GAAPH THEORY

‘ GQ’Q(“I»& - Basic Tem;m&%
60

. A %rmPL G % oan oﬁﬂed- J’Lq,{: couy')l; 09
) A set- of verkices V (o)
@) A seb o edaes E(6)
A An inddence w:app:'mg Ve wrhicly maps
ever eo[,zz_ {70 one or 'Lwo Va{f(es) -H/zu;
6 E(6G)—> P C V() UPy (V(eR
B Thes b 05 undershood Joal He eJJbe ce C@
Cov\nec‘-'} Hoe ve_rh'ces ‘\P&Ce):iv,\v,j or
P ()= 3v5.

_";K_«_%e_‘zs '-
VLG):{&}?_(??
S Ele)=%ei,0q,05 04
R Q9 \‘\)G’CQO < %1123 .
67) 9 WG'CQ’?—): il(ig <

Ve les)= 12,35
pi-(eq) = 123 «— a &oe,

1"—‘ Eﬂammhné‘_ Aepihihons oﬁowL %mgLs

Ld: G QJQ, Q_‘ quLl Ue, Wlajéﬁ *hn(’_?oﬂ.@owfué
AEYfm‘Lfomst % :




D The \ﬂ:r}icef W, v GV'CG) Ave _ﬂx‘iﬂt((’l’f[’ sE
Hrere 15 am ei(bt Wal  comects Haewr.

Mesy & Jdeetb(e) QPG(@:&M\%.

9) The verlx ueV(Y s iident  fo dhe
eiBf, ectle)  He e«l%e e counecly v

ilseQ?- or wihq ogwo#aar VQFLCK.

Wl
b uce & Ue Yeled

2) The e&fbe ecf(® s a (oo i9 it

covme(,‘-s a verl@)( w‘k« ﬁ)e Q

e Q»o(} £ l\\)(,CQ)‘ =1

Ll) The ﬂilﬁ(’é @y, eq GE’[G) are Qiﬂé‘-‘éh'}
| it qu«é_ share ol least ove vele.

e asreq & lyglen ‘P@ﬁeso\ 8!



I—‘ Vertex th%ras

. lef veV(nl fe o verex ol G. The
Aezre.e, d(v) of v is Jhe viumber of edges ec E(e)
}-a w\mc\n v (s ihchlamlr ) GXCQFJ‘ %sqi' Qoo()s

CouunL hﬁca.

L)< )See ko) veedlt 1S eecble)vee aud
e Qoologl

e The wmimum Aenévee 65 oQ G is:

§(6) = min & ()
ue V(e

o The wmaximum o[e?syee_ A o G s

A = max  dw)
neVie)

2 ProE . (Tye MawAsL&\uhg femmd) |

T(ﬂ.(, Sum ag M‘c, &e%veas OQ- o) w,&rhces \$
l—,wice_ He huquer oQ ed-%e»

[Il (Lo = 2le (ol

neVie)




EXEF\LM{ELQ_

® For h.e po”owm«a %ro‘pln),,ﬂtr"
Y(6), €(6), aud e values of
-l"ne ihciJencL mapyfhb "’6-:

)+ & 9

o)
L o~
. iy 1 \ 95 e,
€q 6| ey
3 '
W e/ 3
€3
e L 9
A 1 - eq d) Qes
e3 Gl Jes
l:| ey 3 3. -

@ Fo/ -Hne, (brq(lks = oe {'lne pv’el)iét;) | exercise,
Qis" 'u’lL o\e rees oe @an VQ?{-QK nmc‘
wri fe ‘o\(('r) aud ACe).

@ Show Jflaal iJc (5 wnot Pg$>5£ﬂ¢ 1o cveonk

a ‘b‘”"(’l‘ with 9 wverlices suda at
Yhe Jeévee. of everﬁ verlex s 3.




@ Show hnql i} V) ho{ Foss\'eye 'lo

CK&‘{ o %va()l\ wilh E v(r*ices 02
O\Q%H.Q 2 and % VQHfI'C!Q 02 o\eﬁut .

@ Le* G le a %\rq‘)ln with fo verdices
$uc|n ‘Mam{

§(6)= A(6)-9
How mam\ﬁ ealzes does G \naVL?

G® let G le o %mph with V()| =9
such that A(6)= 4. Show Jrat
(M < %6 . S

@ let 6 Ge o araph auh Hak
V()= LBl Show Hnat §(6) <3

® let 6 be o oyaph will ACG> =Y.
| S\now 'an{,' (brap )
e € 2] V6

@ A ru.pL wl'll,\ 4 ed es heas a Ver‘ﬂ(
kY Segee U, o verkes wilh

dedree 1 oaud ome wore verlex .

What (s He Jegkee o Ye Hard vertex?



¢—> T\%?ey OQ %(mgln)

£) Simgle_graphs = A guogh 615 simele
| i} hLay wo .Qoapf aud. wio

\muoli‘\ﬂc ,ei?)es .

6 Simvlq,(:::j %VQGEC@ : \wece)lzg\
Yeeqe€(6): (ygle=Wgleg) =>ei=eq)

2') V\e%ldqr émc()l'\‘:: A %’9‘[’1" G is Veaugﬂdr iQ 0&

\/th(vs fnave «k,,e g00me_ c{egvee.

G Y'etbuamr & ¥ V”\/ié V(G’) : OK(V\) < A(VQ>

5 de aqg Wb G i , » fow
P" C we S 5 Y—veau

[ vertices Lay{ Aozru Y-

& Y—\re%uQm( = Yue V(6 + dlu) =

3) Comgﬂak g,rq()Ls . A 3m(L is cownﬂel( y.
i evel% 1Lwo \ferl'(ces are o

Comhec{foL ! one fd4ae eu«[,
Mo tbmp'a EJ% ﬁmp»qtj(a |




G’ S,VV!PQQ

G complele @{V’uveV((r) =R RRGE Qul@

T'IIQ. cowm fzk ra )n Ul-;’lq
" Bo ke

n ve ri—(ces 0

"

K

) Null graghs - A yull gqroph 05 draph
v with vio edyes.

- wdl & El)=g

The wall 6mpL. w;’k\ n V‘H{'ias ts o(ewo;ei ”vl‘

5) The palk g‘raph P, s defived. oy Hae
%mpln Wby

{VCPV\7 = flvl(\ll( -..,VVI;

E(Pn): %61,61[,._‘ Qm»lg -
qy(emzivv.(vuhi k=423, n-k




r \A_ 2

‘6) Cycle qrop‘qs : The c‘bgﬂe %rm(;k Cu s
0 0 A-t{z(\ae‘k as “-\'L.e_ ?Sruq‘q (ur"kr

V(Cn) = %V(,,Vg{‘ ..,an}

E(Ch): %el‘eq_(.--,,ewg

"Y(Q'V—)"' {Vk,vwhg J k:&l"‘(h-l
1P (end= GVn Vi $

e#%/ Ceg.




A Biportile %;a()hs

o A %rqpl«. G s called @ig}qrjcilt il
veldey seb V()  can Be padr{'i{l'OVICO(_ +o
dwo el Vi aud Vg such an(: eve
edae ol G conmects o verkx in Vi wi
a verlex 1 Vg . Thas , the cond itions
Wal wusl e galished e
a) V(e) =V UV Vi Vo i a ()ul-:'m‘—r'o-/l
) V\nNVe=p A V(O
) YecEl&): s[ \W&CeV(IV1 | =14

i\y(,_(e\ﬂVQl.f—l.

. T'M’, CDMPEQ‘{ alparltk %Ya‘)’a kmlh is
o Qipqvkk’; (bm(yl«. , w'ntc’n, iv addition
1o e o.ﬂ;wf, cond itions  dlso S«}[(Sgui L.

a)‘vll=h,)V9_,\‘n I
0) VueVi:¥veVy :Aleeb(6): W, (el=1uvi

L om (]ﬁe

M Ka3




EXERCISes

@ Drow the Qo%wima %mplas:

a) Kq d) kyqg 9) Py
) Ke Q) Ko g W) Cq
) Kg ) K3, ) Cy

@ Whid 02 *HM’. z\:jh} i the pi-t.vious

@

exercise  are vea ay ?

For o.b in}e%crs 6yo aud b%o
evaluale Hae yomowiuz:

&) §(Ka) &) A(K D E(KD]
) § (ko8] 1) AlKa,2) 3)1E(Ke0]
) §(PD K le (P!

YACPL)
) $(Ca) &)ACCQ W Vele)

[You can chek your gemeral  answers
&2‘ ks}iub Hiewi whew a=9,6=3%
or a=U , 8=3]

@ Show ‘HAQ{',

Ko L \-ubuﬁur o a=b



@ Show ‘hat Koz is wel

re fbuacw .

Show ek
G lrubular & $(6) =A(6).

leat 6 fe o Q{pwjti\{ %'q_')[q wikq
inquil'ioq V(G) = Vl U Vg,
I8 WVil=a and Vgl =a+q
S‘now ~Hna.\:
(el £ ats9a

@ SL\ow l‘lnot{’ we Cavlhol @MLL Q«
Gipmrkk %raph witn @t'pqrh’rion
V)=V, 0 Vg such hat V(=4
oand Wol=2 and lEB(al>4y,

®



V Rer\ltov\‘s adwez"\ %YO{?LIS'

e Lt G M e two %mphs
- We Sm?i Wat Gy Cor G s “59”"0'?1‘;( b W
1 o\vuk «ai/101.>f s'e Haere QKt'sl —lwo

Ma(lp:vubs

Y— V() — VI
%: B(e) — E(H)
$ucL\ k/‘qJ:
o) 9( are 09!3=€J1'ow)

O ¥ e (e :(‘\YG_(O=SL\L,V§¢:7 Yy (%(e))-.- %P(u),?(v)%)

o Tt S Mows Wak B G2U Hen G hase
e same  namber og edaes and verkas amd
B con Be  obFouned room G @«3 r&aﬂd[m&
%,Q veriCes o?' G Quoro(-('ln} {\; \,»LO, «mo;ppmé 9

 » Melod

Q) To show Mat G=U o} is Su.,%écc,eu( fo
Ai)cover 4{,\(_ QPP{o‘?ﬁQJ{, Yéua'z&'vla Gz
V’Q(\—\‘&S, .0 _ M/\e_ Wtqrpivn 2 -

0l To §L\0w MAOL[? G, 4 are ok i;owxor()l«l‘c
we 9¥u H»e, o[.e rees ¢ h«t vwlrccs.
of wuri:} il “lEU:ZSH $ [E&lﬁl or
IVCl o (VN then Mo Jol s brivialty ey .



G ¥y aecqwe

{Z([ (Ooty Lave Ac%req 3)
?Cﬁ)-— < (bolty hare Ae?jm 4)
2= a (3 coameded wily 1,9
2@0 e (4 oio conneded wk‘ ilg_)

?(.9)* L Cholty hLave Je,tb»et L)

i on tsohory,rusw.

No_ lc Jm

= C&EV(“D =5 G—#H

o\(u\ 74 Ve



| Pro Yerlri es

Q) (ngG% = GQ\A«'G—;
8) (X Gq and 69 E6n <> G Z6s
Q) GZ6.

r—) Su@%{ap‘ns

o Lel G, 1 e two mﬂns. We 9a3 fuat
G is « Su@ya‘;l’\ of & (wodabion” & i)
1 ond ou 4 e Qo@owfué' coudctions
are gq,ln‘s ¢'e¢L:

o) V&) v (W
) E(e) ¢ E(H
) ¥eckE(): yo (o) = Py led.

o Thus , when Gcl , ol fhe eiﬁ#uw q.,,.,L o
. var{ﬂ'ces 02 G ahg afso verl—r‘ce@‘ {o'lm(_ edtﬁ“ 02 H.

The  set 0?- ol Suﬂ%raphs OY G 15 e
?owusv{- Y(6)-

P = Sul 1y c6?

»  Properties




o) V() =0 = Ni e G,%Lxsvz;
& & 5im()le,-§=> Gcky.
lV(cHl=n |

I—-’ G’m(lln oyerqjcl"onf
let & ﬂ& a %VQ.PLI.

1) In duced Suﬂ?’r\rqylc .

elel Vo ‘;‘”V(@. The induced S(LQZV&?L\ GLV,]
°1s wl‘ne %’OLPL\ Hna[: cOnsisis 02 e verlices (v
vo auo(. Hie eiaes {o which Hiesc yerh’t(s

are (ncident | Thas,

V(GLVa]) =V, L
ECeLVe]) =3 e eE(O]| pele) Vol
Yee B(6[Ve]) = VYeotvol led = :iy(‘,(e)*, |

€x nw\[lae

¢ c %Fc .
o o
a G |

G‘_%a,@!(j]




2) Verk X Suurrq.cjf ion

e Let Vo c V(6 .‘ Thev,-‘;, G-Vo 15 e |
czmph o@‘minei, @3 deletin e verkices i Vo
and V«e, Eo\-bes ,1lo , Cu’n('c‘a,“ 4‘,’425& sz&?ﬁ

Qe iha‘o\l.wlc A

G-V, = GL V(&) - Vo)

33 E&q‘e —iual,ucca[ Su&,q‘\f@.p‘ﬂ

lel €0 cE(6). The GLE.] is the sa@?)mpln
of & Hab cowtaing ol e odges in €,

ovd e verhices incideat {5 fese 0&2{4.

Thuy | R

V(G*Y.%’D = U VYoled

ecto

E’(.G'Y.Eol) = Bo
Yeek, - VYeleol Ced = 1,)5,(?—)




9) E&%e sub jrachon

e let Eo c€(6). The %m‘)ln G—Eo s 7“'/-1.’,
suﬁ(zmp(n of G obfatned ané delelivg e
edaes m Eo and 4&0. ver((ces it de o
Hhese ec\cg,s . Thus

G-Eo = GLE(G)-Eo]

Cxqm;)fe
Q) Qg C /3 C
€3
@\
e e, d d
o a

5) Gragln Union

e led Gie6 and Gz c6. The union G UGy
15 !Le, %G%V’Q_PL Oe G ‘k"ﬁ.l’ Cﬂld'l’a.le'%[ ‘kﬂa
verticee and eolacs 0? folhn G, aud Gg.
Thus -



V(6 64) = V6 U V(6o
E(6U6q) = EC6)0 ECGa)
Ve etl6w6s): Yoy, (&)= Ppled.




EXERCLES

@ Show thal the yoffowihg %Vapb

ave 150 movelaic

CUin{‘. \-.oolat a{ M"c‘bcf?cs")

(D) Comsider e opaph kg3 =6

@ 8 C

+ V. ¢
Draw 'Hne. Qoﬂowin%: |
o) 6L {a,b,d}] Ve-5a.dd
@) 6GL%a,d,e 23] 3) G- fc,def
) ¢lie.8,d.e3] W) G-fd, e}
d) 6-3al 1) G-fo,ce, 23
Q) 6-3a,t} |



O 1n -hae, previous  exercise, fet
= G- {a C.e, Q;
G"q_ G‘[f& B E;]
quw G" U G—
[Hinl: List V(G() E(G() V(6e) E(G-q)
irst T .

(@) Tn the prvicss exercise  show et
G[Z«,Aﬂ U GL5b.e3] + 6o d, 8,e3]



V Counecled %raplas

» I—? b)o\ka, lrails | (_)q“ns

e Lot G le a %rﬂph_ A walle w is e seqLence
02 qy.lfﬂqq,('r'nB verhices aund. 6436‘; Oe Hne
yorw\
W= CUO,Q,,U‘,QM Vg, ..., Un-t,9n, Un)
suds  Mnal
¥V kelnd: w(,(€u3= iUu-, ; Vi §.

e Feo}uves oQ o0 wcﬂ(
o) Startin Poin"— : S (w) = Ve
¢ Termm& Vom{f : {,(.W) = v
) Vi (w): Ly
e (W) = e
S ) Vevkx sel: VW)= §uo,v,,.., Va8
e) Eo(.be, sel » T(w)= %ev,ea,m,@f
Y Lewgds - Uw) <= lEm | = w.

o The seb o el walles in ¢ iy denoled W(E).
. A Lronl iy a walle in bllﬂicll all ;an

ed ¢y are A«‘?’P-uen{: . A t“““ I[s & umu(» (v wh,‘c[a 011
J:Le‘,b eJ.abes ond  yertices are diffepend .



> d“mM, ¥0r NGW(G)
a) w JrrouQ &
S Y¥mm e[ : (min = eu(w) 4 Cnlw))

$) w path &
< W h’md
¥mon e LLwIuiod: (mdn = Vm (W) 4 Vnlw))

o e Ae?im’.
T = §weW(e) | wis o brailf
PO = WEW(R | w is a patl?

¢ LCJC 1 Y cV(6) be ‘I’wo vevhces o‘t G witly
ufv. Then we Ae?ihe
o) Set oQ o Jcrm'Qs Wrat  conmed u -I-a ;
T, uoav)= fwetle | slw) =u Atw)=v¢
@) Se’: oé a[]_ Pa“ns H/WL{’. (onhecl u ‘;‘o V‘
P(6, u=sv) = SweP(6) | 5(w) =u A =08,

« Nole lhat w(6e) s au m?;n.ie el
(_l..e. 'ﬁﬂu (an %o OJa.dl. o:vul yovﬂq @dw&eh
wo VQH’(‘(Q; ihitpim‘k% ) .
bt T6) and P(6) ave Yhot finile sels.

Ci.e Bgu wll vun oul oz (om@meutfow oxp

o\i‘:l-fn(} eotges Oww‘./bv W:A:'CGS).,



I—) Connecled qim!?!ns

o A %va(;ln G s  conneded [£ gor am} dwo
not -—wlqa,a Wr[’i((s H,VGV (G') p e 15
ol feas{ owne q7q:lln grom uts v.

¢ conneded & ¥ u,v e V() '~(u+v = ?CG,u-——w)\}ﬂ

¢ The -poUowtmb 3&’&.‘7'48 ave comec‘i&:
Q) Compgcl-c %Va()l«\ kh
b)Y Polhn %}r&pw Ph
c) Cycle %ra,()'% Cu
d) The Giparhle graph Km,in.

I—-) G'vap‘r\ ‘Com.pole;l‘s

Thm : Let G fe a m()’n whic :s_y_r_e:_{"
covyueclee(- Thea e vor{ez Se,‘ V(e
Cowm ,pzf;( Po\rl-”'fﬂwﬂo[ }o w Ff€(€$' ‘V.‘LVQI.-.,VQ;
Suc‘/\ ‘“"Q'L
D ¥wmmelwl: mén = Vi N Vu=g
) V. UVQU'“UVW =V (&)




Q) 'G’[Vn] connecled ) Vwe[w]
) ¢V, v 6IVaTU- -0 6LVl = 6

t“‘) T‘ne Suqo VQ‘)"‘S G’[V(], ceny G[Vuj
Qe caﬂﬁ com()owewls o] G.

o wl6)= e vumber og ca'w.pomenls ol G.
o OQVI'buﬁ%!

G conneded & wle) =1

G ndt conneed © wlE) > 1

I—* Bn’é.%cs .
Thm For Gmté %yoqvk G

YeeB(6): w(6)$wle-53) < w6l
\.e. Rmow‘hz on eickt \ma? or thué Vu{'

inCrease 'HAQ V\umﬁef () Campﬂvl&df 43 {

hemark - This Heorem qumol Qe emrw&'k‘l
Lo We delebion of vedices.

o Lleb ¢ fe a %mer. An edge ecEL()
is called o ﬂrié%e_ i? e defotion of e

increoses e namfer 09 Compoh%{s v

He muﬂ.mb %vqph i



ec t (o) Qr;olbe & wl(6-%%) Ywle

QKQMEQQ
TN
w z “6 X

The e«hbes aw and fc are .@v:o(tcs.

eled G b a conneded %m{;l,\, We sd?y {ird.
a) G iy wea%-—liv‘k{o{ tg il has of leest
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o h 9
D!
2 D e o
l

)
Q) Lisl I“ne Cowlponemls o?— H«Q 20%0005«3
%m l\s
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w(G-%e3)<4
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\v(e)|




EXERCISES
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62' o %yuf\« G bvnhifmnce QuoL ¢ —_&_
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