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Navier-Stokes eqns w/ per BCs on Ω = [0, L]2

du

dt
+ νAu+B(u, u) = f(t), u = u(t) ∈ H , t ≥ t0 , u(t0) = u0 .

A = −P∆, B(u, v) = P ((u · ∇)v), P = Helmholtz-Leray proj.

u =
∑

k∈Z2

ûk(t)e
iκ0k·x , uκ,κ′ =

∑

κ≤κ0|k|<κ′

ûke
iκ0k·x

κ0 =
2π

L
, û0 = 0 , û∗k = û−k .

pκ = uκ0,κ , qκ = uκ,∞ ,
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Pseudo-flux of Enstrophy

(NSE, Aqk), | · | = | · |L2, ‖ · ‖ = |A1/2 · | . . .

1

2

d

dt
‖qκ‖

2 + ν|Aqκ|
2 =

1

κ2
0

Fκ = −(B(u, u), Aqκ) + (f,Aqκ)

net rate of exchange of enstrophy from low to high modes

Fκ = E→κ − E←κ + κ2
0(f,Aqκ)

E→κ (u) = −κ2
0(B(pκ, pκ), Aqκ) E←κ (u) = −κ2

0(B(qκ, qκ), Apκ)

enstrophy cascade: 〈Fκ〉 ≈ const for κi ≤ κ ≤ κi
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Original dissipation cut-off estimate for time indep. force

η = νκ2
0〈|Au|

2〉∞ , κη =
( η

ν3

)1/6

, G =
|f |

ν2κ2
0

,

〈·〉∞ = “infinite time” average (via generalized, H-B limit)

= ensemble average over global attractor

Theorem. [Foias-Manley-Temam ’93]

G1/6 .
κη
κ0

≤ G1/3 (both acheived)
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Framework for time dep force

|f | = sup
t∈R

|f(t)| <∞ G =
|f |

ν2κ2
0

finite time ave 〈·〉 = 〈·〉t2t1 =
1

t2 − t1

∫ t2

t1

· dt

t2 − t1 ≥ Tmin G ≥ Gmin

f ∈ L∞(t0,∞;D(Aj/2) and either

{

ḟ ∈ L∞(t0,∞;H)

|〈f〉| > 0
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Two forms of diss cut-off estimates:

(
G

C∗

)1/6

≤
κη
κ0

≤ (C∗G)1/3

[
κτκσ
κ2

0

]1/3(
G

K∗

)1/6

≤
κη
κ0

≤

[
κ2

0

κτκσ

]1/3

(C∗G)1/3

where

κσ =

(
〈|Au|2〉

〈‖u‖2〉

)1/2

κτ =

(
〈‖u‖2〉

〈|u|2〉

)1/2

Ave enstrophy lower bound:

〈‖u‖2〉 ≥ C(νκ0)
2G
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As in [Foias-J.-Manley-Rosa ’02] for Eκ = E→κ − E←κ

Theorem. Under conditions on f such that

(
G

C∗

)1/6

≤
κη
κ0

,

we have for t2 − t1 ≥
2C∗G

δνκ2
0

and any δ > 0 ,

1 −

(
κ

κσ

)2

− δ ≤
〈Fκ〉

η
≤ 1 + δ .

Suff cond for direct enstr cascade: κ0 ≪ κσ =⇒

〈Fκ〉 ≈ η for κ0 ≤ κ≪ κσ
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Pseudo-flux of Energy

net rate of exchange of energy from low to high modes

fκ = −(B(u, u), qκ) + κ2
0(f, qκ) = e→κ − e←κ + κ2

0(f, qκ)

net rate of exchange of energy from high to low modes

gκ = −(B(u, u), pκ) + κ2
0(f, pκ) = −[e→κ − e←κ ] + κ2

0(f, pκ)

where

e→κ (u) = −κ2
0(B(pκ, pκ), qκ) , and e←κ (u) = −κ2

0(B(qκ, qκ), pκ) .
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Theorem. Under the conditions on f such that 〈‖u‖2〉 ≥ C(νκ0)
2G

we have for t2 − t1 ≥
2G

Cδνκ2
0

and any δ > 0 ,

1 −

(
κ

κτ

)2

− δ ≤
〈fκ〉

ǫ
≤ 1 + δ ,

and

1 −
(κσ
κ

)2

− δ ≤
〈gκ〉

ǫ
≤ 1 + δ .

direct cascade of pseudo energy flux: 〈fκ〉 ≈ ǫ for κ0 ≤ κ≪ κτ

inverse cascade of pseudo energy flux: 〈gκ〉 ≈ ǫ for κσ ≪ κ
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Effect of forcing terms on the pseudo fluxes

For time-indep f = fκ,κ, nonlin fluxes Eκ = E→κ − E←κ , eκ = e→κ − e←κ

satisfy 〈Eκ〉∞, 〈eκ〉∞

{

≥ 0 , if κ > κ

≤ 0 , if κ ≤ κ

Yet Fκ = Eκ + (f,Aqκ), fκ = eκ + (f, qκ) and gκ = −eκ + (f, pκ)

satisfy 〈Fκ〉 > 0 for κ < κσ and 〈fκ〉 > 0 for κ < κτ

〈gκ〉 > 0 for κ > κσ

For general force conclude: |〈eκ〉| < 〈(f, pκ)〉 for κ > κσ
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Rationale for forcing terms in the pseudo-fluxes

net rate of energy exchange into low modes : gκ = −eκ + (f, pκ)

injection of energy into pκ from sources external to pκ

minus loss of energy from pκ to qκ

eκ

κ2
0

= −(B(u, u), qκ) = (B(u, u), pκ)

= (B(qκ, qκ), pκ) + (B(pκ, qκ), pκ) + (B(qκ, pκ), pκ)
︸ ︷︷ ︸

0

+ (B(pκ, pκ), pκ)
︸ ︷︷ ︸

0

= (B(qκ, qκ), pκ) − (B(pκ, pκ), qκ)
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Rationale for forcing terms in the psedo-fluxes

d

dt
|pκ|

2

︸ ︷︷ ︸
net change

+ ν‖pκ‖
2

︸ ︷︷ ︸
internal source

= −(B(u, u)), pκ) + (f, pκ)
︸ ︷︷ ︸

external source

=
gκ

κ2
0

• viscous term has same sign for all κ

• f may have mixing effect similar to nonlinear term
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2-D dissipation law η ∼ κ3
0U

3 where U = κ0〈|u|
2〉1/2

Theorem. [Foias-J.-Manley-Rosa ’02] f = fκ,κ, time indep

η .

(
κ

κ0

)4

κ3
0U

3 , where 〈·〉 = 〈·〉∞

Theorem. If

[
κτκσ
κ2

0

]1/3(
G

K∗

)1/6

≤
κη
κ0

≤

[
κ2

0

κτκσ

]1/3

(C∗G)1/3 ,

then
η ≤ C∗K∗κ

3
0U

3 , where 〈·〉 = 〈·〉t2t1
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Proof:

[
κ2

0

κτκσ

]

C∗G ≥

(
κη
κ0

)3

=
1

νκ2
0

〈|Au|2〉1/2 =
1

ν

[
κτκσ
κ2

0

]

〈|u|2〉1/2

=⇒ C∗G ≥
1

ν

[
κτκσ
κ2

0

]2

〈|u|2〉1/2

C∗
〈|Au|2〉

ν2κ4
0

= C∗
(
κη
κ0

)6

≥

[
κτκσ
κ2

0

]2
C∗G

K∗
≥

1

νK∗

[
κτκσ
κ2

0

]4

〈|u|2〉1/2

=
1

νκ8
0K∗

〈|Au|2〉2

〈|u|2〉3/2

ν〈|Au|2〉 ≤ C∗K∗κ
4
0〈|u|

2〉3/2
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2-D dissipation law equiv to κτκσ ∼ κ0κη

Theorem. If
η ≤ C∗K∗κ

3
0U

3 ,

then
κτκσ ≤ (C∗K∗)

1/3κ0κη .
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Proof: The (one-sided) dissipation law can be rewritten as

ν〈|Au|2〉 ≤ C∗K∗κ
4
0〈|u|

2〉3/2 = C∗K∗κ
4
0κ
−3
τ 〈‖u‖2〉3/2 ,

which is equivalent to

〈|Au|2〉2/3 ≤ (C∗K∗)
2/3ν−2/3κ

8/3
0 κ−2

τ 〈‖u‖2〉 ,

which is equivalent to

κ2
τκ

2
σ = κ2

τ

〈|Au|2〉

〈‖u‖2〉
≤ (C∗K∗)

2/3κ2
0

(
κ2

0〈|Au|
2〉

ν2

)1/3

= (C∗K∗)
2/3κ2

0κ
2
η .
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Inertial range

1. A significant amount of enstrophy should be in the inertial range.

2. This range should be wide, in particular κi ≪ κi ∼ κη.

3. The enstrophy cascade should hold over this range.

4. The power law

eκ,2κ ∼
η2/3

κ2

should hold for all κ ∈ [κi, κi].
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Logarithmic correction

As in [Rose-Sulem‘78], [Ohkitani‘89]

η2/3

κ2
≺ eκ,2κ ≺

η2/3

κ2
,

where

a ≺ b when a ≤ C(log(sG))αb for some α ∈ R , and large enough G

and where C and s are shape factors, with a similar convention for ≻.
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Theorem. For any κ such that

η2/3

κ2
≺ eκ,2κ

we have κ ≺ κη, and consequently

κi ≺ κη .
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Theorem. If
κη ≺ κσ ,

then

eκ,2κ ≺
η2/3

κ2
, for all κ ≥ κ0 .

Moreover, for any κ such that

η2/3

κ2
≺ eκ,2κ ≺

η2/3

κ2
,

we have κτ ≺ κ, and consequently

κτ ≺ κi , κτ ≺ κ0
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Theorem. If

eκ,2κ ≺
η2/3

κ2

holds for

κ1 =

(

1 −
C

logG

)−1/2

κτ ≤ κ ≤ κ2 =

(

1 −
C

logG

)1/2

κη

then for all G large enough,
κη ≺ κσ

and
〈‖qκ1‖

2〉

〈‖pκ1‖
2〉

≥
1

logG
.
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Theorem. If t2 − t1 ≥ Tmin and G ≥ Gmin, then

(
G

C∗

)1/6

≤
κη
κ0

≤ (C∗G)1/3

force Tmin Gmin C∗ C∗

f, ḟ ∈ L∞(t0,∞;H) c
νκ2

0Γ
2 c(Γ2

1 + 1) c
Γ2 c

f ∈ L∞(t0,∞;H), |〈f〉| > 0 c
νκ2

0Γ
2
0

c
Γ2

0

c
Γ2

0
c

Γ1 = sup

(

〈|ḟ |2〉

ν2κ4
0〈|f |

2〉

)1/2

Γ = inf
〈|f |2〉1/2

|f |
Γ0 = inf

|〈f〉|

|f |

sup, inf are over all t1,t2 s.t. t2 − t1 ≥ 1/(νκ2
0).
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Theorem. If f ∈ L∞(t0,∞;X), t2 − t1 ≥ Tmin and G ≥ Gmin, then

[
κτκσ
κ2

0

]1/3(
G

K∗

)1/6

≤
κη
κ0

≤

[
κ2

0

κτκσ

]1/3

(C∗G)1/3

force Tmin Gmin K∗ C∗

X = D(A), ḟ ∈ L∞(t0,∞;H) G
1/2

log1/4G
νκ2

0

c(ψ2
2+Γ2

1)

ϕ2 log1/2G

cψ2 log1/2G
Γ cψ2

X = D(A3/2), |〈f〉| > 0 cG
1/2

νκ2
0

cθ2

Γ0

h

log
eθ3
θ2

i1/2

cθ2

h

log
eθ3
θ2

i1/2

Γ0
cψ2

ψ2
j = sup

〈|Aj/2f |2〉

κ2j
0 〈|f |2〉

ϕj =
|Aj/2f |

κ2j
0 |f |

θj = sup
|Aj/2〈f〉|

κj0|〈f〉|
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Sharpening in diss cut-off est that results if κτκσ ∼ κ0κη

Corollary. If t2 − t1 ≥ Tmin, G ≥ Gmin, and

κτκσ
κ2

0

∼
κη
κ0

,

then
(
G

K∗

)1/4

≤
κη
κ0

≤ (C∗G)1/4 .
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Summary

•
(
κτκσ
κ2

0

)1/3

G
1/6

. κη/κ0 .
(

κ2
0

κτκσ

)1/3

G
1/3

• Tme dep forcing in all scales. Shape factors fixed as G→ ∞

• Lower bound on κη/κ0 =⇒ direct enstrophy cascade if κσ ≫ κ0

• Energy power law =⇒ κσ ∼ κη (up to log)

• 2-D diss law η ∼ κ3
0U

3 equiv to κτκσ ∼ κ0κη

• κτκσ ∼ κ0κη =⇒ sharp bound G
1/4

∼ κη/κ0
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