given ,ﬂae. vedory A
a:=-012-2,7249)
2=U%41 1% -1)
EVGQ(&OJ-C: ,

2= (i3-1)(2+8)

© Given the vedors |
| E{:,Cmgﬁ,X—gﬁ)
E?Cx—ﬁf@, x+3r’§)
g=019 | |
s-ivw\ ol Vaﬂtlfs 0? x,éelf’x sudh Jhat
92-8=2.

@ Let 6’,.@: Be two veddors, Lel ©,A 8, c Qe,yo{u{'a
such H.ot | o
OA = 648 , 0B =9&43L , 6¢=5a +38 .
Show that AB =Y AC. o

| @ Let Agc ﬂe a-"n'omgfe_ ku‘kq A(K.. a).

B(XQ‘%Q_) 1 C(x3¢(bz,) ) Find H\C, mofouwocl-c)
' og Hie pom‘: 6- Hal soks s?ues
GA+GB 4 GC =© .
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O let Abe fe o brtamgle. 18 D i due widpoit
of AB and £ Hie midpoint of AC, show

hat . o
Pe = (1) ABG

(9) Leb ABc e a briamale 1B D 15 the waidpoind
ot gc, € He m;o(pmmt of CA, F the
,,,Wu&poua{ oc AB H’lt’.h slnow :H,.at

AD{— Be{c.l’— o
(hint - Fust show Mat AQ~(1[Q)(AB+AC)

ele )
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O Ihne; Pyodud: o

et &= (Q.;,c_o,gq) ouacL E‘: (4:,82) Be lwe \tecjro rs
b)e,‘;degiheu. ,

—

b Prpggﬁi,as o

. 'é‘_ e CthWuAml‘Wﬁ o
. (9« 5:)-2 =a-(A0) = AC“@) ) assoau}we
3 a-c+0-2  dotriBalive

Q. R < 11

_ > inney product Heerem

| ' \.e,k a(ﬂ Qc_ “"wﬂ Vec{—ors am( Qe{ ?f !Ze, ‘k«c
ahaﬁe Qe{-weun aaui Q TLIUG

182 =1818cosd |

Ld: bi’-fﬁ‘ Qn,o( Q’,: From H\er ) 09 cosivies
A
on OAB :
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‘ é -a rl‘: At = 0A%40B2_90A. 0B - cosd =
lal2+alr-ala) |Bleosy (0

| ,\G txl"" (@ a.) (@ a)w_
v-ﬂ@ Qa aﬂ,+<‘i‘a‘=;
et rlalt-9(ad)
Fromm (1) and (2): I , N
C lalerig(® - oa 8 lcosd = (a2 H1E 12 -2(&-8) =
- Q(a. D= 9lallewd =
= a-2=lallglcsdy @

T ol 3 Boueon buw

vedovs o = C_Q,J 10-2) and E"—(@( ¢Q¢L) ,5,‘9..}:1‘5?1'85:

——
a-Q Q:Glf-&igi
a

N&UEl Japs Jéme. |

v Oulhegonal sedks

T : e ll e a--o

QJ_% & ﬁ R/i, Vﬁ ?;ﬂ/ié‘? CO}S‘ =0 &
& -3 =0 &)a@ =0 B
;,latnel
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EXAHPLE?___

W 1P d=(3) ad £2@@), bhen
QV“QAAOJQ. A‘; (&—E)tg .
So.o»tu‘ioh

4= (@8)-8= L3,0-(a,0) (g,9)-
=(%3-2,4-9)- (a2, 0= (1,-2)-(9,4)=
=4.9+(-2)-4=2-19=-10.

B IR &=01,9) omd 2=02,3), Hen Fivel <039
of e mzﬂg 8 Belwen o oud é;
SOQU'\'Kow

Cosd = a.l - (1.2)-(2,3)

Tzl laollen

VitHaz Vo232 Ji+u Jy+s
.8 8 _ ofcs

is V3 J6% 6

:VO Fnd ol x sudi dhat &= &, %41} and
4= CX{'&(%j Ore OY-“L\oaomaQ.
 Seluhow '

We wole Uik =
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o - Z (x x+D CxH 3)-
e x(xt )t (x40 3 = (xu) fo%)
S{' ?’bmow) ‘kaot.’t ; ,
a2l ® ad-068 (x+i)(x+3) o0&
O xil:0Vxiz=0&
& x=-tVYx=-3.

d) Cansjoler a. lnqu.?la , ABC &nkn A ‘50 Ld: H

Be e wmidlpoint
Solukion

Since A=90° = AEJ. AC =

AL N.C UQ olso yell Hat
AM =T,.(.A9,Mc;) o

Nolﬁ h\m{ - o
AR A% = CA3+AO (AB+Ac) =
AR AB Y9 (AB- FO A A =
=|AP12 + 20 +1ACl®= ABHAQL
= Bc? = |ABt+AC] = BC
=y A = IA\’ | = ‘ __,(,,AB,+Ac,,) ,,_,,_____.u,fABfAeC_l T
9 9

Bc
aq_

of BC. Show Mat AM-BC/2 .

=) AB Ac=o (D
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EXERACI ES

@ Evaluole &-8 given
o) a= (44lz,14-72)
0 =CA-12,4+13)

@) &“ Cm«a )
(wa,%x\é)

(xué ‘3)
= (x«é) (xhé Y

ém ‘d=l.

@ Show Yook 1&+vEIZ= (R1242(5-E) ¢ 1812

@ LQL— f such «Mr\a{ [&l=92 Q.a&. l-@‘,‘
ond Qel D=-niz Qe e auaﬁe, from & to -@
Show +hat -
(a-98)- (3&%2%)'*9&

@ R1&1=1 and 1&1=72 omJ.. Hne ombie crom
ato B is D= 3rld , then evoluole (&l
witha €=3%& -90 .

(©® Lot @=(9.0 and B=(2403, 4 gﬁ) Show Huat
, {lne Qu%a(, 3’ @d‘wecu o antL .G Sc&us?tes
covd= 1/9..

@ ‘e lézl‘-’-‘lg}k‘-‘ 1 O.MCL 9 s Hhe awalt. from &
to 2 s 9= 2alz, show that e o.m%,ﬁck Grom
29848 Yo d = &-28 salishies COS‘-f:m/[(i.
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@ Let &=(x-013,9%) and B =D,
B Qi Yue auzle frow &4+ B show Yot

CosT=41/2& x=+1) .

@ G-:RV\ e ?om's A( 9,9) éno( B(1. 1), Cind
a Pocn"‘ C on }’LQ 5 o X\ $udfl kna“:
Aclpec.

@ Lc% (© e o circle wilh cenler 0. Let AB
Be o diowmelr omd ae{C,Qe’ another
Foiwl on #«e cichQt Show "l"da': AC.L CcB.

Let dé,c Be vedors . SL;owf KQ{:
a) latt]-]a-tl= &)l

& alie-(a )@1
) ol (§-2) and é’J.c_ a) = 7(,]_(0. a,)
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PRET7: Sequences and series
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INTRoQUCTIWON TO SERIES

I | Sequences ovid sevies

| CN %9 1.9, ?,...S S

N*=31,2,3,...%

B Degnvubov; Ahé guuc‘—mm Qa s h\lﬁw\ or a: IN*-—" [F\
S caﬂzeo‘. - OC N’.Oﬂ. Seqqhmce, (Or 5\1;%
5€<tuence5 oand  we wrile: ,

Q= al) ‘,VheN; o

.. @ Deginin&w,o._se_gumc.e,‘ |

) T"\Qre orpe *‘u)o Mehao&i gor Aepmnﬂ% Q se,qu.euce.; ,
(o ¢

i) Dwe_c}aip—-) b)e, Prowda Q %)Muﬂq. ¥or
clue&ﬁ«é ca.o_cuaq‘:mg -

| e‘. M Ln = (“l) VWGIN
3 An

‘)3 V\CLu,rstveQALO——% UQ de?me/ {hc fusk ?ew 1Leurms og Pae |

T _%equéhce and a recuyrsive gormaam
%we kf\e vmc{ \-cvvn in lums o‘: f'rewou) Jcetms
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ceq.n (an): % =9

Qg = Z'Q"" )

le < (-ﬁVJ b4 % Q1=,1 Aag‘:— i ; @_,‘Fi@oma.(d
Ay = Qu- tQu-9  Sequance.

. @® Series

A series iy a sequence 5w defined via a
. FQrH@Q Suwm o‘r’ He krm; 0‘1 a  Sequen(e AaQn.

For examplle:
Sn-= quagjf - '{‘Q‘v‘ .

mbNo}nJion : :.. ana?+ap+c+---+a<\, ,
| =P
| Ue. Vlok an:l::

q 9
j: (ﬂh+&4)= %Lvau+jzlbu
n=? W:P W=p

m:P W:P

q 9 i
3: (ah*eﬁ7 = Z any - I— gn
,M>P

; s
v-

I~ Coy = € Qwn
w=p w=p
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- ® Basic Sums

$;U\§“ I K= 14-9.{— 40N = Vl(nh)
— -+
Sg(n) = ,t Kq' 1‘14_9‘9— 2—; v (Wt Qut O
K= | c

| 5atm= To @@= 424924 wred? [ P
4

K=

b For S0

We wole Mot (x#1)%= xF49x L.
CFor x=1: 92 =-4%49.141
| X:EL;: 2%-924+9.94+1

(lm‘l)?‘ V?‘i+in H,
Aotol, ~hne eqquxons obove:
19243% -k (02 1= L2492 b1 W2 ] £ 9.6,00) i
& (iDL = 1+, he o o
£ 25 ) (el -Lm= n“%?nﬂ_ i -h=
= nlin=nnt &

& s‘ (w) 17 (m—t)
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. For $9_(Vl) ,

e wole k,.a.{ (x+1)? = xZ+3xt+ 21+ 1
CFor x=4: 92%2=1%42.1214%. 4+
Cx=9:3%-9%12.92 1294

 X=wn (V\H)q’ =n?4%ntd 2!

CAdd e eotua['{on) obove: | |
L%t a3 = D12 ] 42500 38 ) t e
Sty = L35, M+ 2%5.(n) +n &

) 259 = (MtD2-1-354(M)-y

= niO? -3 M) _ (med) =
9

= (m+0) &(mn‘l; 3‘2 , 1:[:

= i) In2e9n 8 - .__...3; '*1] =
= (b)) (N2 + _2,3 = n D (m+—-§—_'—~) -

= ___é___v\(nu)(ivxﬂ) )

& Sa)= (k)
| 6
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| FOV f:'o;(vﬂ

 We note Idna{' (x+ DM __qu‘+ le3+6)<9'+~q><+ 9
Cox=1: QU= U 1P 61T 4 L
Cx=9: 34= 9U4 4.9 6974 -2 4

 X=n: (heD" = w4 ’-(vf’{—ﬁvzf‘i' Hntl
AoUu,h? He obove equations:

AP (U | S L P f-{-"'q:(fl' 4 Sg(\fl) jLGSQ(n) +cl,$z(h)‘m, o
& (MDY =1L F US4 659 (W) + 45, W) +m
) Lf§§(h)=—'— (m+D" -(hﬂ)-égg_(h) ~4S,(v) = |
= MDY - () -C Wt @nrl) - 4 led _
6 %
= (M= D= e O @t ) = In(w+)
:_‘(nu)[(hﬂ‘)?«i—n (2n ) -—ih] =
=t td7=n Qu ) - (9nt] =
= (Wt ﬂ[(h{ )7 - (m(—l)(ﬁ.vm—t)] =
=6t A L 02- (e
= m+02 (2190t 1-9n-1]= V22 &
& S30m= v""(zmi = [T, s
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ExAHPLES

Q) Su=4-249-5+3.F+---+n(@ne)
;, Soeu‘ww L

Sn=31-2492.54%-F4---+ \n(‘)—m{-l,) = j:. K(ﬁl‘ﬁf!—)‘-‘
K= 1.

)_. (a2 - QI Kt Y ke

K=1 K=t

| = ‘LSQ_ (n) 4»9‘ (n) 9 V)CVHC) C?—n“) + Y)(vu—()
9.

< w040 [ Intl " L ] ,.1 wh_,.(mﬂ[i(inﬂl +31
> %1 6 o

= n0at0Cinasn) | e linds)
O

8) sn=1%+3%4953;4. .5 (An-1)7
“,,c.v‘oabdt,ﬁh

“i,‘,‘Sn' 11)4-3% 93+ s (’in 03 T_ (2‘4 t)'*-

K-

= ): (81& 3(1&)7% ZLiK) Q =

K=I

I (SK" li«ﬁ-*—ex—— i)-*

K' l

ssam 2.8, D46S ) -n=
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-~ @ nq“(h+l§1 _19 m(vwl)(,?.n-u) 4,(, \a(mku) vis
=m0 - 2unt Qi) tZnlnt) ~wn =
= nntd) [&n(,vrh)e?iiuu)u?%]-m =
n(tN(2n2e9n-4n-2+¢%J-w

Nt (2 -2n+i)-n

"

-

}—" ,‘ Aﬂgh@o«.&ioﬁ l'o anhnmdtc Series

. Deg : (‘lv\), arilh\mdic}éﬂ) Vhem: Anit=antc

chuevxcc

e l’c 19 easz Jro qee h«a‘t ;‘f (o) s m,w{-[hwehc
Sequemc,e, *Haen

on=a,+ (h-Dc YnelN

| — ,
Thm : | (aw) ari‘l’hme{ickr.} 2 k= W(al‘l’&“_)_‘

Sequence K=1 9

P'OOQ

.o 17} 4! )
2 A = P [.at‘i’CK——DC-] =an+t+c Z (k-D
K=t K= K=
n-1 , .
= oM fcl’. K;;&‘VI-I—CS((Y\—Q—’:
k=0 .
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Ccame -0lm04d oL ey OG-0
_av_, adh C\’l(lﬂ-’l)w_*
- am M [aitcm-0]l=-2" (v a,-
B S
wlotawy 4
9.

- —

1
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EXERCISES

@ Show Hual:

) 19492 4--L () = (3/%2) nlae t) Ch+2)

6)1-949-94--tv(3n-D=ntltd)
) 13t (-0 U (En-D @)
) 1%343%6 0 (Qn-0%= vt (9,2

Q) 192+ 9.2 -t n (e O = QWHD MO (Bnis)

B 1291923 11 ) = UMM 4D (Bnt D
| ta) 1231950 -t n* () = (1) W Mt O Gnl +5n+ D
) 1326 9252 -+ v (Que)L = (/e Ot 1) (but £ l4n +1)
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® GQOM*!-L’l'C Sums

, ‘ — el
. c‘:o\.(,’.’,\); 14'«0&;,‘1",0\-9'4"*;*,', {',O':q = 1-a *
A-o
P\'oog's
wt’. vV\ol& HA‘&L ‘
- ey = 4 *‘Q{—o.’“&' - +a (o)
. Q.G’o-.. (V\) = o+ar+ Q.3+"ff~+ O,L—Vb“ ()

C Sullroad (2) from (1) : x
o —aGaln) = ({+og+~.f+a_“).. Cod ol ¢--- 4 o.hﬂ‘)‘
= 1-a"' s
= (1-0) o) = {- "' =

= Ga (V\)-:_ 1'“0"“*l 1
i-a

b Agplicabion bo geomelric sequences
L] U 13

. Deg : | (an) awmeln‘c;\,) VV\€N1 QV\,{-(*&AQW_

Se C‘.‘;Q wce

B Collows; Hat

an-o( A", Yue lN?
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= Sn=0t---t0Qn=

Thw :| (an) %eome}ricm
=_Q (t.‘A“)

sequence
) 1-4
?VOO?'
n . n
Sn= At ---Yanu=< I: &‘QK‘I = QLZ QK-! =
 n-t , ,K“"( - ’K::l
za, 3 A¥ = a, Ga(n-0= o, L-A" _
K=o - | i,g
- a\(l_gm) Q
1-4
| EXAMPLES
o %! K
0 L (_2__. .
K=o ?>>
So@ul’iov‘
Com= Y (2 ) - L= (™ - (el
K=o ~ 3 1-(e/3) 43
=3[ 1-Ca/v = 203" -]
' 391{'(
;_’ zh-{l_‘ gnt!

3\0
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D T (.nk(%__)ﬂ“.

ih=9

90 Qu.Jn’on

S = T ok (____. e Vi [» (J;)__)QY _

k=0

T (_ __i__) B e G VL L T & ) i €70

{— (=~ 1l9) 1+1/9
< AU g L [eonv vl
10/5 Jo 5"“‘
= L (-On |
9. 19

In
) L (& )"“’9-
Kk=n 9

Soﬁujn‘ow

By (BT (AL

i v ~ r v -
o B e - )
y (r) {—Ug/a)™! ((7 )" |- (2l
4 \~ (1a/2) %) q-\a

) ( e.) [1- (@l I (21 (a) _

9k-(I2)?

"




e (B "’[1-_(_%_.)““} e

I
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@ Ivlpiwik ngneLH‘& Series
[¥)

too

“l<a.<l‘,'—f->j_:&.l<: i
- Kkeo {-a
EX AMPLES

N to
a) X (B-0k
K=p

| Soﬂul';om

~ Since 4<{3 <9 =0 L3 -1 <4 =

) Yoo |
L= S = 5: C@~L)“ = i - L =
k=0 1~z -4)  A-13+L

i . _92+13 - 9413 :,
1-13 (2-12)(9453)  9%2-G3)*
2+1% - 9473 . |
H-9%

N

it

0 T (- DK
s
50&4{'?0»;
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e T (D% ): (5-0% - ([F-D°- (la-0*-
K=9, _
L ,_‘1 (Ji Q, S [0 P> o

1 - (18- Ao+
L ;,__,Ii,..; 942 o=

2479 “,;.,-{é:_:__ iHi JL 9413-907 L

93 _(Jg) %< 2

-
e —

5= Y (i )“";,i NN A T P
K=n »3_ % K=n 3 )

ke 27 ke
3|l T _i__..)‘? _ z:o (__%_.)"‘] -

K=0 >

o

L 1 e (;[3)” ]t

=% | -
LA-y/3 A-y/2%

:%-,' - (- l:.%-l. Tevecm]

=)
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EXERCISES

@ Evoluale Mae ?o%wm?r Suins :

(____,

“ Qi+l
0 3:30(4) (._;_:_) .

| 2 k-3

) E;o ( 19. _) ’ ,

& i‘: g/
e 5:(1_9’.)9"“
f 5‘: SN AR

K=o

) }—-) Tna n=t or n-2 o diek ;\aou.r' dmh}ey‘}.‘l‘

@ $imi0mfﬂa eJaluaLe;‘l*Le goﬂowi‘uaf*‘iuW: - ‘, ;

!

A “f 9.

'b

D - 1: ()"
5

c.) I: (~t)“(____ wEt
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DT e

Kontl
‘ ZhH N
e) . ‘l)
K 9-n )
3 z: COX (g T
K= h

@ SaMtQMLa etfo.auo,l{ {‘Lc '?oﬂowmz M?M;Le_ suns:

SF Y

=0

(_nk( Y!.H |

e

) (~1)K 1)

o § oy
v

>

ﬁMg

jmkm(i)
foo
e) K:h“ (E)
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PRES8: Conic sections
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INTAODUCTION TO ANALYTICAL GEOMETRY

¥ Powabola

olet () Le a live awd fet o ,(70{“{ Fq‘:(Q).
- Then (o) 5 o (Mr'o@oﬁa., with

&l Focus F

~ £) Divedrix (® _ ; |
| f¥ and ouﬂa i HE(C—),@ MF‘-AéM;(O)l

o Let EKL() with ke(O). Let v e e
Wl'uL(Joiw{ OQ FK. L)e. CQQ:M kna:[' VGCQ.

F
“ \

Pk s VESVK= dOV@) = Ve, 0

CThm -

(c) POJQQO&L with »
¥0Cus F(Olr) = (_c’) - Xi - LtP‘8
. ol.('.rP—(in‘X (Q) : %:-—F .
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M >

-+

S V) D

Lk Metd T
MR-V (x ,-o)"“%,.(%f[))g‘ :x[x‘)',&f .('67’?)9’

)= oo Cpd = furpl.
S Wews ;‘aﬂm{ o ‘3 S o o
Melos ME=4d(M, (NS !{Xq"r (%ﬂ:—;p)?f.? ‘3*?[2 |

) ,x?,;—k(%»‘?)?-H_VC%A-A,???‘(—*—*), S
© xTrut _—.9.,;%%?‘?: %i, 9.‘,?3‘4:??6-) B
& ‘,X‘Q-‘-Q-p% :9_()% & Kt= Lt?«é- ..

| }_) Ln,; ?jelﬂerog'-

| F(XotPiyo) ’F'Cxo,\éow) o
@ x=Xo-p (0 P Y=y,
{ ¥

0yt tptona | @ bexodelplygl
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EXARPLES

o) Fnd dhe oarojooﬁa () with 2;@.5 F(12) and ou\ret.{‘y.tx.

(@): y=|

S oMb

Lo gonceed , dor Bocws Flaosh) ol diredi @iy-yp

‘{:‘nQ Canmeo»«& w?) Vo.m.ﬂ?o,q& IS CC> C)C Koyi' L(‘(’(g go)

.Unem, Xo=1 A Xo=h
C Focus FQ, % s % U 4p =3 ¢ o PUELE
7 Dicedvix U&S \g A No—p= 5. \ée‘PF =%

233 = 4

A KXozt o\ Xxe= A ; o ,
&N bozﬁ. &= 3 I
p=1

%p =3

CQ\AA rL &Qﬁow; 'R\CL

(: (k=AW= (u Qé) X2 QxH—Lué 8o

&= xt Qx‘r\fkg'\% =0 (=

& X‘L Q\\( l‘(\a&' (&{’%>-’
& xt- 9y - Hg Y9:0,

T‘/Lus

e g (%45 .
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) Fed e R sd dindvix of de pavalofa
F %1*9.)(~Q5+7-=O '

Simz,,

Qs by ttzo o (loly 1) -84 -3 =0
© W-3)?-9x-1-0& (y4-2) = Ixt9=

¢}

o Cg-@?: 9 () & (a‘-%)iztt-(t/i)(x—(-—zb

In gemeal, ,CO.,,':.,,,.(%s%o)? =0 V‘(K&Ko)w has focs

Flxotpgo) oud (O:x=vo-p. T fllows Hat
Xo = -\ A ‘30 =3‘A? = l/i = § Focus F(*\H/i,%)

- %Focw Flyas
Divechax (0): x=-%/2

b Ge wbhocquedion of A
' OE Ki%AX’vgé“’ C=0 oy

(o) %?-%‘AKH% 41 C=0

ove. Sowehirn Y povellll, . To roarie i dandord

Yoo

(O (xvx@q‘:‘f[?(g vg&

ve conplele e sqlae a5 duown tn e cxamgle
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EXERCISES

D Find Me equabion for e pavabole wiln

) Focus T and diredrix () wily
e Fl) , (@):x=-1

) Flew , Q) x=--2
o d) F(2.9), (QS‘-A =+
L FC1), iy=3
Y FGyL -, .,L@):‘%;,-z,

O Fiad the Pocs ound diredrix of fe following

B ;F,OJQ.Q)Q.QQ)I,., -
o) xLy kxiri»bu:o
B xtirextiy-i=o

O wtixrgiaz-e

oDxéq,'ht%x:-:,,%g,q.kwi;o o

e xxiuy-{=-o0
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VEWipse

let FuFg be lwo ?oinlS- A\q eﬂiﬂ‘& ()
- with goci Fi and Fa iy amé curye Suda -hnq:l’

Me(Q & MF 1 HFg=%a

F. Fl,

M
Here ac (o doo) iy o ,COHS{‘@H{-
We also Aecs'we: |
() Focal distonce - F.Fg = %c
(2) ,E'Ccemiriu*"a : ez=c/a

‘Prog : O <c<a

Proo

j (e agfﬂé ,{‘Le -‘riamee, inequagc\wé to | Hl%,Fq_:

9c¢c= FFq Ldef |
< MF tHFq [Jcn’am%ae, ,Mul.j
=9, [Metal

= cLa = 0Kc<ka o



168

@ Equdﬂ'on_ of Hie efipre

. Consider an elligre (O with Soci F (9 auwd
Falc,0). Then , for Mlcyd:

Melde 22, ¥* | wilh [6?-024c2|

Ao
A .A,“,;,(/“'.Q‘,-;O)
Bl oB)
- B'Co,-00

. VTQYminoQo:a,(é:, o

o) Vertices: A A B, B d) Focd vadii=

- 8) Ma“)or, oxis-. AA' - wi=FHK
) Minor oxis: 88° . Ye=Fa M

It con ofso e shown ol for M(X—dé) :

Yi= M=o+ X | rg=-MFPp=-=0- <X |
! t o 9 2 ~

- Ve oy prove e obove S‘&Os.leme,n%s:” S

Thm 2 | M (x;..%) c(& { n-—otcxfo |
- lyg- a—cxfa
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Proot
(=
 Assume P\(y.tbl e ().
Ik ya Qfow,; «H«q‘t
| Fobrg= MF +MEg =22 (O
: AQSO V)ok. }Lw;{: : o
rid= KF2= (x;-c)ihéi g:b
vg' = Hip? - (X»(c)iqhéz |

= i Y,‘f = [(X.{-C)il' 39—}«[(,(..;_)9—432] -

= (x+O%- (x-O=

- x24+9cx+c?l - (L -%ex + L)<

= 9ex $9ex = ex =

= (V.qu)(r‘ +¥q) = b4ex = (V\’Tz)am: Y ex >

= hoerg s 2O ()
4 8

From () owd (22:

} Ve vy = o &2 g Yi= oot cx/a &
Vri-rqg = Lcx/o Vi tvg = 9a
hvi = Aaricxla

é-) h = le‘(.X[‘L ' | é:‘?
Yﬂ: Qa,— vV, = 9a —C&l»(,)da) = a-cxla

] Sz‘ﬂ:‘»ou-cxla.
Yo=a—-(x/a
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&) 2 Assume ot % vizatcexla
| - ¥g=o-cXx{a_
, TLeh -
MR+ HMFg= v, + rg = (a.+ cx/a) + Cq-cx/a)
z%a= Me(ad. B

T - My e(de LSRR SR S B
o ol (2

()= Assume bhad MG e(O = Hizatcxla (O
- Recoll Hat v2=(xt0%4 ui (2)
CErom () aud (D: o

C(atexla)t = (K&C)?‘ 311@7 ,,
o a1 9 x4 (ex/a)t = x’-+9-cx+c9“+ = |
& XT3y hcx +c‘2+3‘1-‘ 2 9 x-(cla?)x? --o<=>
& (1- 2af)x* +3 —od- -l &

-
& ot-t o +yls l-ctes Xt + i
Q‘L

6} a.q- c’-

| L
(‘;‘) Asmme Hm.'t "1 } - 'H =1 =
ot at-c2 VT(@

=y (atexfad? = (xt c,.)q',}a’“ Ut),%:; r&= (ot xtad®

rls (xe)?y yt
= i< ot CX{Q..- . (9)

 From W), meﬂace ¢ with ~<:
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(Q Cxlo.)q‘ (x- 09'4 2 .k-»? \rg (qbcxla)i

9 —_\2 Q
Y%~(X, <) +‘<‘,f

=2 Y9< a-cxlo (&)

From () ok @ Hlepelo. a

@ General equabion of Hee ellipre

M(m«p e (e (x-xo0)? 1 (‘é”%o)i =4
o 42

VQ"LKC’S A (Xo'l'&"-;%Q A (20’;"&/&30)
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EXERUSES
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