V Ceuer Mowifeld. gc:cl-uc)ww ;, B

Tlm'; lechhiclue_ (5 féosac‘s ow*kw gm@atmw% %f?zeor,cw

Tueoem ¢ Comsider dhe olioutng susless of i
ﬁ,rcrli-vz v Af?f?{remh&e,equaiiﬂmf v
i)’czAx-i—g(x;é‘) Jwi’l‘nég(@)-'ﬁ A Dg(,:(?)f-‘i)f ,

§=py+ glxy)  l9(0)=0 Apaler=0
Wit (xg) € BIXRT, L RTMSRT, o BT R
Here | A iy su ViKh wa!rr?_xk.,,ug.is s wxi odriv , 1oith
| Si\fﬁ ed(A): Re(N)=0
VaecA): Re(W) <o | |
Then tvere  exishs a cew}tx,,emnwigaﬁ& We %i»rcw Qna
W%(xg)er&“xl?\“?l = (0} I
with bt BB and W@ =0, oud Dhle) =0 sud
%g{_’c%c solufion ,UQ We_hawﬁinmr SBS}fM,,‘}COK\.\/ey_’%fﬁ .
ko mc o3 Laio ;? inigﬁf&ﬁi}e& Neayr ewougl’: %e
giXeé ?omjt . |

The k«eowm cow Be wed {\0 ﬂuo&é'b@, h.onf.i'!ayﬁfgoﬁfc

g(xe& Fomis wgnerc,,aﬁe .kfne ehbmvaﬁues ;.o.?, ,;he o o
Correspo»xéimb Sawﬁiw ,Vno&‘r?x qs—ceikxer ro Oy Weaqgﬂf.
The W\eﬁso couh_@é %e a(zgﬁa& s? OJ_LH, «Q@cul " Phe eiafvwaﬁz;e -
is posstive (tnm Mhe kool QZQ.!IL..._.Q\QU:\)),



r‘) Hejrhociag—ogléf

Let % =g(2<) wi“/\: ¥= AL A @a.,,_om,,aw%momou>

4 \nQ\ﬂ’H‘COﬁ_ 965{@!1 . Le{‘,, Xo € B fe a gf)ceé_ ?oiﬂ{ w%
2(-'3(0).'—‘ o . We ossume %a{: Xo Is o hnom —-gmégcr@oﬁfc- gi‘“*{
?om% suds Ml some of kne,_.;e{?)ewo,@ues of 0P (ko) have
Tro el earjt and vione o?» %E.-, Qigﬁm/&,@ifﬁ hare o S{rrié%
positive real (mr%. Tu olher words, we assume Wadt
(30eh0lexea : Re(M) =0

! FheA®l(xod: Re(M <0

The  conler manteld reduchion A\Ledaui,:tuc comsists of

%e Qo ZQQ u);mg ) €{£Ps k |
&\) p)eAut ¢ S Slew ioo Cawo.vn'cai Eorm .
9) A@()Lé ehae an&&r 'mani&m Ngjweorem.

777 De)e\rmm?- Series QK()GMSfOW gar \maW}mg_ YfL

@*:?\e&u&}m {-o Cawowic&,,_%vm

01(;3@ inzeark%eii«a autoriomous S%S[f_m oVound  Xo aud
wv:Itl '
5( = DQ (_\Ce))d‘ G(X) \,
Here G caphwes Me noulineor lenns of Hre s%slvcm.
g A"vﬁume %ofc DQ (xo) 1')95,. _O&fs%‘mjc ejzewmgues
%Cog (Kow = {Q((QQ_{...., (c\\h} )
il cosresew&im.é tx‘gqmec}ors ViVg - n .



We &éuz,oneﬁilﬁ D?txo) gé ‘&/i?'ihiw’ ,
?':. [Vi Vg --- Vﬂ] L %

Qud w\rf%ivxaa o
DY (ko) = P ding (A de.. )P
Nole R\o&&. DHics) .,ckoM.,,,.‘Qﬂ.,‘.&fﬂéengﬁi&iV even  Wwhen
e eibevava,QMa) o wojt, oLi‘;E‘n/ic'(, ivz;v o Blok- iimgwa&
malrix. o I
®3 De?:we. %«e c‘nemae og ,vasrlaﬂfgs. ._;%_;Pvix .
Tt Qoﬂouzj. Jhal x =P, and Heckre
§= P = P (DR 4 60) = P’.*(chx@%w@»b))
Dt Pys 6l T
= [P7' Pdian (Ao, A) PP ]y + 6Py -
= &iaé (:h ‘QLL_‘,,A‘«MA{'G’ (?%) e
whidy reduces o He ,.Qaﬁlawl«é ,‘Sbsjtm_.,o,f ODEs -

éi = ﬁ&%l + %x (é“é‘h“”‘%w') o
1: %2 =—.Agég_ + 31 (g“\éqﬂ e, “é“)

- e . .

| {éh ) gh‘én f%u (g‘ ‘(344"" ‘gh)
Q De}{rmiﬁ;ﬂg‘ {/L"Q : éé“itr W&Vu?é‘Q.oL -

\.ejc Wy noew  oysume Li’/m{’. Qia\a) =0 ,¥&€D«] %&.&L |
Re (da)< 0 P ,‘d&e{ﬁ]’?’ [’.kj . Then, @cwrc}u‘vzg 1\: Ha(_ th{-(f
chx(goﬁi H-QMCM, L‘ne ;Q?!szi_ k e.q‘,u,o»hfen; , 'Kw ‘éuéif-"r%k



Av{ve h«e clahqm:'ﬁ oe, e]qu_ 3‘532.6&77‘&?@& .h,‘e ekaer n-i
equations 6¥e driven Q‘} sﬂavimx,?rmcigfe,s giv e %
Yer = 0 (Guise, .. ) c
Seen® hrC Yo )

i |

Y, = [ﬂnfk(gugﬁ;-»“l Ye)

Lel WUy d\egivxe. u:(%,ltké%,.,.,\ég,),..&ni V;‘;C%Lcu,émz‘.,..(gmﬁ .
and  rewrdle Jhe ofore Saskm as V=h, wih |: BKaRN-K
Mso, fet (wovo)=uo=P"'xo e dne Pixed point.
Thew acwr&ing io Hae“ ceukr mghiﬂou ,J{C\eorcm ; LI 0(405
to 5«&13?3: | |
g h(ue) = ®
Dhiue) =0 B |

Now et us rewrife Fhe otf‘bimag 55516"5 of ODEs ?w \34“ v)
65 ) :Qofﬁows" . L

U= Awd Golua)

\;=BV+GZ(1MV) R | |
wih«\ . A: diaa (gugum,gk—) , q_n_sL 5 = ch'ag CQKHAM‘L,...,QQ |
and G Gy aic %fveh 9:«6 '

G’l = (Bx 132;—-‘/%{0

Gg = ( xeulgkm'“ ’évp |
To w(f}-eg %OV(’.W\.ihZ PQE§ Qg" L"l e \40[{ )[{ﬂei
V=h( = ¥ = Dhw & = Dhl [ Aut 6w )] =

< DhtwlAu “*G&(LL‘LICLL))]



and
v =Bvd Galuw) = Bh(D + 69 lu btw)
and f{ ?oﬂaws : ﬁha{.. [
Dbty [ Aw 4 6 (b t)] = Bl + 69 (u i)
Ncu,, Qe@ W ,&egx‘ne._.%z Opemﬁr

(NW) () = D [ A 4 61 (i, hed] = 1Bt 4 gl htwd]

Toen, b s given Gy o sollbon of dhe Rollowing
ihiL\‘aQ- value ?m@@em: B .

‘/l(l&o) =0 |

% (Nin}(u) = D -
Dhius) =~ @

Nole at tu levms o componreats (NK) (u) vfs Givew 38‘: |

(N\«x)a (W = E.S& 5' (ggéﬁ ‘“a@ (é))i&'ﬁ..] - (gm:dvu-k bum_téﬁ » o

Y

® The spedvad qep thearem

T’ne MO‘WMB , L1 - Cau Q»e. Az(—ermlmea(. via a. powzr—serkﬁ

&c&mi%u,e Based on e Qoﬁﬂewimb spe,cw‘%wf Hoeoremn.



Theorem : Lel an w-@i{vaws I‘JWLK SBE Be qives
with \P(uo)f-ﬂ oud D"{) (o) = ® . Theu, uuder ?(4( fivit
U—bo ;, Wwe can drow j{Loi

Taol + CNg) (6 = 0 Clu-uott) = B - planll= Oltu-wl®)

H Qoﬂows *k/ua}t pouer-Series _,lcedamiq_ues cou Be uwsed o
a()?ro\ciwlal«e e Ceuler \mamiQ_on{, b wa.é Aezyte of
Gwroxim abon @% SOQV«'WB e eq.uoiw‘on [HLPXUQ =®
lo e come de%m o? ‘&pprexiwa%v% as shown in
e eﬂqmng‘; @eﬁ_o@_.ﬁ



EXAMPLES

a) % X Xq"é“xc’ — Ahaﬂj}e_ : g‘\éﬁéﬂ..?Q“AY
s xh | o

-—

Solubion

. .foeti. Foiv&s . aud ja cobion. ;

ek ¥ (egd= XY -x5  omd 9 ey = —ut W,

(X;y Yixed ?ciujr,@ig(\(ué)ﬁo@i ,Xq‘,é'fks =0 &

R %.(X.Lé),“'me ,-%&,\49-,.,-“0 |

& % X‘Mﬂé'-x%):—— ° & ix"-:o Vi ’lé»:—)c?' &
Y=x% | 13—-\49- | ﬂa:xi

& 5zx=o y i x?_x%=0 ) i‘x:ﬂv <E ')g’(x ~—D=o
yro Lyme . iyea - Lymd

o 3 X =0 Vi x=0 M x=1 g (xepe {0, (1D}

e %;O \ar—o g 33%1

DFCxua):P?Dx 9¥/93] :Kaxé-sxq | xﬂ
| | '}%/BX 9%/93 a2x -1

. For (‘ﬁt%): C&,D T , v .-

DFCAA) = [%9 41 ; [fa 4]:>

9 -1 9 -1 |
5 pM = dek (OF(LO-AD) =[-3-0 4 l ]
| 9. -i-4
= (5D -2 = (A4)Qe)-9 = 42140 +3-2



= A% H4d 48 o
Az B bacz Y24 4 l<lo-G=(0= 42 =

=2 2\1{2.':' L E2) = -Ltefp = -2+ iz (-@mud _h&a, ,\Y€> o

yry .

by BODFOLI) =3-9-13,-94F35 = (1) s o

| ool sink.
oy (xgp=lo>:
DF (0,0 = [o o] = AFL.)= 10,-1%=>
o -4 S |
=2 (0,0) is a .,,mon«;h ptr@ogic %‘XQ«L ,pof,w{?. .
b Conler—Mouilo 04 Qm?%.sis . e nole ot % is fhe
maer euo}iov\ aud é is %Q S;Qo.ve,, Q,qu.o»\iv‘on,,}’nt 565161'4
ﬂeiw% rea&é wriden in canonical  Yorm. So, feb ws
Cousider %:.‘Hx) wift, hY=0 aud hi(e)=0. T olbows
that o S
§ = heak = WeolueyxT = Ll (0 Ltk -5 ] b |
y =«5+x9~<— ~htos 2 o
= 6= oo ldhe) kT +htd-x2
ek b= ax2ebs? £ OO = W)= Sax + 38514 O(x?)
and ¢t Lﬁﬂows}l«&' R S
(NWG = [Lox +38x24 002 ] Lx2 (oxts G340 () ~x5]

C paxte bt -xE=

< xL(2ox+30x2 ) Cox® $8x3) +0(x3) - x° [2ax 1302 ?Otx?ﬂ

faxtifx3400xt)-x2:



= Xx%(4ad 82 +908x7 +308x4434%,5) —92ax® 34 xF vor® 4 €3 3 0L
cla-Dx24 8> FOY, o
ond. %cmgw o o |
(W) = 0+0(x0) & (a-Dx2183+001) = 0 () &
& %{OF‘L;O £ io,r! S
b=o (b=
U bllows Wb L= x2L0().
Then X = x¥y —x = X%h() =% = x2[x2+ 00| -x®
= x4 £ 0(x%) |
 and M cevler-manm bl reduckion s:
% % = x440(x5) «— masher equahon ) |
L '1é = X240 (x4) « slave QJ{uQ}n‘ovx N
From Hmz masier e%w’iovz, e sec. gna{: , Hne. (0. gl‘&ei— POIvzii
is U«wﬁt@ﬁe.

b Nole thot AEM=T0013, P Linear stolility
M@gsts \MEZL.E Su 5@.5,{5 ot (o) & -Laa‘ﬁ?“"”w skalle, Gund
by e obieuse o 17051’[7\1& : eﬂ"g%\fﬁﬁhem@tm iy wno hind
92 (ms’mﬂaiﬁ?}\é, Dn.,%n.e( .ck!%’ !no\ucl.,.,_—gﬂz.caw& CO&) i not
‘napu’go(&‘c[ So ine&r-swibl\é O.uo%sfs fs vet %mmlmiwL
Jce @e, accnmi»?-, o d CQ«ALE.( mumigaﬂ.& QMB%SIE S_\AouJS hfzmj:
l"na VCO,O) g«‘xeé» Po?u‘& (s iw Q‘J\(} um{'ugﬁz‘ .



L. Nele Wt Jue ouler womdoldh  owsuwes  focal |
Converg.ence : ig &e imikel  towdikion Is cQose {‘e J}L(z., o
Qevz\ev !mam,‘a?oﬁ&; ,ii will ‘cowerﬁe_}o&, %e Ceuilev mcmhgnﬁei-
Pe & can olso iwes}iaasfe. qﬁoQaQ ;,.Co.wgr%ewce. , deeo wieflrr
or ok ALL_a‘mI-Fo.Q .Coﬁolf}i.nn;_. ,,coweraafe ﬂse Cenler
vnm:“?eﬂ, via e &ﬂﬁowiﬂ%wmz\xmeqtz o
Since e cenitr M.QMIQOZQL,,.(S ’6: x24 0(x9) ;. we AE!QMC'
V) = (sésx‘?)q‘._, B
JLS su??—;c}em{, to show H"ﬁf& Uik \,3) <o,
Dingr = (b Ly-xD2] = 9y xD (G ~9x%) =
< 9.la-xD) C-yx?-2x (xtu -x5)) =
== 2(y-xD% - bx (y-xDC x2y -x%)
=-—-9.(2_~x?')"~.~ Ll,(,'éf}(&)(xgé-xé) o
= -%(%exi)‘l -4 x"‘g?-, fx‘,’g - xs%i»xg) = .
=~2(y-xN? ~x8 + 4y (myx®4x®
Fivst o Yowms are ne%q{—iva,, Wird lewn is  undear (ﬁ«neéq%ive_
or poﬁw.Live)- Lel w msuma.u%a{ ,'lé‘?xe‘.jt_‘i@% CWith & swall.

—ﬂnenl f{. Qoﬂods- yfla{ ,

b4y? 3(-5&‘4%): 4x3 (xH4e)(-xZ-e4x24x30=

=t (wF - o
sy lySoextrex®-eh)
= Uy8 4 Yeyd (-xtix®-€)=>
= 1 (ra = - 2(yx - 4B B ex® (37 x> - -
= *,‘l&ﬂ(,-— )% 4 Ges® (x%-%x2-e)



= -0 rexDP 143 (xP-xl-g)

=957 4 Uex® _Yex5_4g2y?® |

= =3t -het x? 10 = -2 (4+4*) 0 (k4. <0
v e Lt X220, Since ger small ¥ , L+ix* >0,
TF Relbows Mot we do wed have «3fo@aﬁ conver qonce
fowards e conler manifold .



@Vﬂ% o Fid ol Pixed qowbs ok
g‘—“gf¥g? ) cﬂms.i?.\a wilh .mgcc{‘, o S%Qfﬁ?%.
Solulron S

» Tiged potuls.
Lek Qmﬁ): xéi A,_%(x‘,,, = -:éfx?f .
(x‘? gfxeé powmt & 5[ (x‘%)*-—oé,)ia%zo =
| | .;%CX*\S)."QW ,“%T‘X,q.'.”o | |
& %X(-x"%o & % X=D g i ¥=0 & (rg1= (0.
‘é:~x?— | | 5.:~X7.',, LY=o

»Jacobian
Let F[sc%) - (9§ ()4,3),%[\(.%)7»
DF(rey) = X?@Dx )Q/a‘él ,.-[\3 Xle; o
'éziax | '38/'23 o LA I B
= DF (0,01 = lo o] = ACFl)={o,-1} =
, o - ,
=) [010) vou — pergo.@;c_ anci. Poi,vz{:&
B Ceth*Hmni Ec\ \@Lu(.BOM - o ,
Sbskm is ready N cavonicad %\rm with 5<.=‘K‘»é
the mpster equaéan ond g:«a-—ng J(‘nc_ sQave Equm[\‘o%-
Thw , in fhe ;Qimclc X=0, Jet us &QQMQ
é‘: WG = ax®44x3 ¢ cy44dy®+ Ox6)
¢ o '

%:L.‘mi =h' (0 xy = b 60 xh() = xhtah' G
%:__‘3_)(9-:, "L)()()"'X%



:

BY

inaeregofz? Qe’: s clegme I
Nix)= XL(X)L\!(K) - {- Wix)-x2] = xfnlx L(fx)%ln(x)fxa
= s Cax® x4 et d5) (Qax 13852 4 Yex? 4 84k + 0(x 1)
f lax2elx?iextedys) +0(x9) + x2 =
= (a3 Hx™ 4 x5 +dx8)(Sax +34x2 § Y ex34 E&K‘O ¥
tax?48x®4 x4 ¢dxS + x2 +0(x6) =
= $or % +%0bx? + Labx® 4 0(x6) + ox + bk oxtidsS ﬂ@ﬂ)(){‘g)
= (arOx® 4 b 4 (c49aD) x4+ (Sab +40x° +0(x8)

B Qllows that
NG = 0 (9 [ #3 +( c+9a) k1 (sadla 4 0kb) =00H
§ a+l=o \ a=-§ a=-1
é:)‘l@:.o (= L l=0 & Al=0
ct%0%2=0 | ¢c=-%a% fc=-%
Ctd=0  ld=-%a8 L d=0

and  Yoerelore ‘A(K)““Xfi‘ x40 (x®).
The, X = xz\,-xhco— w (=x2 - 94 4 0 (x&) =
= -x?-9x% 4+ 0(x¥)
Y = ~xE_9x" +0(x8)
avd the cemiermamgnﬁc(. redubov y—ea&s
X= -x3-9"4+0K¥)
§l x2-9x1 40 (x®) o
éouls Uk (0,0 s sMﬁz Simee «kne k%‘xe&
‘po{'-n{i X=o0 oQ X =-x3-9x5 40P 15 sable.



L LocJ Vs . %ﬂow Converagu (e

let ws  comsider %e. &s{rvw_&e»’ . aeere&i%ﬁﬂ&%‘»‘m «
'\é: X2 +0(x) |
02‘ «Rae Cewkr thm(%ﬁc{ Qm&j[,‘«,e;&ggﬂt ieg‘we
Vi) = (yrxD?2
1‘}: %Qéws '}2‘&{?
U (x ) = 7\(?)(‘1) Cé'(' dxx) =9 [.2 Hﬁf)(ﬂg ~x% +9x (x4))=
= Q.Cgéfx@)(wg-«?— Jr%c”.—%) .
| <—2C§+x‘t§9~ t L{xﬁé Cﬂéerq—)
Nole Maat o™ A ferm is megahve Bt Mo Gad lerm
Caw @e Voﬁi‘}*;m or heaqﬂ;xﬂe. @wcse 13*— -Xa%‘c‘, wﬁf?ﬂ £ Suwa@_
Then |
'f)(x%) = -9 (- x2+¢ + x0T 1 U (xZO)(xF+e+xD)
= -2 Yex® (oxtre) = -Let - Uex ™ 4t
- <Ly 4% (2% -0 = 26 (98- § 0(xY)

For small 'Qvteu.g;in ¢, \'J(x%)ﬁ) , thws we hare focad
bud- mo{? %Lﬁaﬁ ceWbo«cQ.



® Lochsion of Lineoly ‘f,u;,;m Direchinns

sThe couler mantold avzaﬂ;a b 0s sivﬂi a(x?ﬁmaﬁﬁa evon it
fn }{ne C&maﬂiCaQ QOrmaQoiwoq 0‘2 Rxﬁ erhamc‘,g OpE Sédﬂm‘
Some e{gen\mﬂw@ ‘mwe RQ(A>>6 B
e Comsider Jhe Sagi—ewp , covomnitald &mm
Axt? txu @) ,,
%13 ‘52{—%& 4,2
%-—C%H\Cx‘é%? | o
bGH‘L; (}C‘«é}@Cm&XKQXKC oud
YAed) « Re(A)=0
% TAed®): fel®d)<o
YRedce): Re(N >0
aud.
<$cm B \alo)-0 Ah(o)=
DEL@) @A@ (@)= @ADL:C@) @ - o
(ie. B 15 o éXoA Powu oud_ 21%% Ca{?{vﬁ: omﬂz& 1””6
\nstmw\r W‘D , o I L o
T}nqm J}he Cadch Wam%ﬁoﬂ ly %wwt @ ,
We=1lcy e R % Réxre] h(z)}\% kq.bo% ,
wihh h(0)=0 Mae(ad=0 ADh.(@)=0 A Dkq,o@) o
’To o\ﬁ-&eﬂmmﬁ ‘/\\ onmd 519. e hole {%o&.
*3 Dhi (0% = Ph((.X?I.AX-Pg'(%L%{%)]“ -
= D G) LA # 2 (x oG e 0]



S 8%4-%‘}%@ Bl 09 +3 (s ) b G
2 = Dho () x = DLna.(X)[AKJr?/CKc ﬂfﬂf_,
= Dha (] Ax + 2 (%, heo, %gcxm |
2=C2thlu,® = Claz(;@ +h(x oty LszD
T B ows sz i e dolive |
(e G ) 6O = Dh(x)LAerf (¢ b (2 %gml Bhe (0 - -3 (w0, )
(Ng (o 1) (9= Db g 60 LA 4 20, b 600, ha GV ] = Clhagod —ha (x hod(ng_ac))
then M (b)Y =0 A (Ng G he () =0 . .
Cowscqm@z% he and hg are %e sollubons of e Qefﬁswm%
fm‘ih‘e& value Pra@ﬂo.ws :
(Ni (%u'n?))&) =0 o
(N G b)Y =08
b -0\ D=0
o=@ \ Dho)=@
which cou sh20 fe coled vin ster«serées erutoeis



LXAMPLES

a) Anagtak He Mt&% . o£ Yoe Pi‘é?;.c(— ,V.ﬂiWL (x «é[t) = CO(O,fJ)
r }"7& Sbilcm

X = X2
,«; = «.3{«9—
¢ = ‘:.L-xg

m{m? Ceuler - anuigtu beiuc}ion.
Sl Hon

Defire Bt 2= x2 N Gy = it A Gy )= 264,
ond F=(%s W) U gﬁﬁgws. %afg

’ﬁ/Dx 93/93 /21 2 o «x
D‘F[xug,%): 93['9‘4 ,331?3 93[% =19x -1 o | ="

DR

Onlox ’9%/9'6 oh/3 Y X 1
© o o] R
= DEb oo =] o -1 ©6|=> A(pF(o,0,00)=%0,-1 47
© o }

= (oto[cﬂ (s a naw.zhéyevgoﬁt‘c. LX@L q;siwﬁ-

b Cenly Hﬁm&gﬂl nna%ﬁh. | B

De wnole Mot %=x2 15 We masker e,q'ua{ion‘ Thes Lot -
Y= he G and 2=hetd. U bollows Yol

%ﬂ\:mi =i 60 1z = Xh W ha

\‘a=~%+x9~= “hiex® | |

frerelore, we deline N 6= xht GOl ~ [~hu) x4



Likewise,
3 - ha X = kq,(x) KE = quq_ (xﬂne\(x)
CF=r-xe = 100 —xh O
4hue&m., e Aegme
No0 = K i (0 g 6 — Ly (1) ~xcl (0],
For hio=oex*efe®L0(:x0
ho (0= cx®+dx?+0 (kW)
e ‘nwe ,
N = x b mhwg +L oo x9-- |
= % (2ax 138x2) (e 2424 0(x8) 4 0kt 4 B>~ x2 4 o (x©
= (a-0xt4bx%+ 0(x
Ny ()= x b (ohata) ~hg () + xhile)
= % (2ex +%dx?) Cox2edi® )+ 0x®) - cxB-dy®+0 (D
+x(ox® {857 ) + Ox®)
= - x?-dx®ta® + Ok =~ cx? ¢ Ca«bx +0 (k9
1{‘ EOQ&MS %a{f o -
le (= (a- OxT b3 ¢ O(x‘*) 09
Ne ()= = ex2 4 (- +0(x) = 6(x®

a-l=o0 ‘ o=l o=1{

s =0 &> b=0 & 4 4=0
~C=0 C=0 C=o

L a-d=o dea  Ld=1

and  therebre b0 = xZ+O0&Y oud  het) = x? 09

i 20%9\03 'hfm/{' Hﬂ- w\askf ecwern reads ‘
X =XZ% = X \qq_(x) = x (x40 (M= %" %O(\é)[



The  couler - manthold  reduckion near be (0,0,0) fixel

?oim;- is iven  Bu ,

(x = X4+ 0K5) «— l—!mb [(000) umsfrngzz sourcCe .

? = X2+ O(x» .
2= X240



EXegases

Q S%uéé %e &émavnlcs 02 ‘H\Q Q:»ﬁ@owxwg Céﬁkms hnear 4&&
. en%m (}c%) =(0,0) Via ceuler - Wl?@ 4 Qmaﬁég;s ?0 Hee
s Qﬁowmé autoromous é.éuo.wuc& s%shms

eoi % = *X%g @)ilx -2y ,c)§>'<=~2x43‘é+2'9

Y= - Smx Y= )‘*‘3“&' | g=le?zu5+ x>
&) S; X = 34x e % X = -x44
[ 5 =—g~xi .g:,,ee*-te“xffix
[y )‘ccﬁx«tésfﬂﬂ
5’~ 9—K+§3~Z?- ,

%= X{'i\é -%



@ Apbatin of Guer Handold do Local Bilweotions

The ceuler mombold ,'lé‘,f-{n*‘iq,uc cau Be wed k iqvwzk‘%ak
focof ,@;_LQ\ucahons por mulbidimeusionod  aubdvowmous
J-vamicq,q Aszskms u!\h»w{, an ,,ac?ﬁidé‘ deleymitiation o?
the Qomﬁ Q—ixeA . ?aiu{» ;2% e ,-H/;e @mhﬁw%, Q’CQM{?QQ.'-

B EXAHPLE |

O Tnwetigole Moo possille Qfrabion of weo B e
K t
?gofzaou)tm(v) 5.63th, wimb Cenlﬁr,-“.manfgogi f*eclug{':‘sw.
% X = px - X% x4 L

. 9 2
'é-—- ~g—¥é x=
gogu{-i'm _

b_?\f}(e& poin{‘- There s an obvious ,Q?‘xei -yo{w{ ot Cxa‘é)“’{o(o},
» Livearization -
Deline - \Q(x—gé) = px ~x3ﬂ<é Cand 8(:&%): —5%34&

and Flxw) = CQ,(xté),,,étxtg)). Then-
DF(X,g): D?/?x 32/?\3:} - [ t}/%xi—.{,% % } -

P¢fax a/p L —%x -1t2

| ) 2:78 %
= DF(9,0) = [ p o ] = C%%_Q\(Dﬁo{o))f-
o -t|

= (00) stBle b p<o, unsiable &y K=o .
Nole Hhrat d\x@‘ﬁ(‘}% s wakaown Jor p=o.

P =



b Coder Howbold amalipis: Nobe fonk conks ol

re&ucjdov\ ,C‘amwo{. Qo owﬂzeatf'o ,,IL.’@ %t’vev; %mamfcaQ

'Sgbiem i R‘:e . qﬁi?wsz ,,_,_o)g,%erbwei%)cnvvjues, ,L‘caw_m{,,, S

we cou “ cheat™ Qu,,'}uvuma‘ M iv\_‘b o varialle oud
4] (5] T
Vewn‘}-ina. %2 >6Siem.,, aes-

X = ‘t’x -ngtﬁ,_‘é_., »

I

-

Devae Q(m )= (% - X2 ¥ EERACH B DOERTE 2 ~Xq‘, aud
"‘(**‘Q:V): Oé E;aucit‘ afs s O(Q%r eg L’ é Y jg o
Floa ) = (e 1), 8 lxey , 1), b (e, 1)

) 9002(,2 oat a9 ,5 r_[ “
[ 3w ‘39123.99,/3;*. |
DF(!L%(P= ?g/bx '93/93 95/'214 =
hfox Infoy /oyl
tv?x‘?--l.g D SR I
= | -2x “HQBO =

\]

1]

o o o
< Welop)=| 0 -1 o [= JoF(o00) =50,-1F
O O O

~) (6Lo(o7 1 Q. m‘ou«kzs)ergoﬂic .?—:iXQ&“?qM\_{«, L

h)vfk '}‘\QQ inxec,m?;eci e«iua&fﬂvzs QVQJV\A (Kp%i,%ﬁf-(@,&,(b) ; ,
Qy Qoﬂows:



394 (E‘LXQ')
No %’«‘»jf X and r Qe }lf,e masiu equakows quoL

;é) é:@%e i@qge equakom,‘nneteizom,' lel ws write 1511% e ).
{: ol0% al

; X = Oy 4 C‘ux-x? +x5)

L LIS T N S O P
7 % | ?t&r x f &
s (ux—x? bx Hleay) 28
P v K
O.vui.

j = -yt (éi ~x9e)=—}_H,(w )4—%&@7' - o
E{m e we Ae?*ine., o

N(xtp = (t‘X*x; +xﬁ(x‘tﬂ)

LI (xl.t*) —H (xltd& {x?
IX

Under e Linct x=0, consider Boe eramioinu
M) = o luyx®+ Bep) ¥3 5 00> FH 0 9upx 630 xt 06
T 0l et |
NGy = Lpx-x3 1xCagn @+ @+ 0 6l [9ag0x 1300 0]
4 {_a (v)Xi %QC@)@ ‘PO(K“)__(“ [&(t:)xi-FQ(f)X3JrO£Kq)]i tx% = |
=Jpatx® 3840 x> +0(x) + ol x®+ bip) x” Folx) —=0lxt) + x2 =
=[0patp Fal + (%2 + D3pde 400 )x? £0 0 -
S {(QFH) G(VH L{x2 + Q(y) C?{a%t) x4 0(x4)
and  herclore ; i? we festrich L ko I e (-3, 49 , ve have-




N(Xevﬁ- o0V 3 (‘?;tm) o.(.tl)rl—i 0 &5 i a(t()
o ﬁ(r)@r%b =0 @t;) ?‘VH
aud ,Uae;e&re o
H(xit()r- —x* +OO<“)
QFH

1‘( Qoﬁé}ows hal w;e X vmdcv equahm\ ,rcmLs

= px - xﬂxé yx 2 4k G = px- xﬂx[ 406(“):(
o iwl N
= }1){—-5(? 1 X %O(xﬂ— tx)é (i{- >K8+O[K“>
2r+1 o ) - prl |
= px- 2pte oy O(x‘*)
Qutl

o.w&_ Cowscclucqwa %)6; am{er th{mﬁ:ﬁ& &f«iucbom H:&JS ,

X = VX — i’t‘Li x4+ 0(xY
2+l o msxu— equakms
| tzl =0 R o
Y= x* S+ 00w, ._,_ESQ@VQ ,Veetwﬁ}fw
Qrfi

e locdd %“R‘mo.{won 0& p=o0. qu be‘é)—-(ﬁcw)

We can avzaﬁaé%e une. Jocol Q(\)ucajnon‘ & Q‘%) =(o o)
qlc &- Qé uA-aun kae maskk QEJQ}TOV! X ,wzs!-ea&'
o@ KG Olrtgmaf dlwo—%uméﬂswwag SYs A L

Define G (x,q0) = rx.ﬂﬁkﬂﬂ+0&@
Aptt



Ue Vwk ‘hﬂa‘t ,

Glo,0)=0 S |
Gy (e = pr= a‘f‘w‘ (3xD) £ 03 = Gxlo0) = 0
| i(fl
Gulx )= x— x? 92ytg Y10 D= Gulo®) =0
p (e 4 <°2—t'+‘ ) > 6
Gex (x ) = O — _ﬂ_%._(éx)m(x?-) = Gxx(0,0)= 0
I S
G t (XLV)"‘ [t‘ .__.P_“i. (3}(?’) {’O(X%)
| o Rptl |
- 4, (3x9) 3 (iv*‘i)Jf 063) =

it«}l
= Gxp (0,9 =1-0 -1740
G e Cx = =342 (1o =
it&

= .,‘G‘xw [Olo) = L@_ﬁ)__ £ +o0 =-14 %0-~ 
o4

To Summayi ke -

Glo.oY = Gx(o0) = Gy Lo.0) = Gyx (0 0\ .

Gxt,( (0{0) &?{'O =

Gxx\c (Oo = - ‘l"fO

= Mo, e B 0,0 Dxed poiel wndergocs
0 ‘17( c\nQOVk Qrg:.rcal'\‘ow



6) Ah«aﬂ%}c ‘}’be Q:‘gtrca%o_u ,ajh vjﬂa.e, ow%iﬂ gﬁf te LQWZ A
,ectwa}ims . %fv.en Qaﬂow, ,usima 4"46 ;,C..QVII'W_ emavziwé. _
H:ci.ud‘ion Yhehaori e

X = 0‘(3«7 B | -
% '5: pPr-w-¥z. wda k7o, 070, and oo
é=-@z«wé_,,,,u -
g°9.ulﬁoin T

We voe Hhal (kg 2 = (0,000) 1> an obvisws Pixed poiut.

b Dived ;Qimecm‘whon S

Define .193%,%5__: cs*(%,—x? ) %(x‘é,%) = px-u-xE, aud

thé,?r\f—~@%{x Mo debive
Fleog ) = (Poea ), 8 (e, 2, b (20 @)

N

| 138 fox 3?/?5 '93!’9;, | r-fo* o 0 y, |

DF (&L%‘%Br- ?%Dx 35/33 275[92 Fe-E Lok =

._'é,wyy Phidg dnf3z] ~“é x -84

-~ o 0]
QDr(otofo):X? Lol
o o -6

=5 P(g):-(Lejﬁ(DF‘,(OLO,kDB‘:“-gij: P o 0 — ° ] “

-'U'fg g

-(-8-9)
p «H\l |

il




(*@«Q) [(‘.O,‘"Q)Cf&im - {30‘:{ =
= C—:@—%&(Qw) .(A'H.).T‘,? c*} =
Ce-D (A2 4 (404 + G‘-?,d’“}. =
(o) (A2 e DA )
’L—e Nale %a{;,,@n o—(i-@) 4o, He }?foﬁ&,,,ﬁhﬁg, of He
q«;a.&&n gac}w ﬁi L+ R4 f(-it{ﬁ will 50}15% Atggjéo
covzsequen%é vione c? M}\e. e emg@es, is 2ero ownd %\ue?orc, .
we.  anact o{of)%%e ;C.Q,?\I‘Er mahﬁe}ﬂ mejr&oal On %e o%)ﬁr
howd fov ,?:i,. we hae . |
p@) = - (A8 (02 + (5+0A) = ~Q (BB (M5 4) =
=7 QCDFCOLO Loﬂ,,: {*@ P It O’g ==
= (0{0‘03 WOn-f\':éyﬂY@o&‘C, 2‘,}(2& Pofnf?.

i

1

i

p Coder Mouubll vedudion | |
To wmake CCmifx \mcwu“gefo’- lreé.uojn‘,on o.W..Qt(a.ﬁ:Qe ; Wwe Jrun SD o
ivx}w;: o vorioble %cveme&_',@ f?:o_. wils zvu)-mﬁ condibion
?:{ (ab t=0) . To cenler .?‘we 4p Qyed poiwf o dhe
origin ; We Ag,Qu‘m.e. v 1-&: ?-l Q.nA- ‘rewn‘}ve, P}\e L,O‘?Ch%,,; equo}fo”ié
ahy . : , . :
).< = G‘CB-Q
| ’&g = PX+X-13—X% B

é=~@%+xg ,‘
Thts  exdended A suslen hes on ofviows Lrxed Qsih’.&_ ot
(x’%{t(@: Ceiototo)_ R



Ve Aegiyxe ch‘ﬁ‘ap: U‘(é—x) v,, : o
3&»3{2:%:) = prt¥-Y-¥E,
h (x;%ﬁ‘r): Lrdxy
Mak. oﬁso Wl Aeg‘me 3 o
‘FLxL%l%,_Q = (chtg o, t')* .B[ﬁg:li@ ) b (xtgl%‘ yD

f)-z(hé,_(wﬁz Cg(x,g,z{t‘), (&1‘3& Y, l.(v.tg_tz‘p, 0
1{' 90%0»)5 'h'\"& B ,

12t '92/?5 e
DF (xey 2 0= | 2919 9%1'33; 'aém -
I N 2 Phloy ohfoz]

-0 6 ©o |}
t‘“'"% -l -x | =

LW x -4
. {"0” o 0|
= DF(0,0!O(O) = 4 -lo

. 0 0 'T'g . . )
gu\/\sa% {s M?xe same @ I‘he | pr@'c‘ou;., jouwgtan wa;rt‘x wi& -
,?: 1, and %eree-:rc: _, o

A (DF (o0, o,o)) = 3 0, «-f‘lf@ |

I

1}

L” NOle Hﬂe& f%’ f‘iV)@?& V)bc,o.s*ioufé Jm wrtjt -{‘L:e. M focob tan

gﬂf Me 4xy S(é‘:km Cﬁqimug sine. ils Jocobian hes o Block
Aio.%owai S‘&’fub"ure,

DX (o0,00) = | DF(0,0,00) GI
L) 0



B>To c{mtaovmﬁx’ee_ “kﬁ?_ S‘éskw‘ we ‘P;MA ‘Pqe COVfESPOhCIJV!é

e}'benva&ovfs . .
L= - they eagenvcd-;r A'A -C‘O ‘L)
qi-—. | ey Q:genved\')r V= (4, 40)
g3~ —(e+) hay eigenvedor Vg = (- -7,4 O) o ,
Come.&luewu:jl we A&m,e e ‘
jo Y ey
P- {v‘ Vg va,l= o 1 4 |=>P'= ]

O (Lagm(’. : :
(wyv,wd =P7 CXL%%)@(K\AE) P(uvw)
Eqm\/aﬂenu% . W (,)ni‘t

X= Vy-0ow  { U=
13: v+ Ww & (Xw”g)/Cm—O
2= L ow= x4/ (er )

Now we hawn}e ‘kae Lekenl (-!Ct,:.a.t]wx} ia ;-erm> a-?
—hse new vcumﬂ’fes WV, W :
=3= Q)zhoé = —Qu + (v~a~w)(v+w) |
x+o-é o _Cy-x) to(px-y-@) |
o741 | 8

<<e
|

o o (u-xjpxix-y-x2) _ o (px-xz) _ ox(p=2) _
' 0+ o+ o+L

- olv-ow)(y-w
o4 1




boB% Cpebyepn)- oy
o+ 0+

_ (ptotD w = (640u-%x2 _ (o0 [x-u) +(px—x2) _

O +1 o+

< (- xtp=2)
o+i

e (voow) = (vewd £ (Y=owd(p=d
o+l
~(rtdw + (=W lv-cw)
| ’Q'*H

it

Tb Sumimarize; ,*Lb,,e ,A.i,g..faow'aﬁi}e& .Qﬁtuq{‘;cws Y‘QQA-i

i o= ~fu 4 Gmow) ()

Ov + o (v- o*hr)( -u)/(a'-fi)

= - (e+Ww (txe-u) CV W)/ (41

= D{u N | o

bde ?ee ol V,Y ot J*«e, fhm}f—v veriaffes Qo

w,w ore the slave variaBes. Let w yyeile, Iherefore -
= -QCV) omd W= z(v)

w& ‘Aoi-t ‘PAOJZ ,
i 2% v b I R
v % I A vt

\

‘”‘Z:‘- e s

-~

o clh-ew () 3 o (v-a ) (p-f o)



s - Lu, +(v-ow) (,.\f;i- W) = -@£(v5+ i‘(,\}—o—'afy\xv + 5(\;))

W= 9% v N P9y R _ Ry v
v ot W A | v et
- 2y o lv-swdlpw _ 3y o lv- 0‘5(!!))@;?(@3
2V Kl av o041 |
w=-~{octOw4+ (F“@(“’"""‘“D = - moém + (\“‘%‘MV*O‘%@’})

c¥L o+

consequently | Wwe e o
N (vy= f o lv-ogDp=-2t) 4 400 - (v- o—%(yb (v ’Lﬁw

v o+1

_00wy b (v-oatd)] 2 oGP (e e)
| W)+ (V-og 7{ =T (“W

Ny (= 2% 0 (-5l o) »,J((ﬁg?)m“ (et -9

=(c~+03(&:)+ {\I-—G’B[_\/D Oy ol p-lo J

IV ot | ot

= (o050 (v-o3) (p-f ) “3@_ ) &l
o+t v
«Use M’»o_ expansions |
1= 0, (Ve +az (V30D > 20V =90 v 3,6} V407
0 = 8GO vE Lagp)v? +0 (VD = 28/ =30y +3050:) v +0(
am& IJC Q\»Qﬁowﬁ Haod Nu(\f\ and Nw(yl orc %iveﬂ @3 -
Nu(w) = N& () 48P O+ )
with



N &) (v) = ,0:9- ) = L(avitagy?t O,,(v9)> =

NS (V)= ,(V——G‘%(v)) o oclp-fud _
' oV o+

=0 (v-olivtels1?) (200v 20 y’axv‘kaav;) +0 (%)
o1

- 0 (2av*130,07-200bv 2 p-anwan®) olvY)

o+
- O (%a, r\vi)'l'O(Vq).' {.Nok le ciro_? _g\f’} whaids
o+l ks a 4™ oorder ]

Nf’)(v)-» - (v-:rgtv))( v+3(\f\3 = |
=~ (V-6 v?-oboy?) CvaBvE48av3) + 0(v4)
==~ (y2 482502 ) 40069 =
= -y2-b® reliv? L 0

avid %e»eyorc o -
Nu () = favt +logv? ¢ 2o pv*-vE- §v? +0Biv® +0 (v
- o+ _

< (Ba, -1+ 2po a:) v+ (Bo - L +ebi)viHolvy)

6+4

Likewtse  Nw(v)= N\S) (V)4 Nuczﬁ (v) + Nu@(.‘f) with

W= (er0aln) = (srDbvE+ (B v?+ 0(vY)
(v- K%Lﬂ) (t‘ jl[v)) = (v-of,v2- Uﬁgvg)( p- a\v?—*aiv")ir SIVEDY
T o= pv-av?-ob prr ol
@ 2 —
Nw (\!) = 0 (V—- O'%LVD Ct‘,‘g(ﬂ) Ta%— =

ot




= _0 '(‘f“’ ra,xv?—a_.ﬁ;_ﬁvij (i%ﬁw,’r%wi) +0 (v
o+

= _O C‘igz ?.v?‘) + O(V“) | [Drep A ,_P\Ig‘ »}cm» Q,émumv

o o , o V%L:Eé. ort Lib" 0!"443"]
NC%)( Y= _ =L (yv-o (ﬂ('?‘(ﬁl
el — ( o8 () (p-$00) 3
= -4 ( pv-ow® ~obipv®) + 0 ()
o+i
ond  Hacielhre o o
Ny 00 = (6+0 bt +loeDhav® + Lo £, }w;i +

i+l

+ -1 (tn/*_',Q..l?f%f—fglhrb’if)ff_O,CV’.Q)
01

= "k vy [@;m—o r 2op b+ .EI*_GI} v% 4 KQQ_LM +_°2_J P 24004
ot

g+l 6+l o +!

> e _<\x‘>¥e%ari Yoo Y Jerm on Nyfs)(r) ,S\';ncz it can
J@Q r}mzrco\ e MH« .O,Haer tn/ }eM) ,%n}f, we. oue V\e% -

| keqﬂn% Jrack of. Now  we st Yo cwelliccoals o}
vV omd v2 eqwi Lo 2evo: o -
i @&[,& ¥ 2o _q,=0 i Bile+)+ 20¢ -0
o+l A ¢ +1 (,_,_.»)

{ gflq,," @‘ %Fﬁz %0

Qoo+ = _o
o+l

ok ik follows Huak:



JE S I UL YT R
Iy tpoe b 82 &+
O +\
§, - _?9;&5.._
ag= oYl = 2ol-ddy
N .
bg- - -1 . 1 QY‘” 10w

(e+0)2 fa(cﬂ—\)?- 4 (o"m‘i o
-nqe. Yhasiﬂr Et{uo.‘iﬁon 39 8“’&\« QSé

V= - (v- O“W(‘A u>-*
0"+i o+

Cyv ay —o'-Ql Wﬁﬂ O(V‘O——_,,ﬂ,u

(v’— réwh(t‘ Q(vg = | o B

i a—+
. §FV~< L e ) >V3f6“j&£_}wa +0@®
oy o (},i (rﬂ)al
2% ferm

= o - 1 Q.‘:IG' | V | 4
Z LV\/ S ga) J+O()

- 5T v erm can oo fe AYOWQJ.
- [f“’ v I _
U*H ]

luhi(jn {3 hqe Skniari ?erm og o pt{’(‘(ngﬂrk @ p\‘rm}lm
For p=0: V= -LQ»G’/CG“H)]V tohidy gwes ol Fixed ?O:njo




EXERCISE

USQ canl‘cv’ QOYoQoL ?eciucivoxa '}9 ama.Q(a’ia ‘R;e
C:& gx Pwrctakom_ Neav ‘kaf; eﬂ%}m &f ﬂ)e %ﬂ,@owm%
: Qu%momou) A—\éV\QWltcazQ S:ykm>

o) 3 &,’fxﬂs\ybﬁ,, , ? X = -x{—tyrx

z - Smx . ‘:‘*ﬁihx,,,
<) 52 x = ‘ix.&-i-g | A)‘ifér Qx%gta Wx‘i
3— X*ééx“fryﬂa Y= dx- 3(3%)(5
e) X = - X— \84%.7‘ 23 i:*ﬂxié%%%rx%g z
g‘: %"fé*t‘é -2 «é.—. X -2y +2 +px £ x27
= 5 = x% 23 J:nygx?'g

- ¥ty 2



