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e Potential U[f] = [y k( (p)du(p)
e Potential U = micro-micro mteractlon
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e Minima of Free Energy: Onsager Equation
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with metric g,5, g = det(gug), (8%°) = (gap) 1, volume
element dy = /gd¢ in local coordinates ¢. Generalized
Doi-Smoluchowski equation

Oif = Dgf + divg(FVzU)

A, Laplace-Beltrami,

. 1 .
divg(FVgU) = =00 (VegfosU).

UIFI(p) = /M k(p. 4)f(a)du(q)
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ot vy (s, (50))

Lyapunov functional:

s (4F)

Dynamics: nontrivial. Multiple steady states, gradient system,
finite dimensional attractor. Inertial Manifolds: Vukadinovic
(2008-9).
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Macro-Micro Effect: from first principles, if scales are
separated.
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added stress tensor.

Micro-Macro Effect

o(x) = /M {c -V U[f]l(x, m) — divgc} f(x,m)du(m) =

f >0, sup, [y, fdu(m) < co =o€ L>
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E(t) =3 [ |ufdx+
+ [{flog f + A(U[f])f} dxdp.

Embedding i . . . . .
TR is nondecreasing on solutions. If (u,f) is a smooth solution

then
9E — v [V« u|2dx—
—fff|V (log f + U[f])|? dpdx.

If the smooth solution is time independent, then u =0 and f
solves the Onsager equation

f =z e Ulfl
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NLFP + 2D time dependent Navier-Stokes

Theorem
(C-Seregin) Let q > 4, diviug = 0, ug € W29(T?), f5 >0,
fo(x, m) € WhA(T?; [2(M)) and [, fo(x,m)dpu =1. Let
T > 0 be arbitrary. Let p > %, o> % + 1. There exists a
constant K = K(T) bounded by a double exponential of T,
and a unique solution (u, f) of the coupled NS-NLFP system
such that

IVxVxull o0, 7:19(12)) < K,

sup [|Vxu(-, t)|[ < K,
t<T

and

Su f ‘, t s H—« g K
té?” ( )Hqu(']l‘2,H (M)))

hold.
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NLFP + 2D time dependent Navier-Stokes

Theorem

(C-Seregin) Let q > 4, diviug = 0, ug € W29(T?), f5 >0,
fo(x, m) € WhH9(T?; [2(M)) and [, fo(x, m)dp =1. Let

T > 0 be arbitrary. Let p > %, o> g + 1. There exists a
constant K = K(T) bounded by a double exponential of T,

and a unique solution (u, f) of the coupled NS-NLFP system
such that

IVxVxull e, 7:10(12)) < K,
sup [|Vxu(:, t)|[ < K,
t<T

and

Su f ', t s H—a g K
tgg” ¢ Ollwragrz;p-o(my)

hold.

Previous result, with Masmoudi: no apriori bounds and proof
by contradiction, controlled loss of regularity.
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Lin, Zhang: a corotational model with noncompact target.
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Navier Stokes Equation

Otu+u-Vu+Vp=vAu+V - o
V-u=0

The tensor jj(x, t) : driving stress.

Sufficient for regularity, if ¢ smooth

)
| g e < o

Exponent of the amplification factor
of tracers, key quantity

T
/0 ||VU||L:>o(dx)dt< 00
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Theorem
Let o € L>(dtdx). Let ug € L?(dx). There exists a unique
weak solution of the forced 2D NS eqns, with

u € L(dt)(L3(dx)) N L2(dt) (W2 (dx))
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Moreover,

Navier-Stokes

T
/ HVuHquxdt<oo, Vag>2
0

-
/ Hquoc(dX)dt <oo, Vp<2
0
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Navier-Stokes with nearly singular forces

Oru+u-Vyu—vAxu+Vyp =divio, Vx-u=0

Theorem

Let u be a solution of the 2D Navier-Stokes system with
divergence-free initial data uy € WH2(R?) N W' (R?). Let
T > 0 and let the forces V - o obey

o € LY0, T; L>=(R?)) N L2(0, T; L2(R?))
V.o e 10, T; L(R2)) N L2(0, T; L2(R?))

with r > 2.
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Navier-Stokes with nearly singular forces

Oru+u-Vyu—vAyu+Vyp =divio, Vyx-u=0

Theorem

Let u be a solution of the 2D Navier-Stokes system with
divergence-free initial data uy € WH2(R?) N W' (R?). Let
T > 0 and let the forces V - o obey

o € LY0, T; L>=(R?)) N L2(0, T; L2(R?))
V.o e 10, T; L(R2)) N L2(0, T; L2(R?))

with r > 2. Let

lollee ~ K, |IV-0alr~B




Then

-
/ IV u(8)|| 1= dt < K log.(B)
0

(O @ (=»

«E»

Q>
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Then

and also

.
[ 19t < K og.(8)
0

1 & T
w2 [ 18T u(0)mde < K
g=1"0
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Then

T
[ 19t < K og.(8)
0

and also
1L T
MZ/ | AgVu(t)||~dt < K
g=1"0

with K depending on T, norms of ¢ and the initial velocity,
but not on gradients of ¢ nor M, and B depending on norms of
the spatial gradients of o.
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Then

T
[ VU@l mdt < K 1og.(8)
JO

and also
1L T
MZ/ | AgVu(t)||~dt < K
g=1"0

with K depending on T, norms of ¢ and the initial velocity,
but not on gradients of ¢ nor M, and B depending on norms of
the spatial gradients of o.

u= Z Aq(u)

q=-1

Littlewood-Paley decomposition
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Holder regularity of weak solution

Q; € QdomainsinR?, 0< 77 < T.

Q=Qx(-T,0),

Parabolic balls:

Q1= x (—T1,0).
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2D
Navier-Stokes
equations with
singular
forcing

Peter
Constantin

Navier-Stokes

Holder regularity of weak solution
Q; € QdomainsinR?, 0< 77 < T.
Q:QX(—T,O), lele(—Tl,O).

Parabolic balls: Q(zo, R) = B(xo, R) x (to — R?, ty), where
20 = (x0, to), X0 € R?, tg € R. Means:
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Q; € QdomainsinR?, 0< 77 < T.
Q=Qx(-T,0), Q1 = Q1 x (—T1,0).

Parabolic balls: Q(zo, R) = B(xo, R) x (to — R?, ty), where
20 = (x0, to), X0 € R?, tg € R. Means:

(f)207R = m f f(z)dZ’
0(207R)

[Plok = mmrmy ) P(x)dx.
1BOo.R)I
(x0,R)

Navier-Stokes
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Spaces

For 0 <y <1, space M,(Q), seminorm

sup
Q(z0,R)

cQ Rl_"’(

lollm, (@) =

1

1Q(20,R)]

J

Q(Zf)vR)

0(2) = (@) rI202)

N

< 00.
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For 0 <y <1, space M,(Q), seminorm

||U||M2W(Q) = .
> R1_7<|4o(zﬁﬁ*)| [ lo(z) - (U)ZO,RIZdZ) " < o0,
Navier-Stokes Q(ZO’R)CQ Q(207R)
Note
L'(Q) € M2 (Q)
for r > -4

T—:
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ue LNQ:R?), peL*(Q), 0 € My, (Q;M**?)

with 0 < v < 1, satisfying the Navier-Stokes equations

Owu+u-Vu—vAu=—-Vp+divo,

in Q in the sense of distributions.

divu=0
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Theorem
(C-Seregin) Let

ue LNQ:R?), peL*(Q), 0 € My, (Q;M**?)

with 0 < v < 1, satisfying the Navier-Stokes equations

Owu+u-Vu—vAu=—-Vp+divo,

in Q in the sense of distributions. Then

if0 <~y <1and

ify=0.

ue C’\/(@l)

u € BMO(Q)

divu=0
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Additional results

Let H and V be the L? and H! spaces of divergence-free
functions.

Theorem
(C-S) Let ue L>=(0, T;H)NL?(0, T; V), p€ L?(0, T; L%(T?))
be a solution of the initial value problem

Otu~+ u-Vu—vAu+ Vp =divo, divu =0,

u(-,0) = u(-) € H,
where o € L"(T? x (0, T); M?*2) with r > 4.
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Additional results
Let H and V be the L? and H! spaces of divergence-free
functions.

Theorem
(C-S) Let ue L>=(0, T;H)NL?(0, T; V), p€ L?(0, T; L%(T?))
be a solution of the initial value problem

Otu~+ u-Vu—vAu+ Vp =divo, divu =0,

u(-,0) = uo() € H,

where o € L"(T? x (0, T); M?*2) with r > 4. Then, given
s > 0, there exists a constant Cs depending only on s, v, the
norm of ug in H, the norm of o in L"(T?), such that

[ull oo (T2 (s, 7)) < G-

Moreover, the function u is Hélder continuous in T? x [s, T]

. _ 4
with exponent v =1 — 7.
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Local iterative estimates for L* space-time integrals of the
velocity, in the spirit of De Giorgi, Campanato.
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velocity, in the spirit of De Giorgi, Campanato. Pressure

p = RiRj(ojj — uju),

The iteration relates integrals on smaller parabolic cubes to
integrals on larger ones.
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Idea of proof of Holder continuity for NS

Local iterative estimates for L* space-time integrals of the
velocity, in the spirit of De Giorgi, Campanato. Pressure

p = RiRj(ojj — uju),

The iteration relates integrals on smaller parabolic cubes to
integrals on larger ones.  For the iterative procedure to
succeed, the modulus of absolute continuity of the map

QcC{T*x(0,T)} H/ lu(x, t)|*dxdt,
Q
needs to be controlled uniformly apriori, to guarantee that such

an integral is arbitrarily small, if the parabolic Lebesgue
measure of Q is small enough.



Q(207-Q)

owizo)= ([ - (Waoltez)
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Q(20,0)

Navier-Stokes
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O(uiz,0) = ([ U= ()al*dz)’,
Q(20,0) .

\Il(u;zo,g):< f |u|4dz>§,

Q(20,0)

D(p: 20, 0) / 1P — [pl.odz.
Q(z0,0)
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1
Oz 0)=( [ lu=()noldz)’,
Q(20,0) .

\Il(u;zo,g):< f |u|4dz>§,

Q(20,0)

D(p: 20, 0) / 1P — [pl.odz.
Q(z0,0)

Lemma
Let the function v € L*(Q(zo, R)) satisfy the heat equation

otv—Av =0

in Q(zo, R).
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1
Oz 0)=( [ lu=()noldz)’,
Q(20,0) .

\Il(u;zo,g):< f |u|4dz>§,

Q(20,0)

D(p: 20, 0) / 1P — [pl.odz.
Q(z0,0)

Lemma
Let the function v € L*(Q(zo, R)) satisfy the heat equation

otv—Av =0
in Q(zo,R). Then
4
®(v; 20, 0) < C(%) ®(v; 20, R)

for all0 < o < R.
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Lemma
Given G € L?(Q(z0, R); M?*?), there exists a unique function

w € C([to — R?, to]; L*(B(x0, R); R?))N
L?([to — R?, to]; WY2(B(x0, R); R?))
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Given G € L?(Q(z0, R); M?*?), there exists a unique function

w € C([to — R?, to]; L*(B(x0, R); R?))N
L2([to — R?, to]; W"2(B(x0, R); R?))
such that
oiw — Aw = —div G
in Q(z0, R) and

w=20

on the parabolic boundary of Q(zy, R).
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Lemma
Given G € L?(Q(z0, R); M?*?), there exists a unique function

w € C([to — R?, to]; L*(B(x0, R); R?))N
L2([to — R?, to]; W"2(B(x0, R); R?))
such that
oiw — Aw = —div G
in Q(z0, R) and

w=0
on the parabolic boundary of Q(zy, R). Moreover, the

function w satisfies the estimates:

2 _ 2 2
|W|2,Q(ZO,R) = to—:‘§2u<pt<to [w(, t)”z,B(XO,R) + ||VWH2,Q(Z(),R)

< 2(|Gl3,o(z0,R):

&(w; 20, R) < C’W‘%,Q(ZWR).
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For solutions of NSE, we have

d(u; 29, 0) < c{ [(%)4 + V(u; 2, R)} &(u; 20, R)+

+ D(p; z0, R) + /\/IR2+2'Y}



2D
Navier-Stokes
equations with
singular
forcing

Peter
Constantin

Navier-Stokes

Lemma
For solutions of NSE, we have

d(u; 29, 0) < c{ [(%)4 + V(u; 2, R)} &(u; 20, R)+

+ D(p; z0, R) + MR2+27}

whenever Q(zo, R) C Q and 0 < o < R.
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d(u; 29, 0) < c{ [(%)4 + V(u; 2, R)} &(u; 20, R)+

+ D(p; z0, R) + MR2+27}

whenever Q(z0, R) C Q and 0 < o < R.  Here,
_ 2
M = HUHMM(Q)'

Navier-Stokes

Lemma

. D(p; z0, 0) <
c[(#) D(pi 20, R) + W(u; 0. R)®(u; 20, R) + MR+
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d(u; 29, 0) < c{ [(%)4 + V(u; 2, R)} &(u; 20, R)+

+ D(p; z0, R) + MR2+27}
whenever Q(z0, R) C Q and 0 < o < R.  Here,
M = |

2
o]l M~ (Q)

Navier-Stokes

Lemma

. D(p; z0, 0) <
c[(#) D(pi 20, R) + W(u; 0. R)®(u; 20, R) + MR+

whenever Q(z9,R) C Q and 0 < o < R.
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The following result is used to control the modulus of absolute
continuity.

Theorem

Let u € L*(0, T; H)N L2(0, T; V) be a solution of the 2D
Navier-Stokes equations with initial data ugp € H N L"(T?) and
o € L"(T? x (0, T); M?*2) with r > 4. There exists a constant
K depending only on the norm ||o || r(12x(0,7)),¥s T and the
norm of ug in H N L"(T?) such that

sup |u(-, )| ir(r2) < K.
0<t<T
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1F1Barze) < CollFllry IV F 122y
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the r = 2 inequality due to Ladyzhenskaya.
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The previous result is based on the inequality
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that holds for all f € L"(R?) with Vf € L?(R?), generalizing
the r = 2 inequality due to Ladyzhenskaya. In turn, the
inequality above is the n = 2 particular case of
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Generalized Ladyzhenskaya inequalities

The previous result is based on the inequality
1 1Barge) < Gl |Vl 2oy

that holds for all f € L"(R?) with Vf € L?(R?), generalizing
the r = 2 inequality due to Ladyzhenskaya. In turn, the
inequality above is the n = 2 particular case of

1122y < ClFllrre) IVl gongny

valid for all r > 2, with By"" the Besov space with norm

[e.e]

HfHBS”’(]R") = Z )‘qs”A fHLP(Rn

j=—o00
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