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-
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Q % )El, = 9.co3x, +Cosx 2 £ Slnow h«‘d: 555"’-"‘?!5
Xg= LcosxgtCosxy  yeversible But not

, e cohse.rVa.‘:nVQ
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Ld: ?(xux,ﬂ = 2 cosx + oK g ,OskwL, ,
a(xXi, %9) = Qcosxg+ cosxy.
Since -

g (-x. .;,-’,)Sg_), = 2 cos (-x ) + Cos (“)(a.) =

= Zcos Xt CosS Xg = g (x, X2
owid '*

% (-x, ,~X2) = “l,c,o;stx,q_) +Cos (-Xx)=

= 7-(05,X2+ CoSX = % [X“Xa) T
thas  the sustewn 1 veversible wilth respect

* Not coviseyvative 1

1t s s;ﬂ"am{ *»a showhna{: U«nt Q\Ask.‘m \'1454 0~"ﬂ
aurachm) Cixed Poih{?.

Ve Sirk Bind Hee $rxed poinbs of M systam:

{‘LcoSX, + CoSXq =0 &y [9. i][coixtlz[ﬂlé@
Qcosxgtcosxy=0o  LL 91l cesxqd LOL



1= % Cos5X =0 <;_)§K,Q€'7L1%X\: Kridmn/g
(o5Xg=0 xafgn tn/e
The jo&Co@ {0 1%} oe ‘H«Q SKASLQVVI RQAS :

D¥ (X, X)) = | -2sin%, ~sinx1]
~SinX| -9 SinXgq.

At (x.,x9)=Cn/2, n/2):
D?(n/a,nm:[-a -1] -
-1 -2
= p(M = det (D (rja, /) - A1) = l-m \ {
| -1 -2-94
= (-2-D2-EO*= (A4t -1 -0 &
o (M) =16 N19=-v1e =911~ { %
lhas A(DE (nI2,n/2))=5§-3 -1} =
= (ale n/2) » a sink=> o
= (n/2,0/2) is oas m[)ﬁ%‘cqﬂﬂé stolbe =
= (a/2 . n/92) is Q?"Y&CHV!B.:::) M |
= the Sgskm is ot cohsehra{ive_



EXERCLSES

(D Show Hial Hie Eoe@owiwg Sajkms are

reversible and Henw find an C/Qassl'g% ot
Sixed ?oim\s.
60 ).(, = Xg_(i’xii) e) 5 ).(l.—_ Xa_»)(i%‘
).(1: L-Xg: ).(1: X\ Cc‘)SXq~
) 3 )2|="'Xq_ £y =x ‘\-(;(‘)9' +X=3 -
).(9_."-‘-— X1 COSXQ

Q) Sl = Sinxg
)21":. SI’\X&



¥ Trdex {:L,éorgu,,, |

 Tudex dneory 5 o globel mebliod Hoak provides
%lo gaﬂlhgo’rmahon about hae. Fl'wtsc porlratl’ e

, og . O cho—d.;memnonaf. ; a.ulo homouS‘SgSLeM - R

@ Definibion of Woe fndex

Cousider e lwo—dimensiovial oukonommous; sgskm B

%’.(l :“g'()({ lXQ-),,,, s
ig_:% (Xy X2)

We moke Mok ab Geixad ) the angle ¢ of Hoe

vector (.i; ,iq_) iy Hiven Qg o

¢ Geeaxad = Archan ( ? (Cxt X2)
XeiXgq)

Leb € Be a simple closed cune . We defime

) ‘:he. index 1(A) of C as:

1(c) =§ dep (x.,xQJ o
e ¢ 9nm o

e Expltcfl: Form of k«ze lklﬂa\L)’(, ih‘-cc,\saﬁ

Ve wole Mk :



dg = d (Arclan (9/80) =& oL(2))-
L4 (%1_?)1 f

- ! §43~2o\¥
i’r(zlf)"‘ £
‘}7-+2°’~

—

= 1C0) = Q-: g&%f"%o\"‘
Jcin Jc9q(524 Abi)

Let C: plt) clhl , tefoal Be o Faro\mclcev{%a}rlon
of MHie cuwe C. Then |, We diffreutials of and

dg are given 83:3

df - [ e VR U dt
da = [§®-Vqlpenldt

I{‘ Qoﬂdhﬁ hﬂo.{j‘:

1(0) =§ fdg-qdf B
C

£24+4q1
z 5 b Feoun Voot -¢ () -9 (p L)V (p(8)-6 (1)
o in [“’ (p(eN + 37' (Y (h)]

- 510& (o .[ ¥(9LHY\78(@(LD~3C9[H) V(o) 1
an [FL(pe) v (putn]

(o]



® Properlies of Wee inolex

@ 100 G“Il.l ‘(i-e. 1(Q is am Ml{%tr).

Proof

: G—oimz arsund 1“‘4*! curve C, Qoth initial avid
ginql value o,?_(f poiujr,,ih, the same dl‘re("‘t‘()h,,
!:\ne.\teore. Hae, _v.aria,*'iov;, Atf Q?’ Hae Ohaﬂt |
mast e a mulltiple of 2n. It follows Haat

A(f=§ oL?.-:. ‘l.kn ) wi“«: ke‘/L “—-=>
C

> =L gL G- K€L o
n /¢ - 2n |

| @ Assume ot lhere are wo Cixed ﬁofh}s
in H«e, hnLCHot‘ OQ a Simrlt C‘QOSQA Cufrve C‘.
Then I(Q0=o0. o

Proof | o
| We qliv{&(_ Me inlevior of
5[46\\ / \’\ma, Curve C inle o wmesh |
{ },___ : of N fosed Si\m[z,o.g curves
\w, / D'K with ke INT. We assume
AT that the Loops Yy @are Swmall



. Qnotﬁ%!n $0 J*l«m{ He moximum eoune fg vqﬂg('iom -

~aveund i does nol exceed nf2. This fs possibfe

. _on,.&a, because teve are nio Fixed poiuls in
e ,inky;o‘r;ogngngu yu Csee ,‘?;3%,.,;2)

‘ IL ¥0 uou)“, 'Hﬂod: B . ‘
¥1«e[u]\:§¢$=o e
and  Herefore

) ‘¢ T
O Invariouce wilh contour deformalion

Deb - lel c,cy Be two simple closed curveswilh
) G:olble®?, telo]l and

‘, - Co: pylhe?, telodl.
e say ot Ciney Ep_qni‘.,bhl“a

{ ,i? ’clnexé Cs; q‘
wopping  0: fo12— R such Hat

o) Viclo1l: Co(dod=p (D Aplt )= yq_(l:)) -
~8) P contimuous at fo,31% S



O Varelo 1% : plb wek o Fxed poiat.

=2 ((~(Cqg wmeans k«a’c ¢ can Qe Acw{inu,ouzag,
dﬁ?ermei » x'n&o,” ,,Cg_,;_w('ﬂ-qu{ v ,,cw:,sin& 0«3 o

j;c'xecl, Poihjcst |

- g

Moot Defines ) o
o Cgcpmlh feom 8 toc
, ,C‘ML.;‘:,,;‘,VQ{LL?non,q{o_ d
Caf : counler clockwise ?ﬁ‘“ﬂ o
o Somade &
Cga:  counderclockwise pa{‘lﬂ o
from Qs a0

Ced 2 counlerclockwise yo{fh‘, |

from cb &,

Cde: ,Coumk\r(gockwn{.«,;,PA{‘(‘ from d fo .

Uc ol fek -C ieprosent the palh € with ib

A"ll'td'iomu }cverst. (2(3 ‘*CQG, ve. CGQ) .

~ Now consioler }L'Q,Pa{hs T and ‘rj, AQPG"QAOS .

0= Cad UCde UC-CaUC-Cap) ,.

la= Ce U Cequ FCadU(=¢cgdd

- There are no fixed points in W tmberions of
Te and Ty , Herefore T(M) =0 and 1(rg) =0.



- We Mo!—ﬂ,,,‘Hﬂq{:, o

:Jﬁ ALY g do _g «1&,,...{4? o

 aud

B e N P

‘-'—j OLT +S A(f- ([ ) chf wgdw ()
A dding. W) and (B gives: {L.; cancd ol m; CeoyCad

EVRIGNICNE J A% J ,“‘r"

Ced | )
d & autlcco 1((:@1 |
A % it - o

=y I(c) 1(C9_)~ l(lﬂ){-l(f’q) 040 =0 =>
=) I((l) = ICCq) a



@ Ind ex 09 cﬂosed Otail‘i

- 1{ C vy oo cQoseA ov@ct ;o¢ k—.-e. Stés‘lcm ;
thew T1CO =1 N

proor : Ig C s a CQOSQA OV@[(‘ OS"
the StasLewl, bhew b s eos%}o
see Mot e ,Vec\lor C’Eg .)29_) |
(s ,*Gwzeh,{ o G for ale pafk'ls -
of C . Thus , He Hotad C‘I!Okhgt ‘,
in Hhe ,amgfe, @ is A(r =2n. |
]l: goﬂlous Haa“.

ILC)::__L§9'\Y< A(f .__‘9-'1 <41 o
1n Jc 2

rt 2n

® ﬁlho\e‘x of o ?axe,oL ?oivﬂ':,

Def : tel xoelR? fe eL; ffer.»Pa(u{, Lel ¢ @g |
& counlerclodkwise cuvve whose inlyior couboiug
, the ?ixe.l ’poiw,: Xo l@'&l o other pfxeo‘. yoim}S.

We deline the fndex 1(xo) of Hie ?;xeel petnt x,
as lxo =1CO)

: I—a we, l;;ol-f. 'h'lq{’ pram onpefl'!} ?) uﬂove, I;(Xo)
s inOle_pemAew(: of our choice ol G, Sugje.c‘l: '



5

l’he, S‘"O«L’-i ; Comﬁlrmvt}s_ ,

 Thim - let xo elR% e o fixed roim{- swchh ot

‘ {rajec{‘o)‘i%” _racl;{q\'é,,,{‘tom or 7‘.9!4.1@").,\5 Xo
in all divedions. Then Tlxo) =41,

o

~ Comsioer ,&Smaaﬂ_.,,ﬁ\nouahu.,.goqp_,C around. X

- (omsl vacled so hnoJ: il s ,,per.eholj wlay to

every ,ha,jecwlorg b indersects | They,, Hae }n{uﬂ
cl'\omab& n e qhale, around C is A(f*:ﬁﬂ

I{ Yoﬂot)S HAQ.L P

Tixey=T()= 1

| have T(xe)= L

| a) 5ko:u1£g> ) stable 3}7:'@@5 _,‘,§)Ad,e%cme(@k hoo(ef
| 8) sinks 4)um¥o:££psp£m27 P ostars.

%&LY: A‘f = Al f:i,-, 4]
Je 2n 2m

In

1t Qaﬂaows”«q{: | H«& ﬂoﬂow.wéf;xed.pom{ 5 o




 Thm :|let Xo€clR?: Be o saddle nede . Then
I(Xo);fl. |

Plf o o%

Clebt C fe & smalt Loop around {he saddfe .
mOO\e, Xo. The ,anbgc (_f varvies cfsckwise. arouml

- Q with Atf=~2~ﬂ (see 9;‘:6-7 1t follows Haat

T(xo)= ICC)‘-"._L__§ OL(Y-:— A(P = “9"1 ~.~.~L“ |
, 9Art c 9n y X5

@ Lnolex e‘l X Curve $urr0u.mlt’v\5 pi‘xe‘l_ pm'mis. ,_

 Thm : lel C Qe a Sn'mpie. losed curve
Com"ou'\nilné_ Hie Fixed pOi\al’s XiyKg joee, Xy o
Tken: |

11O =Y T(x
A=




Proot | We deforwm Cah"ilquo,u?%, C
indo e corve T~C such Haat
U comsists og Swmall Loops
X“ around the Ffixed Foiw*s
Xa cht (olnmcchnb ﬂricl%gs
Yol Cohmcdin% Xa. to Xg
as showy in the ?«‘%ure.

, , UC., ifurll«cr ajjuwme ;,M«ql:
e ¥p Gelween ¥4 Yo j&a bends to 2ero.

- That im[zkcs ok VK“’!’%“K'@"L and B‘“‘ Gre
 dosed . It o llows {hq{:

iI(Or-ICT)-& i §"l‘f°
I Jr

- w-t 0 |
A [T fdp e T jou“zj;f ]
I La=tly, o Yoar 0=ty arton
rw\ n- ‘ n-|{ ” )
tn Loty ey ety
- " | |
= i 2:_ UL = ___1'____.% =
Eg) Bl
= j:. T(xa) | | o

o=



 Comlarg : ek G Be o closed hrajedory

; Vekl,r_ﬁ’o‘sin%m {Le c{zgzo(-.,.._ pemfﬁ o
 Xe X Q, ceey X o The"l .

Proot

Since G is a cloed krajectry, from properky

4, we have TCO)=41. Thus, froun the Meotewm:

L Tlxad=YO)=4Y o
10 A |



EXAMPLES

a) Show Hat Hae sash‘.m
}li‘ = ¥ ,(7.7 X~ 2xe)

Xg = X9 (9-%(-xg) |
does wot have O«Vuz (ﬁo;“l ~)r¢x3€,C{'DYle§

SOQJU.LIOV)

IE can ﬁc. S\aoww ‘l‘l«u{ l‘l«n stkbn l/lQ} ‘hﬂc |
) goﬂfowm? FPixed poinks :

. ax (o.0) umsfaﬂ@e" h_o,tlc,=“).A,,I,,Lq.);:;,,i“,
2= (0,2) stalle vicde =T1(8)=1

c= (3,01 slable viode =271(0) =1

d= (31 sodd e node = Ilct);*i,

¥ o e let G @e_ a Cuvve |
o @ C$ Q C;‘ . kE;:_aonglé Vo ?;KCC‘ ?(ﬂﬂ{’
, , , . €n . o

::,_ | I(cd=04t=

2 <
e let Ci Qe aung cuve thael endloses .oa@; :
‘HAC, ?l)(ecl. PonlaL d= Cl L) . TLCM

1CC9_) =10 =-4 + +S. -~ Cg net a “ro,je,c;\vné

= (, ,ho{’-; o ‘l‘foJCL{',OVé .



e Lel Cs Le_ .O,M,é CuUuyre emga){mé. aor & orc o
ov any combination of tiece lhiee ?ixed,‘.poiu{i, o
Thew, C-g, wiﬂ_‘ mleuencgra.‘ Qza—d H«e Xy-aXly
or {he xg-axis Cor Both) . Since folh He

Xi-axiy and e xq-oxis are lraj ve,cxlgnf.s, ,‘,om::l

{ro.jed-‘or"-es camnol | niersed 0 it follows Mat
Cz s ‘Vwiz‘m“(m,'jgdorér I - T )

L e see huab bjedorios Jral comet Be viled ot
| 83 mdex ;Jf'.’\,&o,r(é,, can fe ,el\‘uaiv;cdcc.l, sometives,
QB e Cov\?l'roum‘: Hual two "'mse_c(‘vﬂ‘ts |

canmot  inlevsed. S
@) Show %’c ‘U.’le.v_gbsk“'l ,
%k| = X,l,e:’x‘ )

X = Ltxitxe .
does nol have ahé losed _Lmicclﬂaﬁe)} L

So.&d;ién ‘

_ ‘Fl',XQA..“PoIh;'S: ;

% xe ‘=0 & 3 X¢z0o @5 X=0
Lot xg =0 [ i4xiexd=0 (dixt-0

N Sln,ce A+ x{.’"?o, s H_,i_"tcoujis;(enf .,,;,,l’he_re &kt wio



- Eixed ?Oim}s.
Now, let ¢ Ce aué; closed ~curve. Then
I(A)=041 > C wel a {'rajecjma.



EXLAClsEs

() Show that Yo ;‘oeeow:hi syskms do et

have ang Josed hmjec vies.

a) % xt= %X (Y4oyg-x&)

Xg = Xg(x(-1)

6) 3 %= xTixd

,)‘(tz_,: X—92

a A syshewn hos Hiee fosed Jﬂ@j’tc‘rovies Ce, |
y Cq., Cy ) aﬂl Co,u,mkr.CQOCKWi)Q,,.,.l.qz.“a, C—Q,,Cg.._ o

encloged Qé C,.. We oalso know Hal Cq 15
viot e_mf.o.se&;.;@g Cz and vice versa .

Show *Hna.l: Hr\ere is af feast mn(,,.gl_XQtL,,}Poua{,,w |

QM(QOSC‘A_ aé C, ,, qu{'. ho‘:,wencaoie‘;; ag ‘QQ.
and Caz . o

Consnole.v Hat ,Vqr&mei—(.vi%&ci ‘ fasjr(vh |
%)‘(“zs:(\l“)(i,&)w o .

- As we \ro;r5 o from &o o o, ‘H\is, Saslevvn

,,N,Mv;e.ler IaeS Oone 6r wore lo,cqﬂ,,,,@‘s'v,thCod’iOW);.

Show Hhat He sum Tlo) of ol indices of
ol Fixed omts iy c.ohshm{' with vesped b o
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