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Overview
f ® Review of 2D turbulence. T

#® The Nastrom-Gage spectrum of atmospheric
turbulence.

# The Tung-Orlando theory of double cascade.
#® The two-layer quasi-geostrophic model.
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2D Navier-Stokes equations

L, N

In 2D turbulence, the scalar vorticity {(«x, y, t) is governed by

ac -

where ¢ (z, y, t) is the streamfunction, and {(z, y,t) = —V 2% (z,y,t), and
d=—[v(=A)" +v1(~A)""¢ @
® The Jacobian term J (3, ¢) describes the advection of ¢ by ¢, and is defined as

Oa 0b  0b Da
Ox 0y Ox Oy

J(a,b) = (3)

- p.3/27



Energy and enstrophy spectrum. |

.

Two conserved quadratic invariants: energy E and enstrophy GG defined as

E(t) ———/w r,y,t)¢(x,y,t) dedy G(t) =

Let a<*(x) be the field obtained from a(x) by setting to zero, in Fourier space, the

/c 2.y, 1) dady.

components corresponding to wavenumbers with norm greater than k:

o<k (x) = / dy P(k|x — y)a(y)

/ dxg / dko
R2 R2

Filtered inner product:

H(k — IIkoll)

— exp(ikg

- (x — x0))a(xo)

-

(4)

(5)

(6)

(7)
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Energy and enstrophy spectrum. |1

® Energy spectrum: E(k) = (,¢),
® Enstrophy spectrum G (k) = (¢, ¢),,
® Consider the conservation laws for E(k) and G(k) :
OE(k) Ollg(k)
= Dg(k Fr(k
5 T o (k) + Fr(k)
OG(k)  Ollg(k)
= Dga(k Fa(k
5 T o G (k) + Fg (k)

® In two-dimensional turbulence, the energy flux IT ¢ (k) and the enstrophy flux I14 (k)
are constrained by

-

(8)

9)

k*Tg(k) — Og(k) <0 (10)

for all £ not in the forcing range.

|
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KLB theory.

O 52/3k—5/3

Cuvn

ks = forcing wavenumber

k;» = IR dissipation wavenumber
k.o = UV dissipation wavenumber
g; = upscale energy flux

nuv = downscale ensrropht flux

2/3k=3x + In(kéy)]~1/3

Ink

Y
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Theneed for alarge-scale sink

-

It can also be shown that: Fp(k) = k=2Fg(k). It follows that
# Atthe forcing range: (n/e) ~ k%

# Atthe dissipation range: (nuv/euv) ~ k3 > k3

It follows that most of the energy injected at the forcing range along with the enstrophy
cannot be dissipated at small scales.

A large scale sink that can reduce predominantly €, is needed.

In the papers:
® E. Gkioulekas and K.K. Tung (2005), DCDS B, 5, 79-102
® E. Gkioulekas and K.K. Tung (2005), DCDS B, 5, 103-124.

we have theorized that if it were possible to have (1uv/euv) > k3, then within the
enstrophy cascade we would see a transition from &k —3 scaling to £ —5/3 scaling at the

transition wavenumber k¢ ~ (Nuy /euwv)-

|
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Superposition principle. |

Specifically, Gkioulekas and Tung (2005) have argued that in 2D turbulence a leading
downscale enstrophy cascade and a subleading downscale energy cascade contribute
linearly to the total energy spectrum:

E(k) = By (k) + B (k) + ER) (k), Vo > 1, (11)

where Efﬁ)) (k), Efﬁ)) (k) are the contributions of the downscale energy and enstrophy
cascade, given by

EE) (k) = awe2lPk—5/3DE) (kelS))

(12)
B (k) = buvtan k™3 [x + In(keo)] "/ 3D (k).
Thus, in the inertial range where the effect of forcing and dissipation can be ignored, the
energy spectrum will take the simple form
E(k) = auvey k%3 + buonzl k3 [x + In(kto)] /3. (13)
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Superposition principle. ||

-

To recap: the downscale enstrophy cascade contributes a dominant k£ =3 term to E(k)
and the downscale energy cascade a subdominant k£ —5/3 term.

Why is the k—5/3 term hidden in two-dimensional turbulence?

In two-dimensional turbulence, the energy flux I1 g (k) and the enstrophy flux I14 (k)
are constrained by

kg (k) —Tg(k) <0, (14)
for all wavenumbers k outside of the forcing range.

The transition wavenumber k; where the break from k3 to k—%/3 should occur,
approaches the dissipation scale from the dissipation range, thus a transition cannot
be seen visually in two-dimensional turbulence.

Thus, the contribution of the downscale energy cascade to the energy spectrum is
overwhelmed by the contribution of the downscale enstrophy cascade.
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The Nastrom-Gage spectrum. |

A transition from k3 scaling to k—°/3 scaling has been observed in the energy
spectrum of large-scale atmospheric turbulence.

® G.D. Nastrom and K.S. Gage (1984), J. Atmos. Sci. 42, 950-960.
® K.S. Gage and G.D. Nastrom (1986), J. Atmos. Sci. 43, 729-740.

This energy spectrum is known as the Nastrom-Gage spectrum.

The QG model (quasi-geostrophic) describes large-scale atmospheric turbulence
down to a scale of 100km.

Charney claimed that the QG model is isomorphic to two-dimensional turbulence:
® J.G. Charney (1971), J. Atmos. Sci. 28, 1087-1095.

This result by Charney has caused considerable confusion when efforts were made to
explain the Nastrom-Gage spectrum in terms of 2D turbulence.

-

|

- p.10/27



The Nastrom-Gage spectrum. |1
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Nastrom-Gage spectr um schematic

In E(k)

L—5/3

k—3 — 3000km — 800km
E—5/3 — 600km— < 1km
ki =~ 700km =~ kg

. Ink
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|nter pretation of NG spectrum. |

- N

The k—3 range is interpretated as downscale enstrophy cascade.

o

The k—5/3 range used to be interpretated as an 2D inverse energy cascade forced at
small scales by thunderstorms.

® This tortured interpretation followed from the perceived need to explain the
Nastrom-Gage spectrum in terms of 2D turbulence.

® Tung and Orlando (formerly: Welch) challenged the Charney QG-2D equivalence:
® K.K. Tung and W.T. Welch (2001), J. Atmos. Sci. 58, 2009-2012.
® K.K. Tung and W.W. Orlando (2003a), J. Atmos. Sci. 60, 824-835.
® K.K. Tung and W.W. Orlando (2003b), DCDS B, 3, 145-162.

® New interpretation: A double downscale cascade of enstrophy and energy with

enstrophy flux 1., and energy flux €., and transition from k& —3 scaling to k—5/3
scaling at the transition wavenumber k; ~ \/nuv /Euw.

o |
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|nter pretation of NG spectrum. |1
-

® Recent measurements and data analysis by Cho and Lindborg (2001) have confirmed
the existence of a downscale energy flux and estimate

Nuo ~ 2 X 10719573

(15)
Euv & 6 X 107 HKkm?s™3 (16)

®» From these estimates we find the mean value of the transition scale
kt = \/Nuv/€uw = 0.57 x 107 2km~ 1 = \; = 27/ks ~ 1 x 103km (17)

which has the correct order of magnitude.

® Tung and Orlando (2003) have also demonstrated numerically that a two-layer
guasi-geostrophic channel model with thermal forcing, Ekman damping, and
hyperdiffusion can reproduce the atmospheric energy spectrum.

o |
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Tung and Orlando spectrum
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Moreon Tung-Orlando theory

Smith-Tung debate: Transition not possible in 2D turbulence

»
»
»

K.S. Smith (2004), J. Atmos. Sci. 61 , 937-942
K.K. Tung (2004), J. Atmos. Sci. 61, 943-948.
E. Gkioulekas and K.K. Tung (2007), DCDS B 7, 293-314

Smith argues: In 2D turbulence, transition from k3 to k—°/3 cannot occur in the
inertial range.

Objections:

»
»
»

2D turbulence is not QG turbulence.
In 2D turbulence we can rule out transition in S3(r) but notin E(k).

Very high-order hyperdiffusion can amplify ratio of Kolmogorov constants in 2D
turbulence thereby allowing a transition in E(k).

In QG turbulence, asymmetric dissipation can violate the constraint of vanishing
downscale energy flux.

-

|
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Thetwo-layer modd!. |

The governing equations for the two-layer quasi-geostrophic model are

%+J(¢1,C1+f)=—%w+dl (18)

%+J(¢2,C2+f)=+¥w+d2+262 (19)
N2

o+ SN T) + T2 D] =~ + Qo 0

where (1 = V21; (o = V2o, T = (2/h)(y1 — 9p2). f is the Coriolis term; N the
Brunt-Vaiséala frequency; Qo is the thermal forcing on the temperature equation; d1, da2, e
the dissipation terms:

di = (—1)*T1uv2rG (21)
do = (—1)"T1uv2Ee, (22)
e2 = —VgE(2 (23)

o |
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Thetwo-layer modd!. 11

® The potential vorticity is defined as

k2

q1 = V31 + [+ 7R(¢2 — 1)
k2

a2 = Vo + f — F (2 — 1)

with kg = 2v/2f/(hN) and it satisfies

0
% + I, q1) = f1 +da

992

8t2 + J(¢2,q2) = fa +d2 +e2

with fi = —(k%Q)/(2f) and f2 = (K34,Q)/(2f) where Q = (1/4)k%,hQ.

(24)

(25)

(26)

(27)

|
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Thetwo-layer moddl. |11

® The two-layer model conserves total energy E and potential layer enstrophies G 1 and

Ga:
b= / [—i(z,y, )q1(z, y, 1) — Y2(z,y,t)q2(z, y, t)] drdy
G = /q%(ax,y,t) dxdy
Gy = /q%(ax,y,t) dxdy
® \We define:

»

e o @

The energy spectrum E(k) = (11, q1),, + (¥2,q2),
Top-layer potential enstrophy spectrum G'1 (k) = (q1,91),

Bottom-layer potential enstrophy spectrum G2 (k) = (g2, g2) 4
Total potential enstrophy spectrum G(k) = G1(k) + Ga(k)

(28)
(29)

(30)

|
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Thetwo-layer model. 1V

® Consider the generalized form of an n-layer model:
0qq,
ot + J(Ya, qa) 229a5¢5+fa (31)
B
Go(k,t) = > Lag(lkl)is(k, t) (32)
B

® The energy spectrum E(k) and the potential enstrophy spectrum G(k) are given by:

E(k) = Z (Ya,qa), = Z Lap(k)Cap(k) (33)
o af

G(k) - Z <qa7qa>k; — Z Lozﬂ(k)Lory(k)Cgv(k) (34)
o afy

With Cous (k) = (o, ¥3) .

o |
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Thetwo-layer mode!. V

Let pop(k) = (fa,¥s),, and Dyg(k) be the spectrum of the operator D g

The energy forcing spectrum F'z (k) and the potential enstrophy forcing spectrum
Fa (k) are given by:

Fe(k) =2 daa(k)

Fa(k) =2)  Lag(k)pas(k)
af

The energy dissipation spectrum D g (k) and the potential dissipation enstrophy
spectrum D¢ (k) are given by:

DE(k) =2 Z Daﬁ(k)caﬁ(k)
a3

D¢g(k) = 2 Z Lag(k)Day(k)Cpay (k)
By

-

(35)

(36)

(37)

(38)

|
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L 3 I

Theenergy flux constraint

Can the 2-layer QG model violate the energy flux constraint k%11 (k) — g (k) < 0?
® E. Gkioulekas and K.K. Tung (2007), Discr. Contin. Dyn. Syst. Ser. B, 7, 293-314

Recall that in the two-layer model, the dissipation terms read:

dy = v(=A)"T ey, (39)
do = v(—A)" Ty — vp Ay (40)

Only the asymmetric presense of v Ao can break the energy flux constraint.
Then the transition wavenumber k; can occur in the inertial range.

Necessary condition:

Emax \ 2
ve > 4vk2P < 2 ) (41)
kr

|
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Forcing spectrum. |.

For antisymmetric forcing f1 = f and fo = —f:
Fg(k) = 2(®1(k) — 2(k)) (42)
Fg(k) = (k* + k%) Fr(k) (43)

with @ (k) = (f, 1)), and @2 (k) = (f, 12),.
It follows that for ky < kg: (n/e) ~ k%.

If both are dissipated at small scales, then k; ~ kg.

In 2D turbulence Ekman damping dissipates most of injected energy and some of
injected enstrophy.

Not true in two-layer QG model because the Ekman term appears only on bottom layer.

|
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Forcing spectrum. |1,

For Ekman-damped forcing: f1 = f and fo = — f — vg Ao, incorporating the
damping effect to the forcing spectrum gives:

Fg(k) = 2(®1(k) — ®2(k)) + 2vpk? Uz (k)
Fo(k) = (K* + kR)Fru(k) — vek?ki (U2 (k) + Ci2(K))

with Ul(k’) - <¢17¢1>k’ U2(k) — <¢27¢2>k’ and ClQ(k) - <¢17¢2>k'
Note the F'r (k) increases, because Uz (k) > 0.

If Ex (k) > Ep(k) = C12(k) > 0 = Fs (k) decreases.

Thus, the tendency is to decrease k:.

Layer interaction makes it non-obvious whether F'i (k) increases or decreases.

(44)

(45)

|
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L 3 I

Forcing spectrum. 1V.

Claim: Suppressing bottom-layer forcing tends to decrease k.
Let f1 = fand fo = —uf with u € (0, 1) (Suppression factor).

Assume f is random Gaussian with

(fa(x1,t1)fa(x2,t2)) = 2Qaa(x1,%x2)0(t1 — t2)
Define the forcing spectrum:

d

Qs (1) = - | dxdydz P(klx — y)P(kix ~ 2)Qan(y.2)

It follows that the streamfunction-forcing spectrum reads:

Pap(k) = (fovp)y, = D Lgy (k) Qay (k)
Y

(46)
(47)

(48)

|
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Forcing spectrum. V.

Energy forcing spectrum:

20(k)[2(1 + p?)k? + (1 — p)?k3]

Fg(k) =2)  ¢aa(k) = 2k2 (k2 + k2,)

Enstrophy forcing spectrum:

Fa(k) =2)  Lag(k)pap(k) =2(1 + p?)Q(k)
(0
Consider the forcing range limit: k < kp.
For u = 1: Fg(k) ~ k%FE(k) — k¢ ~ kr
Thus: Antisymmetric forcing indicates transition at k .

For u = 0: Fg(k) ~ 2k?Fg (k) = k¢ ~ 2ky

Thus: Baroclinically damped forcing contributes to inertial range transition.

(49)

(50)

|
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L 3 I

Conclusion

The energy flux constraint prevents a transition from k£ —3 scaling to k—2/3 scaling in
2D turbulence.

The energy flux constraint can be broken in two-layer QG turbulence under
asymmetric dissipation.

In the two-layer QG model, the rates of enstrophy over energy injection satisfy:
(n/e) = k%
Asymmetric Ekman dissipation increases € and may decrease 7,

Suppressing the bottom layer forcing directly always decreases the ratio (n/¢).

Open guestion: Can the injected energy and enstrophy be dissipated?

|
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