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MEE1: Brief introduction to Logic and Sets
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EXEACISES
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LINEAR  ALGERRA
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EXAMPLES
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EXeRCiSES
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AM= AAo. A
-
n Himes

Vade N-903: YV AcHu(®) : A®AL - A2
Vo, be N-To3 :VAcMa(R) s (A2)E= Aok
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EXAMPLES

a) |et A:[‘l 1} . hwd ol xu el sush  that AT.xB-yl.
' 2 24 |
Soaui}‘om , , «
We wole fhat ] |
At = AA- [‘i { [‘L {} :.1 92-9.¢4.% 9~'&+L-9.K¢
2 9 1l3 9] [324+23 32.4t24
.| ues ua];{? 4 |
646 24y e 7.
ana |
xA‘~31=x[°l~ 1}—\314 O:{:_Vx X}—K% O]’
% 9% o § I~ 9x © Y
- Yi)c«x& X ]
Dx 9_\(~~é
H gsﬁaoug haat 9-x~é=‘7'
A9—=_><A~21é"> ¥ &] = qué X ] = 3\@)(-—1‘1
9 7 D% C)—X'é | X =4
= %9«‘#—5*—? [;_,752 8*3‘;7 (_T)i'}=9~¥=l P
x=4 X =Y X =Y

& X$RA\3=1.



D let ABeMu(® suh that AZ:1 oud BT =B . Show
bat (286-D%2:=1 aud (A+DZ = 2(AFD).
SOLLROVJ
Assume  Haat A;EeHmﬁﬂ) wi#n AQ:I avd BZ2=B  Theun
(26-1)%= (98-1(28-1) = 16 (98- -1(9%-D =
- (25)(98) -6R] -1(28) 1% =
S 42 -9B 98 1= 4Bt g+ X
4B -4B+ = OB+L=0+1=1.
amd
(A+1)% = (AYD(A41) = ACAYD +1(A41) =
= AN PATHIAF1% = AS4AL A4L =
S A249AL1. % 142441 = 2A141
=9 (A+1)

O frove: ¥8,C €Mk (: VAeHum(R): (B+CIA= BA4CA
Soﬁukbn »

let B.CeMuc(®) and Aec Hm(® fe gren. Lel ac [v]
and QG[\MI_‘ QQ gimu. Then ;
[(BredAT o8 = T Bty Ag2 = T. (Bay4Cax) Ay =

=§:. (BQA‘Q:"’C(QAQ,);’
yer 7% 50

= 1 Bu A "'I CQ Al =
3ebad 57t ye bl LR

= (BAYat + (G Dat = (BALEA

23
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Tt Collows fd
Vaelnd:Velwi: L) ATog = (BALCH a2 =

= (Bt A= BALCY

and Jﬂne»e.gme | o

Vo 8,6 € Mu (R : YAcMon (R) (B%C‘) A=BAsCGA.

) Prove: YAB.C cMum(® : (A=B=> At =Bs &)
Solubion

Lk ARG € Muw (R) fe %;vtn and assume ol A=B.
Then - |
A== che [v{] . Ve [w:] : Aa@ =Bo£ O
let aclu] and Belw] Lo givest. Then -
(A1) ok = Ac +Cat = Bagd Gag = (BrQ)ag
o.mi. il go@.owﬁ k\a{i
Vaeld:Véeln] : (Atcdog = (B4 C)ag -
= A1¢ =BG
oud WM’L«‘& we hore shown Hial
W AB, ¢ € Mo (R : (A=B = A+C =34 ¢)



 EXFRCES

H @ Comsi,:hzr 7[1'1@, emimc

A?[QSK S

,voJ Find  the wique Xt‘éélﬂ SUcL J(laoL A?‘:X»Ac}gl
) De & do bud 2welR suds dld AZ=2A4w]

@ Given e wmobis

L 2% 1% -t o | o
A=[o ('(}QMLB: | 2 ‘l{ o
y A el O D [ o)
QVQQ,UO.LQ ,cx.vch S'(MA()QFES o

&) G=AB O E= 943 -2A+]
) D =BA-%p2

_ Given Hhe mwotvices -

V { o o o 8 ¢

A’“it { o avd. B=lc arﬁ

S. | L‘J LQ cC o

evduale  aud siw()M\é G =A% —PA

©® Girn e makrix A:X& @] wilh o8, deR
c I o

o ok s AT (ot (ad 0L =0

-
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, D wa& ‘“,\x_ ?Qﬂpwtu% mew{?\?.) ,
o) Y Achu@®: VBcchc@ A(BC) = MBHAG
@7 VAeHanm Y B e U (R): Vc:eﬂsxw,ma (AB)G = ABO

@ V\olrn{wvx Malm\c U T
L(’,JC V\C&) X’(ssf} ‘,-,,Sun% ,

| Sind  cosd 4
Show ek

& ARG = R(9, h%) Yo, %et?x
) ROREN=1 , YoeR. |

. For A= {x “\Xau& E:[a ql

2. %) L9 44
SL«ow ’kfwi }CB’%EA |

@ For A‘[‘ &.;& bud B:L( Q] mi,Mn
o |

L

- o 0 N
_,0.‘@ efA | _,S‘naw ’R\QL . ;&E:EA.
@ (ons‘léer‘ kne. ’Qumc}ww ,

| { o % |
- Yxek: M&)—K«x ( —x’-/z]
) | o o |
 Show o
Vo elh: MKW = Mlatb)



dobwe

| S‘now J(L\a'{:

o) V%Hzie(ﬁ H(zuc%q) H(z&m(u)
HE)) Vi" 22 EC: M(222) = M(20 U (2

of compllx humgzr,,,w,t\ﬁxbe@@. o

O Leﬁ ALEC ﬂuﬁﬂ) Slr*ouj y«a{'/
A AB =Bk < (KAD(B-AD = (p-A) (M40, Ve
O (MY = A%94R 182 =5 AB=BA

;,E;C).‘Aﬁ':'lj( = (A-D2=1-4A

D AB =84 ABL-BLAL
,,s:e) (B2=7 A AB=-AB) = AB-BA-9

| @ Lek Achu(® sude Bt A=1  Show Hob the

W]QLY!CQS ‘
B= (1) (THA)
G W3R
| saiasﬁlg BE=B amd %=
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O Le£ 2 otbi (‘:‘C Be o COMAPQ’ZK wuwﬂerami

L Ty shews dhat KGR iikades! fhe thavsour




¥ Mobrie Tuvewses |

o el AG Ha(R) Ge o Square walrix . We S ok
 Blimne of h&n AB=BA-L. -
e [e A.e,gine X“ae sejc oQ aQQ h:ajcvices Aéﬂa(@) ‘de: saavc

au iuvevse @3 : o o
GLONLRY= § Ae Hal(® | 3B eHu®): AB=BA=T}
We sad ot | ‘
A won-sinaplar & Ae GLUWR)
A Siw%uﬁar &8 Aé LG [R)
¢ Square walrices  are Mo{: au&mwi-eeet ‘Lo hoave oun iuvevse.

Fov_ “e&xqwg&, Q:r A= {0 O] y e Ln\& :
‘ o 1

haswa [0 o] e]- [ o]0 ]

Uowcvu, we il o_rau& }Yho& ie a waleix does hiove av

o iwvtise, ik oo Wuique s |
. VA(Q‘QG Hu CRD » i AB=8BA=1 = 8=‘CJ
- Ac=cx=1

Frost

e et

) Lz,l: A’t6‘Cl e MaliR) e %ivm sudy  that AB‘—BA-—X-
ond AC=CAr=T1. Then
B=8L [ ldekhy wabox]
= B(AC) [ hapou\e)i) hc= 1]
= [BP,) C" [ ASSouo»Hm Pm()&r&a]
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=16 Uhgohew BA-1]
=G Llc&ew}s}é m_;,u‘.xl, B

H QDQQon?S ‘koa{i. o L S,
VA8, ceMuliR): 3 Ag=-BA=1 5 B=C
Ac=cA=) b

L* The Unoue nwesse og A,()., A@A@L:& oS A"l, o

ay 00:42 as it extsts.

> Caucellation ?vog,erl‘j,
I 3 L) U

VAB MR : V¢ €GLER) s (CA=CB & A >9)
VABeMA®) : Ve eGln, B : (Ac= Bc & A=B)

Ue dhow am&é e girsf SLOLWM{a Le{ Aﬁe Hvxaﬁ) tuﬂ’(
GeGlLln ) (e given. such fhad CA=CB. Then
A= 1h- [ idenkihy watvix |

=(c'e)A [ Climwene of ¢

= ¢7'CCA) | Y.a:soc;qhve,yraptrxg’f

- C,~1CCB) ’ [LBV&“A(’J{&‘- CA’CB] L
(1B Lamodedive poperk )
- 1B Lt tevse of C© |

=B [1&6%1“)\8 Yﬂa{’rfkl .
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| -H Qoﬂﬂows *“«ajc o ‘
VABeHa(R) -V € CLLR): (CA-(B=sA-B)

> Thvese of o %9 wmabrix

. LdA:Ia @} e Ho® f@e a WL squewe mabx

< 4
a) lf D= ad- Qc, 40, ten Aty non- §mzuzmr hﬂ#& |

etk

M ) g D ch. @c Q. {“ney\ A is Sh«%h@a‘{

® Apvﬁim{%m, {o ﬁ)ﬂi. Jinear 9%5[6,&5. |

, Amé 9% 9. .Qw’lear st\cm %s\&vz QB

i & % ’ff’-tlg l‘l
%X&»am% by,

an be rewvillen v tewms ol %mqlmx a 8e@m as;

[N

M& ‘ham SerecL 'ug.mg ‘MIE. &ﬂowng Vko?arl’é

o [Fhe cLln®: Yxbehul®: Chxzb & x=Ah) -




v Pfobg ;

Lt AL oud xbe Hm(® e %w.m,,;
Ax=b & A (A = A [ cancdlabion {Jm()@r\gﬂ

& (A Nx=A"'%  Lassouhre properi?]

& Ix= A-Lh [A"s,mt/um o? A
& x=hb  [iduhly walix]

I¥ Qomows knd: , o
Vie @) - Yxbe M : (hx=b & x= A7) o

Cowsﬁq%%, fg Ou@gg -0 lg 40 ; Haewn -

| %OuXJraw.\&f- b = [&n QL{HX } = IE« j[ﬁ)

‘ Qq_[\C{‘Qg,gfg “"L‘Jg.,u LGg Qg9 B , ,Lﬁ ‘
@KX1:X'QLL Qtﬁ.}‘i{{o!]: ‘

v 5 LQgy  Qqq . . g2. P

= i ] Qo9 —Qy 'or]

Sulgy g ly j-0y auldlb

9.

| fmm whids  we lmag Coﬁ,mﬁn}f H?m. Uniqur sgﬂu}ions
gor CKui. ‘ B , ,
Ly Nolotion - 9x9. delermiinaat

The e;cgmsion QAch iy Jt!ae. 9~)<2 cidevmivzéd;,og Hne .

Cmabvix A= K& g] and we terfer
c 4 |

: AQ&A = a : QA.—QC--

Q
c

5
d
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EXAMPLES

Q) USQ 'H'\e mc\n'x ivvevye ‘[‘O soﬁve an saskm

‘ % 2)4551 9
%}{—%:i

Soa«.i'iew
%waé:w £ [‘L SHxI:{\i] & -
Tx-w =14 -3 -tlly ’
1T s sl
‘3 %2 -1 L 9-)-53% | -3 A i

A Tedaaseoa] ot [-a-s L
I'F _ I
T( )14+ 2-4 26 2
< -t -l?j{ - {i] . Thes sofluhion get S=?((,@§’
¥ | .24 9

Z) SimiQowQ»é yor e ea‘&owiwg Pavo.me{n‘c s«éskm:
(at)x ¥ (.Q.-—L)tb = lGatq
Lax + la- 0\6-: Ta-|
Sofution_

D= 1a+t aq-1t

- (a+)(a-D- Lalo-D= (a-V) (ad|-%a) =

4a  a-t
= (a-0(h-a) = - (a-0)%,

Case 4 = For afl => Do , and Heelore:

ilqu ¥ (Owl)*g =lat? {w;t cx«\} {xlz [Ho&i](‘)
9Qox + Ca'lhg = Fa-1 Yoo a-l b fo-|



& [YX: {aﬂ 0.»11—L[‘11H.:{:
| ‘3 1 20 o~ fa-t
c 4 Ja-i 1-a ot | =
Bk L'ia QH:H?wL ] |
- T i+ Geo)(FomD | -
(a-0)% | -9a (4at2) + (a+D(Fa-D
=_-t | (a-O(Hatd - Ta £ 1) ] _
| (a-0)% 1-8a%-ta +Fal-atTa -I|
o cq4>,c-z~aea>1 ;
b0t [ - t9a-

=t [“3(61%)%]:[37}
| (a-0%* | (a-D%* N
& (xt%) = (%, O.; Hws soluhon seb 8= ?(3, 0%,
- Covse 9 Cor \’l=‘l'1 we hove :
| 51 (1+1)x+(\~t)5=H~l+a_ . 3%:@, e X=3
ol %l %LL_&):3=?-&~1 I%=6
ds which %ives o soQuHov\ ge{—: ;
oS- el Ix=3% =4 cz,évlgew@_
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~ EYER ,ClséS )

Use. Jrln,,e moirix, ~fverye %e, solve ane, | 100 ﬂ.owi‘/'% |

o) %xi”%:H ) 3%—-%:7) c)jz tly=%

o au?;b_ o Xl’,ié?ﬂ | x&%%feto |

) ilio\x ¥ Cu—%)% = o~ i

 Wa-Dx tloy = a-a? S |

e) % X+£&ﬂ)\3=9., 2) 3 DJ—%r—l—-o. e
(ot x4 C.L:ﬁ?t)%: 5 X-o4 = a- ol

b Dobuoude feboun Yoo vl o e povomcler
&eg\ . bJLIQ.Y‘Q, ‘K"Q CﬂVY@)()OhA-(WB v W\O-{Y{k (‘S
hov «‘s'\,mbulw vs. Siwz)u&a\r‘

@ Tl Qu aclh Qor w‘c,ido {’L-P— m,airz‘x
A- lu@ 9 ] |
B . ¥ |
D v\omws‘wx%uﬁn.
@ 1} At%eﬂum\ ake. Mm«%iw%uaw, S‘MQ {’Lah J 2

0 odlyo nemsimadar  with M jverse 2iveh Q‘é
(Am)~ r»%*‘%“ |



@ € ASCM® ouk G b vosuglar, Hoen

SL\ow J(Lai? o . ,

:icﬂ CA=CHB= A
D Ac=Bc¢= A=

35

@ B AK@ wlh =0, o bt A

o v\,uw-siw%uo@f hJ\'hll -

@ A skifes ALiAt1- 8, Show flob

- A {y mmsiwbﬂw oud Als Aq‘ o

@ ¢ A,ﬁéHm(@J with VA‘; @ein?, mu--siw}quw,y
- S‘f\ow M ,
(A-B) AL OAB) = (A4BD K (A-B)

asa{u ABe M) Wil 70 and B46. Sho
-6 Sl A s‘awbuﬁav -
| o) S’i_\/ubt&o.\r
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v anuix Tmusgosg

o leb AeMam (R Be o wabrix . We defne Hee Lvanspere
w Qbrix AT EHwmn(R) o:
Vaclm]: Veeh]: (Alg= Age |

e Jet AEHWUV\) Be a squUare. malcrix . e Sma kﬂoi
A syamebric e AT - Aeo Valeln]: A of=Ada

> Properhes

VA® 6 Ham(R): (A+E)T = AT+BT

Yol YAe Hua R : CAAT = A AT

¥ AeNux (R): VB ¢ Hiw (R) - @_Ag)T - BTAT
Vhe 6LR): (AD-L= (A-DT
VA‘ c Hmn (R : (AT)T: A

EXAMPLES

o,\) Pﬂ’m kne. q)ropevka
VAGHVMUR): VBG wn(R) = (AB)T = BTAT
SOQ\}.‘HW .
Let e MakU®) oud B cHim (R) Lo Fiven. Lt aelug
ad Betnl Be given. Thoa-
LAY = (ABga= T AgyBra= 1 A8 -
LS ! JELA * 135
= L B;% Agz = (BTAD
Y ebed
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Tt SEQQou} -“ml: |

Vaelwl: Voefm]: [(ABY Jag = (BTAD

= (AB)T= BTAT

qm& %m—ego\rt .
VAe Mk (R = VBe Mun (@ : (AB)T= BTAT. g

8) Show  thok
VA£’ G,Hw(‘@\)’- % Ag Sémme{’hc = AB ngue‘an ;
ke - BA
9oﬂu3nom

L&JC ABE Hv! [@) @e zwe‘ﬁ bu.(lt ‘qu& AB >3mme£nc, vaA.

A=A . Theq
(AB)T = BT AT , [%ms?oie. 09- \,-.a}nx rOcLuug'l

= BA U’“@V‘Dk‘e’b AB Y MM&TI‘-/J ;
= AB [‘na\)a!&zsb AB - Wﬂ

=) AB Gémmdﬂ(—

CTE Follows Yook

‘\?Aﬁeﬂn(@ %AE smme&r( - AE %mmém .
A
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 Dgfoses

@ ?mp b WL% A b

%YW)VOEQ,

. SL\ou /Hnoi AT }yéﬂm(\?ﬂ 1y Stéwmelﬂt Oh,o‘ Whon - Stu%uﬂaf
fon A by oo Smmetric.. o |

@ L ABEMD. Show h
A, B, AB %’%W\mdnc = A@ BA

O Giren ABeHal® , dou td o
A Sé\mme%n(, = B- ‘P A? 53\#\0: &wc

O Cusider te volabion mobie
B(d) = Ecm% ~sm9‘§
| Sid  Cosd o
)Sﬁmfu -H,,ajc /B is vom- swbuﬂar u&l&; o
RS A
D) Show Mt
- [ROTT= RC9)
0 bor w\zm.L ov%aa) ;36\1% i Vz(ﬁ) S‘Bwuejmc
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) L AH® e o squae wabiv.
S‘I\Ow "I'\aoik N ;

o) A+AT ‘S%mm“;}r‘ic .

D Lk 2-arbi e@&h«atﬂae\?\aui L e
lmg im,,,,_ﬁwik avd dohne |
L a |

Show Mt

o) Y2e € ~%05: H(Ll%) :H(%)'( N N |
B Yz.eC: Yaze €Yo M(z.[20) = H@ON (24

@ Lejﬁ, A&e M) &e jﬁ,»'O squale vv;ain‘.cc,ﬁ,- (We
A Sa_} 'hﬂn{

7B shew-quanchic © Vabe ] : Bog =Bl

. & BT’: -B
VAR chal®y: SZA synwcic 5 ATBAR §kew«59mejtyic
. G skew -5 meeh;o
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MEE3: Determinants and Linear Systems



41

| - DETERMWANTS AND [INEAR SYSTEMS
¥ De{-,uminaw}.s‘

DeL'?-fonaﬂ,k} are use_l 4’0 ;}ivul, 4—\;@. thverse of WN¥h ma‘ﬁ‘\%
‘b.xuk 502,& vixn p-meox §\6§Le,m5

o bebube ddadion of ddominads

) Pen/luinhou& o
Let Wl:-%1.93,. ,m§ A ermw}*‘nw o 15 a Nsﬁzq@ﬂma

,og hne_ ov&er og hwe, eszem() 2 V. Forma I‘ 0‘ [s
a Q;Se(\'wvl o [n] Tl whert Qé eadn dement of (W]
05 mapy ed M}‘n o Atsjmm}t Jﬁ“\ﬁ“é g (ul.
‘éy,- $e¥ 2 &QQ Pg{mal‘a;\ws oV (m]

EXAMPLE

’;or i=%: _ e o B
S5=3 (1,22, (130,(5.0,D (3,2.0, 132,023

ar the six pumklkons of [33 o
For 0:(9,3D: cl0=4 ,c'@.) 3, o—m &

?L) pe:muhlnw ‘ pcm’\k&k ;
\_e}c G'e$ -@e. a pumu*m\'uov; 0‘2 Ewl Ix)e. ele,gma H}Ae o

| YarA‘xb s(o) ag g as:

s(v) = beh[ﬁ’w CJ‘(a) B‘CQ))J o
Q&"M@ﬂ R
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ith  sig G0 delived a5

(A R ke
si«b\a(’x)? o, x=0

-1, i x<o

For oelu, Slm=d or sle)=-4 le s.g%..‘%i
o even pz:w&qboﬂe-%,s&)?& o

o odd f?ermu{n,’ﬁm & slo)=-1
- EXAWPLE

For 0= (3,4,9) | {ue po«r.il\é‘, .og o iy

0= a=8«

- S;Em[(_a(a} (6 -5o@-c)(-B)-c@)
x(ow-c@lW-+=x7]

= sigu L) @-9)(u-n2-DCa-w)]

= Sizn[ﬁ*i)(i)@ L) (3)(&)(—-9-)1 =-1

Cs(e) = si%\qlﬂ‘ v Cc’(cﬁ«tr(@)l =

¢ A' }rvmsgos{l‘ion s a chwmtq.{siw , Jc\aajc swi,,-Uaes MQF

boo efements of (] Everé penackadion  can fe ‘,Cava},*ut}(’Ji | |

as o sequ.e,nce.og trousposihtons . Av  even ,yerm»sﬁ&?@w

Con Qe comxm;k«i‘@\é o GveM ,leﬂmgx\f a?g _,i'mmgo,?ﬁliw‘i-“

An odd ,ge,muk}:ion requites Qn odd viumber o}
‘t;fcMs 1-‘
, pon owy. .



43

- ExameLe

@) For o=(2,1,4,2), we cav coushrut & with
% transgosihions:

W | t 1

— (3,4 ,4,9)
‘Ow'w\ ﬂere.?or& ool o(U.-

Q’) Fov w=3% ; $9 hay 3 even gevmujfnt‘iow and
2 odd ?ewmzk‘n‘avzs |
A= 510'6‘{:3\ a evevz%
=393, (2.3,0,02,1, 9% €« even pe.rwmlm on;
B-50e6S;3l o oAi§ - -
=3$(3,2,0,01,2,2), (2,20 < odd permutntions

7»') De}tev‘mmank \ 7
,WQ now Wwe ?wvﬂu\LOJnms ‘l’a d.ey'me Jst\-umman‘) oy
‘ ‘? Qﬂous

0 € vy

VAE Hu(l@ : et (A) = I\ [ SCG')TY Aa‘a-‘(s-)l ;
a=\
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}H Ax1 ,9x2, 2x»  delenminauts
For m=1: TAul= A

i Mg |z Aukes-As As
Ay Asg!l

For n=9.:

1:0' nw=%: we use ‘I"'IQ. ,SQYVL&S 5‘-“%&'- .
hae her Ao A =
ual/A?}e).< Aaz';:,ﬁu\ﬁsg, o
NN Ny
+ + 4

= ,An Ags. Az + Mo hez Ay + AigAe Asg - Ais Age Azxk,’, | |
=~ Aihes Asa — A Ay Asz

P Nole Yhd Piere are 3 P,’Sil%e lﬂﬂb N (DWCSPOWAWB %J«l«e

2 even permatnbions of 33 omd 3 neaoi-‘wt terms wm;po@‘vg o

to '“\e, 3 odd ymmjmhﬂwﬁ.

b Budaneded pepechies of debermicads

) TeMlR) deckly maben =2 deb(D)- 1
) YAeMa (R : det (AT) = dek (A)



03) FAB eMa(®): det (AR) = dek W) {k (@
W fAeMalm)- CA mOw»s_imrguZav%B J&(A)%t))
, VAetu@® - (A sm%uﬁsxr;é:—) det(Ay=0)
l—’ 1t &ﬂws ‘hoa{ Hhe set GLn, ® ,og viou - §M%ugn.v
Wﬁ’wéms, sa‘cisgtes |
| Gl =5 AeMa® | det A#o?
5) VAeGLin®): deb(AD._ 4
- det(A)

}“‘ DC\tvm;ma\A og QOWW [‘{ppﬂr -Lr{aw,%uﬁar ,majnidzs
i N

olet AeHal®) e a wmalrix. We say -“49,{:
A Q-owcf-—‘l'rmw%uﬂg{é:@ Yobelul: Coch = At =0)
A \A‘)?u/‘:ﬁqw%uﬁax & \i&,ﬂ, civ]: (,Q) = kAa,L:O}

oTL canm be SLown %‘q{ i¥ A i upgewj:rmu wlay o Lmt%
‘L{iomﬁuﬂ.ow, ity delerminant  deb(B) 3 given 83 Hee leu.ct
0¥ oﬂ ,eb,a%o\aaﬂ Com(lo Vleu’rs: B ‘
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EXAMPLES

). Show it tt I net YOSS?QQQ o dfwe @ %tap‘n witl
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Vaels]: dva)=3
Tt follows fuat | - o
2e@Wl= T dw =T dd+ T ) =
neVvie) o-€f2] Lelo)
=% 9E5.%= 6515 = 04 =
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6) A %,v_n\:‘ﬂ, has %wtce 0s manyq : s FAB(’,S _ Show *qu,’t
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EXEACISES
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EXERCISes

@ Draw the po%wiwa %\(‘gp,,l«s: o

a) Kq d) ki g 9) Py
Y K¢ ) Kg,g. LW Cs
A Ke Kz, 1) Cy

Ll’hidﬂ 02 Hae., vaphs w  the pl—cvious‘
@ g,

®

QXerCise 6Have ve

Fof o..b in}e(b»cn‘ 0&9' émo( by o
evaluale Mre oMowiua:

6) () Ak D IE(KD]
) §(ka,8) P AlKa,2) })\E(Ka,0]
) §$(P) YACPD) K lelpl
d) $(Ca) \2) Alca) D Velca)

[ You c@m check your cb‘cuml‘ answers
c‘b l-es\lt‘mb thewi when a=9%,6-%
or a=U4 , 8=3]
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Ka b \—e%uﬁw =) a-‘-‘@
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%)a Volee slldon
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CQQL\&QQ"Q Jrhe \}er Qx éoMec&i\;x‘\A K(@ owu;\ QA3Q Cow/tec)':\h‘a ;
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1? we defive

A[l Al’\ e Alw {
A=\ Aq, Aiy._"‘Ai" ) l9""

L A‘vu Aug -t Avm ]

4‘«% -hnb Sgslem an G‘e, rewri{’fm 0!

i _‘Ba.@ = Ala(l:)-} Lo
dt |
\3(0)*-—-'0

T‘ne Soﬁu‘mm “o “4;5 ygkm

J:he'- Ma-l:ﬁ)( eéxpo nenh'

*——-» The wmalrix CKFOWWH"‘Q

I ) 1
b, [ %L{)
s |, ylbr=[ 4q(h

L e\d 4 \.Bm (é) i

] @asci on

o Leb  AeMan ((R) be a Square Imajaix.
The expov\eh‘rlal o(l A is cle.gineo(. Qs

too

}QKP(A) =) 4 M

n=0o wn!

.1
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WI'Hﬂ O‘. = l
V\“. = n(n-9 (m~7_) --%.9-4
Ths 6cm,cra9.!'2'c9 W.e t‘lth{\')b&

A2

QX:: Z X“

n=o mnl

o The ma{rix expamwl»l'ol exp (A camvevﬂﬂ
gor ol Mqln‘ccs A. |

b Propevlies

@) _d ex()({;A) = Aexp({:A)z exp (L A) A
dt

Y Lexp(ay]™ = exp(-M
<) ‘A\?) =BA = exp(AtB) < exp(Alexp (B

d) dy® | Ay (D) > n (0 = exp HAD Yy (D
4"% & 9 | 3

‘e,\ l€ Xp (et A) < exQ (t A) exp ({1,&)
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I" 50&4!{«“4 1o Qimalf S«éh[cm of O0Es
The  soludion to eroe,.‘ OpE ‘,s‘ASkm

Iyl _ Ay (£) W
dt

s g iven @»%
d r
13(&) = exp (EA) 13(0) +expld A)S exp (~eA P (Wde

}"' Bow +o calculole the makrix e)cpohoa{n'qz

To calcutale expltd) we world s $o lows:
o) Let AecMuntf). Fom Jne Cayley— o tovr
lheovemn we conclude Mal Here arc |
Coew{ciewls CoyCuf-nny Cn-¢ Sucly hnq.{:

Lp(Lh) = Cnmt A e AL +aol

Be Eovt we 2(\4A- Col eoag Cn- we St'\mpﬂip}
e lri%lal choawd side of Jhe CKPHSSI'OM
d(’o ove .

ba'we 9;‘\4(1 'an. etaZVNQIMQS ﬁuﬂilo“(ﬁ”

02 ‘H'\C- \Mc\lf'?)(
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*5 Lol -
L) = uo x " Ecd G xito
To Qino\.ﬂ He ,.__,co,_{,eei.cicﬂﬂis  CopCigaes Gyt
a) \Q A s au ‘ecaemmﬁua ogé_é, e

CQK < ?(.Qn)

O A b5 oan egemalee of 2wl
Vnuﬂiﬂidl’»b w, Hen we dso  Lave:

@.Qk’ = P' (gu.)
,,Qg“' = Q‘( (,Qw)

0w :-. Qln-d (a0 |
T'mu we %cl» o ;tbssz : 02 . er{uq“fom

Frowm which we find Co-erp Cur=t -

(

*y knowin Hee coe(l&‘cieu') Co,---, Cu=
we now codadale o expouendial exp(A).
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Cxownpfe.

OVAX ]

we have

exq(LA)r- C;{'Ar +CoI’— C.J:[i 1‘[ *(a[\ o]

| 9 1 o |
:[C;".’{'Ca .t ]
9¢t = attc
. El«zeuvaﬁuls o' A‘.

del (A1) = ) l (e DE -
) {-d
= (1-9-2)(1-2¢3) -
= (-3-2)(-3441) =

:(A+0 (02—
< The eubevwalucs 02 A ore CL: -2 aud
Ag=t
=) Tl«e. elaemva@uls 02 1A are
,A['; -9t QV'&. ﬂg_ (‘(£ =
=->% 6(“7 = G, (uk) v o & --- & % C\-—-ﬁ:—'(e ;e?ﬂ:)

-9t
e = ¢ (-2)1 co
. ' ’C.O..._.__.(e _'2”2*)
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Tt Dollows Hhat

]

Q’XP (.,{ A) p R D R _’:____{ 3eqt -}-%Q’l‘& Q% _é‘%
6 Lgettoge W Ze 43
eXmmeq_
Fov A = { o) { l |
| -§ &
we [flaw_ :

Q)‘P({’A') = C({TA‘I‘ Co]."' "‘k

-,1 Co ¢t
"6([‘(: GCt‘L ‘}Co !

Ea'%e nvalues -

Je“A-—AI):l—_ﬁ { \z«a(s-as—w»e&:
-9  ¢-A |

= -6419%19- (A%

< =3 double eiqenvalue ol A

2 =2t double eubc«valuc of {A

For 2()(7: Cix+t (o ===72|(}‘)= C ‘kw.S:
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C :Qg{;(-i‘;l:)
3 egb = Cy (3L‘)-\-Co %7,,.é,) o

3t CL:'€1’£
4 =

th ws

e
-38)e** L }
cep(th)= s [(isiefff C (u3be®

Now QLL W) Cowsi der
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zi‘;& *9% “’j,‘ 4—9:‘; \%a(lf) ["‘3 6} Ua
& |

It Pollows Haat

¥ H:A-) (o} ]:
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51@1 15
‘ | Co) :>
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S—({‘ ;Jcl:e,;‘ 1+ 3‘:) 2% 34(.9)
> f% G (’(-31’)3% 13‘(07 } Le_% 51(0‘) |
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}—* 2ud  wmelrod

For Q' 9 x9 ,mQjm'),c A‘ wtu'l ei%enmﬂas
ﬁ\,ng, {»Le_ wmq.‘rly ;c;cpohenll'oﬁ 15 6("!&4

G'z: . ]
0\.3 H’ A‘%{/‘the") N

apthy < A gl o SR
- IA(“QQ_ , k,kl"gi

6) ‘Y ﬂ\;QQ,:a -H,\"gq‘
exp(Lw) - 2101 + LAt A
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EXYERCSES

Use ‘hne, mqlu‘x expou(nl'fi«(’. to solve
l\at’_ Qauawtv\% 9nkskms v {emq oz

13‘(05 oud %1(0) :

Q) ‘L‘étl"l'{" = Ll +
2‘l‘é,a./ﬁw: ";%Il H;A:

$) Sdy ldt- -0y, -
%d%q_l dt = 13? -*2«3‘]24.

O 3 dyllt =
i&‘\%a_lﬂtk ‘%l +5q\

@T/f\ol—ml(on malrix.
Show k«a\: e Yol‘orlum m«Jn‘x

A9) = [ Cosd -5;“9]
Siv\9 cos 9
Socll'sgiej :

R = exp [ y [ 0 -1 ”  $em.
| ) L o
1—) USC e‘s,‘,:c Cosﬁ'+ !'SI'V\Q, |
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MEEG6: Graph Theory. Part 2
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CGRAM THeoRT

-y AA)&CU\C;B}MOA’H\( o

| Vo, belnl: [ A ag =

[Dh Lok 6 Be a grogh wibh vehies VEO=Su, g, wd]
- (ﬂ We AQQ&M, Uw_ Qk“&&fl(,eﬂ(& IM.Q-‘{ZVU(. A&T)EHV\UZ) via

L Ly o-tuasal T gt a
|5 ecE(@)] \? (0= ilLoS?Sl, nﬁ =0

?@ Uq. Aegmz, Jf(«.e, Convmdmbl MoJ:n\c ECG)eMn(lﬁ) via | |

?;[G) = M) $A*(6) 440 + A(E

,E)( AM’LE |

Gwidee e gqoph 6 guen By

T conepondiny  abjecancy mabrix 15

o L 0 o

| My=13 o 9 1

6 9 0 0|
o A o 4

L—? Nok ‘H\a} on(s ch& couuk& chwe, ,
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| ﬁ\?-» ?«o,mﬂm.s b be odjpnsy mabe
OﬂA@) B0 are Qobh s%mmlm -

IVobelid: TATaw =LA@ e |
Va pelul: [6&)‘1@&‘—’- [9(@1&@ .

| D——-» Coﬂumw/@ w Sum o¥ 4[&)

VQ)e[wl ‘i LA(G\L&. o0
.
- |Yeelds 7: LA - Ma&

?'_; Q,V\(LVHQJO.,L"DW Q¥ LOCLQV} -

, ,_V\o'&OJT'lOW &auﬁ?ﬁ jd:ml: W(:(r) I ](LQ SCL ag OM waﬂq Oy
b obvaugh G. Lk oelN®. The seb of all  oalls with

' Quzkﬂ o will e sz;oLefSL as:

Weo (o) = i\ue\\l@) QW) =5 -

, TL\Q_ Q‘),Qloww% Vesuﬂ cwwiﬁ jﬂ«z mumﬂer of Ut\ﬂ.ks o?

el Lo Qehwen dwo verfies

| e verkus  ond U kelN®, Then,
Hw.e\/\l ()} 460 = e M G =g} = U”‘C@L@

Wm Le{, G Qe, o..% L) w;L ﬂei: R LL&‘eVCG») Q,Q
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Bowark

) A oed wolle weW(® 15 o walk whee
. . Sjrw‘l'moé foqu é.&u() o !L e,u&(zqi V’t Uﬂ) (01’_14&4'&& e e
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RO e way Ben condude Bt

Gty , & b cory o cvwmerde Be waber
B 0Z CQD)Q(L M(A)QX.kQ IS B %.‘ B
. Vil h’{ . e‘;\b?,k\)fo—gk&)wV.”;Og;.,,fh& Q‘A-S&LQN(/S WIQ‘LN‘\LQOY' e

incson ,62 Q?\zﬂwgux e,

]

{Tha Lk 6 fe w ggh wiky e

T——’r Grag\n Co,w\_ech\f,iJM o

cwyh‘er}ivﬁ\é -

B, U S lows Ht

| 6 comeded & Yo geli] - (afl= [8(07] o >0)
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This Yeoem con o ved algorbmicdty b aladde

Jckz. M\Lm@er 02 Comflo Mm&y u,((r),, _\EOV? Qm«b 5?0«‘!%% o

) Pk o verkx taeV®
W Fud ol verkies eV suh el [B(0) o Fo0.

o Thuc&egims - ,,561;, 02 Y\‘YJFI‘UZSV o Suds {“M‘L{J | .
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A—) How Mamﬁ open waiks o¥ lemth Lt C‘-O’-S (ﬁg Lzo;ve

o ddt(Aly-AT)=] 1 -
{

 Solubion { 9
Q)For k& S R I
%Le a&lqcem hQ{r)c (s ven Q CR
lo “% {1 2 :
M=t 6 ¢ 1] =
{ 4 o 1]
11 Lo

1
A

&) A o

Aol el ”‘{QA‘?- v (ﬂﬂ)(i M
1-1

ﬂ

O

0

o 0 -lat M| |o - A8
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{
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N FR R S
-t o ;\]"—",CAH); o 1 ?-—'l S
e o - 11 o- +r1
FCRG T ml U F RPN S EE.

-1 1

L

P (A-) = (AP

Cand H'\QKL‘C o
N ciqenvalue of ke det (Alk)-A1)=0 &

& (A0? (3-0) =0 Ml=0l3-%-0 &

. & ‘;H&V’)«?: o

AQ) TL\: vmmz?r | 02 cﬁmec{ woﬂks (,;1‘1"4 Qﬁu%ua h
i %WEV\ 098 DR ,

,N‘-’— i\uC ;Wn Kq) \S(w) =Jc(\v)75‘aw S
< dv (AN(K) = C\“%QUM‘J: a=
B AT 1 SO MR A Vi £ =

= 3¢ 3"

Cdet (A0 = Oud)3(3-0)- Qe shid3-D=
,, ~%g‘r‘)”‘f‘ig*%fg“-—%%ﬁﬁ?rﬂ =

=041 (3-9A%4(3-D24
=AYyt >

) = - Aq(Kq)*QAi(fsq) t8Ak$%1=-0
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EXERCISES

@) Urike Yo incdine wabries for dhe
90%\0‘!“% %TOLP’/-)I |

) Ko d) kg z
8) kg e) Cy
) Koy P,

@ Let Alkzy de e aclsa.cww wod rix 92 kg
Q.) F('vxo‘, ~H,,\Q CLGJQ.C{QHS’“C Po%b\ow.c"zﬁ
6¥- A (leg)
2’) Show Yok Ag = 3A + 41 |
c) How wan open walles dee; k3 (ave
o@ Qem:h.av 91
d) How wmam chL wqﬂ((s daes k% [nove
02 @e%a 37 |
&) Calcdak A% and auswer e saume
Queslrioma (o, () Dor walles of QQJAB«IL S.

@ Lok Alkqa) Qo e ml,j&&h% mokeix
‘ 0?* ,K%‘q\ o ,
a) Find Mo chevaclerishic pof:anomiaﬂ ot Ake,q)

0) How W\qmb @,\l’cﬁes of QQMK“/\ S are
Here (n kg,g? | |
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magriyx
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O;..:»O-an

!
|
o .
1

g o =

|
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n "g L
D Y T (A a = 2lelal

a=| {=|

) [Ama@,;_&_k 6 Howilloniau

acxz|}

Por ol 8 clul

n
A L [A@].g =A@, ¥8elul
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o -H.\em _One ,kmg.‘ ,L(W) D “&Se«{ ap , G_J-ae) R tleeL @3 Ww.
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1 e dofive %_.Alsjrwc@_guﬂh fehan o awd 8 a5
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8 The S‘I‘O(tQ)E ?O»h'\ VroJ@van iy e o el J—;Lei
%m{!k G tml'{'t Q E(Y+ R <>m§~ \/ijnus déev(@
b Bud o padh we 6, a=d) sud Hok
i(w\ 2(& @. Eq«umﬂz«#ﬁ% Ve are Qoolz . 7{1&
Vakk WeP(6ya0) hot minimizes ?Lw

?*—ﬂ The ;,Diiks:lfra» | Oﬂﬁon’!‘hﬂi R

e D dyb ot e e b
 Shorkest ?Ojﬁ\’\ yon»Qewz ?or M S{)Equ, case s
Veetl®: a0

| wkve, s hae o yasthe, wed ‘nfi 'I[mz, omLfam o
 Cousizhy og 4\.:3% ards: ’ QQ%

a0 YY&?VOCQ”!W% fywem &ne/ ;m{mﬁ, mrs—t\( O\CVCB’) we

| | &egw»e o Maﬂ)luz L= V(6) o Rulesd wilhh Ke[w_\ qml
V-1 end oo Hap\re)cu{'moz Q.,g,t.,.,;,9.;&1;,,,@.,‘4“&,.“,,‘ \\«?\v\t:l'z o

® ?oﬁ[ﬂ\rocenmg G\\—en ‘H*Q -‘{,{miwaﬁ VerLQX, QGVC‘J and

e ou%pu{ oe the prerocessine, s}ep dhe second sﬁ,()
o og He of ohh«m wildl Q\u(L one. (or Q{)}) §Lor}£)’£ oﬂn
| Qv b inthiad verdex a fo fe Jermiual Verfex Q
e NsLe Hat Hhe os['-p\rowmu? ch com fe ref eci‘:eeL
Qé)r , &{veﬂt daoies 02 -Lervmmﬁ werk\c Qe VW wt}"noufl

| ke e:év He [Jnfvocezﬁtw s,le.? The {Preprocersin o
) hzeis Qe mqea}eo\ n}éa,x we dnawza Mw}%aﬁ \rtrkx.
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(?*"’ ngro(@s(\n% Sitp .
| U

ol L oeV® be he chosen imbial veduw.
e We debive - -
. 'MQ:G,A%O*;%M%:’L&% |
'Sl\iue\!((?)-. Lolw) = 3(0 '& W=lo

B © é@ Ufno

' Assume, an,% , L

| %%L:{um&h ,..‘)'U/W.%, L
L: V&) = Ryded |

L\a.vt QJZRQAAA Q@m A@Qﬂaee{,, B
b HZ K:;lVCG}} ~1 u&u ert ﬂQ OY{h«M %Wktu‘wai%, S

> O erwie, we &1{219\2, | LKH oy Yollowse
1) Vue%v\ SRR R L

93 \j ue Y(,Q" $m t ( Wik hojﬁ o.‘is &&M{Z —"%7 Lytyéﬂ U.t):Lk Cu)) |

QD V’U/e\[(fﬂ - %‘K‘o ,C’LL,eUng _&,&,jaUZ,V;E =

S L@ mn i Lot v}
w;R\ Wi LL« d%&g%l‘w&h W and We.

p e define e eV suda fhal b sabihes:
UK%LGV(@)“§K | o

| }[ Vue Vo) - 6z Len (W% Lewr Cuged
Nefe yfmk F?—mujihp@z drotees  xisk %r Wiy W
e gork He exechion ;,02 ho Q/Qaﬂﬂ‘y’w ond. e
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b prodial implomudabion o b olgorithun i bued o

S Q oén‘& 02 hﬂ& govm‘.

| kzo | vl k=2 s R=R

Tl el | -+ - Jlut) -
G {Lalad | »-+ | lwlod)

2
- 8 ©
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- one fhok  Winimites e ). Thos JJL%MS W,
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For k=9

Ceopyod ubhoak

| . CO.? ‘@h,C.ﬁL

50 w0, L O ke, 4837
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. co.p»g C S B , o
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Programming with Matlab

Eleftherios Gkioulekas
Mathematical Sciences Computing Center
University of Washington

December, 1996

1 Starting Matlab

Matlab is an interactive tool that includes facilities for dealing with numerical analysis, matrix
computation, signal processing and graphics. It is meant to be used to understand and test math-
ematical concepts interactively before coding in a real programming language.

Throughout this tutorial, we will give you an overview of various things and refer you to
Matlab’s on-line help for more information. The best way to learn is by experimentation, and the
best way this tutorial can help you is by telling you the basics and giving you directions towards
which you can take off exploring on your own.

To start Matlab type matlab on the shell prompt. You get a greeting on your screen, then
a window pops up and goes away ! and finally you get a >> prompt. At this point you can start
typing in commands on interactive mode or you can quit by typing quit at the prompt. You can
also navigate around the filesystem, execute the Matlab programs you have written, and get online
help. If you want to log your what you do throughout your matlab session type

>> diary filename
where in filename you put the filename you want to use for your log. To stop logging type
>> diary off
Moreover you can get on-line help by typing
>> help

on the prompt. A list of topics appears. You can then type help again followed with the name of
the topic and get more information about what you want to know. For example suppose you type:

>> help

[..lots of stuff..]

Matlab/matfun - Matrix functions - numerical linear algebra.
[..lots of other stuff..]

!The reason this happens is because Matlab tries to see if you have an X display. It can do that without popping
up a window, but then you wouldn’t be as impressed
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There you go! Say you want to learn more about the matrix stuff. You type

>> help matfun
Matrix functions - numerical linear algebra.

Matrix analysis.
cond - Matrix condition number.
norm - Matrix or vector norm.
[etc...etc...]

and you are given a list of commands that are available to you for working with matrices. Then,
to learn about the cond command you type

>> help cond

and you will be told how to use it to compute condition numbers. For more information about
getting help try:

>> help help

Another way of getting help is with the lookfor command. Suppose you want to see what
Matlab can do with “eigenvalues”. Typing:

>> lookfor eigenvalue

will return to you a list of commands in which the word “eigenvalue” occurs. Note that this
command is not very artificially intelligent. If you are looking for your son, typing

>> lookfor son

will not give you what you want
If you are on a machine that can run a web browser, try also:

>> doc
Finally, if Matlab ever does something you don’t understand type:
>> why

for a succinct explanation.
Like we said, at the prompt you can also execute your programs. So, let’s do that!. Bring up
an editor 2 and type in the following Matlab program:

20n a Unix system you can use the following editors: emacs, vi and if available pico. On DOS there is edit.
Other systems have (or are supposed to have) a text editor. Warning: You can NOT use a word-processor to type
in Matlab programs, unless the word processor allows you to save your document as pure text.
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o
% These are comments. In Matlab you can add comments with a % character
% This is the standard hello world program

disp(’Hello world!’);

Save the program with the filename hello.m. You want all your Matlab programs to be saved with
the extension .m at the end. Then start Matlab under the same directory where you saved the file
and type hello at the Matlab prompt. Then you should see the following:

>> hello
Hello world!
>>

When you terminate a Matlab command with a semicolon, the command will execute silently.
When you don’t, the command will print back a response. In a matlab program, the former
behaviour is desirable. When using Matlab interactively you may want to see these responses.
As a general rule of thumb, when you write Matlab programs terminate every statement with a
semi-colon and produce the output of interest by invoking the commands whose job is to print
things. Such a command would be disp for example, which will print hello even though it is
being “silenced” with a semicolon. We will learn about another printing command later on.

Notice that within the Matlab environment you don’t have to type any funny commands to
load your program. When you start Matlab from your shell, Matlab will load all the *.m files that
happen to be under the present working directory at startup time. So, all you have to do when the
prompt shows up is to type the name of the program (without the *.m extension) and it will get
executed. Note that Matlab will only look for files with the *.m extension, so you are forced to use
it. There are no work-arounds for this. Still, Matlab has a provision for the situation where your
files are scattered in more than one directory. You can use the Unix cd, 1ls, pwd commands to
navigate in the file system and change your current working directory. Also, if you want to be able
to have access at the files on two or more seperate directories simultaneously type

>> help path

for more information.

2 Matlab variables

Matlab has three basic data types: strings, scalars and matrices. Arrays are just matrices that
have only one row. Matlab has also lots of built-in functions to work with these things. You have
already seen the disp function in our hello-world program.

Starting with strings, you can assign a string to a variable like this:

name = ’Indiana Jones’;

Note that it is a syntax error to quote the string with anything other than the forward quote marks.
So, the following are wrong!
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name = "Indiana Jones"; wrong!
name = ‘Indiana Jones‘; wrong!

In a Matlab program you can prompt the user and ask him to enter in a string with the input
command:

% This is a rather more social program

b

yourname = input(’Hello! Who are you? ’,’s’);

dadname = input(’What’s your daddy name? ’,’s’);

fprintf(1,’Hail oh %s son of ¥%s the Great! \n’,yourname,dadname);

The input command takes two arguments. The first argument is the string that you want the user
to be prompted with. You could stick in a variable instead of a fixed string if you wanted to. The
second argument tells Matlab to expect the user to enter a string. If you omit the second argument,
then Matlab will be expecting a number, and upon you entering your name, Matlab will complain.
Finally, it returns the value that the user enters, and that value is passed on through assignment
to the variable yourname.

The fprintf command gives you more flexibility in producing output than the disp command.
There is a lot to learn about fprintf so please type help fprintf to learn all you need to know.
Briefly, fprintf takes two or three or more arguments. The first argument is a file descriptor. File
descriptors are integers that reference places where you can send output and receive input from.
In Matlab, file descriptor 1 is what you use when you want to send things to the screen. The
terminology you may hear is that file descriptor 1 sends things to the standard output.

The rest of the arguments depend on what you want to print. If all you want to print is a
fixed string, then you just put that in as your second argument. For example:

fprintf(1,’Hello world!\n’);

The \n sequence will switch you over to the next line. disp will do this automatically, in fprintf
you must explicitly state that you wish to go to a new line. This is a feature, since there may be
situations where you do not want to go to a new line.

If you want to print the values of variables interspersed with your string then you need to
put appropriate markers like %s to indicate where you want your variables to go. Then, in the
subsequent arguments you list the variables in the appropriate order, making sure to match the
markers. There are many markers and the Matlab online help will refer you to a C manual. The
most commonly used markers are the following:

%s  Strings
%d Integers (otherwise you get things like 5.0000)
%g Real numbers in scientific notation.
In our example above, we just used %s. You will see further examples later on.

Note that if you merely want to print a variable, it is better to use disp since it will format it
for you. fprintf is more useful for those occasions where you want to do the formatting yourself
as well as for sending things to a file.

Scalars can be assigned, inputed and printed in a similar fashion. Here is an example:
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% yet another one of these happy programs

age = input(’Pardon for asking but how old are you?’);

if (age < 75)

life_left = 365.25%24*(75 - age);

fprintf(1,’You have J%g hours left of average life expectancy.\n’,life_left);

else

fprintf(1,’Geez! You are that o0ld?!\n’);
end
fprintf(1,’Live long and prosper!\n’);

Note the following:

String and numeric variables look the same. You don’t have to declare the type of the variable
anywhere. Matlab will make sure to do the right thing (tm).

When we use input to get the value of a numeric variable we omit the second ’s’ argument.
This way, Matlab will do error-checking and complain if you entered something that’s not a
number.

You can use fprintf to print numeric variables in a similar fashion, but you got to use the
%g marker. If you are printing an integer you must use the %d marker, otherwise Matlab will
stick in a few zeroes as decimal places to your integer. It is obvious that you can mix strings
and numbers in an fprintf command, so long as you don’t mix up the order of the variables
listed afterwards.

On line
life_left = 365.25%24*(75 - age);

we see how you can do simple computations in Matlab. It’s very similar to C and Fortran
and to learn more about the operators you have available type

>> help ops
>> help relops

Finally, we have an example of an if statement. We will talk of that more later. The meaning
should be intuitively obvious.

In addition to ordinary numbers, you may also have complex numbers. The symbols i and j

are reserved for such use. For example you can say:

z = 3 + 4x%i;

or

z =3 + 4x%j;
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where i and j represent y/—1. If you are already using the symbols i and j as variables, then you
can get a new complex unit and use it in the usual way by saying:

ii = sqrt(-1);

z = 3 + 4%ii;

3 Arrays in Matlab

Next we talk about arrays. In Matlab arrays are dynamic and they are indexed from 1. You can
assign them element by element with commands like:

a(1) = 23;
a(2) = input(’Enter a(2)’);
a(3) = a(1)+a(2);

It is a syntax error to assign or refer to a(0). This is unfortunate since in some cases the 0-indexing
s more convenient. Note that you don’t have to initialize the array or state it’s size at any point.
The array will make sure to grow itself as you index higher and higher indices.

Suppose that you do this:

a(1l) = 10;
a(3) 20;

At this point, a has grown to size 3. But a(2) hasn’t been assigned a value yet. In such situations,
during growth any unset elements are set to zero. It is good programming practice however not to
depend on this and always initialize all the elements to their proper values.

Notice that for the sake of efficiency you might not like the idea of growing arrays. This
is because every time the array is grown, a new chunk of memory must be allocated for it, and
contents have to be copied. In that case, you can set the size of the array by initializing it with the
zeros command:

a = zeros(100);

This will set a(1),a(2),...,a(100) all equal to zero. Then, so long as you respect these bound-
aries, the array will not have to be grown at any point.
Here are some other ways to make assignments to arrays:

x = [3 45 6];

will set x equal to an array of 4 values. You can recursively add elements to your array x in various
ways if you include x on the right hand side. For example, you can make assignments like

x =[x 1 2] % append two elements at end of the array

[1 2 x 3] % append two elements at front, one at back

X

How about making deletions? Well, first of all notice that we can access parts of the array with
the following indexing scheme:
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y = x(2:4);

will return the an array of x(2), x(3), x(4). So, if you want to delete the last element of the
array, you just have to find the size of the array, which you can do with the size command.
Yet another way to setup arrays is like this:

x=3:11: 6;

This will set x equal to an array of equidistant values that begin at 3, end at 6 and are separated
from each other by steps of 1. You can even make backwards steps if you provide a negative
stepsize, like this:

x=6:-1: 3;

It is common to set up arrays like these when you want to plot a function whose values are known
at equidistant points.

Finally, to conclude, you may want to know how to load arrays from files. Suppose you have
a file that contains a list of numbers separated with carriage returns. These numbers could be the
values of a function you want to plot on known values of x (presumably equidistant). You want to
load all of these numbers on a vector so you can do things to them. Here is a demo program for
doing this:

filename = input(’Please enter filename:’,’s’);
fd = fopen(filename) ;

vector = fscanf(fd,’%g’,inf);

fclose(fd);

disp(vector);

Here is how this works:
e The first line, prompts the user for a filename.

e The fopen command will open the file for reading and return a file descriptor which we store
at variable fd.

e The fscanf command will read in the data. You really need to read the help page for fscanf
as it is a very useful command. In principle it is a little similar to fprintf. The first argument
is the file descriptor from which data is being read. The second argument tells Matlab, what
kind of data is being read. The %g marker stands for real numbers in scientific notation.
Finally the third argument tells Matlab to read in the entire file in one scoop. Alternatively
you can stick in an integer there and tell Matlab to load only so many numbers from the file.

e The fclose command will close the file descriptor that was opened.

e Finally the disp command will show you what has been loaded. At this point you could
substitute with somewhat more interesting code if you will.
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Another common situation is data files that contain pairs of numbers separated by carriage
returns. Suppose you want to load the first numbers onto one array, and the second numbers to
another array. Here is how that is done:

filename = input(’Please enter filename: ’,’s’);
fd = fopen(filename);

A = fscanf(fd,’%g %g\n’,[2,inf]);
x = A(1,:);
y = A(2,:);
fclose(fd);

disp(’Here comes x:’); disp(x);
disp(’Here comes y:’); disp(y);

Again, you need to read the help page for fscanf to understand this example better. You can use
it in your programs as a canned box until then. What we do in this code snippet essentially is to
load the file into a two-column matrix, and then extract the columns into vectors. Of course, this
example now leads us to the next item on the agenda: matrices.

4 Matrices in Matlab

In Matlab, arrays are matrices that have only one row. Like arrays, matrices can be defined element
by element like this:

a(1,1) = 1; a(1,2) = 0;
a(2,1) = 0; a(2,2) = 1;

Like arrays, matrices grow themselves dynamically as needed when you add elements in this fashion.
Upon growth, any unset elements default to zero just like they do in arrays. If you don’t want that,
you can use the zeros command to initialize the matrix to a specific size and set it equal to zero,
and then take it from there. For instance, the following example will create a zero matrix with 4
rows and 5 columns:

A = zeros(4,5);
To get the size of a matrix, we use the size command like this:
[rows,columns] = size(A);

When this command executes, the variable rows is set equal to the number of rows and columns
is set equal to the number of columns. If you are only interested in the number of rows, or the
number of columns then you can use the following variants of size to obtain them:

rows = size(A,1);
columns = size(4A,2);

Since arrays are just matrices with one row, you can use the size(array,2) construct to get hold
of the size of the array. Unfortunately, if you were to say:
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s = size(array); % wrong!

it would be wrong, because this returns both the number of rows and columns and since you only
care to pick up one of the two numbers, you pick up the number of rows, which for arrays is always
equal to 1. Not what you want!

Naturally, there are a few other ways to assign values to a matrix. One way is like this:

A=[100;010; 00 1]

This will set A equal to the 3 by 3 identity matrix. In this notation you list the rows and separate
them with semicolons.

In addition to that you can extract pieces of the matrix, just like earlier we showed you how
to extract pieces of the arrays. Here are some examples of what you can do:

a=A(:,2); % this is the 2nd column of A

b = A(3,:); % this is the 3rd row of A

c =A(1:4,3); % this is a 4 by 1 submatrix of A

d =AC,[2 4 10]); % this is the 2nd, 4th and 10th columns of A stacked

In general, if v and w are arrays with integer components, then A(v,w) is the matrix obtained by
taking the elements of A with row subscripts from v and column subscripts from w. So:

size(A,2);
AC:,n:-1:1);

n
A

will reverse the columns of A. Moreover, you can have all of these constructs appear on the left
hand side of an assignment and Matlab will do the right thing. For instance

AC:,[3 5 10]) = B(:,1:3)

replaces the third, fifth and tenth columns of A with the first three columns of B.

In addition to getting submatrices of matrices, Matlab will allow you to put together block
matrices from smaller matrices. For example if A,B,C,D are a square matrices of the same size,
then you can put together a block matrix like this:

M=[AB; CD]

Finally, you can get the transpose of matrix by putting a > mark next to it. For example:

A [241 ;215 ; 42 6];
Atrans = A’;

Matlab provides functions that return many special matrices. These functions are listed in
Figure 1 and we urge you to look these up with the help command and experiment.

To display the contents of matrices you can simply use the disp command. For example, to
display the 5 by 5 Hilbert matrix you want to say:
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Zeros Returns the zero matrix

ones Returns a matrix in which all entries are set equal to one
rand A matrix with uniformly distributed random elements
randn A matrix with normally distributed random elements
eye The identity matrix

compan Computes the companion matrix

diag Extract one of the diagonals of a matrix

gallery | Returns a couple of small test matrices. See help page.
hadamard | Returns a Hadamard matrix of any order where N, N/12 or N/20 is a power of 2
hilb Returns the Hilbert matrices

invhilb | Returns the inverse of Hilbert matrices

pascal Returns Pascal’s triangle

toeplitz | Returns Toeplitz matrices

vander Returns Vandermonde matrices.

Figure 1: Matrix commands

>> disp(hilb(5))

1.0000
0.5000
0.3333
0.2500
0.2000

0.5000 0.3333 0.2500 0.2000
0.3333 0.2500 0.2000 0.1667
0.2500 0.2000 0.1667 0.1429
0.2000 0.1667 0.1429 0.1250

0.1667 0.1429 0.1250 0.1111

The Hilbert matrix is a famous example of a badly conditioned matrix. It is also famous because
the exact inverse of it is known analytically and can be computed with the invhilb command:

>> disp(invhilb(5))

25 -300 1050 -1400 630
-300 4800 -18900 26880 -12600
1050 -18900 79380 -117600 56700

-1400 26880 -117600 179200 -88200
630 -12600 56700 -88200 44100

This way you can interactively use these famous matrices to study concepts such as ill-conditioning.

5 Matrix/Array Operations

e Matrix addition/subtraction: Matrices can be added and subtracted like this:

A

B + C;

A =B - C;

It is necessary for both matrices B and C to have the same size. The exception to this rule is
when adding with a scalar:

10
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A =B+ 4;

In this example, all the elements of B are increased by 4 and the resulting matrix is stored in
A.

Matrix multiplication: Matrices B and C can be multiplied if they have sizes n x p and
p X m correspondingly. The product then is evaluated by the well-known formula

p
Aij = ZBikaj’ Vie{l,...,n}, Vje{l,...,m}
k=1

In Matlab, to do this you say:
A = BxC;
You can also multiply all elements of a matrix by a scalar like this:

A
A

4%B;
Bx4; Y, both are equivalent

Since vectors are matrices that are 1 X n, you can use this mechanism to take the dot product
of two vectors by transposing one of the vectors. For example:

x=[2415 3];
y = [6 352 9];
P = x7*y;

This way, x’ is now a n X 1 “matrix” and y is 1 X n and the two can be multiplied, which is
the same as taking their dot product.

Another common application of this is to apply n X n matrices to vectors. There is a catch
though: In Matlab, vectors are defined as matrices with one row, i.e. as 1 x n. If you are used
to writing the matrix product as Ax, then you have to transpose the vector. For example:

A=1[132;325;462]; Y% define a matrix

x = [2 5 1]; % define a vector

y = Axx; % This is WRONG!

y = Axx’; % This is correct :)

Array multiplication: This is an alternative way to multiply arrays:
Cl'j = AijBij, Vi € {1,... ,n}, Vj e {1,. . .,m}

This is not the traditional matrix multiplication but it’s something that shows up in many
applications. You can do it in Matlab like this:

11
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C = A.xB;

Array division: Likewise you can divide arrays in matlab according to the formula:

Aij . )
Cij:Bi;7 Vie{l,...,n}, Vje{l,...,m}

by using the ./ operator like this:
C = A./B;

Matrix division: There are two matriz division operators in Matlab: / and \. In general

X = A\B is asolution to A*X = B
X = A/B is asolution to XxA = B

This means that A\B is defined whenever B has as many rows as A. Likewise A/B is defined
whenever B has as many columns as A. If A is a square matrix then it is factored using Gaussian
elimination. Then the equations A*X(:,j) = B(:,j) are being solved for every column of B.
The result is a matrix with the same dimensions as B. If A is not square, it is factored using
the Householder orthogonalization with column pivoting. Then the corresponding equations
will be solved in the least squares fit sense. Right division A/B in Matlab is computed in
terms of left division by A/B = (A’\B?)’. For more information type

>> help slash

Matrix inverse: Usually we are not interested in matrix inverses as much as applying them
directly on vectors. In these cases, it’s best to use the matrix division operators. Nevertheless,
you can obtain the inverse of a matrix if you need it by using the inv function. If A is a matrix
then inv(A) will return it’s inverse. If the matrix is singular or close to singular a warning
will be printed.

Matrix determinants: Matrix determinants are defined by
n
det(A) = Z {sign(a) H Aia(i)}
€S =1

where S, is the set of permutations of the ordered set (1,2,...,n), and sign(o) is equal to
+1 if the permutation is even and —1 if the permutation is odd. Determinants make sense
only for square matrices and can be computed with the det function:

a = det(4);

12
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e Matrix exponential function: These are some very fascinating functions. The matriz
exponential function is defined by

+oo Ak

exp(4) = > o5

k=0

where the power A is to be evaluated in the matriz product sense. Recall that your ordinary

exponential function is defined by
+oo

k
z X
€ :ZH

k=0

which converges for all x (even when they are complex). It is not obvious from this that
the corresponding matrix expression also converges. But it does, and the result is the matriz
exponential. The matrix exponential can be computed in Matlab with the expm function. It’s
usage is as simple as:

Y = expm(X);
Matrix exponentials show up in the solution of systems of differential equations.

Matlab has a plethora of commands that do almost anything that you would ever want to
do to a matrix. And we have only discussed a subset of the operations that are permitted with
matrices. The following help calls should be helpful in exploring what Matlab offers:

>> help elmat
>> help matfun
>> help sparfun

We will go into a detailed discussion about matrices and linear algebra in Matlab, on a separate
tutorial.

6 Flow control in Matlab

So far, we have spent most of our time discussing the data structures available in Matlab, and how
they can be manipulated, as well as inputted and outputed. Now we continue this discussion by
discussing how Matlab deals with flow control.

e For loops: In Matlab, a for-loop has the following syntax:
for v = matrix
statementl;

statement?2;

end

13
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The columns of the matrix are stored one at a time in the variable, and then the statements
up to the end statement are executed. If you wish to loop over the rows of the matrix then
you simply transpose it and plug it in. It is recommended that the commands between the
for statement and the end statement are indented by one space so that the reader of your
code can visually see that these statements are enclosed in a loop.

In many cases, we use arrays for matrices, and then the for-loop reduces to the usual for-loop
we know in languages like Fortran and C. In particular using expressions of the form X:Y will
effectively make the loop variable be a scalar that goes from X to Y. Using an expression of
the form start:step:stop will allow you to loop a scalar from value start all the way to
value stop with stepsize step. For instance the Hilbert matrix is defined by the equation:

1
A“:4
Y 1

If we didn’t have the hilb command, then we would use for-loops to initialize it, like this:

N = 10;
A = zeros(N,N);
for i = 1:N
for j = 1:N
A(i,j) = 1/@G+j-1);
end
end

The same code can be rewritten more consisely like this:

N = 10; A = zeros(N,N);
for i = 1:N , for j = 1:N , A(i,j) = 1/(i+j-1); , end, end

Note that the for and end statements in the long-winded version of the example are being
separated by newlines and not semicolons. To obtain the consise version, we merely substitute
those newlines with commas.

While loops: In Matlab while loops follow the following format:

while variable
statementl;
statement?2;

statementn;
end

where variable is almost always a boolean expression of some sort. In Matlab you can
compose boolean expressions as shown in Figure 2.

Here is an example of a Matlab program that uses the while loop:

14
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a == True when a equals b
a>b True when a is greater than b
a<hb True when a is smaller than b
a <= b | True when a is smaller or equal to b
a >= b | True when a is greater or equal to b
a = Db | True when a is not equal to b
a&b True when both boolean expressions a and b are true
alb True when at least one of a or b is true.
a xor b | True only when only one of a or b is true.
a True when a is false.

Figure 2: Some boolean expressions in Matlab

n=1;

while prod(1:n) < 1.e100
n=mn+1;

end

disp(n);

This program will display the first integer for which n! is a 100-digit number. The prod
function takes an array (or matrix) as argument and returns the product of it’s elements. In
this case, prod(1:n) is the factorial n!.

If and Break statements: The simplest way to set-up an if branch is like this:

if variable
statementl;
statementn;
end
The statements are executed only if the real part of the variable has all non-zero elements. 3
Otherwise, the program continues with executing the statements right after the end statement.

The variable is usually the result of a boolean expression. The most general way to do if-
branching is like this:

if variable
statementl;

3Note that in the most general case, variable could be a complex number. The if statement will only look into
its real part

15
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statementn;
elseif variable2
statementl;
statementn;
[....as many elseifs as you want...]
else
statementl;
statementn;
end

In this case, if variable is true, then the statements right after it will execute until the first
else or elseif (whichever comes first), and then control will be passed over to the statements
after the end. If variable is not true, then we check variable2. Now, if that one is true, we
do the statements following thereafter until the next else or elseif and when we get there
again we jump to end. Recursively, upon consecutive failures we check the next elseif. If
all the elseif variables turn out to be false, then we execute the statements after the else.
Note that the elseifs and/or the else can be omitted all together.

Here is a general example that illustrates the last two methods of flow control.

% Classic 3n+l problem from number theory
while 1

n = input (’Enter n, negative quits. ’);
if n <= 0, break, end

while n > 1

if rem(n,2) == 0 , n = n/2;

else, n = 3*n+1;

end

end
end

This example involves a fascinating problem from number theory. Take any positive integer.
If it is even, divide it by 2; if it is odd, multiply it by 3 and add 1. Repeat this process until
your integer becomes a 1. The fascinating unsolved problem is: Is there any integer for which
the process does not terminate? The conjecture is that such integers do not exist. However
nobody has managed to prove it yet.

The rem command returns the remainder of a Euclidean division of two integers. (in this case
n and 2)

16
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7 Functions in Matlab

Matlab has been written so that it can be extended by the users. The simplest way to do that is
to write functions in Matlab code. We will illustrate this with an example: suppose you want to
create a function called stat which will take an array and return it’s mean and standard deviation.
To do that you must create a file called stat.m. The file has to have the same name as the function
you are defining, and the function definition is the only thing you can put in that file!. Then in
that file, say the following:

function [mean, stdev] = stat(x)

% stat -- mean and standard deviation of an array

% The stat command returns the mean and standard deviation of the
% elements of an array. Typical syntax is like this:
% [mean,dev] = stat(x);

/A

% See also: foo, gleep, bork

[m,n] = size(x);

if m ==

m = n;

end

mean = sum(x)/m;

stdev = sqrt(sum(x."2)/m - mean." 2);

The first line of the file should have the keyword function and then the syntax of the function
that is being implemented. Notice the following things about the function syntax:

e Functions can have an arbitrary number of arguments. In this case there is only one such
argument: x. The arguments are being passed by wvalue: The variable that the calling code
passes to the function is copied and the copy is being given to the function. This means that
if the function internally changes the value of x, the change will not reflect on the variable
that you use as argument on your main calling code. Only the copy will be changed, and that
copy will be discarded as soon as the function completes it’s call.

e Of course it is not desirable to only pass things by value. The function has to communicate
some information back to the calling code. In Matlab, the variables on the right hand side,
listed in brackets, are also being passed to the function, but this is done by reference: The
function is not given a copy of the variables but it is actually given the variables themselves.
This means that that any changes made to those variables while inside the function will reflect
on the corresponding variables on the calling code. So, if one were to call the function with:

a = 1:20;
m = 0;
s = 0;

[m,s] = stat(a);

17
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then the values of the variables m and s would change after the call to stat.

e The lines afterwords are comments. However, these comments are what will be spit out if
you type

>> help stat

on your prompt. You usually want to make the first comment line be a summary of what
the function does because in some instances only the first line will get to be displayed, so it
should be complete. Then in the lines afterwords, you can explain how the function is meant
to be used.

e After you are done with documentation you type in your usual Matlab code that will imple-
ment the function.

The main problem with Matlab function definitions is that you are forced to put every function
in a separate file, and are even restricted in what you can call that file. Another thing that could
cause you problems is name collision: What if the name you choose for one of your functions
happens to be the name of an obscure built-in Matlab function? Then, your function will be
completely ignored and Matlab will call up the built-in version instead. To find out if this is the
case use the which command to see what Matlab has to say about your function.

Many of the examples we saw earlier would be very useful if they were to implemented as
functions. For instance, if you commonly use Matlab to manipulate data that come out in (z,y)
pairs you can make our earlier example into a function like this:

function [x,y] = load_xy(filename)

% load_xy -- Will allow you to load data stored in (x,y) format

% Usage:

% Load your data by saying

%  [x,y] = load_xy(filename)

% where ’filename’ is the name of the file where the data is stored

% and ’x’ and ’y’ are the vectors where you want the data loaded into
fd = fopen(filename) ;

A = fscanf(fd,’%g %g\n’,[2,inf]);
x = A(,:);
y = A(2,:);
fclose(fd);

You would have to put this in a file called load xy.m of course. Suppose that after making some
manipulations you want Matlab to save your data on file again. One way to do it is like this:

function save_xy(filename,x,y)

% save_xy -- Will let your save data in (x,y) format.

% Usage:

% If x and y are vectors of equal length, then save them in (x,y)

18
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% format in a file called ’filename’ by saying
% save_xy(filename,x,y)

fd = fopen(filename,’w’);

A(1,:) = x;

AC2,:) =y;

fprintf (£fd,’%g %g\n’,A);

fclose(fd);

Notice that it is not necessary to use a for loop to fprintf or fscanf the data one by one. This is
explained in detail in the on-line help pages for these two commands. In many other cases Matlab
provides ways to eliminate the use of for-loops and when you make use of them, your programs
will generally run faster. A typical example is array promotion. Take a very simple function

function y = f(x)

which takes a number x and returns another number y. Typical such functions are sin, cos, tan
and you can always write your own. Now, if instead of a number you plug in an array or a matrix,
then the function will be applied on every element of your array or matrix and an array of the same
size will be returned. This is the reason why you don’t have to specify in the function definition
whether x and y are simple numbers, or arrays in the first place! To Matlab everything is a matrix
as far as functions are concerned. Ordinary numbers are seen as 1x1 matrices rather than numbers.
You should keep that in mind when writing functions: sometimes you may want to multiply your
x and y with the .* operator instead of the * to handle array promotion properly. Likewise with
division. Expect to be surprised and be careful with array promotion.
Let’s look at an example more closely. Suppose you write a function like this:

function x = foo(y,z)
X = y+z;

Then, you can do the following on the Matlab prompt:

>> disp(foo0(2,3))
5
>> a = 1:1:10;
>> b 1:2:20;
>> disp(foo(a,b))
2 5 8 11 14 17 20 23 26 29

What you will not be allowed to do is this:

>> a =1:1:10

>> b =1:1:20

>> disp(foo(a,b))

??7 Error using ==> +

Matrix dimensions must agree.
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Error in ==> /home/l1f/mscc/matlab/notes/foo.m
On line 2 ==> x = y+z;

The arguments a and b can not be added because they don’t have the same size. Notice by the
way that we used addition as our example on purpose. We challenge you to try * versus .* and
see the effects!

One use of functions is to build complex algorithms progressively from simpler ones. Another
use is to automate certain commonly-used tasks as we did in the example of loading and saving
(z,y) pairs. Functions do not solve all of the worlds problems, but they can help you a lot and
you should use them when you have the feeling that your Matlab program is getting too long and
complicated and needs to be broken down to simpler components.

20
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1 Introduction

Numerical analysis is the branch of mathematics whose goal is to figure out how computers can
solve problems in a way that’s fast, efficient and accurate. Linear algebra is a large part of numerical
analysis, because many problems eventually reduce to one of the following linear algebra problems:
e We want to solve a system of linear equations.

e We want to solve an eigenvalue problem.

For this reason, researchers think of these problems as “elementary” the way you would think of
addition and multiplication elementary enough to use a calculator. Likewise, researchers will use a
“calculator” in some sense of the word. Matlab can serve as such a calculator. Beyond Matlab you
have the option of using software libraries. Such libraries exist for most commonly used languages
like C++ (e.g. LAPACK++) and FORTRAN (e.g. LINPACK, EISPACK). For more information about the
latter visit the Netlib repository at http://www.netlib.org/ or send email to netlib@ornl.gov
with one line that says send index.

In this tutorial we are assuming that you have read and understood the “Programming with
Matlab” tutorial. The purpose of this tutorial is to review the mathematical concepts of linear
algebra to give you a feel for the “big picture” and at the same time show you how you can
experiment with these concepts using Matlab. As you will see, these problems are not quite
“elementary”

2 Basic concepts
A complex matriz A of size n X m is a mapping

A:{l,...,n}x{1,....om}—C

where C is the set of complex numbers. In other words, a matrix will take two integers ¢ and j such
that 1 <7 <nand 1 <75 < m and return back a complex number. That number we denote with
a;j (we use the lowercase letter). The set of all n x m complex matrices is denoted as C"*™. If we
restrict ourselves to real values only, then we are dealing with real matrices and the set of these is
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denoted as R™ ™. Finally, for the sake of notation, we will denote the set of all integers from 1 to
n with the symbol:
[n] ={1,...,n}

In Matlab all data structures are matrices. In particular ordinary numbers are 1 x 1 matrices,
vectors (or “arrays” in general) are 1 x m matrices. The Programming with Matlab tutorial has
covered the basics of how all these data structures are setup in Matlab.

There exist various operations defined for matrices:

Definition 1 (a) Let A,B € C™*™ be two matrices. The sum and difference of these matrices is:

C=A+B <= c¢j=ai+by, ¥(ij) €[n]
C=A-B <= c¢j=aij—bj, V(i,j) € [n]

x [m]
X [m]

(b) Let A € C™™ and B € C™*P. The product of these matrices is

C=AB < c;; =Y aiby, ¥(i,j) € [n] x [p]
k=1

c¢) The transpose of a matriz A € C"*"™ js:
(c) pose of

B = AT < bij = Gjj, V(’L,]) S [n] X [m]
d) The hermitian or complex conjugate transpose is:
14 Jug D

B = A" b =a};, V(i,j) € [n] x [m]

Moreover, there are the following important classes of matrices that we will see mentioned later on:

Definition 2 A matriz A € C™*™ is:
(a) symmetric <= A = AT

(b) hermitian <= A = AH

(c) orthogonal <= AAT = ATA =1
(d) unitary <= AA" = AHA =1
(e) normal <= AAT = AAH

For real matrices, hermitian means the same as symmetric, unitary means the same as orthogonal,
and both of these distinct classes are normal.

In Matlab matrices that are stored in A and B can be added or multiplied quite simply by
saying:

C=A+ B;
C=A - B;
C=A x B;
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The transpose and the hermitian of a matrix can be obtained by

B=A4."; % transpose
B=A; % hermitian

The usual rules apply to these operations except for the following;:

e Multiplication is not commutative for all matrices. That is there exist matrices such that

AB # BA

e Square matrices don’t always have a multiplicative inverse. A multiplicative inverse is defined
by:
B=A'<= AB=BA=1

The first exception is not very interesting, but the second one is related to one of the two “Big
Questions” in linear algebra: Solving linear systems of equations.

3 Matrix inversion is not easy

Suppose that A € C"*™ is a square matrix and x, b € C"*! are vectors (actually, column matrices).
If A and b are known, then we want to find an x such that

Ax=Db
If A has an inverse then x is unique and given by:
x=A"1b

otherwise x will either not exist, or will not be unique.

In order for a matrix to have an inverse, the matrix has to be square. Given that, the existence
of matrix inverses is determined by a quantity called determinant. The determinant is defined in
terms of permutations so we must explain what these are first. A permutation o € S, of order n is
a bijection that maps:

o :[n] — [n]

The set of permutations of order n is written as .S, and it has n! elements. In simple terms, take
an ordered set of integers say (1,2,3,4,5) and reorder it to (4,1,3,2,5). Our concept of how we
reordered an ordered set of things is what is being modeled by permutations. There are as many
permutations as there are ways in which we can reorder things. One way to represent permutations
is by showing reorderings of (1,2,...,n). For example the permutations of order 3 are:

Ss=1{(1,2,3),(2,3,1),(3,1,2),(1,3,2),(3,2,1),(2,1,3)}
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Permutations have an important property called parity. If o € S, is a permutation then we define
the parity to be equal to:

n—1 n
s(o) =sign [T ] (0(i) —o(5))
i=1i=j+1
When the parity is +1 we talk of even permutations. When it is -1 we talk of odd permutations.
You can verify that the even permutations in S are

{(1,2,3),(2,3,1),(3,1,2)}

and the odd ones are
{(1,3,2),(3,2,1),(2,1,3)}.

Given these definitions, the determinant of a matrix A € C™*" is defined by:

n
det(A) = Z s(o) H i o (i)
ogESh =1

Unfortunately, this is not the most useful definition in terms of numerics. There are n! terms
to add, and every one of these terms involves n multiplications. This will overwhelm any computer
soon enough, not to mention round-off errors. You have probably seen many recursive definitions
of the determinant in other courses. Those are not helpful either because they also involve work
that increases by n!l.

Most computations of determinants are based on the following theorem:

Theorem 1 Let A,B € C™*" be two square matrices. Then,
det(AB) = det(A) det(B)

We write our matrix as a product of matrices whose determinants are easy to compute and apply
the theorem. More on this later.
Now the reason why determinants are important is because of this theorem:

Theorem 2 Let A € C"*™ be a square matriz.
A lexists <= det(A) # 0

Notice by the definition that the determinant varies continuously as you vary one of the elements of
the matrix. This means that determinants are quite reasonable functions of n? variables which has
the following implication: Most of the time, the determinant will be quite nonzero and an inverse
will exist. Sometimes, the determinant will be very close to zero and an inverse will exist but will
be so sensitive to the original matrix that it will be hard to compute. In this case we say we have
an ill-conditioned matrix. Finally, on very rare matrices the determinant will be exactly zero and
then the inverse just doesn’t exist. In this case we have a singular matrix. These last two cases
cause trouble from a numerical point of view. To make matters worse, deciding numerically which
case is which is not trivial either.

In Matlab computing determinants and inverses may appear innocuously simple. If A is your
matrix then
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x = det(A);
will compute the determinant and
B = inv(4d);

will return the inverse. However, for ill-conditioned matrices, inv will not give you the correct
inverse. Sometimes Matlab will detect this, but not always.
There exists a class of square matrices H("™ called the Hilbert matrices that are defined by:

1
hij = ——
1+ —1
The matlab command hilb will return a Hilbert matrix of any size. That is:

A = hilb(10);

will return a Hilbert matrix of size 10. These matrices have two properties: Inverting them is very
sensitive to floating point error but there is an analytic equation that gives their exact inverse! The
inverse is given by
= = Tij o
ij ji itj—1 , S1x) >
where 7;; is defined for j > ¢ by the following recurrences:
Tii = P% Po=n

(n—j+1)(n+j—1) Ny (n—i+1)(n—i—1)
e (j —1)? A (i—1) -

This computation is being done by the invhilb command. For example, for n = 10 you would say:
A = invhilb(10);

We can use these matrices to show you the limitations of the inv command. Try the following
program:

for i = 1:20

x = max(max(abs(invhilb(i)-inv(hilb(i)))));
fprintf(1,’For size i = Jd deviation is x = %g \n’,1,x);
end

This program will progressively increase the matrix size and attempt to invert the matrix.
Then it will compare it with the exact known inverse and report the worst value of the element by
element difference. The output of the program is:

For size i = 1 deviation is x =0

For size i = 2 deviation is x = 3.55271e-15
For size i = 3 deviation is x = 6.82121e-13
For size i = 4 deviation is x = 5.96629e-10
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For size i = 5 deviation is x = 1.43918e-08
For size i = 6 deviation is x = 0.000447804
For size i = 7 deviation is x = 0.436005
For size i = 8 deviation is x = 35.4408

For size i = 9 deviation is x = 395134

For size i = 10 deviation is x = 3.657e+08
For size i = 11 deviation is x = 3.17671e+11

Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate. RCOND = 3.659249e-17

For size i = 12 deviation is x = 2.81767e+14
[....etc....]

Notice that the deviation managed to increase all the way to 3.657e+08 before Matlab started
giving out warnings. Not good! There are two or three sets of errors involved here:
e The errors caused by representing hilb(n)
e The errors caused in the matrix inversion process
e The errors, if any, in representing invhilb(n)
It turns out that the first of these, which involves representing fractions like 1/3 and 1/5 in floating-
point, is the most significant. This error is propagated throughout the matrix inversion and is
significantly amplified.

The moral of the story: Sometimes computers don’t answer the question you think you are
asking them. You think you are asking the computer to find the inverse. When you use the inv
function, you are asking it to apply an algorithm which you believe will give you the inverse.

Exercise 1 Write a Matlab function that implements the recurrence formula for the inverse Hilbert
matriz. Compare your results with the invhilb command.

Exercise 2 Can we trust the det function in evaluating the determinant for the Hilbert matriz?
Look at the errors in computing: det (hilb(n))*det (invhilb(n)) and det (hilb(n)*invhilb(n))
Which is more accurate? Why?

4 Algorithms related to solving linear systems

After spending all this time talking about inverses, we need to tell you a little secret: we rarely
ever compute inverses explicitly, because even if we did, multiplying them with other vectors or
with the original matrix itself is susceptible to many floating point errors. In most problems our
main goal is to solve the system

Ax =D

and we can do this without computing the inverse. The purpose of our earlier discussion was to
alert you that there are difficulties we have to overcome: it’s hard to compute determinants, so
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Cramer rule is out of the question; matrices can be nasty and matrix inversion can be error-prone.
Now we come to the techniques that help us deal with these difficulties.

The techniques are quite involved, and Matlab wants to hide the complexity for the user.
Therefore, Matlab uses the backslash operator to do the job

x = A\Db;

This will work provided that the matrix A is well-behaved. However, in order for Matlab to be
flexible, they provide you with further access to particular techniques that you may want to use to
do matrix inversions by yourself.

4.1 LU decomposition

One technique is with the LU decomposition. The idea here is that we write A as the product of
a lower triangular matrix L with 1 in the diagonal, and an upper triangular matrix U. Then we
reduce our problem to the following two systems of equations:

Ly=Db

Ax_b<:>LUx—b<:>{
Ux=y

These systems can be solved directly without having to find the inverse. As a matter of fact, given
the LU decomposition of a matrix you can find the inverse of A by rewritting the equation

AA =1

as n linear systems involving the unknown columns of A~!. Also, since the diagonal elements of L
are 1 and since U is upper triangular, the determinant of A can be determined by:

n
det(A) = det(L) det(U) = det(U) = [ [ uas
i=1
The work involved in computing the LU decomposition increases by O(n?) which is a vast improve-
ment over O(n!). In Matlab, the LU decomposition can be computed with the command:

[L,U] = 1lu(h);

Unfortunately, there is a wrinkle with this method as well as with the matrix L returned by Matlab
that has to do with the LU decomposition existance theorem. That theorem states:

Theorem 3 Let A € C™*" be a square matriz and Ay € C**F be the k x k submatriz of A
containing the upper left part. Then,

A has an LU decomposition <= Vk € [n] : det(Ay) # 0

There are many cases where the condition of this theorem will almost fail: one of the submatrix
determinants will be close to zero. The workaround is to permute the rows and columns of A in
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such a way so that these determinants turn out okey. When you do that you essentially find the
LU decomposition of a new matrix PA where P is a permutation matrix. Permutation matrices
have one 1 located in each row and column and when they are applied to another matrix, they
permute the other matrix’s rows or columns. Since permutations are easy to undo, P is yet-another-
matrix that’s easy to invert: It’s inverse is P~ = PT. When you run the matlab function 1lu as
quoted above, it will not really return an actual lower triangular matrix in L. Instead it will do the
decomposition PA = LU and return back P~'L and U!. If you don’t like that, you can call 1u like
this:

[L,U,P] = 1u(d);

Now, L will be an actual lower triangular matrix and P will be a permutation matrix, and the

actual decomposition will be
A =PTLU

The solution to our system of linear equations then is:
x=U"'L"'Pb

Now we have a problem: Matlab doesn’t have documented facilities for applying L~! and
U~! with the well-known back/forward-substitution algorithms. Typically, if you want to solve a
system of equations with this method , the backslash operator will do it all in one scoop. However,
suppose that you want to solve many systems of linear equations in which A is the same and only
b vary. Then, you can have a more efficient program going if do the LU decomposition once and
use the L,U,P arrays on each different vector b. You can write your own function to do that. Then
again, if efficiency is such a concern, then perhaps it’s time to switch to a programming language.

4.2 QR decomposition

Another technique is the QR decomposition. This method will decompose A to an orthogonal
matrix Q and a right-triangular matrix R. That Q is orthogonal means that:

Q—l — QT

which makes it easy to invert. Also R can be easily inverted being a right-triangular matrix, so by
rewriting a linear-systems problem as
Rx =Q’b

we can solve it, following the footsteps of the LU technique. You can also compute determinants.
It turns out that

det(Q) =1
S0) .
det(A) = det(R) = H Tii
i=1
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The QR method requires twice as many operations as LU, so LU is more commonly used. However,
as you will learn in your numerical methods course, there are many other instances where QR
decompositions can come in handy. One application of QR decompositions is in obtaining an
orthonormal basis to a vector space. If you think of the columns of A and the columns of Q as
vectors, then both sets of vectors span the same space. The difference is that the vectors obtained
through matrix Q are orthogonal with one another.

To do a QR decomposition in Matlab call:

[Q,R] = qr(A);

This will produce two matrices Q and R such that A = QR. Matlab provides a few variations to
this call:

[Q,R,P] = qr(A);

will produce a permutation matrix P, and return in Q and R the QR decomposition of AP. The
permutation matrix is chosen so that the absolute values of the diagonal elements |r;;| is decreasing
as 1 increases.

4.3 Cholesky decomposition

When a matrix A € R™ "™ is symmetric and positive definite it has a more efficient triangular
decomposition. Symmetric means that

aij = aj;,Vi,j € [n]

and positive definite means that
x Ax > 0vx € R"!

If both conditions are true, then A can be decomposed to
A=R'R

where R is an upper triangular matrix and R’ is the transpose. In complex matrices, you must use
the complex conjugate transpose instead. The Cholesky algorithm will attempt to compute this
decomposition. The algorithm can self-detect when it fails, and in practice this ability is used to
establish whether symmetric matrices are positive definite. In Matlab, you can invoke the Cholesky
algorithm with the chol command:

R = chol(4);

If the algorithm fails, Matlab will issue a warning. You can suppress the warning by calling chol
like this:

[R,p] = chol(A)

If p is non-zero, then this means that the cholesky algorithm failed and the original matrix is not
positive definite. Positive definiteness is an important property. Many theorems in linear algebra
are known for positive definite matrices, and many times it is useful to be able to decide numerically
whether a symmetric matrix is positive definite. Also, when we know that the matrix A in a system
Ax = b is positive definite, we can use this method to solve the system; it would be faster than
LU.
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4.4 SVD decomposition

To conclude, another very useful decomposition is the SVD decomposition. The theorem behind
SVD decompositions states:

Theorem 4 If A € R™*"™ then there exist two orthogonal matrices U € R™*™ and V € R™"
such that
UT AV = diag(o1,09,...,0,) € R™"

where p = min{m,n} and o1 > 02> ... > 0, > 0.

To compute the SVD decomposition of a matrix A in matlab you use the svd function as follows:
[U,S8,V] = svd(A);

where S will be a diagonal matrix containing the o;. If you only want to look at the o;, then do
s = svd(A);

This call will return an array containing just the o;. Given the SVD decomposition, the inverse of
a square nonsingular matrix A can be computed with:

A =V . [diag(1/0;)] - UT
and the solution to a linear system Ax = b becomes:
x =V - [diag(1/0;)] - UTb

The reason why SVD is important is because it can diagnose two pathologies: ill-conditioning and
singularity. That you can tell from the condition number which is defined by:

cond(A) = M

min{o;}

When the condition number is too large, i.e. close to 1/e where € is the floating point accuracy, then
we say that the matrix is ill-conditioned. When this happens, merely computing the equation above
for the inverse is very susceptible to floating point errors. One remedy is to increase the floating
point accuracy to that needed. However, there is a theorem that suggests a better approach. That
theorem says that if you take those 1/0; that are really bad and replace them with zero and then
do the equation above as if nothing is wrong, then you can get a much more accurate answer than
both the SVD solution and a direct method; accurate in the sense that the residual:

r = |Ax — b

will be much smaller than the numerical result yielded by a direct method or the ordinary SVD
method. It takes some discretion to decide which 1/0; to kill, and whether you get the desirable
accuracy in the residual. A recommended tolerance is to eliminate those o; such that

o; < €-max{m,n} - max{o;}

10
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where m and n are the size of A, and e the floating point precision. The matrix A~! obtained by
the expression above in which the small o; have been eliminated is called the pseudoinverse matrix.
You can use the pinv command to compute the pseudoinverse using the SVD method. One way
to invoke this command is by saying:

B = pinv(4);

in which case the tolerance mentioned above is used. Alternatively, you can specify your own
tolerance tol by invoking the pinv command like this:

B = pinv(A,tol);

It is important to understand that the pseudoinverse matrix is mot really the same as the
inverse matrix. The point is that in an ill-conditioned problem, we are going to get a more accurate
answer if we use the pseudoinverse, rather than if we attempt to compute the inverse and use that
instead.If, in the worst case scenario, the residual we get by this method is still not good enough
then your other option is to increase your floating point precision. To do this, assign the variable
eps in matlab to your desired precision. For example, to get quad precision set:

eps = le-32;

When the condition number is infinite, that is when some o; = 0 exactly, the matrix has
no inverse. Unfortunately, numerics being what it is, if you have an actual singular matrix, you
probably won’t see exact zeroes because of round-off error. So, it takes some discretion to decide
whether you are dealing with a singular matrix or an ill-conditioned matrix as well.

Matlab has a special command for estimating condition numbers:

c = cond(h);

The cond will compute the condition number. There are two other algorithms for condition esti-
mation that can be invoked by the commands condest and rcond. See the help pages for more
information.

The orthogonal matrices U and V can also give us their share of information. If the n
columns of A are vectors spanning a vector space of interest, then the columns of U will contain
an orthogonal set of vectors spanning the same space. Nothing special so far, since you can do
this with the QR decomposition too. The bonus is that with SVD you can detect whether the
dimensionality of the vector space is the same as the amount of vectors that you use to span the
space. If any zeroes (or nearly zeroes) occur in one of the o; then this means that the vector space
was not in fact n-dimensional. To deal with that case, you just eliminate the columns in U that
correspond to the ill-behaved ¢;. The vectors in U that remain will be an orthogonal basis for the
vector space.

An equivalent way of stating the previous paragraph is to say that SVD can be used to
determine the rank of the matrix A. Rank is the dimensionality of the vector space spanned by
the columns of a matrix. ! We say that a square matrix A € R™*" is full rank if it has rank n.

it doesn’t actually make a difference if you pick the rows of the matrix. A theorem tells you that you will get the
same number, always

11
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Many theorems in linear algebra apply only on matrices that are full-rank, so from the numerical
perspective we want to have a way to diagnose matrices that are not full rank. SVD provides us
with a method to do that.
In addition to rank, we can also determine the null space of a matrix A € C™*™. The null
space is defined to be
null(A) = {x € ("™ : Ax = 0}

that is, the set of vectors x for which Ax is zero. For non-singular matrices, the null-space consists

only of x = 0. For matrices of rank(A) = r < m the last m — r columns of V give an orthonormal

basis for the nullspace. Finally for matrices of rank(A) = r > m the null space is null(A) = {0}
These concepts become useful when you are trying to solve linear systems

Ax=Db

in which A € C™*™ is no-longer a square matrix. In such cases, if A actually has a null space,
to find the set of x that satisfy the linear system, we find one particular solution xg. Then full
solution set becomes:

{x e R™1: Ax =b} = {x +x0: x € null(A)}

In practice, we don’t care to know the full solution space. Instead we want to find the unique x
that minimizes the residual
r(x) = |Ax — b|

The backslash operator will solve this problem. To find the x that minimizes the residual do:

x = A\b;

Exercise 3 Write a matlab function which will accept a set of vectors spanning a linear space
in the form of a matriz, and optionally a threshold for the o;. Your function should return an
orthogonal set of vectors that span the same space, but take care to remove the vectors whose o;
falls bellow the threshold.

5 Eigenvalue Problems

A completely different type of problem that shows up in many forms is the eigenvalue problem. Let
A € C™*" be a square matrix, x € C"*! be a vector and A € C be a complex number. We want to
find the pairs (A, x) that satisfy the linear equation:

Ax = )x

The set of A for which corresponding x exist are the eigenvalues of the matrix. The x that
correspond to each eigenvalue form the corresponding eigenvector space. Individual members of
that space are called eigenvectors. Finding the eigenvalues, and then from these the eigenvectors
is the problem at hand.

One approach to solving this problem is to find the eigenvalues first, and then from them, find
the eigenvectors. To find the eigenvalues we use this theorem:

12
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Theorem 5 Let A € C"*" and X € C.
Ais an eigenvalue of A <= det(\I— A) =0

It turns out that if you expand that determinant, you obtain a polynomial
n
p(A) = det(\I — A) =Y apa®
k=1

which is called the characteristic polynomial, so to find the eigenvalues we need find the roots of
that polynomial. For matrices up to size n = 4 there are direct methods that will give you the
solution. So for such matrices, the eigenvalue problem is trivial. For larger polynomials there are
no direct methods, and in many cases there is no simpler way to solve polynomial equations except
by reducing them to eigenvalue problems! In fact, it is quite common to solve even 3rd order and
4th order polynomials this way.

In Matlab we usually solve eigenvalue problems with the eig function. The call:

e = eig(A);
will return a vector containing the eigenvalues of A. The call:
[V,D] = eig(A);

produces a diagonal matrix D of eigenvalues and a full matrix V whose columns are the corresponding
eigenvectors.

The grand strategy of all eigenvalue algorithms is based on the fact that the matrix Z~'AZ
has the same eigenvalues as A for all non-singular Z. What we want to do then is to apply
the appropriate sequence of Z matrices that will diagonalize our matrix A. Then, the diagonal
elements of the diagonal matrix will also be it’s eigenvalues. Of course, this is easier said than
done. In what follows, we will sketch out how this is done, and introduce you to all the related
nifty Matlab functions. You can use these functions to operate on a lower level, and experiment
with the eigenvalue algorithms more directly.

5.1 Hessenberg Forms

The first thing we want to do to our matrix A is bring it to the so-called Hessenberg Form. The
Hessenberg form of a matrix is zero bellow the first lower subdiagonal and non-zero everywhere
else. The existence theorem for Hessenberg forms says that:

Theorem 6 If A € C™"*™ then there exists a unitary P € C"*™ such that
PYAP =H
where H is such that

h”:O,V(’L,])’L>]+1

13
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The theoretical emphasis here is that we can bring our A to this funky form by applying a sequence
of unitary Z matrices. In your numerical analysis course you will learn that this guarantees the

numerical stability of these repeatitive transformations.
In Matlab, you can get this far by applying the hess function:

H = hess(A);
will return the matrix H. If you also want to look at P, call:
[P,H] = hess(A);
5.2 Schur Decompositions
The next step is to converge to the Schur decomposition. Here are the relevant existence theorems:
Theorem 7 If A € C"*" then there exists a unitary Q € C™*™ such that
QPAQ=T=D+N

where D = diag(A1, A2, ..., A\n) and N € C™*" is strictly upper triangular. Furthermore, Q can be
chosen so that the eigenvalues \; appear in any order along the diagonal.

This decomposition is called the Complex Schur Form. There is another one for real matrices:

Theorem 8 If A € R™ " then there exists an orthogonal Q € R™ ™ such that

Ty T2 -+ Tim
QTAQ — 0 Ty - Top
0 0 - T,

where each Ty; is either a 1 X 1 matriz which is an eigenvalue of A or a 2 X 2 matriz whose

eigenvalues are also eigenvalues of A.

This one is called the Real Schur Form.
Matlab provides with a function called schur. The call

[Q,T] = schur(A)

will return the real schur form if the matrix is real, and the complex schur form if the matrix is
complex. If you don’t want the real schur form, then the function rsf2csf will convert the inputted

real schur form to complex:

[Q,T] = rsf2csf(Q,T);

How do we get to Schur from Hessenberg form? The simplest way to do it is with the so called
QR algorithm:

14
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1. First of all, we get the Hessenberg form of A:
Hy = PL AP,
2. Then we apply the following recurrence:

H; = QR;r QR decomposition
Hi1 = R Qg

It can be proven that these repetive iterations are actually equivalent to applying unitary matrices
for Z and that they will take the Hessenberg form all the way to Real Schur form! In your
numerical analysis course you will learn more details about the various algorithms that take you
from Hessenberg to Schur. With Matlab you can actually experiment with many of these algorithms
and see how they perform.

5.3 Balancing

Before applying the QR algorithm it is a good idea to balance the matrix. By balancing we
rescale the matrix by transforming it to D™'AD where D is a diagonal matrix so that it it has
approximately equal row and column norms. In matlab, you can balance a matrix with the balance
function:

B = balance(4);

While experimenting with variations of the QR algorithm, you can see what happens as you include
or not include balancing.

5.4 Miscellaneous

With symmetric matrices, the following miracles happen: the eigenvalues are real, the Hessenberg
form is a tridiagonal matrix, and the QR algorithm doesn’t merely take us to a real Schur decom-
position, but it completely diagonalizes our matrix! An even more exciting development is that
for square symmetric matrices the Schur decomposition and the SVD decomposition are the same
thing! From this fact, plus a few theoretical results, one can obtain an algorithm for computing
the SVD by reducing it to a symmetric eigenvalue problem. The details of this are described in
“Matriz Computations” by Gene Golub.

Another application of eigenvalue problems is solving polynomial equations. As you may
know, direct methods for finding polynomial roots, exist only for polynomials up to 4" degree. Let

n—1
P(x) = Z apz® + 2"
k=1

15
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be your polynomial. Form the matrix:

00 0 —ap

1 0 0 —aq
C — O 1 O —a

00 -+ 1 —ap

The eigenvalues of C are the roots of P(x). C is called the companion matriz of the polynomial.
In matlab, if an array P holds the coefficients of a polynomial with p(1) being the highest order
coeflicient, the companion matrix can be retrieved by the compan function.

A = compan(p);

Of course Matlab, in it’s never-ending efforts to make this all easier for the user, provides you with
a function called roots that you can use to do all this automatically. So, if you describe your
polynomial with an array p such that

y = p(D*x~d + p(2)*x~(d-1) + ... + p(d)*x + p(d+1)
then the roots can be obtained by simply saying:
r = roots(p);

You will obtain an array of roots in r. To verify your roots, you can use the polyval function to
evaluate the polynomial. Just call:

y = polyval(p,x);

where p is the array with the polynomial and x is a scalar.

Finally, Matlab has commands that allow the user to solve more generalized eigenvalue prob-
lems. Omne such problem is the following. Given two square matrices A,B € C"*" find A € C and
x € C™*! such that

Ax = \Bx.

To solve this problem call:

[V,L] = eig(A,B); 7% eigenvectors -> V, eigenvalues -> L
1 = eig(A,B); % eigenvalues -> 1

In the first version the eigenvectors are returned as columns of V and the eigenvalues as diagonals
of L. In the second version an array of the eigenvalues is returned.

16
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More on linear ODE systems
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LINEAR SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS

ELEFTHERIOS GKIOULEKAS

The purpose of this handout is to summarize the theory of the matrix expo-
nential. You may note that this is a different approach from the one proposed in
your textbook. The main motivation for preferring the matrix exponential is that
it provides a unified theory that can solve all problems, including all forced prob-
lems. For examples, see Bronson [1]. A detailed exposition of the theory is given
by Apostol [2].

We want to solve a linear system of ordinary differential equations of the form

dz,

(1) =" Ao + fo,
b=1

dt

where f; is a known forcing function, and A = [A4p] is a matrix of constant coef-
ficients. The essential result of the matrix exponentials theory is that the solution
is given by

2) x(t) = exp(tA)x(0) + exp(tA) /0 exp(—sA)(s),

where x(0) is the initial condition, which we know. The first term represents the
homogeneous solution, whereas the second term represents the particular solution.
The matrix exponential is given by

A — A"
(3) e™ =exp(A) = Z R

n=0

Note that this is a generalization of the Taylor series expansion of the standard
exponential function. Naturally, e® is a n x n matrix. The problem at hand is to
evaluate the matrix exponential without having to evaluate an infinite sum, which
is not practical.

1. EIGENVALUES AND EIGENVECTORS

The evaluation of the matrix exponential requires the use of the concept of eigen-
values and eigenvectors. We say that a matrix A has eigenvalue A with eigenvector
v, if the equation Av = Av is satisfied. To find the eigenvalues, you solve the
following equation

(4) det(A — AI) = 0.

Then, you substitute the numbers that you find to Av = Av and solve that to find
the corresponding eigenvector.

The geometric interpretation is that the eigenvector represents a direction such
that any vector that points towards that direction (or in the opposite direction)
will not be rotated when you apply the matrix on it. It will only stretch or shrink,
and the corresponding eigenvalue will tell you how much. If all the eigenvalues are

1
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distinct, then you're dealing with a very nice matrix, because you will also have
corresponding eigenvectors that are orthogonal to each other. This means that
every other vector can be decomposed as

(5) x =3 cava,
a=1

where the numbers ¢, are the coordinates of the vector x using the eigenvectors v,
of the matrix A as a frame of reference. It follows that when you apply the matrix
to an arbitrary vector, all that happens is that you're multiplying its coordinates
with certain constant numbers, the eigenvalues A, , regardless of who this vector is.
This only holds however if you use the eigenvectors to define the coordinate system.
Furthermore, this may fail if you have repeated eigenvalues.

2. MATRIX EXPONENTIAL

The most convenient technique for evaluating the matrix exponential was in-
vented by Putzer. It is based on the following two claims. First, there will always
exist numbers a; such that the matrix exponential e® can be written as a finite
sum given by

n—1
(6) et =) a, A",
k=0

These numbers can be calculated by using the following claim: Suppose that we
define a polynomial given by

(7) p(z) = z_: apzh.
k=0

Then, suppose that you know all the eigenvalues of the matrix A. Then, for each
eigenvalue A you may obtain one equation as follows.

X simple eigenvalue => e* = p()\)
(8) X double eigenvalue => * = p(\) = p'(\)
X triple eigenvalue => e = p(\) = p'(\) = p"'(N)

etc. Solving these equations together as a system, will give you the numbers ag.

This is a straightforward calculation that always works. However, that doesn’t
mean that you will always have to do it. In certain cases, we can work it out in
general and derive special results that will allow you to circumvent the need to
solve the system of linear equations.

For example, if your matrix is nice enough to have n distinct eigenvalues, then
the matrix exponential can be calculated from the following expressions.

exp(tA) = Z MLy
k=1

9) 1

L= I =5 @-AD
. E—Aj
Jj€[n]—{k}

This result by itself covers most circumstances.

299



300

LINEAR SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS 3

Most useful is the 2x 2 case. In this case, we distinguish between two possibilities:
that the eigenvalues are distinct, or that they are equal. Suppose that you have
found the eigenvalues, and they are A1, A2. Then, if A\; = Ay = X then
(10) exp(tA) = e (I 4+ t(A — AI))

If Ay # Ag then
Al — AQ >\2 - >\1

AleAgt _ AzeAlt e)\lt _ e)\zt
N A1 — As + A1 — Ag
This result is sufficient to solve all 2 x 2 problems. Keep in mind, that when you

know the matrix exponential, that allows you to write down solutions for any kind
of forcing functions.

exp(tA) =

(11)
A

3. THE EIGENVECTOR METHOD

Now let us consider the method used by the textbook. This method is expedient
only when all the eigenvalues are distinct and you do not have forcing in your
problem. It is also conceptually interesting.

Suppose that v is an eigenvector of the matrix A with eigenvalue \. What
happens if you apply the matrix e’ on the eigenvector v instead? Using the
definition of the matrix exponential, you may show that

(12) exp(tA)v = eMv.
Suppose that you want to solve the unforced problem
dz -
1 2 = Agpxyp.
(13 =Y A

The key is to write the initial condition as a linear combination of the eigenvectors

n

(14) x(0) = anva.

a=1

Using this, we may calculate the solution as follows:

x(t) = exp(tA)x(0) = exp(tA) Z CaVq
(15) o=t

n n
= Z cq exp(tA)v, = Z cq exp(Agt) vy
a=1 a=1

What you get is the method of the textbook. Did you see how the matrix exponen-
tial disappeared? The idea is that if you don’t have forcing, and if the eigenvalues
are distinct, then you can circumvent the computation of the matrix exponential
by evaluating the eigenvectors instead, which is an easier computation.

Don’t forget that it is easy to diagnose whether your solutions are correct by
substituting them back to the original equations.
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