 VECTOR sPaces

¥V Tnlernal OPQ-V@SQ\(!S A

M s Leb A B G fe seds weln AxB#g oud G#P.
sz, operation {3 &wapyiu ,P'« AxB— & suds
that every (o B) e Ax® 15 woapped b ofbed
e ofb fle resuldt of fhe operation. | B
» Notation : We ’rép,f,coﬁ%jmpmeu{ opgm'&om witl m“faﬁows
Such @:
 atb ,a-b, axB , a0l .
Cwifh + )yt k0 Qeiué_,lffat o?eraidom,
svemark » Let #: AxBaC fe an Ope,vo}}ow* An
imimed.iake Consequence ,.o?*,_ %Q ACQ’MKHNG 0? e

O?Qrahom o o WQ??‘H(& s ‘R.e %Qﬁowm%. '5{,'"0;(%4&4{‘5'«

VOC,EeA c VeeB: (o<l = ake = 8% <)
Valber: Veeh : (0= = ckea=cxl)

_D_%_: let A48 be o 5§{. Au inlernal opem»{‘\‘o.ﬂ on A
(s l'lwsg_ Wio.??m(g «?: Ax A—> A S(»_Uv{'\ "Haai '
all (o, %) eAxA ove tapped Yo aff chA.




D Lok % Lo an inleal opevabion ou A Ll
Ace A with Adg. We oy ot

¥ closed on AL ,VQ‘,Q € AS. ex e,Ai |

m P roperties of _Cp,ef@%i?wim S

_[)_gg s let & Be an iulerwal Q?,(Y%{f!‘pkl., ow A. [l say fhat

X commutotive @,_,,VO(L%GA,'-vQ_-*,iz,,.-.‘:”;Q?F?z- I
¥ assoctative & V_O&&.(_C_EA; (ax@)kc = ox(Bsa) |
e wnt} eloment of (A,5)& Yaeh : are-eko=o

Del = Let % de ﬂw\ im&vw’wé’ opcmg‘wu« on A with
Mvu‘lv efement QEA. We SO-B R«u{’

. (
DLIOJ G(émme{—ﬁc = Q_;kg,{ =k =g

it kes[:ecjf b ¥

¢ We vow S{Aow %06‘7. ig (A&) has o uw‘% eﬂmvlt,
{’L\em xL ¢ umigue . Li‘&w,«‘ie_l giv:h o unique w,,[{f ]
anmem¥ eeA ) EVQ\n& 0cA can hove no o sf{«,tm' :
Jdna.m owe sémme}vtc Qﬁemeu{ .of,e A. \



Tam = Let % e an mkmaﬂo?em%mon A

&) € €9 umni l GQQM@«SH J(Aﬁs)ﬁe‘: eq |

p—

D] x essectahve )} |
(A4 has uuth elemant ce A b = =0y |

O, ay S«;wme&nc S BN N
L oy Q&,.Sém..m&,!t‘c )

?9’002

0) Asume ot e cq wnit elowats of CA, %) They
Cxeg=eq Lo wnt elewed]
eveg=¢e,  leg wnib eleomentl
Then €,=eq O - o

) o= 0 ¥e .{e_w&, ,eQe;mehJC_], |

: o ¥ Caxag) L&(,Q-.g,__ S‘awm)cri;l o
< (o ko) kaqg Lassoctative |

= @%06q [,Os,,&l S%Mm@.{ri‘cl

= Qg L@-,u«tijc eszn’a],, .. B



EXAMPLES

a) Afi&i‘k“?h_ m R, R
L s R b A.f__ga-SSocIo&iK ovd  commuelive
ﬁ;) OeclR is o u,m‘i: eﬁzlmew{ bg UR 1D
2) 1§ aeclk, Hienw —a s Scé!/hm&x;nc ‘o o wille
yespec:‘* L
y Huﬁhpzaca}wm in R
) 4ol fn R §s esseciative omé, commujtcéam
%ic—:—iﬂ b a um% elemelq{oe (&, >
?7) ﬁ&et&—qc’i then oo s S(éimmg}mc %’u o
w\%\ resp ed {b o .
c) Huﬁ,{—s?i\c&%‘ww 2y WLM (LK) :
05 MalR) i mswc:a):(ve @u:ﬁ NOT camvnﬁa%wg
9) The ie{eniw)-ué mobrix 1=18a8] w%
Sob= i R esb
. if &%Q ; N
-h,\Q Unisjue wait eQQVnQ,u:{: u?» CHnU‘R\ ) syice
VAeHmC@) AL=T4 .
2) B deb (A)40 |, Hen A‘L is Vae 93mw¢el:hc e Lonngict
o? A fecause AATV= AA=T



EANPLES

&) Let A<B-143 ond debine
Xxé :,,x\gf, 9\.()(4%) +AA10
) Show Juat "8 is fosed es A,
1) Show Had "¥Y &5 commutubive
iii) Show hal X% hay o unil edement on A,
Soﬁuﬁow o

01 v sulficest fo show dhal V,X%EA,, 3 x,.’séeA.v
Lest Xx‘éGA be 3iveh . To ,clcrive o comjtraa‘.i,ulv‘om,,le{
ws assume thal xx éA,T?nen: | | .
x¥y ¢ A e x&éqﬁ B 10345 xry- Qée))uéeQ\_(xié){ﬁ(ﬁﬂ) =

& xé—gx-ﬁ £A%:0= A xq-Ax-Ny 10220 &

& x[é.m -dly- =06 -4, (4-D=0& |
& x-h=oVy-A-0e x=4Vy=06 x{R-143 Vyd R34
& xgA V EA e—— coubradichion, ,siwce‘.,XeﬂAA\éﬂeA. B
1 QO@ouas Haat X*%E,A. We .hnmrkﬂus ,SLQW'I %ai .

(V,xt eh - x*geA):—; g closed under A

ii) Su?&‘cioﬁ %;,S‘aaw 1&013 VxlgeA 3 Xzi%:ék)

Ld; xt‘b,eA fe %{vevx. Then + , R

Xkw = x\g*(Mx,fé) + A0 = ,%x—ﬁ\(yx)f 'c_\(ﬁﬂ? =UFx

OV’ X‘éeA! xklé:lé%x,).‘% gl comm‘uﬁ’h\r& ou A |



{it) 1{ is wgg“den{ lo inx&, av e €A sudh {‘Lmk
Vie A : xxe <exx = x
wke — X = ex—Alet) A4+ -x =
= ex - g,e-e,__g__g A2 40 -x=
=xle-21-D —‘QCQ“A_’,L); .
=(x-4)(e-4-10
Gvsi -Haerﬁ?ore o I
xke =x & Xke-x=06& (x-4)(e-1-D=0 &

& x-d=oVe-A-t=06& e-A-1-0 [since xeA = x#A]
& €= ((\14 L .

T S lows Yaat a@w‘e:ﬁ\{i,‘. Ve h: xke =x §:>
{

| "t commubabire o A
= VXG?A— ; (xye=exx =X) => e =4l is o uni

elewsont of U'x! ou A.

L—’ UQ wole hnal' (n u\e W‘BW"‘QW{ obove :
a) We e [lv,oo?f&é Contradichon n pat (i) to
show H«o.{ Xk_% eA. o
L) We have 0.959 used %\e %ﬁeowin% ;‘neorcm:
Va beh: (ob=04s a=0 Vi=0),



@ We Ae_grme x*té': Xé‘r Q-QX‘I'.‘gé_k.,..VXUé‘.‘E M. }Fav‘mi nﬁﬁ
o.,ﬁelﬂ, such daal k1 js assectabve on B,

Salubion

b xg2eh. Do mole Bt

X*(té#%) = X#.Clé%%% )= o |
=X (g'a-}.‘iqé& L2) +9ax 44 (13% %Qaé% gz)=
=392+ Paxa + bxz + Lux 4@:@3’-& %Jr_?_afa\%% 0l

0

(X*\‘é)*%: (x;gk‘iaxféé)n:u o
ny Qax Jr.,@g:) 2400 C)s»é%ipx H&gﬂ@%. =

= x?% 1%axz 4 @g% + iax.«_.é +%alx t ia.gé 18z =

\

= _)5%1 +%a x%, +90xz + Ya2x *&g@_’r 9_,&@% +0z

cmé\ il QO@ou» -Mnﬂi e — e
Xk (%#%7 - Cmg?#% = (Uxz + %ox 4822)— (Jaxz +4a®x +42) =

= (8-%)x2 Hla - 4% + (42- Q)2 =
.= (€-2a)xz + 92 (4-2a)x + 2(g-1)= .

1¥ ?ﬁ@ows ’H/W-\L, _ o . , ,
el s associahve on Ré Vg 2elR: xxlui) < (ou)sz
& Vxu zelR: (xk(%»k%)-—(X*M:% =0 )&=
& Yxzel: (8-%xz +2a(1-90% +8(8-1)2 =()(,f—) o

P %@%_ Cliga Cbeta (o9
& %Q&(&“icﬂﬁoiﬁ lee=0 V %ﬁz Ya V ?0.7-0 V 3&‘ {/a

Lgle-D=0  (f=6 (b0 2-1 (4=

- Le=
[ Wy suy e e



& 3 a=0 y ? a=49 & (o) 62{0(0)‘(”@(4)3 |
=0 g=14

L—-) L,. Q«e ,a.,ﬁ?we S,@juﬁ'om, “’te vhain ,&v%\m;ehjt {5
"l asseciative om R --en
l (a,Dedlo0) ¢ (l/a,Dﬁ |
The V&ece&ima callcdabions are the E&eawugze of
Hre ‘SOMM. The fmq:o:?e. og :ﬁ\e Prows



Show dhal ox@=aibts A»?.gmex;\ ow B 3y e

Co w\mulm jﬂvc QwL O~5$0QQ£{VQ

@ Ve ddwe on ¥ B the operhion otb=abiasl.
S‘now -Y\Aa.{:

a) % is  commutative oud 0.75000}1\19. R
4) Fud e unit eloment of x R

, O Fmi wimdn egemens 09 Y?\ anue, an invére
o with veped o Hhe operabion k.
| O e c\egme on R e Qoﬂowmta ggero}lovxs
) ““é x‘L 2 and xc\é %C}q?

Exp?-ove, wh eh«er‘

G) J(‘ne ope‘rﬁ-&’m ore Cowmulﬁ%w

~ 8) Yhe opeakions are associokive L
_0) %e. Ogerojnons L:cwe. ) wm*f; ﬁzmw{i
, (D even}) eﬂimewE 02 K %o.s an  aveyse.
. @ We & eQme. _on “Ae. Sek (0,19 e o?emivow
- Xk = _x?\ﬁ_ Vx‘geéo {o9)
)
Sow Hat |
o) X iy Com#vxuli\:tjﬂ\fe omA , qssoaajnve us;vué e ée?-m ow
L) ngc[@ gy A v L b

X % xi-g
cﬁ USe (@) fo PromA.Q_ an oVQRYwaLe phoo? og (0)




, @ We ,&giwa,_ on m -qu_ 9@&?9{)‘9% axh - [0-“1} zq_* (e-1) +az‘ —

Find (le(Jf exists) the wnit efloment of this operation.
© Given Hthe seb

A- i[q O] to-eﬂl%m e
show Mhat the waolrix  E= {& GI noe
9 o

L&ML Q,ngev!‘t ~L&J(.M‘l \'QSP&LL &0 S-e%u@n« Mé;h‘#, | _
mulbighicabion pestvicled do Mre seb A, Afso show

toat Ats closed m‘unmg{;ecl"mmasmx quﬁ.ipﬂud\% ‘
let A e a seb wilh Qv'-”,qpevo@\fiaw K ond unit

,,eﬁeme& e Sudn Haa,t }
Vab,cdeh: (axb)x Cc*cD ,‘,Ca:kO:s C%vk&) |

Siﬂow}{m{i kb stocao&ﬂfe qh&Comuh{'\W— .

let A be a set wilh an opemﬁwm# wA- it

eQememL e Sudn kaﬂ»l" B
Vx; reA: Cxe\:é)m: xak(}x?

,,»Slwow ot ¥ b associmbive omd c;,ww%u":we o

L" Frovv\ Cxercye Q we See. ‘k}.oi ‘Hac same OyevahOW,

, Wm} heve a A—t‘?‘?ﬁrent wr:E ngen;: . i? }t i h:)‘i'r lept

Mko O SmMalAeN seL



Def :let G e o seb il “40 an m@ﬁmaﬁepave}lw o
, on U with Gey. We 9@3 %\o&
) ,(6 X) 05 @ @voup t’l Bua. ow% iF
) % g5 cdosed o G o
) Yo biceb: ax@rd = Coak@zkc_ o
2) 3 eel: V&EG _exazoke=o
4) Vae@- : o/ € G O.;ka,-,&#of:e‘_ ,
iy fG— X) 0 an a@a@am,@»ow XQ m«o\ 0\4% f?
1) (o) 1 o Growp .
D YaleG: oxb=8ko.

o T\/\mgme} (G, ’k) is a %Vou{) {2 Q(AKL owﬂ.é ”9_ LT
closed on &, Mk is ssseciabive, has o wark  elumat

nd- every ement of G hes o sxéwnejmt eQazmewL

(,6- ) iy an obelion group. 3 and Owb@q t? ok OQH’.&Jg

Do %,wu‘) o.néL ?’ur@\ae\rmom __t’[‘“, 15 Commu,{n}cwe

2 .

T:XMPL&S .

a) (l’l +\) and. CI& ?_o% -) ore o.@eﬁcsm %roufS
ﬁh (Mh(ﬂ) +) {5 an Q@eﬁfom 3vau{)

CD wf, &QQ’MC 'Hz\@.{ gemefo,Q Ktweaﬁ’ TOUL
CLin R = SAe MnCR) | det (4) 403



Then (GLW R ,-) & @ group but NoT an aleliau
avoup. Noke Haat |

1 ,Hairix. .mu@?i Qlﬂfcaifiovz,,, i NoT Cﬁmvauy{ﬁiﬁ\?e , .

N We need dhe resteickon det(A)#o 4o enswre that

Query. A has o sémmeivcéﬁewwﬁ

7 Sufficed condbion

* Te show '\’L\a{:, CG‘,)k\J {y ,a.,%ﬁf,o%{?,, wlﬁ vy, (n ‘Q‘Q_(J:
weaken condibion, € aud () .aecor&fﬂg e ‘
.go%wiu% , «}&e@i‘ewz LI

Thm - Le‘: CG-HF) ‘&H'HA G a _s,et and XY g, fV\;{Viflaﬁ
ogevo}iw., ov U with  Gev, Asswme ‘hﬂo—!c

& Vo, beG: arbeG |

6) YabceG: ax(Bke) = (orB) ke

) JeeG : YVaeG: evoza

) Yoe6:Jale6: a' xaze

Then C(r(fa (s o %rou?.; o
Proof

Lebt &éG be %\‘vcn, ‘L& ol be Hhe Sgw\mdﬂrﬁc lorment
of oo sudi that o' ko=e. (exidy ﬁg h«&p&%esfs (4)).



\-Ck a'leG be e 3'3\44“1&@"'0 . QQew:cn{‘ O?Q” sudn JrLa{: )
olxo' e (exshs @«a‘n;}poweﬁm @n.
I o $u9&caeﬂ¥}os‘now kmi: akol-e hove -a.
We \(\0‘{_ Mok~ e
ake! = exloaxad= [[n?’yo%csssﬁcﬂ B
2@yl x laxad = [definthon|
2ok o (ar abl= [ agsoctabive]
= a''v L(o/ ¥adxal=  [amoctakivel
=& & (exaH= (delinibionT
N ,‘,Lk;‘apqﬁqg;fi (o]
e o Ukypolhes (D
ana e et e
ke = boF C&‘*G»»?—Lé‘e?imzlww] S
(oxaNka = [assocahve]
s exa= [delintbiond
= a | - [hypetresy 0 |
Frowm (@00, (A, aud the abore vesdh ¢ follows -

et (6,8 s o group 0

X

f‘-? Covisequentces of 'e,:,\mup ,.é\egfnijcf?“_

Then + Leb (6,9 B o group. Toem:

Vobdeo: Cax®)'= 8'%xa’ |

YoeG: af=a




e

&) To show Yo beG :,,,Cak@){r-,,&’& «

L(’,L o bec Be %iv,ev\? Then | .

(axB)x (B'xa) = ax [fx (8%a0]  [oseciakive
ax [ (4x89%al]l  [asscmhve]

< ox (exa)  [84 9%mmejm‘3
=axao [uh(¥@&mu%]

= e o B ,,[Osffx‘ s‘;w,me(*ﬂ‘c:g,

"

o
Br Dk Caxd)= Bk La'sCaxd]  lasocabive)
= 3% L(of}(&)’s Ql [oqsoctofriveg
<g'x (exs)  [da 3‘9&“1@‘{7"-:}
=4%8  [unt eemend]
= e , U&‘ «@ Bﬁémme:i’rm}
1t ‘Pvﬂwa 5&‘3 Un{qURWRS S ol He 9(éw\mef¥w elonont,
ok
EZ Lo )k (@(*Q‘) = Q ,ﬁ,,,vCak@){;,,@(KQf.
(B'ca) g (oxBl=c
£) To show VaeG: a'=o
let oee b given. Then |
0! ;a e [hch- 6&9»«2»351 .
= o'k lalkoy (o a sy mme'{vbc]
= (a'sa) ¥a f.,w,s_odﬂ&‘r@]
= Kk Q (att ol 5 mme}f‘w‘c]

T o LUM!—GQLWM’&. X



L—""’ Fov 'Hne_ vmcu't{)zxcou%om gyodi (Mm,(if\);‘)
02 Malmces, Wes Hworem
Y ABe Mury: (AB)}= ‘A“
FAcHalRY : (A0t = A.,

- EXAMPLE

Show MAGC‘C C\R"g_ll?’) 9(‘3 ,h?_!'..u/.\ ) u,,\.}?;, = ‘,.Cd’g -2 ;a@‘
15 eowm G%EQ&M %vou?
ercy'

e Closwre - Leb oub € Ro3Ua with 0443 and 24Uz

fe given. o
To show "K’\&{T OAQ ‘T’l &[72 0L IUM R ‘Hf\ﬂ"f ou 8 :&{g
Tt B llows Maak-
(ouxd) ~ (4/2) = 24 -0 - (13 = (-3a8) = (113 - =
- 4 30)-—(([%/(& ~3a) = .
= (43 (8- = 3 (4/3-0) (&~ L[%):
ond taorelore:
oxl = A2 = (aeb) - k. (% =0 —>%Cuz ab (&-1l%) -0
= Az-o=0 Vi-13-0 =
= o= tl? V Lotz «— CouSNmOuU’l"_OV‘-
Therelore - 06B 4 43 = oxb eR-113]
Toes: Yo delr-gU3: axle R-3t =
<= % cloyed ow R-1U03F.



o Commudative : Lot a e R-§133 be givem - Theu :

oakb - otl-2a0 = @4:0.-,* 20o= Bka, jV[O»zQa eG =»

= ikt chxmuita&-ﬂf.ﬁi o
e Associabive = let o B, celf-1133 Q:e%,i\cew- Then:

ax @k = ak(@eq QQ«D =

= o+ (btc-2he) ~ 3QC@+C/%QC\)-, o

= atbtc—-%8c—-%al-%0c +Y0flcs

= btped - 3 {&J@*'ch{-Cm)‘P%aﬂc ca

end
(exl)¥xc = La%-@» %Q@) kC=
c (otb 20t ?; Ca-h% —-30,@(;

= qth-2,htc - Zac-%8c+9 ag <

= (a48+) ‘5{0/@#@6*1@)#‘3&0,_? @

i‘vem (O e (2): )
\‘/o( b.oc el8-12% - od((@kc\) = Ca:kﬁ:):}(c =

= e t! oSS0 Clonive., R
o Untk eloment @ Let qclﬂ {1% @e 3*‘*"1

We cole e equabion: . |
ko =0 & eda- Ze0 = o & e*%eo\. 0 &
= e(1-200) 206> €= OV&,.%@;. 0.

an o\ Wmegcre, (e e=0.
Thes VaecR-110%: Oxaza.

(3
Nole Mot oaeR-U/33=2a#V/3 = 1-Ja 40



° S%Mméﬁ_{ic Aopends =

Let o€ W\“i\ﬁ%. be. ,gi(._eh . We solye %0_ eﬁum&?’om
l¥o = 0 & Lio-2ba 0 L(1-3a)4a-0&
o 3d-a & LBa-V=a.
Since acR-%13} = a4/ = %o-1 40 | aud Heevelore:
B¥a=0 & R= @
- ot
To show fhat __ & 4 1, assume ot o0 4
IS S

~ Then:

- -l %a=%a-i&9 Daz-1 — incowtsut
Ja- %

16 Dolows foak _@ 4t o fe = eR
ga.%l % 3&;’{'_ |

1
e ﬁ-%ﬁﬁows frat CW\“[%'/%?, 7%) s an abdiow quoup.




- ExERC9gS o

Gicen the seb A= Ixe®i-{<x<¢1$ e &a?-mc Be
Ogarakbn P 4 h}&hﬂ., okh = (a.-\;@)/&.

Explore whelber (A %) 5 o sroup.

@, Givew the sek G=IxcR|-1<x<13 ,,,m,._,_&ggimc e
O?“ﬁ-kavx. r wilh oel-_ 2t .

{1408
 Show Hiet (6,%) i an obelian - Qroup. |
@, Ue._&‘cgma, on R the operniuonk it _,Xk%.:)%s&t& .
 Show it (R,%) s o growp.
We o\egme on G=MR-323 the oyemkan 5 willy .
'Xiﬂéf-?9—.(2‘%%"‘1&?)7?(5”.,,,;prq},_.{iﬂestn.(-.,..(ZI*),,’{? an ofelion 8roup-
@ e c\eQ{-ﬁ,@- on G=R- {(i .,ﬂae.,.._apgra\ﬁovx, X witn o ,
Xk%z Xté-xvé%?— . Show Jhak CG',_&) ‘is’,,ﬁfh afelian ay_oaf).
©® We defive on G=-12,J2) We operabion ¥ wils
X*é: j’i’i?:ﬁé_,.,s\naw ﬂnai (6,%) 15 an abelian group:
x3+%
@ Leb (60%) Beo o ouP . ond Lot Xnel sud Hack

'Xhé:g. Sinow,, }hq'(; x iy K,g uuil: ,eszetat 02 [G,%’).
(9 Leb (ew) fe o qoup sudn ot
 VabeG: (k) k(okb) = (oxadas (b5l

Show Hat (6.4) 15 an  abelion Yroup.. Yo




¥ Veaer ¢poces

DG-?— i An exkaaQopvm\wow _en Am‘jrfncoe@\c?enk o

that eve_r«é (Q,0) € GxA s \mal‘vceimogw eEA.

b mohho.m . For kamaﬂ egcm&‘wmsm gre?-e,r '}euae e
muQ&?Q—t(&%*V&ho%&towIm%eexp?esstow o

?}K&.,EIA e Sa% 'H"D-{‘ gi‘ﬁ -k/)e COG.Q?(C{Q!’,PJC” _9? ASL .

Def Lk (V,4,9) be endowed willh oun tulermal

, , ope_miﬂw‘om_,_ U VxV =V and an external

o C??era\'ﬁ’om el Rx Y ——?VL‘}Q-SWA '}('\"A? CV;‘!’) '\.), is
LN &-,eon ,;\rec}ror.m;sgaggw sEonwﬁé 1&}44( ,&ﬂswi%
conditonts are Saln‘sgt‘ei—‘- R
a.)‘_(,‘,V,‘l') s o avoup

4 YAem : V.x‘%e\fm;_, %erg) Bx +2\_*3
A YA guelR: ¥xeV: (Grgyx=RAxtpx
d) V fc\cv e : YxeV: Q\qu} = CQ@,X,,
e ¥ xeV: dx=x.

Lo oo debiabion, Bip ok By veprodk
Ye%uaasr a,CU‘L‘;HOW @\WL %(&QH.;P@‘_\CQBOYI “’1 )R



B (V)9 s on obelian qrowp

We will vow show Haak ¥ (V,4,4) &5 o real
vedtor s{reve. an, QJZHAO%%,"\M&'C &MOMAEQL H{;% H”C
 afove Aeenm{‘io“, CV £) will de an abelion avop.
- The Pfoo?— (s dependent on e ?OQQowm-é %eme/aﬁ Pm(}er;ﬂé

og %roupﬁ

Lewwna @ et CG&) .‘.@2 o %voup T‘aw;

ValbiceG: CevazcxBVare=0%c = a=6)|

Prood

LQ{' Qlﬂnc et be %iveVl, Lei eel be ‘V\q_e ‘4‘_{‘& ?J?emmlc o? G.
Case 4+ Assume Hat cxe = cx@. = Then -
oz exa=(c'¥Nka = c'sCcra)= c's (cxb)
=(c',kIxb =exb=0
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O k= (5 ue (B 5D, wik 2= G,
Cfae set of ol o, lelh sudi Jaok ,M?c;g..,.} MQM@QV%
\hcie()-eméum on B3,
O Fnd oA o\e{R suda 4{/«1{, Xx= ﬂ.{{) ,%~Ci o, l) aflmi
z= (o 4,0 eare chqv@.&m m&qpem&vfc oy f{c’?
@ Find oll el sadr fhek x=(3 467, % mq@

o mei, =10 ,-%,9) are Lhemflé Aafw&amjc om K&
@ Find e sk of ol 0 0)eR? sidn had x=(3,2,-1D),
Y= (0,24), and. 2= (i,,,:%;..%t@., o Qmwﬂé &meéevi“ |

on Rt o
O Show H/xat Hne véckrs X= C‘L 2 S,PB ’16- (.Ot G Sad’) B
,GV\A. ’2: (. Z "3@1“4Q Y‘) oge qgmwas Lneof% o\-t‘.?euaieta{?
Com R o
(59 leb x= U alcﬂ %——L&(,ﬁz,,&«@@w1,;_9“4&_2:«‘ ?U:c@c?'), 3[0,99 ftaak

Yzlé 1t amewf,\é” A-epem&m.&. é=7><=(év\é=% \/%“X -




‘V 605(3 aud A{mcvxsioh 09 uac’ror,syo,ces -

Lct ‘ (V,*' ,,‘), ,Qe o vedor Space oand Q,Q{:u,,,B'.—";.Ka;--.KXV:% cV.
We use ‘qu. Vi_oi’..ﬂ{'ibm, lBl?—'Vl {.o“é»?-moif ,Hae
Couré.enogfli%i.oe B Cie. tne vunder of eomends in the

Set 3), . ’

Deﬂ : 1B Qaa.sis ,o?» Vé—-z; 35 Qiueo,v@g im&g?em&m£
YV =span (B

Thw As&ww_e.. ,Va@ﬁ B iy o @&St‘,},. 0?—, _,It‘lﬂ,e vechor
Space V. Then-

VeV + 200 he, A e R s = Aot -+ e

(F‘Z“Taﬁ weV, thee 15 a Wwique (g‘u?\e.‘:,-..{@m) e R”
sudn faab U= Ak bt Duxn).
FYOO?

Acsume that B s o Basts of V. Let weV &e %i\:en.
B foss of V= V'—SPQM. (& %—-—% ‘LLG';?M(@:*?

| we V

S (/Au[z\ai_,.(gw) eR" : u:ALxL’rﬁq,xi{\}-- + A Xu -
To show that C%U,-.,Am) s .umic\wl,,, essume  that

(b s ot wnique ond. therebore : |



3 (‘P‘hi&i"'“’v\a cR” . 3 (F.L,u.,.t‘w)¥ (ﬁ\u_---(ﬁvo
fr)ct paXsd-o b faXn = &
Then -

3

b4 / " o
j: ‘\Aa.“ t‘a) Xo = I: ﬁ'a.la - _..,‘,,,.t‘o;XQ_:: u-w=0 CD
o=1

ax! {

o
i W

aund
B Basis og V= X1 Xgjs-ng Xu va)e.cd’g(é im(epem&m{:, (2
From (L) eud (- | '
Vaeln] : da-go=0 => Vaelul: da=pa =>

= (ﬁigﬁa._;...,aw ) ?—Cy‘ldfﬁ.;—wl %‘m) e ché'\'@w{t.{c%-z‘ow
14 Qollowss Ynak CAHRQ,,,-«(Q@J is Wique.
o Ynorebore | |
VeV« 3% {%xa?&,g..—{fkn3€{?n“ ) VIR UV

L—-’ This  vesldb 8%9w5.,§'€naf bhe Dbases (.% fanckions

” 05 o Cosrdinale Q%S‘km Cmf \Lf,e vedor space B

V whoda aﬁﬁaws evu\é: Ve chor ueV b e éuﬁﬁ% &y
W= Acx k RaXe d ---+ AnYen

e uuique war . Twe numbers (A he, o dn?
ore Qac cooré.iv\o‘&es,_ OB ‘R\a \/EC,{‘*N 194 wtif’m

| &-especjs %\9 J{L\e, Coowiimeg}e S%SL{M @‘.O_\Qineci @%
Bre basi, B.




I—" Dimension bp Vvedor quaev R

Let CV){')-) Qve_, a Ve.cLovg()acz &wé\ﬁ& A:SLX‘,..-{\(»J
SV and Bridiue, . umb V. We shows Haak:

6‘)—? 38 «QﬁQSlS o¥ V= A Qmmvﬁ«\ Aepma\ev&

IAL> I8l

Prood

B basig of VV 7 V qum[(’z) % = Vach] Yo € Span (B)
, Vae["] XQGV o
= Yoeln] T CHat - How) ER : yo= I Hagﬂéz I

et ‘{’Au?\e..;-.«.-, %) € RY m& soQue |
C\”‘waq%%g_ir +£\m Xn = 0 Z /\O_Xa.—~

o=

] E g voo E [ T hed] g

{t\ \n

o=

Stnece B Qwh} 0‘?‘ _V =y \)%i, Q’iém Q!MWQ% M&PQ‘/\A\QVL{’ )
Fv"om L‘?—\ Qvui‘ (?7) ) 1{: Qpﬁﬂows ‘kﬂ- . o

Z AQHQ@ ;ém}‘ Vge(m}»@_ |

O =¢



g!’hce_ (LQ vy o $kés{(w1 ,e?"v’n Eftuakoﬂﬁ wﬁ{ﬁ W
unlkknowns and. stnea XA[>“‘}I=E7 > li‘ %»@OWS

Haak ,,,_,_,(L_t),t‘s_,,,,ecfue\wek, Iwmhsfskmf oy las wow-wro
sofubons. Since  Vael]: Aazo sakishe (4, -

it Sllovs Mool (9 5 nob incowsdlent owd %avegofe
ilc has & vien-2ero é.oQu,:HOV\ (Az,'}w‘ — Qvﬂ 74 Q.
Therebore | o
Cg;ﬂa(...,%vx)?éo , =
ginﬁ*%%Xa‘?'“'}AmXu\:@ o
= Xi(Xe - Xn ﬁm@‘ﬂﬁ‘é AQPQWAQHSC
= k& lineovly dopevicent,

%})—5 Bi bosis oL Vv %:ay 1Bul=18 ]
By hasts of V

Fﬁ’boi

Asswﬁza_ %a‘e BL aw&;Bg. afe '@%U ,OQ V.
Te show that 1B = 1820, asume wilh wno Loy of
%muaﬂ/i%\é Mot (B> 1Bl Thew: -
ileble = By Linearly d_«zpemizchv?
| 59_ Qmsfr og T 0
= B NoT Linear fn&pem&h%ﬁ; \' |
= By NoT Bases 62 V «— Gunhradii chiow.
Stmilar  argument i 181<(Bal T Rllows Hood Bl = Bal.



o l——? From dnis clalement e wvclude fhot any . Gosis B
| & o vedor gae T has the sane vumber n of
o eloments . We @ His wumber, fhe dimension Ea
o o avd wrle dimV=n.
L }% Lebk V' le o vedor space wilh dimV=vell
N L aud Qe{gxuxq,,,XpiéV Jf—.,vam._.@?ogef%, : @ it
fmm@cllqk%« gaaﬁows bt
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%Xcixe,, ,X(:’% Qmew&(x} m&p_?mémﬁ*“? p <dmV |

}—> let V e ,o.,_veck’r,spa_@e and Lt © Lo e
gl elowment og Yo group (v, ﬂnm :
u a) {C& s a $u’?35{7at§< o?'Y” e
3 3058 = spamio®S
) Mowerer, §0% does ot have o bats Since
, Sz@%,is .,inz,eo;v% &e()m_,&evz‘&.ﬁ
,éﬁ,...Comsequmg:ﬁgr%e” dimension o 30% [s de,ioﬁnaé
Ly Ui posible bo hare vedor spaces wilh vo Bmile
sk Basts B Tor oxample A, e sof of ol
Dundions T AR pith AcR. |
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> (Oe o\eglhe Hne w- iimgwsiaygﬁ Vec{wﬁs,..,.«,,
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_ Qn-(()io 0) &—)

Then it Mow, w
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Proo?
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QO o

’>>B ?.euea., Qw% i Qmemfg«é
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‘e :C)
i

A (D = idos
fw&epewiemé )

(9)

. U» s Su%c;eu{: 'L) qLow ﬂnd: fﬂ“ c “g?% Lg}
Le{ €= (XuKay.. ,xm) cm Qe 5svew Taen
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= X (€ ""XQQ&_"" 4* KXl ~'~>
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=X ﬁ.,s_g_qn.,,‘{z.ﬁ“eg_,, ,en}v = ;,AXEASPQMV(PJ), e
T ellos it YxeBY: xespan (B) => R" ¢ span (). . @
B in_eg\rﬁé MAQ{?E.WLQM{D e

3 Spaw@>§\ﬁh ;??% B (Zmewfaémo{ep endent =
R eganl(®) | SPQnCB>= R

= B Qais _eg,,, R
@> 8@«“509 R

= dim V= [&l=] .i%t,.,_@_i_l_.:—.,_-‘1@}4}( =M. Q0
[ Uw%, siv Lo wgumenjrs it can B shown ot
o dim M) =




rﬁ Bosie 02 o yechor space with Known diwensiow |
elet VBe a vedor space with dimV=vi and Lt
A= 4x, Ko ,x»&sa V. The ?,itqﬁp;_em s to .Expﬁore

Ld{’lei%er_ A is o Besi 302 N
e We wole foat Qé Sebuiton:

A ﬁinmfbéwéepewi@m{;? A ;NOT,@Q&?SO&Y I |

bt happens Asﬁxw@iaf,ma

> ACV Qs;éo.v%A mle.pe,mc‘hev[& k:} A (s @a.scs og V. |
| dimV =14} -

Beod

, A%uvne. *kna{ é.imv =v A.awé» A {‘&a,‘z&a, ‘&v:15 ¢V le -
: Qmem% m&?en&_m‘t e
R {y suQmeen% ‘;'o S‘ﬂow Hfta}CWQWCMQVAVQ QPO-VI (/Q
(@) To show Span A V- .
~ Since iﬁs eV = Syqu CA) c"\f :
, . § vec{cr space. |
(&) To 9"\ow Ve Span k.
Let weV fe %wcn S




Caed + H{ Joeld:iv=xa
Then cince  Xa€A E-»; k= XQ.GSPGMCQ_>
L A S Span (A)
Cae & - § Yoeld:uwéxa
Then ; it bollous ok B
I xeKg e X3 = D o
=y S{X; Xe . ,xmui Ew\tqvglé Ae ev’l&eu{ %
TX Xe .. L Xnd Linearly M&epenieuf
= Ue SI’M%XU.K«L, « X3 = Spom 7 N
W Cllows et
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1( Eszgoqu /gnaf R
VCSQMUJ o |
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, A Qmeo.{gg lw&zgea&evz{ N A Lneqﬁ?,é mie‘;ev,ien{,
= A Casts oQ v ,,

L"’ &CthQ thal  we have shown PNV\ou‘:ﬂé -@L;oi, T

: B Qs&sisﬂpg v = A ngu J-c;}emcLeth.
ClAl> el g %

RN/

7P 7 dim V. = SL.XH)QQ . ,,;_X?g ' Qmeow dq éxegew.«im{ |

gX;Xq.!,XPS Qmewtj Mlz{zezn&m& =2 ?\{ dim V.



a) let x ,—L‘a— m») T\é,- (lc%,,oﬁ ,,QmL = C\ ‘i@
SL\ou) —k«qjt E? ixﬂé gg iS5 a. @asts 0‘2 Wx?’
SQJQJDL’\\OW e

& &
3 4=t
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 deb (I *g 3D -

1
SNl
o W~
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2 A

& -1§ %(ii (~D3~) 3CW:> @%c -

= ixéﬁi Jlmem%_, m&e{len&nt% = ix%e} But 2B

ivn |2 =

DLk x= (149) =0, u& %C@Qe)%w%‘c .

B= %X‘ (i% s Nor Basis of W2

) &&(Y_x \3 4]) i o 9| "‘=
1o 4119

~(+Q&l£ L: (9) &a
L 9| 1 91

= EK%%F% Lnew% CLQPQV\C\QVIE S?fﬂéﬁ:?) NoT @Qws og R
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Q) Show that 5$§(a¢a¥\), Cart,at )y & o Bosis o} RZ
Qor OEQ acli .
Oﬁufkov\
Deline x= (o ,04) avd Y= (att, at?) . Tt QOEQQ\,,, Kok
det ([x wéﬂ = 0.(042) - (at)?® =

o+l
etl otd
= (02 +9a) — (a249at1) =
*cxii»?.a—-q Qov - [-—-&40_-97
= X, g Qt V&{'.GV% Moleeewieu{f (V.
Alse - ?xtéﬂ 9=dimR:  (p
From 3 O.mi (). B ﬂqm 0? [RY

& Lt B2 (Ba-1.0), (B3a,a10% . Find ol aclR cudy Hhat
B is a Qo oQ R
S olubion
D&me X = (30.-&,03 Qd %: (30.,(-!4 D.'Tl,ern
det ([ %D= Ja-1 3a 1 - (Ba-Dlatd -%a? =
O ot L
= 2att%g-a-1-3%% = %a-1{.
Since | Bl :hxg\é'ﬂ =9 = dim RE it Qoﬂom Uk
5 Lasis og ke & Xcé .p.ihewr ,‘Qiquwigmé &
@ deb ([xy])Foe
~ %a- H‘O e %a 44 & 0»7“/%
& aeR-14/2%. "




) Lok B=ixu3 Be o Basi of KL Leb u=xi%y and
Vz"leé . Show that B=%u 3§ s also o Basis of IRT.

Solubon
E‘>§L><Us3 .@mﬁx‘s og R = K% ﬂ.f\neo«% tw&pemhu{:-——%
== Vn,@(—}ﬂ?\: (a)a-gaa =0 => (a,8) =®Lo37 iy,
Lejt Q,@GW\ Q:e 8iveh Ome{. assuvng yqu{ ({MH'Q)V =0.
e vide Hiak
autbv = a (x t3 )fQ(%b%) = ax{—?aé +9bx% —5@5:

= (494 xi—(?a—@)g

Onde Hn&egow | v
autby = O = (a198)x ¥ (?a-—@)wé= 1) Lg 520&% =0 >

| %a-—@f—@
=7[4 iiHQ];{b}
2 -\ g oJd
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23 -y
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= U,V Jivrear fndege ndont =>
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CEXERCSES

G Show et Hne &aewmg b ase o Basis for B,
) B=50,4) (e, 1))

€Y =3 (o,0) (o, 16)15 wh« a%‘rjo
) B- %(Cosa Sind) (~Sm9,a>$9)% with 363
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o w2
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@ Let 6-%&»5(%,\«1‘% fe a Bosis of BY | e u< Xk, |
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