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ODE 1: Introduction to ODEs
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ODE 2: First-order ODEs
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ODE 4: Linear Differential Equations
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-&1{*&1/!\3:0 - 4 -1 43 9

[A% s/lo\-( ‘k\a£ .
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fr Cleo o ]y |
2985_J=o‘1€=\16
-1 0 2 ol 12 o |
‘ %Ef[-m hes a Uwiq‘uc‘SoQu{Eow, @«“A@,Ag)=(o‘oco) =
= A== 45-0

e bave {hus shown Jhat™

e do,daels (Adhag ok -0 5 Aba-By o)
= gt%.\,\ chonxa iw&epewc;ew{:.

:9.0'—61 = “19\%0

1) Comsider e ?umqtiomﬁ Vx elk: (g(x) = e A %L\d: e@”‘>

Show aat - O\%@:.b &% inea‘/ﬁg iw&gpemé.eu{:,

Solubion
Assume that ol T is sublicient to show Heab-
PAdaelh: (D438 -0 = A-e=0)
Let i\“i\q,el\?\ Qe %\'\rcm };ssane “AQIC ALQ‘[‘AL%';@._U’LQM:
Aidsg -0 Vil : Aoo theg =0

= VxeR: Ae®thseb-0 ©

For x=0: N e%+dge® —0t ﬁp\ le=0

For x=1: he*+daed-0
, U’ Qvﬂou% H/\oif
[[e]
o

| igﬁlg=o =9K& i ]{%
e* ) 4eblo=o e> b | LA
'OM& V\o[t Hna{:'- <
\x !
oo o8

. eben
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Sinee : Q%@ =) @0‘7( e@ = 6@—60"%0 =

{ 4
e* eb

4o

=2 Eq.(‘z\ hay uuique Soﬁusv‘o\a ;;('A(xc\‘l);"(ocb>

= &(‘*&‘L:O, ;

We {/la,vt ""/LU& S\nowvx ‘[{naje o
Vﬁ,,’(\zel&(q«Q*ﬁa% ’0‘?4\4 =('L:O> .
=) QL% Q:quqv% svm[zpemcteuL



EXERCISES

@ Shors Mot J(Lwe ‘?Uhcj(EoMS ¥¢,|L| , Atgiwzcs\ @eﬂow, are
. Q‘lweav% ivac&e(ewiech ) siug a'hg debiniLion.
Vxet: Jo0-3x C( Uxe®: f= sinx
a) 3 wa\z%m =x+t2 ““@)3 YxeR: ql0 = o5%
VXéﬂzﬁ hoo = (x-0*F ’ v)ceh(: b = x
YreR: $o0- 4o Yxek: §0o- 1
c) %VX&IY.‘- 0) = Ax d) 3 VXelR: %(x): e*
YxeR: )= {-x& VxeR: b= o™
Vxey: f (x)= e%c
9 Vxe: gix) = e
Vxeﬁ’\‘- o) = K2 e
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@ The inbiol yeue problom

Tn an ivitiad value Fro-@fam we consider e ‘/loudegev?waﬁ
Q{.ﬂeqr AJ{Z?&Q\A‘T‘QQ eotunl-io-/\ L%‘*‘@ Whee we (miro&uce
J(;Ae, N}Lﬁ(}iom o : . .
oyl aa Ayl oyt - agh- Ayldtee) =
Givey 3&1 %ewe\foﬁ SQLHM
40 = g Gk Bage b4 4 dapu 0
Uqa COQWMMB g,AL,--.,{(\n caq Be umioluelté SontcL @‘3
the QOMbwiu S'éskwx ag- equakoms:
Q‘%*(KG)‘L q_léq,(xg+~-~4 ,An\ém()(g =~ Qo
A‘éftﬁgf{‘lq%_ﬁgﬂ--n+ C\ugv‘. K= a

Qdé((”"d(xg + Aq.gé“”‘)(xg% ~ 1 A, a&'"b (Q= an-1
whih  can be rewrillea in e o madrice) @ &Hou;;
, \é‘(xg *Aq.(xg--" g“(xg T4 |
\éz()&l 371&:3 - - “éyibg ﬁ‘q_ = 0:1

l N a
: 1 \ ) ..

(n-1) (m -t

L ‘él Og) gq_ (xo)'”

g,&u-()(}(g 1L /\\ri A QVJ—!

The Aelefmiv;q\»{ o¥ -hu quaj(r':): is (:ﬁﬁz{ Jt’\/tc’, Urovzgf(iq»q
au& we wQQQ ?’VM aq,ier 'Hna{? i’{: {y uown-2%r¥o . I{ »&ffmﬁj
’ﬁm:L Sogs/{u:b wi”a ke)gec{' l’o JFLQ Cae@fc‘eu{ts C\‘,AIL,..,Q@

wiﬁ?, %i\n& o. uulo\ue §oQqu.



- @ The Wronslkian avd {t} Progeriies

D Lok Wi Y € C“"CA),QOV some iulervall A clR . e

| A?ghae: B R .

@) The walviy W[‘b.,-,‘.\éw_j(\() as: —

| Yu0d  Ug k) - lém(x)
Vyceh w[\éxf»--“zu}b(): %:(K) \éqf(@ 3;}.(“)

;‘af;‘md(x) 3(;‘;0(@”' 3‘9;;-0()0’\

@5 —th {Dvansk@ kmk{\él,---,‘énl(\() m
Yxeh: w [\6""”'\3“] ()= det W 1\3;,...,\3‘4] (x)

We wow s\mw j(\,qajc M Dvomkiau 54;‘59‘0 {’Le. Qoaow:b% Fyoperkvﬁ

%——a Nomwo Wyouski au 'tm?ﬂres Qinwr iwAepewlch

: Ih_"!‘__.‘ Lﬁ'(: gu\ég;-.-(‘én C’;CM;( @) Ldf‘hﬂ AQW\ awn '{V:LCVVQ,Q_T‘M\»:
(Tyeh w[lal,--..téﬂ(x) fo)=> o
= ‘3” \aqﬂ‘.‘., \3‘“ Qimavqlé ih&()emAﬂn{l

ASS\WJQ %mi: dxeA - w[%‘,,..,gﬂ(x) #0 . (hoose ou xoeA.
sudy thal wi‘al,..-,%d (k)40 . Lt iy su\%um’c bo show Vhat |
V&uﬁm‘.u,ﬁnelﬁ: (.Q\%t{f&i%q}-"{'gngu’ﬁ:—?? Ai‘ﬂ‘t: - F Au 103
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Let A;Aq_,..., dnck  De %;ven and asswne  fhal
0 Aglagas adn < O = |
© = YaeAs Aoy 04 Daga O+ Hdugu G =0
Dx %veutiakw i wihn Y\es?ecL ¥o X 8{\:95 {’L\a ecluou{-iws:
Vxch: ')»\\3‘ b<)+?\m\3é&)+-~-+qh%.f Q=0
Vyek: /’\“ﬁ‘" 66)4—%,\3?‘—’&)+-.- + Ay 60 =0

Vyeh: ’A('\é?‘“" (x)+ﬁggé“‘”"(x)+~-«+ ’luég"o(x): 0
These equak@ms ore equi\/aﬁewt ‘(o {he Ma{rix ecrufahow
;, ﬁé\(x\ Yald oo Yald Tac T ToT
gf&) \3{&) -y oo /(\1 0
B0 Y ol by |=]0 | VxeA

i

L]
i )

N B‘(\&“nb{) 37(‘ -vl)(x) _—. n s g‘gh'l)[x) JL gv‘“ s 9] ]

(»)o, o\eglna A:: UI\”((\Q_)_,,I/A;J a\“{ H{e majﬂ'ix Gﬂ{ua{’ffm i3
Wlgede, - yal GOA= 0, Yxeh.
For x:=xo , We have. -
w[‘én--—«%"’lb‘d N=0
M w[‘é(,-. :‘au} [¥o) = h)[‘ét,n—“ém} (Xo) 7[0
= A=0= [&J&,,..,ﬁ.&: (0,0,...0
o Al a0
Ue ‘ﬂwt ‘Hm) S‘nowv, 'f’\z\all’,

:m?

VA A, A e B (hogus Raypp ot C\ungﬂ Y O PR

=> 51‘51“,,,%“ ﬁim.wha {mo(epemAQu g

D)
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| 2 Liwmvﬂa iu&epemiewjf, Soﬁu{ioms ‘9{2 o Qimar’ Aippem.foag

@%m"'am, %l‘ve Q. hou-yo UVOV!S[C{OM

ﬂnb ?reviou«s [?Yoperx\g oA Q)Q wed Jt\') [h,ove' ,’l’lfmjt Q )elc CX

| gumc\—iws are lineavfﬂé imi{zpzmhuf, S[ the COUf)(ZOlAAl‘Ma

' wvomkiom i howiero 9o‘v uk,feas.{ one Poiwf.,,—nae cownverye
stalemedt, s nok olays tue. However e Wil oty show Inat
2 some Qu\AAious Yogeee solie he SAME Linear Ai,pﬁrefakaﬁ

t‘.’tluq,‘-'iom OMA- ore Qmear im&pew,Aﬂi,, jf‘/\evl f“ﬂé w‘,ﬂ %v?—
a wiovwro (Jyov;skialn, Qof‘éaﬂa- {)J(n{s( ' (8

| T - Define dhe 5perajcvr L+ A = CO(A) | for some inlerval

AQR, sudy' that -

1 V¥xeA: L%bc)=?("“(x)+0£".Z\3(““"&>+---+a‘(x)\é,‘oof Gofay 00 |

| e assume  tha

a) “%?«,(""\é‘“ e C(A) are ineav@é )'lnchPQMAM{L
£) Vel L\ékg\‘:ﬁ 0 '

TLQVI, i{ Qoﬁfow‘ Hﬂw& |

o) VxeA: w’[%‘,...,,\év.] (¥ + an- K w {‘31,..-,15,“1 (x) =0
9 FOV“ Sowe Cg,&,z

VC,X € A . w[‘éuu-,%h] 6() = w{%t‘,«--,‘éh’(&) QK\? (" g év,_,‘ (Hc&)

[c) Vice w{a,l,..-,%w](x)éo |
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oot
,03 Degmc_ ‘Hne_ Vec(‘nf -~ Vaﬂuci. Q\mcl'io‘a %iAq{Y\M lﬂ}llfn

: 13: (5”%‘2-1'“:‘5\0 . Sivice
(VK@(M] - L‘égg =9) a)(VKé[ﬂ: %&a) = ~:§§j &?g[g») -

N 7 17
=y = {;7;0 0-‘72 ()

Nole Hhat \é@ (s a vedor-ydued Qwhov, wheress ap b
O §c9—0~ar *Qlwwkou, H. ‘Yoaﬂou)s Jdnq‘,
(&/&x)wt%”..-, %u“](x)f;~~(&/o(x7 det (\Alé‘,%",-_- 1 \é("“% =

: -20 (v =
=dak Ly, gy

wn O O L

=‘L€L(‘a)3":-w3( 4, - ?}oa?\é ) -
n-1

= FZ;O A&C‘ézgl e g("\‘9~)’ “ayg(ﬂ> _

wv-1

= 2; O“(JA?'{ ((é;’éi) --‘Jg(m’z), é('?)) =

o2 (2NN (1)
- Y];a?o\o% (%""‘B ey )+

-0

- -4
(v 9.)l (u t)

a det (‘3>-'-f13 4

= 0= fun-, w[%} =" Q- w[g‘l =)
S Yxe k. w! &3] (0 4 o (LT -0
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| 6) Df‘QMa %Lécim({’cbmliwg Qucj‘or N
Vxek: b= eq(. ,g*aw, [0de)

| Qan mo&ﬁ \Hna{ |

Vxeh - ) = () exp u\(am [fc)&) =

. exy( g*,am-l &)Aé) _cL_SX aoi(B)dk -

o\)(

| = W - )
We \m% wow solve e AT@{WEK‘OE Q\i“uo}l‘olﬂ SoJa‘st& 85
, ‘f\ﬂ. Wyonskian s Q'Dﬂows ; .

' (4169 +@u- 60 Wyl =0 4= |

= Wyl 016 + b)) an- O WY1 =0 &

& W1 b+ wigle Wk -0 &

& (ddx) iw[@ hwl-06e w[\g [;C)Ll(k) = Co

L x)= _GCo _ (oe - -t ,

‘63 w[«gﬁt) el C ‘?( gca C%)e&)
Fo\r X =C =  w[%1(0)= Co'X = (o aud HvzreQ%e
Vxeh : wly160 - Wl exp(- o, , (B2

A Fowm @ we see JflneJ; f{; i Sh%‘dchjc **o shrow fhot ,
Jcek: w[‘él(d fo . To show a coubvodichon, we assume
Hhe o()(:osil{, ‘ lemeij : Vc 6)‘ g \M[\g ()= 0. (hoose some
ceh ond Consider HAQ Qineo.r Sﬁb}cm, gg— equa’ You's
| N[‘A](C)}\ =0 with A- (A(LAQV‘-(Q\GBE!&”- It Qoaows Heat
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ulyl (0=0 = d& WyT(d=0 = T hecR-%05- WigIh=8
Choose  some A‘- (qhﬁt,,((\m)emm*§03 such k«ak W[‘é][C)A’;() ,
 omd Aegz‘wz e Lundion 3 A+ with -
Wxeh - g(x) = ’(\(161&) t Aa\az()cﬁ ---+ /r\ugm(x)
I fellows ek ) o, |
| Lg = L(I’\fr\wao = Z;:L(gném) = E:‘ ﬂ\w. L%u’

K=

= i AK"O =0 = £e'nm9fl (D_,
=)

[ﬂe OQ)o ‘(mow "Hnd’, “ o " ‘ ,
Vpesotolu-il: 0007 byl @ = 2. (W10 M -
=l k=1

i o= W[g]&))\]f o |
Ue mi@? now claiwm Hne& %irem ‘Hne_ miLich COmcL‘l-{ov.
do=f'w-0"@=-..c R 000
J(’ne Qumh‘zm Q‘ miﬂ Su{'x‘rgé \}xeA—:-P(K)%(}_ To shhow Ek\i), we
erilt Hse. equa{'iolﬂ Qs a S«a)‘em 02 lirﬂ»'ar&er ODEs @3
A@i{mivx% |
Yrelul: ¥xeh - K(K)J(M) (0 .
The OCE L??G cov Be  tewriben o3

BI(X) = 45(x)
%;u) = 33(@
3\:4-;(’() = %y\(x)

1

%V,()() = - E ﬂk-l(k) 3“()()



53

aud. qu Co rmpovxiim%_ initisd  coudibion s
| ﬂ&(x):%i(x)z = qula=o B | o
e easy Lo see fat o8 devivatives %{(‘()l %{Uﬂ),.-- ‘%,,‘, x)
are %&m‘,,’b@m,,,, 0\44& fh?rﬁQom,,Qﬂ,@»nc}iom %‘, -, %M wil
Cwmau ,COwSJ(QMt oud le EQqu’N 2o for ol XEA. This
ovey JE‘AO- daim . From ‘“ﬂé loim  we have:
(ehFw=-0) = P-05 hydyy i+ by =0 O
Bé L\,\éf‘o"'\nz&b, we dlso khom; é\«ui .
‘é“léq_l-,.(\gh ,;Qimeavfbé_ imo(eyeuo\m{: (9)
Fow 9.0 oud €q.(2):
Ne=da=--=du=0 = A=0
This @5 a Coﬂ‘f&&l;(}ﬁ()w , Stnce Q\é c_aushuo{'fo'ﬂ /\ Sajﬁ)gt@)
Aelv -3e}. I{ 529&0(95 'S‘\Aodl« o
Jeek- w[%l(c) 0 B |
b o ceh such hal mig](c) F0. They, grou (6), it
Qt‘»ﬂods 4“/\&{’- »
VxeA: m[‘gl&): M[\A'S () exp («X va\_l{’c)&> o
c

| Qecause deﬂ\: exp(xc)>o, This  condludo ‘h&fnoo, A
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- EXAMPLES

‘Q) Comsid-er ’hm?, Qumc‘v‘oms
- Wxel: (Foa-x Rqa=x® Ak =)
US(’. H/LQ meWS,i(i_aV\ ’L‘ S\now “HAQJC ?Q%j'\ are Q\‘weavﬁg
mdggen dgut i |
So,Qujdom

gf\ﬁC&, r _ [
Yo 909 hg) x ¥t @ |
wwx%ﬂﬂl(%)‘—f \Q'(x) 3‘ () W& i Ik | (- =

I 3‘}(21 ‘Gl 1o % bx

"

[ o o9k k-3 0 & -4
=14 % 7 ARE =l o A=
o 9 bx o ¢  6x
= (-0 ]-xF -3 | < - {_(— D) (x ~2(-2K3ﬂ =

9. 8%

- (63 143): - (F23)= %3 | VxeR =
= w[fl%.ﬂ (D)=%40 = Ixek: w[fta‘ﬂ()()fo
= £¢3(\n Q!weavﬂl«é imiepewiem{.



6) Show thal gor VXEW\‘- (9(&) =,€a)( k %bd;)(e%)
! @ are Qimw% Mc&.ﬂz(lew&eu(}. -
Solubion |
‘(‘wz e \q«\a . h)raw,skiw) .
S(mc&, - - -
VeeR: $00= (2 = o2 (20" = Qe
Vel g0 = (ko) = (e x(e¥) = X4 ™ (20)'-
- B xe™ 9 = (119x) e
i &Mow : ol | |
Vxel : w[&%m i feo 309 \ \eﬁ xe™* \:
1w ol 12 (0™
: e?.x ﬁ‘Lx ‘xefb‘ _ &Qxea_x { v
% ¢ 2k \9\ {49x
e (690 - B [ = et ((49x-%) = e =0
= Yxel: wla] o
=2 Axel: w[?‘%l () #0

=) 2(% Q\I@qav% Evz&q)evacbtﬂf:

—
—
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EXERCSES

‘N@U)e *qu wvowslﬁffm 1{0 Shéw J(L‘q{ {'I/IQ. Pumjdou) g‘é““’
&agim& @e@vw, are Qihmv ('mo(epev:cqu

- Wxelh: sz e &x \7')(6[2‘- Q(x)—:» sin (o)
o %VXEW\: %(K): y ¥ £) 4 YUxel: gty = cos (ax)
Vel oo = xte™ Vyele b= x2
wih oeh wikh ek
c Vel - ?(x): e ®* cosx V)(Glﬁ:g(x): %7
9 EVxe[R'- 400 = gy d) A ¥xeRi gz Xy
YxelR: hio = e VxetR'—%w—f x2 [ ] *
with ael

VxelRf %m: X7 ¢un (9 Jne)

Yxel: ?(x)= x? (0$ (Qan)
¢)
Vel b= x%

@ Consder  a %ewtmﬁl liviear ér&erewjdai Qéludiom & fue ?oyw;
Wxeh: Y+ a (y!60 40000 Y(X) =D |
gor some (nkwaﬂ Ao willh to0 €@ Asame that
y e Ci) s @ solubion, and define uge GlA) as
VxeA: y, 0= Y 60 gx__@ﬁl_ dt

¢ [yl
with ceh aud wilh QWM 3ivm Qg
Pheh: QW - e (- [atit)
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) Show “najc léi,(x), is also o sofikion.
(Hml: s}avk Wik\, \ég_[x): AUl aud Sugf;ik]t
lo {{‘Q oD lo o\evm a Gu%fdcu" Lomc‘.il\‘on for'u(x)>
2 Show Hnat (4q Qre livearly, mdependedt.

Uik - Use l"a\é 3&)mskcau) LA ()
| [ Nol{ Hat  au iW\WletLiu.l-e COUSequRnCe. o@ (0) and (8) js
ok ig we &e&m ovt Ovem}of‘ L CEHM-CW) Ldihn

\_\2;— g“ Jromé' {-QO%, bhew 1k Qo,%ws ot it nufl spa is

(D) = span %. lgﬁs |

The Correspouo\iu% ‘5Qvaeraﬁ solubion 09 H’% QC{u»a{'foi?\‘ [—‘6=0
(s %iv-cvx Qué ,
YxeA+ yoo= 60+ daya 6o
_ﬂnis Zxerchre s‘nows H.al: :‘2 e an %uvs oue S‘ofujn‘om
og Me Qnd-ovder fQivear 0DE L =0, Wwe hae aun
eq\;o}ioq -hnw{: cav fe used- gv Q\‘va a Secowcl. Qi\nearﬁé
[m&pew&gl SOQM‘\'GM . Theu %{H’.w j{‘r\-Q QQ'ORmQh{";OVlQA. \[f}&ﬂrﬂu),
we L‘a\*e Hr\z_ udll spa ok 1[(»2 %-QMQNR. Soﬁuwtiow‘

f\/LD Fimc&. a SOQLJ\‘DVI 02- “/ue. onrm V_x(—‘JR- '\AL(K)’:Q@K gor
e Livear ODE:
Verx'— 13" (3 +2a%‘(x)+aﬁ%(x):o
wel& oelf. Dsz exercise & 1o Qawi LL@ Secowo& Soﬂu{w‘om"
avd wvi{e R\L %emumﬁ SOQAA"OVI.
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linear ONE

Vx e o o) - X‘L\b” + (2040 x%‘ Jrl?%fo |

wilh el Ure exercihe 3 b Bud e sewond solukon aud
wviga %\L %evxzmﬁ SOQukovx.; |

@ Fiv\o\ Q. 50‘QAL¥'{0V1 og jr‘ae Qovw, Vxetoptw): %(({):x@ Qar H‘-Q
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® Snguiw% Llomb%femwu) inmar &‘Wﬂ@t&& Qq.uc.kohs

To solve @ liomoaemneous Qivsear &Wﬂeu{{qﬁ es,_uoiz‘ on
h‘é(“)(‘(){'qw‘l()() ‘““‘)(x)+~-+m(x)%lw)’rooﬁd (x)=0
we. VleedL Lo givx {’\mz Qilnwd% YMAGFQWA&\»;{' 505?.& you)
'ér(’d;%?,()‘),.--,‘éuk) “"Q‘iv?\”m Hhe 8eneraﬂ. so Jution

Y= 81960+ Ag g4+ Al
Thee b o aemml Me‘hno(L ‘gor p'iwcl“wé Jdne Quu}iom \é,(x),..‘,
\A,,(x). Howevcr, an exmjr so.Qui—z‘M 05 Fossi@().c gof te gomwfva

aws.

%)—-—’I Cawg{qujf c,ce&{deu{ cose

Consider the Linear ODE
\é(h\ (X)‘F Qn-y gth’t) (X) +---+ O;'él()o 4 QQE(K) =0
b oty eyt eR g coutuds. Lk L be

‘qu CO!&)Vowi;ua OPEYG!“OY'.

SOLA"HM WH’.HA:;
o Ttud the charaderishic Qoﬂlbnowia.ﬁ P(&):
L(e¥) = (894 an 8"+ Foybtoo)e™
- P(B) e b+
o Leb Ou(Pe e Pi eC e e 2erers o£ Hae
(,[Aﬁt‘&(.tfré?}’ft po%wom’a’@ P. Theq:
Q,) %oo‘a Siw(ﬁ)ge tero ?K com}ri@ule; o 5091:}7'0%

b“(X) = exp (p, 2
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@) Ea({/\ %QVOU?K &J.'j("\ Wuﬁiffl‘u'lé wm (,(',Q. P(G) Ll05
o ?O&“W (X—?k)w) coujrvi%u}es e ﬁvuowiwg
,Ql‘vleavﬂ/a imé.qu&yu% So,QukDMS’
4y, () = exp (pucx)

Y g U0 = X 0Xp ORI
éuw_(f): X exp (i)

()= x"! prr(f?xx) |

-

4 We Nri&t.l’hf;;,fi}ev\ﬂ.mﬂ SGQMJﬂ'O” and. QW% J{\Q "m‘/"ﬂﬁ

£y

“coudibiom 3@?&1‘; -

'L——» gemmk : Coufii?Qex Feroes QAggear oy Compgx&( C«Dvlj:paa}'@ ,

Valis ?":\6+iw cxmi ?kﬂ :Efiw , ﬁe(qwe 4’&4 o) en
the De Hoivm LA_W{,‘
Y Oelk - 6{3 < CosS+ Lsind |
owy& laole ’H/»QI( 4"/\2 @ne;gowl?u 90&41"'0'4) Qoq[’f)% :
\éK(K) = €xP ({)k)() = QXP ((5 Hlw) )3 = exp (BX +fw><) <
< exp(§«) ex{)(iwx) = e ( coslw) +isin(wr)
léw(x) = exp (th@ - g (C6~iw)y) = exp (xx« W) =
= exp (yx) exp(-iux) = el (cos (- ) + istn (L)) =
= 0% (cos(wx)—isin W) |
1 Q:QQW, H\o£ (1,42 int&r Cow@iwo}v‘l)w 012 %K (x! n_ui,;%uﬁ()c)

Cown e Vewﬁgm Qs -

0¥ e (,L\akac‘-eﬂsjr?c g%wowo o< VeQQ huwbets. e use

b
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Qm\éu(\d{?{(\ ek %uﬂ,(ﬂ = . V
= 8 Cos ot i) + duer e (cos(wr) - isin (wid) =
- el [(gx& Nert) cosluny + 1 Ak=Rued siu (wx)l =

o= (ﬁnﬂf\m)[d" Cos(ux)]Jr L‘[Qu*qnfa[f"{x gi"’(“’Kﬂ
= Py el cos (i) + Vi gV Sin(wx)

with " . ,, o
AR A

Sl 12T iriu}
G
)[/z\wﬁ} li *L t;lu;kl

4 {4 -13[}%]6—)
-1 -1 -1 | furd

& D= “':f““\f"ﬁ”f ¢ Yuntifu )
-1 2
A Qki—l = 'iVKH’“ﬂ - “PV»H”VK
-% | ‘1’L
1{ ?o@ows ;hmjc aun eOLuimglu«L/ SC," og 5016.:{')'0‘05 Qe
2 (x) = el cos(wo
i (Q = e cinlwy) | |
In (bewemﬂ: %i\ffw co»n(;an (omju,ol{ LRy 644':» ame
o with muﬂf()ﬂfo‘ m it 15 Bosk prochice £ Tuse Hae
Jﬂaw}m} S(’i o‘g RI‘WQD.V (‘VKAK(?EMCLQW(: Soﬂu(‘iowsz '
wék[x): e\f’(cos(wx) , b"‘*’Z:X JXCOS[(,JQ .
5‘&‘(@ e e sinlwx) % v =X e sin(wo
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Yietgmeg 0= X7 &Y coslnd

Yyrguoy 0= X7 e sinlern),

EXAMPLE

a) {L}ﬁk J(\nc aememg Sopu "“‘ISn jtb \émv(X) *i\a‘ () =0.
Solufion
De?iwg L\é(lé) =y (x) —-Qé‘ (x) o.wl- \no(ﬂ h«q{
L (e?x) - (ef’*‘a)"’w 0.(e8) = gPebx_ggotx -
- (0320 % - Q8% 9) e = §(6-TR)(0HE et
-[\ne C‘Aavac\fﬁgl’ic Po%ﬂomiaﬁ- V(g); @ (Q~&)(g+ﬁ) Loé
teoer: O, V%,-02 aud Hurclre
\é[x) - e’y M@;ﬁ’,‘ “",A'Z; E':ﬁ'x =
= Mt g 0By A, X8

@)) SOQ!I( Hne ivu{—zc& uaghe, VYO%IM
El 'é“ () - Sg'(x) + {G%(x) z0
: %ﬁo‘)‘— LA 5‘(0)5%
chmt Lal) = \3" 6)- 8 '(x)‘l'[()é(x) aud wole Hm{
L) = (ebx)"— g (e8x)' +[peb* =
= @Qegxﬂﬁ%@egmf b = (@9—-—8@1{!85@@"
- (8-9)%e™ A

The C\nm'afjfﬁi{'t‘ﬁ POquowia/Q P{Q): [@"(1)9- [495 Ryoes: Lt(dl

aud  thevelore -
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%(x Noety /z\q_xe
“ f‘é -I’\ae. im{’bﬂ wm&%ow we mo!{ k\ﬂf,
%(x)~ V™) &4y (xe ‘lgtat""rlz\g(e £ Yy e ™)
- (4 ede) e 4 ‘t%xe
omd ﬁu‘ego:e. |
57\5(0)4 ~ i N e’ i\éﬁé%——-i (o jlﬁdoilz:&
5‘(0) % (4244 2)e® £ 4Dg-0e° = 3 44t g =3
@Diax:& & iglri Sla‘.r{
Lti-l—ﬁz ‘1 5-4 /f\q_r-i
Lo llows M the solakion 15
300 < e -xe™ - (L-x)e .

c) Lmecw Osm%kr {Jrogﬁem
ane ’Hne m;{w-ﬁ VQQJM ?rogﬁv.m
}l \A“(xnw’- K=o
(0) = Yo A\é (o) = ‘é‘
Solution
Degme. L {X)”‘ U 4w (0  awd uote that
Lebd) = (%) Tunebr £ g2 obey it obr = (824007) o
- (B4i0)(B-jw) e b
The C\Aara(kns‘nk ge%momiqﬁ, P) = (B+iw)(Q-1w) has zeroes
{'lu) - -ﬂ &Mows a%
%(x)~ IAUP, Cos(UJK)‘{‘IAQ.C stmlwx) =
N cos (wx) 4 Nasinfwx)
To u‘)?ﬂ% hna mt¥mQ (,onzi l’mvxsl we Cdmﬁaj&
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13‘ (= A0 (~wsinw) + Ja (weos ()=
- —wdcsinlw) + wig coslww)
ond. Yhorebre
{ la(o) Yo 4o i (\\ Cu)O—@,(\g,SiVIO = go L=
\é‘(o): g, -wle,\;sivnQ {—wAa&CosO;lél

& ;,,;’A4+09\9.‘\§ Yo & ﬂi?%o &
%'O%-\'Wﬁi:gl , iwe{quéx

é—y% A=Y

Re= ‘é(/w o

U: Q\GQQ%J; J&Q]t “H'LQ s}o@A{ov\ 5
‘ADO = Yoo )+ Uﬁ‘ J0) sinlwx).
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EXEReL 9ES

O FMO\ J(an %ehevoﬁ. soﬂu*'zow ‘Ptor “az goﬂowiwé ﬂiwewf

el cquakion
o) %’” x)~5 ”(\( {—LB ) =0 | e) "\f”(x) -l(,n;)hc) =0
)y - 3(30 S R y" (x)«ﬂ\é’(@ﬂé&c)ro
) Lé"((\() ‘é(’d 0 3) \3(‘*)( X)Jr‘?.%”[x) +5(x):o

d) 4604469 +4(0) = 0

@ S\nou_) Jf'nqjc {’\ne lanaQ VO.QKLL Proﬂaﬁam
% \3” X~ i(pm)g‘(x)w 40 =0
%(o) bklé'(O) |
with ape(o (@) hay solulion
4lxlag - exp (A (pia) ) - exp(B(pi2)%)
Lialaptad
with A(y a)= P+m+\la(29§a
Blp.a) = pra—va(gpted
Wilhout su&hkkw% be solubion 4o Yo ODE. Then

show Yot  lim xé(x o p)= xel*

O 0

O S Qve '}L\Q Q ﬂowm iwl O-Q \/QM ()roQ,ngs UIHA 6(0‘{:»)
a) % ”(x) m“(ﬂﬂx ‘(x) ! 5&» %, @) ﬁz 13”(2( Yi;'(x) =0
3(0) O /\5‘(0) 0? "oy =4 \3(0) 3‘(0 O)\g"@) {

Q) % \3( ’(‘;Oavtéb() o
g[o):\3‘(0):3”(0):0A5“‘(0):1
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Cquidimenional cose (Sulbr- Guda_oquolion)
Comsider Hae linear ope:

Y UMY+ B x“"g(""t),(x)%—--+atx "0+ ooUl=0
iy Q0@ 0e,.., au- €R  given comshounts. Leb L Be He
Coy1es _omo\im% operotov N
Sofution .mej&o& , | ‘ | | |
v e QVQQM&L: km‘.‘cl'\a\r&(ﬂ‘trbk& PO%W“’WU‘OQ P )Qrow:
L(Xﬁ’) = Y(@xa | | |

*q La{ ?‘ [PQ,.‘-,FV,E@ .sz ;{AQ v 0es 02, P(ﬁ) . Thew

(o) {§ Pu v @ swubﬁc, 1ev0, it COW‘T;«@\JQS o 5 ollubion

_ P
, k(x)_-xe )

(¢) [2 P b o %ro Witk ,thﬂ:IPQl‘dx\a W, i{, COM{?EQMI{} fe
?oﬂouivt% Q(‘vwo\fﬂ)b imlepev.ém{ 50,&;,{‘3' ows .
M () & xfw | |
pon () = x ™ fnx
‘émz(@ - XWU‘"‘"‘]Q

Bk&m;l&) = xfu uﬂ"]mﬂ |
(Q Given @ complex mmjuaa}e pair P =yt wd P =i,
?rowl (@) we oblin (see remark 8el ow) Hie &Mow:u%
Dim_m{!l} iVliLQPEV\&Qu(Z soflubious:
IRCE 8 cos (W )
00 = xT sin (10
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(§) Given o complex conpu de pair p =Yt and
f}k-.—.{-(w, of Muﬂ\‘?ﬂid‘% w QYO\MP (ﬁ§l we oblaiv ‘hne
geﬂowiu% Qiugm/ﬁ:é im&yem&uk Soﬁu[ioms-,
(0= x¥ cos (i fax)
13u+\(’0 = xBsin (m’(ux)‘
RCE x§ cos (1 fux ) duny.
%W{-%OO_:XXCOSG‘JKMXBQMK

0= 18 coslotoo ™
gm-?.m-i(‘d XY cos x| mx |
Uit Qm«tm = X\{" S Gufux)uvoclm"

"’5 UC wn‘&e ’{\u %éheroﬁ— Sohsﬁm auiung Hﬂc i\%:L:Q,Q

coudibons | i given.

‘L__,. %emm\( ¢ Fer ‘h,\q_ e 02 a Sfm%l ?o}( o"? Cowr)glx

-

(Ou&u%a\t Feroes =Y+w QvuL 0 -lw , We (/\o.\rf. .kle.
'?OQQOM;KQ Cow{vi @u&f{. USDLJ.“KOMS: f(‘ 6
= XQK qf» ><\6‘H"‘J = pr((ﬁiw)ﬂwx) = X ( ﬂv\x) ex ( Emc) =
4 L
5K - xf[c%(_wﬁux)ﬂsim(wg_mx)] Y U
QA(L ‘.»'kMip\D.'%:
Bwh (x) = x O < I ‘6[‘(:05 (wlux) - 15 (W de]
, VEOL av arzu.meu{ Sinf,Qov' %o ‘P/\Q,‘E og Caye {'/ we OQ‘[@JM ‘UMZ
-qu,QOuJiw3 OJHQIV\QXQ_ inxe&[‘% MA&P@M(LPA{: Sbﬂukoms: :
20 = X8 cosw e |
zm(b(): X\( 5'{\4 ((;JQMX)
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X AROLES

o) Solve the (m;L«a,Q vale Y( oB fom
‘ 3 Y"%”(XHX%‘(KH H%(x) -0

=p Ay'tel =
Degine, L‘él)ﬁh x‘? ”(x)lr)(%,‘(\d %Lt%,&), U ¥oQQom$ ﬂmjc

L(xB) = w2 (B4 x (b)Y € 4yb =
< kL0 kB px b 4 b
~ 5000 x84 B84 Gk - [B8-0 b+ ]ih -
= (L% Q?‘('L{'LQX = (@"-H)x@ (B r9)(-2) xb
w‘q\'c\n Bi\m‘ the havackrishe Yo%holmiag
PO = (6+2)(L-%)
\m}r\/\ Levoes P( 9. ami f)q, -4 1 20@000] ‘H\al(? ‘A«e aeumg
SOLL‘OOV\ V‘eafls ,
0 = A eos (0) + g sin (‘l fnx)
jé) H«A e L:q9~ couclcsr:om (ve uo(e Kml',
‘a(‘l)—  cos (20n9) {—/A%m(ifn
aud
13 (0 = do LC«)SUQM)] g Lsin @lux] =
<4 [ sin (3] ] (3fu) " + g [ cos (Qqu)] (24’ =
= (ﬁ_/xﬂ_ :lcSM &ﬁw& +& Cos (‘lemc)l
(@)= (D]~ s (Lud) $ha cos (‘Uiua)] =
=~ dosin(Alug) +£\9, cos (20n2)
and ot Joflows thalk:
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V ‘gm . ¢ 4:,_3 % A Loj(éfmw‘f‘.)w%Aﬂ.&im(iﬁu‘i) =9 (_@
é'(‘l.) =q “Al Sin (44n9) JrAéLCO) (:Q.Qm‘i/} ““0\ o

= [@s (20n9) stw(aﬁn‘h)Hﬁx X S [1’} &
S -sin(20ud) o (2l)iL d) Lg
= Yc\‘ X = \COS(_QZMQ—) sm(‘iﬁuq/)X“‘ [ F}
Ae - Sl (‘ith-) (o5 (21u) q o
= { l(o) (2ud) —tin (QQM‘L)} K P
cos(2hnD) 4sin? (20D [ s (2@ cos(20u) 4
s X pos (940n2) - qsim (Qﬂsﬂ)‘& ©@
o ! PSM (20.2) ¢ Ci(os (20ue)
& 51 f,\(: p cos (af2) - C\SM (90D
| gq;—1 Psih (QKM‘L)Jf q tos (el
,T{ous. “‘e SoLxBnh heaiﬁ o ; ; o ;
lz(x) - h cos (20u2) - qsia (@10 cos (2fux)+ [?Siw (22} +q cos (‘ifn‘l)]siu(‘lw
- f? i(o; (2u2) cos (@ fux) +Siu (20u2)sin (QQWA)VJ +
+q I - 5t (20n2) cos (20w + sin (2ux) cos (QQm‘Lﬂ =
<P Cos (‘Ulux - Qﬁu‘t) $ q sin C‘me -—‘1@4@

i
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8) Solve  the wikisd yolue Frogﬂew
% LTXQ"}“(K) + BXg( 9] 4»5()0 =0
| %(’5):? A‘%((%):cf
S Jubion o ,A
Oegiwe L o = thi,éu x) + %K&é[ x) {'3[2() _H, &Qﬁew Hmt
L(x8) = UxeGB)" x (x4 b=
- 4xB(8-1) x&2 5 8 x84 x4
- qR(e- 0% +80x% +x8 = [UR(G-D+88 41 ] xb -
= (404404 4)x b = (4hrrues0 Kb = (904 X8
; w‘:\ic\,\ %‘wes ‘hne ,c\navac&e(b\':‘c, [)oﬂlauow{{)Q. , V@)"C%H)Q uf)‘q
o double Zero = “C{Q. T‘Aus . \qae, Qw@fai Soﬁukm rEmLS:
\Q(K) = g(x'l[q”r qu,x;llqﬁu\xz Aitila %‘X
Vx

To o[)ng Hee Iv\zL‘wQ Cowiil{om‘ we vxoj& Yoot
%(’5): , /’\‘+,{\‘1—f‘“‘3

Iz
OWL [ f
gE(X) = (Qtjr((\‘lﬂwx) J;( — (Q({"A‘LQ\AX} C‘Fé ) _
(%)%
A X%"i— x - A{{—QCLL«\S I -
* X 9.Jx

:*LXA‘L& __Q&'Atﬂl«)(];

oL x ox

= l I le - ({A‘+Qiﬂh)<)l: (?,Hq;gt) JAaﬂux
i Lxix
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- Bz (‘]A 9~ N - A Ju? _ "Al + (‘I.-— Qv?))a’l.
9.37% T
(mel. ngore

S am-p o § Ad b= pl? o
}lél(?) 1 )% ’:\;4*(%%)%.- (Dcl(@

“ | i‘iamﬂ M@]

© [Q(’K: P Q‘A% }”1[173 ] =
ﬁq, -1 Q'Qm’ﬁ Lc‘\l—?
( iz bz L3 || pT3 ]:
(“L ) + L3 { &:\B
RS L) p\Fé Gqﬁfzmg]
FJ@ +Q E
?@ow ‘H""‘é SOLAWM 4‘9 H'IQ t\al: VQﬂ.D& ProMm [s:

\ébc //\ el i

F
I(i Qv{ﬂy\ﬁ quﬂ& +CF@+Q0\Q)JZM}
b}@ (9. w3 +nx) 4 erﬁ (fng. - QMZ)J

m

‘1&



72

Q) Soﬁvt ‘HAQ ;hijdoﬂ. vaﬂw, Proﬁgtm
3 xq’\é)‘“(ﬂ - X\é'(x) ~%a(x)=0
w%it) oA «3‘({):—- 0 Bg“(n =P

- Se S
chiwe Lé(x) = Kzgu (x) - Xléi x) —-35&) 1 ?Oﬂom {qu,
LGk = %2 (xB) —x (xB) ~3x4 =

2 L00-0Uh-9) xb3 x (40 - 3,8 -

< bUb-0b-0) b - 438 -5 (4A-08-1) - 8-2] -
=[085 42) - 05Tt - (43-30% 498 -8 -3 )"

- (07302 4 4-5) x4

avid. jf\v\o_rb?e:t the. C&madubkc Pe womial 13t -

P(0) = 7342 +B-%= 42 (4-+ (69~ (h-3(4H+0 |

Ui&’(v\ Leroel ?1-;3 , ?9__:'—;, ,QWL e%z'z" Tlnus‘ H'Q %emrcﬁ
Sofution is  given @3‘.

}{X} = gq Xz ¥ %9. cos (fn) + /r\’bSin (qu)

To o Hae imiL‘aﬁ (omiti—,‘om, we l/zolt %mj&

\3(0 = d- 1? .Jf &9. cos (Q\AO + A‘; Sin(thx =

= At t(r\eLCOSG t ((\352710 = Aﬂc gq_
aud .
\A‘ x) = %[ALXCL 4 gi[,(os (va\ll % Ab {Sin &h\c)}[ =

<2\t + \a. {«sim (th)] (fu)’ + A?, LCOS (}me)] (Qu)c)l
= Nxt + - A sin (Lux) + A3 05 (fu) =
X

- ,g( ) = 9)((\[4_9\ L “Aq_Sin (Q.MD;' Q3(o)@uo -
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= 31\1* Qg‘&ho ’Jra?, 050 =55u - 0A9:’r A’b .

wd

““(K)‘ éﬁlx 1 A & $IV\(QMX)T/A 4 4 fc«» QMK) ’( %
o\X ch( L X J

- (Gx)ﬁ‘ v [(SMUZW)) x= sia ()60’ ] 4,

&

 Leos (] ' - cos(Bnd60" 4,

X”l

(60 + ~Leorllwd ' x - sin (80 ] 9,

Xi

e SM(QM)(QWQ X — coS(Qw Az -

X?.

X% x%

()04 o)~ sl By g sim(lod-cosllod dg

5 410 L) - oA~ [sia D s 0] B =

= Ch 4 [smO 056 Ny - (50 + ces0) ﬂz:

o hade:

, ’(A( ,A‘:L Ag

,3_,@1}_33 .0 &% 04|47l ]
G&t'(MﬁAa??w e taldlNd (el

& ol 111 0]

\ ! 0 o o

B
-1 -4




ooy

: " D .-‘3?
D 10

— T i mAs

ke PO poslle) sl

(0 (o (0

(R s ) Bl
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EXERCISES

@ Solve HAQ_ Quﬂowima Q\‘mm\r cL(Pfckewéiaﬂ “a%uoj—ioh} ou {‘(4&
iu{frwﬁ (0 &) usiuB ivu‘{"lﬂ«Q Cowiitv'omﬁ g(’l{)fﬁo/(‘é‘ﬁ) :gt.,
) Xig“ ()O-ng‘(;d”.té(x):O | L | |
Y, xHylie) -%3““0 |

o) xhyttg - xy! (<) 44090 = 0

' @ SiwaiQo.vQ;é, §0Qve {“LQ Qvﬂowiwg 'inlear AIWWL‘&Q Q%uo)n‘W5

on the inlevall (o) LN inibial  condibious

0= h 0 Ly 0.

) X@%"‘(K)-G'é(x):o A)x"la“‘(x)}%xq‘%”(x) mé‘(x) ~84b) =0
£) % é‘” (x) 4 %" (x)=o0 e) xg\a“‘(x? +3;<‘LL()“(><) — byl =0

@ Consider the Livear A‘&?WHJ equa{ﬁom

oyl 0 4 %xg‘ (k) t eglaa=0

with a‘@‘ce(Y\ )omA Qvg A be an (L‘chimima\/I% o{
the eqaakam‘y C‘AOVQCL’V{‘S{%L poﬁéwomiqﬂ P(x);A[H—Bx{C
Show Mol A= BT -4Ac= o182 - %a(bt90).

;:@ Show ot {he Dinear Ai?ffqrew{:io.ﬁ quuo.jdom |
axz%‘“ bo + (B4%a) x 46 + (atf o) x%‘ () H%M:o |

wi%\ a,f&‘c,&ewx ‘nm c\aatoas{ri)JﬁL ()Oﬂ‘éuowinl
P(x)z ox? § by trox 4d . ’
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- ® %@Qﬂwg iv;\/xoweqamgous Liveay éi%@ﬁsz{&f)\ Qqum[fom
G O v

| We wi@Q View cew\s;chr Une. (})ebzem’l FNMUYI 0£ H};e Qt‘weqr,, ,

;iw}nomo%meo@ inear A!?PW%«QQ equui’t‘ow OIQ ,H\L IQOWW e

,, VXEA . %(”‘)(K) s (K)g[‘“”‘) 0+ -4a %{ mmp(xné&z:f&o (1)
it Qo 0, Qg ;... , Ray } e C°LR. The %EMMQ mefhod 15w
1) Given oo solubions %u-w‘ﬁn of e Iﬂomo%\gheou} equaéw‘m“
ovd o lia owe solubipn \é(, of fe {V\Lovuo%fmgou; {)q,ua,L;‘M
we show fhal vuruc gemmﬂ solubion o E.‘.I.C() (s:
%M :%‘él(x)% } 1;‘39. o+ "*'{’ghgm()(?‘i’ %V(K) ; ‘
2) Give 'ﬂw}%‘ﬂv-fﬂw fhere fbewemﬂ resulk Haod ams
the solubon “é?’ | o
Te,vmiquog%: Tlne, }WW’) ﬁk%t+-,--+gu%w,ar& kla {nu»na%em,ou)
solubion  aud Yp are te ?wjn‘cuﬂar sofution 1o
We now %irc M Aénifs DQ bhe 1[{060%-1

Thw : Covisider dhe incar o(),em?w L:CP =R ,—?ar Some
miemi AQW\ sadh ot L\éﬂ(m«mw-té&”’o+~-~+&kéz40\oé wiJr‘n
Ao, ... an e ClA). Let QGCC’(A), ad assame b
1) el (L) = syaﬁ%“ @,-..,%yf% with Yig, Y € CHA).
(8) an?rg . ' S -
Lﬂaevza L%'-:gév 3((\“{«\1,...,%6% %z%vlrgtga‘f(f\z%a*'--ngmém




7

Pmi

+ Assume  thot Lu g Thea it 19%0:3 ot

tha Lu1%n~£2 0= (y-t)e enadl(L) =

aunesoonuuo- i*‘)
gt g <3

=2 ;”)1/1\9 ‘lmeﬁ]\ !k"{n—- \'& -t(kll)\q—} %&\N.m

<

= gg /;\‘I &V&Eﬁ "'{ uakﬁl“\l*giqﬁ* ) h}\é’m

[é‘b ASSume Jdga.l: }A 31 Q\U\CR 7%“ ‘ Uc JrAM TA‘LW’] 4’5\"-%14

Wm Hl: Qoﬂow: {'\mﬁ:

e L(u +T A%@ Lu e L[IA =9y I L(./lnbéw)f-

g-’rlgk.(hlx) 2%1&&9 —?&95{- 0

k=1 : k=t

TWL&LNMGWM%M%MMwL%QmW

Otha,l-Of A.ag’lv:e&. Qy *

VueC"(A) Lus ub 4 qu. 1u("’ DL tay! ooy

w;¥h Qo Ay,- ‘ Qi eC"(&) awd et ?6 C“(A) }sssum?_ ﬁani

Viuﬂ,u—L SP‘M” S.Uh b\‘i ng ﬂaevz 1%12 M({?_gmotagmeoqé ODE

Lu 2 Lun a DN"}“I(.MQOY Sogp}zow GCV’(/O steda H’lﬂ-{; L%f’:g

§ %ivfm @%
VxeA: y )= ( G(x.{;)gtfc)éi
of jA
with  Vxdek: Gl P- Z B (t) Yula i xzd
l ) ) £¥ x£ 6

where B4 QHL&) L Balt) fhe uaique sefubion bf the "Suskm

WYY, ] (5)(B,(4), By ), . B ()= (o,0,...,0.)
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?\Qv\aw‘ﬁ :

oﬂ T‘ne OYoo£ 2 jr)nu {me [ Iw.ml- Ou a\en(,v-n,Q@cA\ Quwgkous

and stf Q:e %wew Qa‘rer

@ A\n o.ﬂema'hye Orvoz is ‘La Sufx{ l‘uk ‘Un?. Soﬂu%om % e (R lo
][L\e Cquajnon Luﬁé? Oqu (nugﬂm {La{ 'I‘(AR_ SOLtJﬂOm Sa{'ls‘ng

’B!L Q{M‘ﬂl}_ﬂgﬂ_ﬂi i kmmu a$ “\Iaho.}wu a¥ pammd{n

Q) T‘ne Qumc‘ﬂon G(XA:) 5 Coﬂe& hae, Gnem 'aum}mm 1{ (ao}ures

lhe Bk L Hhe value of U Qorum D ndion 2 of 1 4o the

Soﬂ: {"IOM 13(, o.‘c X T\ne_ G’&QMS gl(j‘lﬂvx i WD'!: umqu{ g}u{' av

QQ ers&. \umauc. l‘Q we m{voiqoz %\Q O.SSQM%OVI %t&t

G()C,{;)» Qov X<'L T‘ms is <uoww as %9. Cm&gij mGSiumg{'ion

Jd,,oéc “‘Hna %,-Lluf_ \mme PG:) S(aoufc{. Sao!? qu\re aun ef] 0% ou

the P“"SL QOQM}R‘!NA \g‘%(x)".

%—" Opecial  case : Jnd - oddor lirear 0DE ou A=[c, 4l

Cowmsider Hie  9nd - order Qinear ODE g e Qorwz

u“&)fro..(x)u (x)+aob<m(\<) Voo, will 00,0, Y (oK)

W(r(uem ‘}wo Q(ma*ﬁl« iwé&mwo(ﬂw{'- SO.Qu'mes ‘bt ((3) eC'i(A)

sah Haat

( u”@c)lfou(m (mmm Q=0

a: () + 04 () %9_60 +0,00Y ?_Oa =Q
[+ 8 rorreSDomé-m 90~f‘LCMQQ\r foﬂul'wn l&p € CQ{A) {s qm&k g*(

TN £ U O O (1) 4
at * . wh *) wlh

with w() = u. () q%afc) Y, U;)u&u')




79

P{oo?

’Hag Cret‘.vn '?umho.n {s mv(’vx QM

bk =S 9,({)'\h(x)+89(é)uth> i xst

0 1 lg x<t

wt§\'\ B, Bgu:) Q\\ttm qu ,
Wiy, qu) (B (b), By W) - {o D&

/-—-'\ i 1& (Q "2\}1&)—] rB,({) 1 - ()-‘1 L)
m CRN0O Bl L1

o | 8. ’Qﬁ%&mm%%m T4l .

XTI SIIRIC) B N
i { Y® -ydiio]|-

u, (0) q‘.(a w! (Qua® [-u'()  u @& {L4
- ¢ ¢ (1 aJ'

= U{ ! “‘éq © | =
W) L V\\Gﬂ hhhhhh
o B0 A'pw- wl
W) wib

and. Jr‘ne&c&ow Q {)o.v"lcwosw sofshovt (3-

AOE 3 4 gplwdb- ("L&(amawq(em?_hqﬂG)cUc=

T '(

X

B ludl y (o( B, bt =

-u(x)(
At

J¢

_u b X By ‘LH‘};»L(X)( Q(Jc)a CR

‘ JAC | wih) ;(.

| . NOk 'HA{ {’L\m Qawek Q.Mui -0 Can ﬁt r;plo;uc!- wk% ahd

CovlSSmu(Z .. T\MM qu_ (—00 C) qu‘mﬁ) alyes o Cow{‘rfowﬁow

Bk e fe mond. o e bowogeusons sobibon.



80

EXAMPLES

Q) S ﬂve ‘Hne. \Vu \mﬁue, WoﬁﬁEm

- u”(o ‘L{‘(KMQ[K)“ C%xmk

uUﬂ vioAu‘CO) 3

OQ.U“'\OVI

Deivte VueC‘LG?D LudA h 1Y, aud vele %Lq

LQ‘Q:{_ (Q‘QX)U i(e@x%{ Q@K Qﬁ. Qx Q‘@eﬁx‘_}

(02944 V)e® o (B-) ePx

B -“42_ c\aavac\e\m!ua 9091MAOVVHO.Q P(&)“‘ (Q; DQ‘ (nos) O &Ougﬁﬂ

oo =1, Bodore nllQ)= e plouh

de&‘ Uh(uc) ex/\%q;tx)zxe )

T‘n& Cofresaam&wm wmwﬁ[&(a“ S

wlb= | Yl Jc) M‘&)l = % (k) MG&) lglUc ug (b =
’(9 M (i) o

= p¥% Cxe“)’ (E’)‘){ (xe")* e¥ (e +xgx) eX xe

ouaé. o, bo.ri’l ';‘U-Qodr SoQuijh is:

= e2X g xe¥* o< - o ¥

CHOEELAS (*ferys® gt 4y (x)j fw W

Jo wH) F) wih

tmi*n g(kh (2£19) et H Qa%ws R\e;t

NS T T S T

o 6,9'{: o Q?.‘t

e Mot L xe¥ g Gead=

b 0




81

N A Ik Ly | Bt +9% X

i}

L.% | 'LL lO z )

e [ e e (X pox) -
; ’ \ g J

= =% () +xFe ¥ (2x/e+2) =

= xPe¥ (- (et $Bx4Y ) = ()xPe (~9x-24 %kt

= ({2 x¥eX (x+D) .

avd theelore  Je aeneval soluhon is

0
wld = A eX+ 0 we* + () x%eX (xt2)

ﬁ’o O.PQQM {L\z lthOﬂ COVlO(. HOV\, we Vlolt ‘j’[/la{:

(o) = C\QOH\Q 0e° +(t/9,>oi e®(049) = B,

Qvu&

\g(x) = Y () Ma Cxe") 4 (l/q)Tx‘i-e" (mi)l

_ Dt Ny (@4t weX) 4 (1fa) ] e cxmx‘o]’

= (N a0a)eX + VoxeX 4 (t/q‘){ (e¥)(x349x®) + ¥ (x249x) ]

= () ¥+ DaxceX £ Ufg) 1 X (3495 $362 + 1) |

= (Al Xy Aoxe® + W) X (x4 5x% 4+ Ux)

= (A0 ¥4 Noxe X+ (1) X e (x%4 S t 4D

»»»»»» = (N N2 eX 4 AaxeX + (1a) xeX Cx b)) GarD) -%7

- fg‘(o) = (N30 e® £ Ag-0-0° 4 (I2)-0¢° (041 (04D =

= /}\1‘\'&‘1_

. OMA. %m-eﬂore,

S “(0\ 1&0 /zsn g‘ ﬁl “r) S ax:\én é:-:')g g(:’ go
Ly Y lo) =y, LAy = Un lu,,JfﬁLh:u. ‘U\q_:,gwgo,

0 d
thes «36(): P JrCu \L)xe. 4 (1fg) xdeX (x49) .




82

£) Solre Yoo ODE . Volue erowm |

x’ﬁu“‘(\cﬂxi ) — ‘im (x)H.q Q=40 , Yrellite)

» SeLA" ovl

Degme \U\(\C) vZ2u M ) + X% ) - ixu (<2 +2\& (). T(neh gvce

[4}
Lxb - xq’ (&) +0x9~(x$)“ 9y (XW + 9«29 =

< 3 BR-00-) x4 2 £ x2 3[40t 2~ fyt +9xd =

‘JL(% OR-9) +8(8-0 94 +2 | x&

‘qu cS/\a‘r.gAer‘){’tc I)oﬁkmom(aﬁ {5 Q!V‘Qv\ Qt&

P@)= Q-0 - q)irﬂff% () - %{vz gpe. zﬁra) AL ﬂa’i@f‘i

= Q%302 190402 -0-9b4a =

=021 (-241)0%2 4 (9-1-DR*9

= b%-94%-big §2(4-9) - (4-9) = (821)(6-9)

= (B-0%t) (-2

aud. {au—) SMQR-Q Rrops Ql-“{- qu &.AE?

Theus Hoe aemm@ selibion Is:
0
'U\(X) ﬁlx "1’3@)4 + {\3 ki ‘ip(x)

Dedine 1,00 = 7 Ay = x/\uzm o Yxe (L)

The pe\r"‘lwﬁqr SoQAJ'tOV! 15 Q.fvw\ gt&

w o= (e iddt Vxe[im
o)

with  Gled =) 91@»)><"+81[‘c)>< +Ba)x® ¥ xt

© i x<t

w«}h 8(9 B (E_LLEzQ ”’\Q Soﬂuhm o?~

_mmﬂ%u%%z,l(&&), Balt), by Lé)) (0,00,




83

gnd Jrﬁnercgom

y (s S"‘" 60,09 - Y [B.04) 4B, [0 x 4 B3(0 2T Albdt

{

§
x! g * 8. Mdt y x g " B0k ¢ x"—ng;M@) It

1 { {

Sivxce.

Tyl ooyt | T2 & ]

Q —~
Wiy gepl=| o0 win yp -]t L ot
WO 5 ) 1> o 2

ik Qo Yows  That

et 4 pllsd] (ol

24 gt Bab =10

9% o 9 Il B i

We o??fﬂé Cramer's Vuﬂz:

R L T Sl A Ut bt 4%-at?

it}

Do |-t 4 oat (=4t g

9t-* o 2| 9473 0 %
W' o -t |
bt ek = |t 42| - (- (t)(ef )
jod? 0 2 95 9
L A S o

QlQA-

ro

1

o t |
D=lo {4 2
L { o

Ty T TP
| { a4

-
H
[

yo




“‘.4 0 {"Ll

Dez |-4+°% o 9of | = -

] (e - 429 -

TSR

i

. :"(9\{'\) :-?,

and

YL oo

Dy=|-t* ( o

Y
Y

B PR LRl 1

194°% 0 ¢

oud, Rmegﬁre-.

p)= D0l _ t?

Db -t

B«LG-:)M: D _ -% o
bty Lt-t

By Do) . g4-!

—

D) bt

3

T\ne. Dark (u,gar Soﬂu’&‘l own

{5

u b= x (4% Jndt 4 (Y" -t Ddt el | g(é)&:
of } B

6

i

9

1

S (pimdh - x (*tlmad ¢ xE (X?(Q)&.
) 2 ) 5 )

b

bx




85

H ?c&ws h/mi Jdne %evzem,Q Safu{w'aw 15 anen Q;S

e [Aa o4 m%x" ' {L%‘ “ Y%ﬁm °k

. b

Lo Noke el e wlega con ok fon sanbis olbar fon

i ﬂn'\,s miQ!L Y'cm.QJc n_Q Com‘\‘;\h& S"\(Qé G,QM_W}WAQQQWJQM'L

QQ X) ,'\Y\,/,fthe.wvnohz,,o? Jﬂne ‘im\fq\raQs {Malc, (ol Ge

QQ)SOVQQOL QBQ\“{\@,/A&L\ vf;()emeon,, il; 15 comewmjt

| i\ﬂil&!& Caml?“wvxh %Mh

o e iegls b fegin ol e ookion o Be




EXERUSES

| @ Derive \t\ne evierad soﬁusio‘n Qov {he %E&w‘m%
3 _im\now\o%ameous amqw ii%ﬂi\n{‘hg E‘iuo}io»s
- a) “Cxwtéqus'tm(w) with oo fw)

B) whe + '(x)lr\étx):&im(ax) } wile ae (o =)

O y't0-Syboty® = et on xelodw
d) x‘ixg‘(ﬂ*ix ‘(x)ﬂ‘a(x):—du\x on Ye(l te)
o) i) fxg‘(x)zﬂe“ on we(f o)

) ‘ém (x)-—\g‘b()zxﬂf%x v xe (4,tw)

9 xgﬁ“‘(@ntgxﬁg”(x):& on ¥l im)

@ Soﬁm the Q\vﬁﬁcwiu% ivu‘tx‘aQ Vaﬂw; pro@&m:

3 Xi%,” *‘i\c\g +‘).ta = f(ﬁ)
Lé(&):%o A 13{ (0:%:

;@ Solve e %QMUQQ u\ampec& osci Wakor Pro@&m, whidh
i A&Lm& oy J({»JL Qo@owiug ihikai value Pyn@bm
% Y00 H%{a' GO +utyld= Y60
ﬂats):%o Mé(o):%t o
wii\n Lme[o&m)? lém\él@\?L, Di)%iwauiﬂn 2 Ai?ﬁal’m‘: @jey:
Cmeﬂ.‘v €<‘Lw (umladawpe& OscsWa{-or)
Core 20 &=19u (Crihmﬁ% Aampei oscillator)
Cose D B%%w (oVer&cmyeoL DSC;QMW)



ODE 5: Series Solution of Linear Differential Equations

87



88

SERIES SoLUTON OF ODES

We @ez(w 273 l—ev{ewu'wz, Q;AIL v Sewme cajes, Qx}o«ehu.}”
resulls o Calwlus T needed for son:uoé linear ODEs

wa Cov:vwbeu£ Sevley  Methods

V The Gavnma, ¥uﬂ&iow

m(’ NQOQQ, Qro\/h n Coﬁmﬂm 9‘ thjmve laoles ’H«Q A&{}t‘uilziou
02 ‘“n& Qad‘vriaﬁ. aud. Ha& doulle ‘?ﬁd‘ﬂﬁ&zﬁ:

> Fadorad - ol =1 "

Ve NE: nl = EEL(:{.Q;._...M

b Doulle Fodbwial : | 01 =1 and A1=4
Vue* (%)“ = (9) = 4" nl
le=|

Vm'sm“'- (QueD!! = %T (%) = 136 e (Gunt)
le=1

-ﬂ"e G’QW\W‘& ‘S}UM(){:OV\ r(‘A) 381421(0/@(?{5 'H"-'L Lﬂ}oriaﬁ
V OMA {3 o\cgimao& , %vs{' on (,0,.{-09) ouml_ “HAQM dn a miabr
QQ\-‘ ay Qo/@ou)g

: De’%t (()’Q\MM& ‘Quw&isw on C{)Lﬁﬁi)

Yeo
Vnelodo): T =S 11 e ¥ dx

ot




89

ﬂ\eﬂ( we show Hhal-:

Frop -

o) Y e(o doo): TThe [ () i'm[echmﬁ Couveryes
B T =1

O Yne(®e)iT ht)=nl (W

Tt immaJEQ‘Jxé 20@0&»5 Hof

Ynel¥ - Th) = h-0!

| auf N D o conbinwous varialble aund I () hoo @em
dehed  on e (oto) So, () Bewemﬁms e fodorial

v a COM"';V\\JOLA5 SQ{. e A Views Use JrL\e, eﬂuahow

rLV'X = r(\nﬂ)/(hﬂ) J{o n Qx}emi ‘Hne CLLPI'W‘):I‘OV\ o¥ ‘h«?_
Gmmw'& ?uwchow iqr he%mlivg n A AQ(,”OM)S{

Ve ((,0): T =< T ()

"
Yue(4,-0: Ty= The) _ Tlurg)
v nn+)
Ve (3,-9): T = Tt  _ Te?)
() k) ()

; Omgv Svo own . TL\& %Ev&faﬂ Aeglm‘)c{ow og 3«1& Gamma

; ¥um’t~1w\ 'Qor V\ecbalr?vt mm@ws s~



90

PE%_: (Gamma. gundiom ,er me%o,Jctvg mumﬁmr))

| VKQN* NMae (o, et s T (W= f(mw) } I (i)
- }‘Lﬂ“{ m-a) W) (nkk-0
i Q=0

@ pro# og propost‘Lfom

T‘m, V?Oog ‘V‘&[\AN‘: ‘h/\e 'Qeﬂ,awiu% ‘QQMMQ_,

Lemma: [V&E&i Qim/t x&e X =0
- X« feo

 Proof
let aclfl Q)e_ cz‘wem. e c&t‘S{‘iMéhﬁL\ Q)e{wew the Qoﬂowiwa Cases .

ane, { : FW &6(*00(0) , Wwe ‘no.ve_
( L x% =0 A Qtw, e <0 ) =2 Q{m x8e X =0
X<t X+ oo X o

(ase L+ For o=0, we L«m
QiM XO‘Q“K T QIM XD e ¥ < p:lm Q‘x = 0
- Xateo Kt Ktoo

Care 2t For 06(0,40), we dedine wi=podhell| a—kzol.
e evaluate the limit @é o{lfﬂ%iu De L’Gssﬁu ndl Limes:

Jim x@ e ¥ i X% e ol laem x0T

X foo Xt eK X{ , ex

) . 0- e} -
= Q(,&.*’ﬁ“! (,0:—\1) l“m X d l’)e X =
Yatoo

gacwsai @wé Ae?iwi\:iam 01Qn, &—(m-l‘) <0, K



91

! For Hne cOv\vevcbemca {)veeﬁ e Ule g/lt’_’ Paﬂ,owiuz {g{neorems
o \Qrowz C&ngus I'-
) Com()aﬁnv? Lest
Yyes e Osgmé%ﬁdg:g? S Quqéx Comveryes .
() OX  converses S
K %
93 RQ{ZJO LQSJE ;
VX&% : (gtx) Z0 A%M?’O)g% (S «BMAX (gu\/@g{s = gf(x)o\}( couvw%eﬂ
E(M Q(.%) =0 S S
| Xaad %b()
; T‘V\C’_ ?10095 ore ay Poﬂows‘-
fod o ()5 Leb ne (ot fe gived.

Ue &O(i]ﬁ \ ;
+ - . _ 0 3y
| rcm;gwxv‘*eng x“‘e*mj e
0”" 0{"

R’ﬂf hﬁe C{(\Lm) {w}foovoﬁ/ Wwe &ugt‘wa
QVXGC&}@: g(x): v le® >0
WyeU o aba= 4/x270

‘ omd. \L\Mzre/?ﬂmr

Ve (4 o0 - g(x) _ X o~ % N B W Y
3 2(\(\) &-/Xﬂ
= Jiw _2_.952___ _ Qwy (M) 26 (1)
X foo %(K) X oo :

: FVWV\ E%Cﬂ Qud. HI\Q V\O\Ho Les([, (!: &Qﬁoug QAJ; |



92

to |

4+
cl\[ 2] = XOQ onVerae (‘Z)
Sﬂ o vaev%es >5 X R7ox ¢ 635
For jr\ne, CO(Q W\&quni Qa%: ‘3(6(01\) QQ %\VQ\/\ Tl/UUa

xelo,) = 0Kyx<l = -{<-x<0 = 0<e*<Ke® =

— 0<e¥ <k = O x" ettt (rine X“>0).

Tt $ollow; fhof

Uxelon): 0<xte™ Ky (3)

From Eq. (3) aud vix P cown()av;sow x[csf e M%)UQ Hoak

nvo = n-1vr-1 = Si K1 Ay comuevaes >g Xl dy C°‘*Vf"8€> “
ot ot

From Eq~(@) awvd Eq (4). T= g%o Wle ™ dx Covxvesf6€) 0

ot

?roog 02' (@) . CQmm T(l):\

'S‘CD _ ‘oo +00 ~‘-Q§
T = S ai b e Xy - g x®e X dx = j e ¥y = l~ e”‘} =
¥ +

o o ot ot
= Qim (v(;“) ~fim (¥) = (~O)v(— e®) =
X=+{o0 Kot

Pmﬁ of © : Claim Ynelo Foo) - U (s =l (w)

Lel: we (o te) de %‘VU’!- T\'IQM‘-.‘_(D teo
(s = S”“’ Ko X dy < j X" e dy = J x (-9 dx
..j-

0 ot

{X e,ylo_‘_ - g"'“ CX‘")I (s-e_ax)a\)( =

=l (x )- ) S (- &) dy -

X oo o



93

4o
Z0-0 Mg S e = Tl
D{'

owtd. Jr\oevego"e VV\ € (0, 4w) T(_MH} =nl (‘*\) )

® Volue og r(L/@ : Hi/‘?.)'ﬁ T

CTo show el TUD =T we we the chowiwé result
Yeom  Calohss 3

(m too teo N1
) 8x j J.é 2@%}: g rde 5 ih; Q(YCOS%,VS‘W@)
[v] o o
Prosd
Ve doline welX =du=_ & 5 T 94u
9{x |
e hel{, -Hna.{'. X=0%& WL=0 QucL Xatoo &= to.
Tt Sofltows Yt too
Tl - jm ML % 4y S*O MoK iﬁ e"ﬂ%\u
ot Q'} +
=9 j+m€XF (.u"-)&w =

- [Fa]* - K‘i rwexp Cud) du ] { 9 Yg&y (v 4»} =

6

=4 j ol Ymé.\r exp (-ut—v®

i

y Sm v&jn/aciﬁ' extp (=r%eestd -y 25intd)

V) N



94

)

=4 ych 8 nlic!ﬁ Qx? (-— Y‘i(}iv\i&% Q0519)>

= Y4 f}rw qu a ex?(;v’i) =4 S+°; e (—V“)& g[f&] dr

¢] o )
=4 rm ¥ exp (-v9 (nij2) dr = g wir exp (42) d =

O

=1 +°° xf ] dr - TY{ exp(uri)ym =

Q

o ©

ngj@ (~ez<(7(- V"‘ﬂ~<-€xp (—D)H =1 [.O~ (- 0] = 1]

= Tl =17 T4/ =-In. (1
Ciner (Vue C‘)d’w)} QK?(-M‘L) ?O} =
= Ty = 9 g Ceapluduyo @)

o]

From Eq.(l) o, E&\.(‘L) i ‘?DQQOU)? J{La,t T (ya) = r



95

EXANPLE

Uﬁe, ?roog @\é tulu&lévy %o S‘now oi 3lv2n Qu aet?r (~t)N
'(L)l‘h’) C‘ON 5( X X@.Nz %. ' -2, '% 'g , we (nqx,e,

%]
VFnelN€: TT (ki) = [ lwtira)
Ket | r(alrl)

L" _ﬂdl) V'(:S\;,QL (s VEV\Y use,gua Qw h‘:wnbgwa Vroiuc, W
(’YWIS og GO.MMQ. QLMCLOV)S
gOQ}ALOh

FOY V\'-'-&, we {/mve,:

| TF(KM = ((+a) = (0T (at) _ Tt _ T(Athta) _
= ot Tlon) [ (at0)

_ Thattta)
[ (o)
w
For n=wm e aysume Hoat W—[M&): (TR
o=t Tlotl)
Mt
Fov w=wmil, we will shoyy that 'ﬂ” (ko) = T((me0) 411a)
o go%owsz - et
Mt |
T (kto) = (MH«QTT (kea) = (mttda) Tlmtlsa) _
=1 =1
Tlat)

- (mt 1+ T (ndia) _ Tlmtl4at D _ T (Gt ) $140)
[ lat) Tatd) [t




96

EXERQISES

@ Leavn dhe gvoo& o e ‘Q&"""‘a slalew cufs :
e The l\n{eéfn& [(w) = 5 X" le T  dx Converges for wyo.

(&)

D T(H=1
A Ynelr: Tt =nTw
& Thle)= Vo

@ S‘ﬂbtu ‘an{: VV\E.{Nk (ﬁuu)“ = hH iu%% >

@ g\e(oﬂ Qfolm CO\Q(\AQL(} Q\ ‘“nq{ "‘L\Q. @w)au\iqz seyies Iy

tvew ﬁ"é
to ¥
¥xeG D : ()%= (‘l)x
h=o \ 4
b (2)=1 ad (2)=T ae yoae
0 h W= '3
Show dhal -

a) Ynel¥: (, l/q) _ (gl g‘(imt )
v (4l Vo T (us)

) Yoe(l4e) :Yuel*: ({[Q,> - 0T (vx—‘/eQ
12 T(Vl) f(— &/ a)

"



97

@ S‘now ‘Hnalt, :

&) &*“’ x(2x+2)L e X dx = 57
0) S*‘b (40x-0&F Yy = -0
o Vx o A
9 \*‘” (% +2)Fe ™ dx = 407 +5

o]

d) S*“’ [ ([x-1) e %dy= 5 i

Yy
o

@ USE &‘LQ Vh?“\o& og SuQ;sHMio-« o.ka ;”r\e G&MM@." a.lmu?icm
in&(’obyak l‘o show ‘“/mk "

o) SJ@ I exy(-,&)c&x = Lg:__ ) j (me)a\:b( - -6
o +

0) rm ¢ dyx - AN

| S .

O

2) S L»/ (L/x) dx= | T(__)

{
3

9 In,

—
—

T & N So{ (xPnd)? dx =

9
ER
. o 8
ot Vu x| ot 9.t




98

¥ Review o£ fowsey Servts

w& review @asfg Vﬂuﬂ; %’owx CQQUAQUO :B: CO\A(Q\MiV!% ?ower

Series €Kpawnion o¥ *?umc,"tows.

@ QeQiniLiows

* A ;POWCV Sevies s A Sewnes OQ Hﬂa ‘gwm
4o
VX‘EA" g(?()ﬁ 1 a, (K'Xoy
=0

il aegeqﬂﬂ\ aud  Yoelk.

o The Aoma(m /{ iy C\/)osem fo Oe %\a MQAGS% Po;si%z su@wé

of @ -gor w\/\.'c(n ‘(lnz ey Colvevges. (2 A’ (Xo'}l,‘;(oftds %L:ev:
we say _h/lo.{ v»o is Hhe v’a3

(us OQ Convevycuce.
o

__Qg_%= L(»:{ Q!A«@\ @e agum}iow wt'h/z XoEA, We saé -&anf
-Q oava %ic, a{ X=¥o &

too
& EI O—GSQ“(B&: ’3‘1660,%0) : VXE()(ovr’(XHt‘)’- ’?@Q’-‘ 1 an[)(v)(o)h
nwoo

‘eﬁwaﬁ%\"{c on SQA(:—:D Vx°e§: -?@M%Lic o1 X=Xo

e T\nﬁ S?a.ce og QQQ_ Qumh‘om avedutic  on $ (5 Atimfnl,

a5 G¥ (S) Nole {hab ¥ ?) - (100(5) {,J‘ntdn Meous




99

‘ '“'\Q{ W %QVZQVQQ
e oty o 8 ecm(e).
uou}ever p 'l’\nQ ouvene S\‘G]L-Q\MEMJC ¥ MoJE Qﬂwaj) Jcrue.

® GemeMQ pvopen\;es o£ power stries

; LQ{Z 2(2 Q:e ’\"UO ?uwtlnbv» H‘/}\;ﬁ ake QV!OQAA fC OJ, X =X o sudy {'La{
VKG (Xo"y ! \Ca*\‘) 7( 2(.1(1 = 1 Qu CX“‘/(O)M A%LK) 1 @M[X X )M>
W =0

T\nem, We éaw jhom {’\4&(‘,
&) (Y xe (xo- Y,xo’c\@ d ) _aa(x))e) (YuelN : aw= 0
0) Yxe (xo- y,xoifv) g(x\{%(\c) = i (au4bu) (x-xo)"

C.) VXE (Xo-" ‘ko‘*v>" ?(X)g()()' Am X-Z QK%V\-K] (X-K0>M

K=0

&) Ve lxamporatp): 1= 7; New (x-%o)
n=

o) i el e lomp on) 360 f h (a-t ]on,, ety ™

= X Qun (.X*Ko)
, h=K (Vx k}l
) Yy, g elort o) &"Wme& .Y [av, ("t Quc}
n=0
Xy

: - X
. VM (e s o)™ ] ] |

hre n+i



100

® Some in{)oanw‘L power Seviey

to
VXG (~l,i)i L = Z Xk = &{K.(,)(?‘{....
' L-x ko -
teo
Ve L0« (Le)P = T mxm Lepxs Pff XE1..
n=o n .
too
Vxel: ef= 7 o e X i x? fe-.
. h=o Wl 9. 31
{.
;Vxeﬂz\: s‘svzx:f % X%H = X-— x? It Kg .
| :':0 (gt e 5!
YieR:  cosx= ) (—Q“Xi” _ 4o X + Xt
| wo o (q,)! 2! q!
o |
VxeC1,4]: fn (L) = f Con X «_ X* 1 x?
h=o Nl % 2
te n
VXE{'([G‘- )&YCINVIK: 7: G[\"‘ X ! = X ~ X} 4 Xg -
n=o Gt % 9

—ﬂm, (LQLO\(QQ& %L\eorg on jf\'le aQSDVe Senes v %QVU/I w \Mg
Calandss o voles.

@ C'Ow/'e«g\emcé l—ﬁsLs

The proots of the relevad Hieorems Yor seies solubiow
02 ,Q;wetv ONEs cie{)eml out %\2 Comporison le)!L aud e
absolule oo lest. AW)Q.M(L ©u powev  series ‘bqg)e, 1@{; redue
]co SfL,a QoUpwhle GL'L}Femem&w



%Comgaviwn led

101

Fiven O,@éseﬂ(\?\) aud %o €l , fhen

| Vet ( SZ

VMEN’- \Qu\ggw

400 =
L QM(X«Xo)M Convexa& hee
hW=0

Yoo "
= L. Qulx-%)" conver

7)

S‘D—“" Asolule Rakio fest

(-iveur aéq(@ ovd Xo€l | theu:

( fo .,
fime | Quaei (x-x0) <t = T oulc-xo)  Gouvevaes
MEN A h=o
to
IQ;W) am—t (.X-\(o) >{_ =-.) Z 0w ()(.-\Co)v' A€V0v%e§

(

neld

An n=0

) xek

), YxeR

Im Pvacw\ica we 3{{: convgrgence -?of Qrea via JrL)Q (reﬁewxw{

‘“neore\ms Qay e soire Hw. Riweay ODE . j(«eb-egwe J((ae aﬂaove

CoV\V@Vooemca leﬂs oye om% ‘«equ‘:kei (v JAAQ ]?rwf} o‘? {4\@

WeCev)ané }dneortms_




102

| @ Herlerd theovem

| {f [aul covwi%cs

| T[nvq - Let (am) ond (b be lwo gec(ueu-us (,,;Q,. e

%am e \/xave

" oo
7] “57{»2

e

I\ @V, Conv (’.{%@5

i,.HQV EWS (’\neOYCW\ (own Ze_ u)a& Sa C% Lo muﬂiirﬂg

,;Apower seyies Qccqu)e Lv{ne\« —(‘L»e C«Wx\/étfb@ ‘“ﬂig Couveree.
ab

| Vxek: Q@q%(x) K}: oy QW_KS (w—yo)”

;:G«QMQ\AX*:Q? J& uerwQ SR/\ Acu 5 <lo hol't’,

]dec (guc)a;io oun (x-xo)" /\%(x): aam(x,m*‘} )

| Hnevx i Caflowe M}: E

N

k=0

’,kFﬁw Mot &Q.‘L"\lﬂ‘ (e wxé Cmﬁcuﬁ.u) fL ﬂ@c -

, hﬂ£€§.



103

EXAMPLES

: U:) {L}i’i}ﬁ J(‘/)Q Sevicy pramisv\ DJfoou. %o =0 O? H/IQ 9‘1‘44(014

feo- e
It
aud Pud e vodiwg e? convergence,
 Solubion
LJQ_ 1/\QV@‘- o
R TP S SR :{% X" HI C“wj
%frii +’Lm(v‘i%<7 n=o ! n=o0
) P: X" Hf (vn"‘?ﬁx“} =
hW=o wn! Vizo

¥ R): Cokak 1%”
h=o| k=0 (p-l)!
The Sertes  @xpawyion 02 e®  Covwer es ou IR The Seytes
expans on od 1/ (20) requiyes l-0x] <} Sinces
-9l < A o 1o <4 © gl <l & [xl< Ve
& -VYa<x<ifa & xe(Yg Vo).

: @) wY%L %1& Seyle) ex@qwmom OQ M puhu ion ‘?(K) :QX €25} 4
OMA\ ino\ {"ne Y‘c\clc'u‘, Of (ovxvgvam&
 Soflution

Siv\ce:

00 +oo "
iiﬁ):excmx:{ i LHI (»OM_}EE___I -

w=o p! =0 (Q.my,



104

P’f’ ; T “ ib iy X }
hoo () ho (3,4)! =0 (au)!
‘1'4

) 1"
—

s

)¢ 8 \\
[¢]
o~

P>

:5/

]{\ .}io‘ GL)“ Qn } [% XQV\H :H\I( >\q 9~ }

Ll (g =0 (9,0} o ()
QK (_Dwam X‘ln«lk N

(2! (iw,i@f ]

h —
{chr( (e yn-iw K _

-+
g

I

7 M
Ms

T—-—’—‘"—‘N

-+
g =

s
W
o

H
£ M

(4 ) (9n- 4!
(- y

k=0 (9! (Qn-2.)!

P'i NN ] (ot
k=o (‘iuﬂ\ (Qn Zlc)t

+

t
A
.-'~ —t
)\—{5

8

SH‘

o]

A Wrile @ sertey Rxpansion o¥ or=sim(@0  around  x=0/%
awA !iw\ ‘“ag \rae\ius 02 cov\vey%em,e,
Soluhion

«I@m = sin(2) = sin (9% -y +0lt) = sin (9(c=n/8) +nl4)=
= gmcq_& n/Q)) cos([4) 4 cos C‘).()( -1/ %))9!‘4 (n/q) =
Ui/i)[ cos (2.(x-n/8)) + sin (‘l(x n/e))] |
I [ oy fatcasl™ | 3 (o fabeom]™™ }
L |n=o (2,)! n=o (autd)!
. % ()" 1 42" (x-a/e)*" + +Zm cor V295 (o arg) ™
" g wzo 4 (gnnl!

I\




105

oo e teo

ST oA ™ ) o 2T (cenle)™ !
h=e (an)! e (k)

T\'le CoV\VQV%(’ch 5@&' Qor O-Ql Sevee) Exf}tmu‘ovz; LLU'Q i) “{




106

EXERCISES

@ SL\O W {'lda.jc

a) VXG@\ . Sty =

(_O\qﬂ 22M“1 X‘Lm
{ : Ciu\‘.
0 Vxe(a): _x - Y (x )"‘

\ = ?\

" M8

[eRE——.

$_
Q) Yxef: sin’x = 3 f (B
4 n=(

| | | (2n40) !
d) VKQC{LQ: Qh (Ff)r *’f !
: {-x h=0 rin

too “
o) Wxe Lyt =L 7 sin (M)Xh
\(‘q"l‘['}& ‘1@ Ww=0 %

@ Derive, -u/\g sevies expamious g'ur J<L& goﬂﬂw;ug Quwcjn‘ow) :
arouud fhe ivxiicafei Poim&s., aud Qu«sL H/\z comveuaema s,
m) 3 (x) = &% Sk (Q\muvlék Xo=o)
O Y00= 5m(2)  Carowd xoc 0/6)
) ?m-. X Qm(lHO (avound ¥o=0)
4) ?-()Qz CoSX (OVouml Xofov
{ -x%
Comsider HI\Q. Q‘UWJ’;DV\ Q A&Qimi. Q\a‘ X{tmz ")ou)w Series
foo = 50 G _x* |
n=o 9}“ (h‘.ﬁ

&) S\,‘ow Huxjt 'H/Q Pow?]—ﬁtﬁfﬁ (;o;,\\,epz)e) on ‘PL




107

D) Y%ow Wb Yxel: x£U60 1l - e

. Comsxé&r H&z guvsc}ttmn ? Aeg\meeL Q«é ‘“AQ_ POWQV sevie)

J= T (3
vz o ‘)JIL‘H (( '*0‘

%\ow {’Lm{ ‘Hae. seyies Couvpvges  Ou W\
) Sow Had Yxel: Xg‘gu(\cHXQ‘(K)f( RET%)




108

, ‘Sevi% SQQLAEM 69 1!44»- order in}ea\r QD ES

UQ cgw;;A—er * %e\vw&r incaf oriivmvg Ax&freml.ti ettuatiov;

'sg fhe gorm

\3” )+ YQQ%‘ ) ‘fﬂ((\c)g(x) =0
amd  we Seek Jfb,a ewamﬁ sa(M-iau\ &pyroxilmaxf& oy Q
power sevies arousd. the Voiu{ K=XKo,

Ve o\b’ﬁnzu‘\;\n Q??-Lw@,n BAQ, Eeﬂou}iwg % Cayes:

Q V=Ko [t a %4—:-:)51 FM am%‘n‘c mL X =Xo

!"e}u.gar ?o(m‘é | ﬂ(‘d Qlaaﬁé’:\‘c, «1£ X =Xeo

‘ﬂ Y=Xes ) @ X zXo 5 NOT a re wlar Pm‘m{
*t*?uﬂav sim%\,&ar & (K~Ko) ?(.K) on ‘ﬂl cﬁ X =Ko
‘Zoih% ()(«\(o)g'ﬁ(&) o %1'( o,e )(:)(o

2] X=X, is au
ineo\uﬁar Siwq\u()ar & ( CX—X0>?Q<) NOT QWD%HQ 0& xﬁxa)\/
U U ( b ‘
le\bimsc V CX~X05 q(x) NoT Gwa@éhc QE X:z(o>,

e The first too cayes can e solied ik c«nwéewk power
Sertey \m&‘Hf\O&S, The jdm‘\r& cese . cay be @u@é ?w/(is{v‘?jo.ki
wijd,. as%vn(;wn‘c Led/mialu@ oy Mag Q{, Cuyyeb»{i‘ heseahln.



109

%}—-’ Keowﬁmr Lineor-  ODEs

| Twa\ : Covisider am imil‘ioﬁ &I&Q,wl Fro@ﬂzwx 02 an govvw
' Sl %“(x),ty(x)é‘(x)u\(x) \A(\Q:O
: %()(o):&o A%l (Ko)"al ;
with Pq € C"’((Ko-\*;xo«‘ta)) (ie. & am&éhg at X =Xo)
; Sudn tho.{‘,’

Vxe (xo—y,xow): (F(x) ={)g: & (x-¥e)" Aﬂ(‘)’ f y (x‘xo\ﬂ

The Wrique solubion 4o {LS (mi’Lfa.Q value fonQQm is 3“@, @8
VKECX@‘F L\cow):' %m - f o, (x -xo)" .

with QGSe:‘(@ @ sequenu mo(zgfmz& re Curyl

¥
Yo el : Oy gg = — \ T {(KM Y P +0‘u%-m]
i) (neq) *=°

wi“r\ Qotq(eﬁ;\ 3%&/\ Via 1“40_ oﬂwye fullie& Cov\ttc‘iiavzs.

, ge\n&vb

D The umittué_ S equeu@ &@Q.MA @‘8 the a@omkemvsiem
combined  wilh inihiod valus @00 eR will Ge dended
gor owtnime gy - Qu < /Xm(ﬂo(‘lt‘ (CQ
?JTM Cowev%emc@ OQ the. “)ow@‘ Sevies gof xé(x\ s Frovfé—e& Eor
@3 h«e, Meorem ank has kae, same  radiu 02 cvaaf%emca

o {he gumoliov» V‘ﬁ u (s %Uepore Wt ;he.comr\g “0
establish  couves qence when SOQ\/iVl} PVOQQCMS.




110

,37 To giw&. H'IC cho Ql'meay% M&QP?.M&M& SO.ELL%MY %Ugi
e §on€, . Jg«g COhV@/Jﬁ‘OVI, %he_ Qvﬁﬂowzué 'M'L'oﬁ \/Qﬂ.u( ()yoﬁfg,mg;

SL%M:L — - L Gulexe)

g‘(%oﬁo 1o
51%%:\): O& . 5 xgl&vgacm(x-w
o

webh Vel : Si bo= AnCholpg)
Co= Aa (ol 1 pq)
To show Hhab lb\ ‘%9‘ art ivx&egc& inea“ﬁg fhtiQfewient We
\do‘&’. {‘\w‘k
oy =1 U, () =0
i\g" (xo) =0 A 1%20@7':'{
oud  Jherelore

W [(3‘ 1%9‘1 (X0> = %L(.Xa) 32‘0(0)
' (xo) %;ma

=) ,3" ‘,31 .Q.imem\aa imiq}w&gﬁ,

LQ .SM ?m&zua IL Is Cus{*’WtRYB %0 c&@v}ye_ %\e' ke(uﬂiom
‘g"O(Muﬂ»@_ Qo{ -“,q, Powevr ¥ on a  se @é coe ﬁa&t‘j.
However , 3‘wen foe ‘rf/«aerew, th i wek mewwqrg ;q prove

{ © = {.‘{,’O-O: &

0

—
-~

Co V\\/QVBEVICQ.



111

EXAMPLES

o) F\'\At {’L\e Ebev;cvagx Sc,Qujr(low ‘[’0 1LL~Q {—Avl\n% €que o)
kol value  problom
%“M—x (x) =0
Sl ‘6&0:&03)\ ’g‘(o) =a,
Soﬂux-iom

(O\asicl&r +g soﬁu{v’ov\ 02 {'\ne Qom,
(x) = Q Xh
lg ) 3}:0 v

; QVIA. \/\0‘-( 'Hn?:é ‘oo ‘o .

@ n-1 v
\é‘(sc):__é__‘): oL = I Nonmx = Z (ntaue X
dy h=o W=t h=o

QwoL to v ’
-1
\3“ [\O: .._é'____ I (W‘“)du“ X“ = i Vl(h'ﬂ) Qut! Xh =
dx =0 h=
¥ n
= it D oLngg X
‘ hzpo
T\neﬂ, we \na.ve‘- ‘oo Soo
”(x)-X3(X):O,<=-*) 7 (we1+) szxw-— % Z anx” =0
18 W=o =0
ta }o
W
& I (nh)(m‘l)&mg_ X" — Z, onX =0
oo . =0

& L it ang¥ - T a,_ X' =0
Vizo w=|



112

ﬁ 1.;(.:‘0 M
& (0400t Doy 47 Hw)(wnuwi—-&m]x 0 &

h=1

gy g &Q:O

elNF : (meD) (WD) Burg ~Qu-i 20

9 =0

f)
<

ne ) (e 9)

C‘-‘N*“: 0\\,‘_\;% = Ay~
0

(oN
o

N

‘3

| Vo
<
1V
)<
1y

|4
nelN-30,193: an=_%-3

n(n-0)

b Num we.  cav &evive, Al\ve(,\* N)uﬂs fcw ‘Hoe ceq‘uewce au.

S‘\uriiv\% g’YaW\ O, We t})e,jc 03 Oy ey B, ...
e ‘/\&Vﬁ‘

Yue N = oy, = o»oT( 1 co T 349
A (‘%ﬁ(zﬂ =1 2 (34-1) %4-2)
:MO\Q 1 17 (%1-9)
(%n)! ,’\ |
= Oup 1" 17 (Q\—-H%)
(3n)! 3 ll

< on 3 Y(h ?.IHD

BT (=203 40)

- Qo ;h {'(hﬂl%)

(2n) ! TC3)

yovul We \nol(’ “nqjc ﬂﬂis CIC{UO\{(OVI is also €qtisﬂ?ieci 40»« M=0.




113

S‘{ﬁ.vxl‘hb fVOM O ) e 3Q£ Q('t ‘Cl:h O\%&t)-'.,
. Ww ‘Hm.vﬁgove .

el aany = u\W { <

e (3’\&\(@%\ D
1 - o 381

A 30GM) A (39~D(%M (3240

-a, 1 TT (3A-0) = }ﬁ“ (-t
Byt A= C’M’r) A=t
P A (O (210 Y T (me2ls)

(A0t T4310) (3n4)) T(213)

¥
£f
P ==

: B m\i. We \AOLQ ‘IC‘/\mk “«IS quoliovx I aﬂw, 50&(59‘@0{ o

,‘.Vfor n-0O. ‘ . ‘
Siwce Qg:zo , { Q,@ow( Hna{ VVIeN? Ot =0
y IJt Q Mows 035 %e, %e\nmﬁ So,Qu.jrfovz ise

’7 40

N=p
) f Qe L2 uvm?) +5: oy '%V’r(mm) %H o
e Gmph o) ho  (mn4)iT(93)

‘; bhz (G 13‘()0 -"O.Hg@(x)
”“;;_\é(x 5 N nin) %vx,\g& z: I (wealz) P
| nzo (Bn)! T(U3) w=o (3, )\ C(efs)




114

:TLQJQ <QKieS me,Q CO\,\\/eme LLV\iQoVM.Qu\ own (R Q\Aol,

A.e_inze R‘Q 'R'u}n \M?QVQAA iV\&QOQ\AA\,Q—MJC !’\OWOQQM eows

' SO.QAA’ZOMS Hf\o& Spo&\ ~l’lAQ, huﬂ YDOLCQ OQ ﬁn ,,,,, }

)\i«q Qouqliom .

‘L—’) Ih '{’\r\e— aQyove, owo\mmem{'. we L\G\re_ u\e«i %G.

Q ﬂﬂoww»% l&eV\Hﬂ

Tr (kia) = TntarD)

k=1 [ (ot)

“0 QQ(vy\m,w ‘L‘/\.{ DV'OCLV‘ i in ‘h’)Q ‘?OVWNJ.OL QOY‘ —

U cmA ux(x) nmi echvxak. -&Lew VO\QtA-f{M Wl

Pom wvel? fo nel.




115

EYAR)LE

Solye lue inxear ODE - \A“(K\ + CQS(K)‘éCX) =0 |

D(i‘\f\ Q Seney aroumd. X=0,

SoQu’dOw,
hle COmStéw Qa GOQ,U-\W'OV! 09 {"4& Q‘DVWI

(6()@ = 1 Q\,,X

Qm& Mo\e, *haj& \
: %(xﬁv & f QnX z Z na, ¥ ‘—I (VLH\&M“)(M:)

n=-9

%(\()‘ A‘ Z (V\{”Q&n{—\\ﬁ. = I._' V\(_V\“-Ogsmu ‘:

v=|
Z () (1t D) @uay 9. ¢
n-=o0
Qud . ,
® i _—
(cOsQ%uc)r XZ X N\ QWKM} =
n=o (g, h}r;
foo 4n = Tntl
=x ol ][I Qg X j‘t q2m+lx+J:
+ h-o U\V‘)t 4 hW=o h=o v
o0 o 9 9w : n
| Y e L a, x'i"‘}r 52 LHI o x
v Inty
h=p (2&‘ n=o nzo (! n=o
to W - _ x W n-
A Pl meamljr*): ¥ [Xz Lol
h=o k= L‘}\m*i‘ﬂ)‘- 0 k= (?.m zk_)‘ et
oo Vi Qlﬂ » 9‘“‘”
= {Z QAgu lx } lf_ et X
h=ol w0 (g4 ) 2o | k=0 (9,34}



116

U Lollows ot
g“ (x) - COS(K)%(K) =0 &

Yoo too w
& 7 D ameg X - [Z Qoy ] W

Vizo - ) W=o | k=0 (%\-ﬂuf
- L EI Oigue( ] x5 e
, ‘oo i | k= (ﬁm-ib‘\)}
& Z X(‘lmh)(q\%i} QAgpyg — T Qgu X XQ” EX
e SR VPETAL
R o T T((Quﬂ\‘\'n(&mﬂ)’r 9.) q(‘imﬂ)\tg,-"' % Qe (
| w=ol ) k=0 (9y-%u)!
+q7 ’( L ,;‘ vi a Q_q
& L Dt %A‘fi,zqiui_i ~ z WK ji XN
hi:; ~ Lc::: (2‘/1_’ Q,l't.w
+ [ (Fut2) (9n42) Bgps — ) Pt xclb‘“ <0
h=o | k:a (Q\M’RK)!
CQ-!AH) (9*“*9)0“1;41;9‘ — 2 Qg =90
@ Ynel: <o (919!
(9+2) (%427 Qgats — ) Rgut e
k=0 (94, -Qu)!
0 pg = § Qg
)| Ynel: 3 Bt ) uwt) ko (9n-)! W
O“lw{%’* ' PN Aguer \
(919 (9w3) =0 (9u-94)!

lnzhaQi‘Hwé Hr& Vow{v 5V Vequm) Qo ouo( Ay .

2t
X -



117

1—’ No\-e jf‘fvoéi ix: i* \ﬂw£ ?o)s(ﬁﬁz %‘o Q)nyes) JCL& sextes  \u
cﬂoscoL ?‘own‘ We con ouﬂa Uye Eél-(l) s cbgv;e_rafg ou
mau Seviey LQY\MS Q) v\?xie&. To o@[mv\ lwo Q;V\Q&V
"im&()qw&cvt{ Son‘rioms \2((!) aua, Léq_(xc) We iwis'hﬂf%t E‘{-(O
u;(vlcé (eo @)= (1,0) aud (&9(0‘\): Co 0 kc)pet&ive@a, fo
Ths will \éieﬁ& He power  Sevwes Qor 'al(\&) aud %g(x)

1_* ln ovder Yo muﬁip power senes  Rypansious jro
Caa(uQaSrt COS()O}}(X) Wt b&e& HEY{‘GW‘) J({aeotfm -Qvow-
W\é CaQwQ») 9, Qe&ub-e; nofey :

100

ko Q 1 h=0 k=0
Z n Cconvey %@)
h=0

T‘ne \'e%uiyeé- msuw‘;{w‘ow; are Q,Qwaé) >uLi)£|‘QcL Qé ?oww

SQriesy wihnim Jr‘new Cov\v'avaemta {v;\vv\mﬂ.



118

EYRRQSES

@ SLow %\a{ Hevmih‘s ¢gquation ,%‘(CK)“QKS,(K)fQQ x)=O
wi}'\n\_\ae(ol*@ hex ,gt\/\e_. Qo@owiu% ‘vaﬂé {reefeu M{
soflutious - |
y 0= T(Lta/9) ¥ (g
e (9w)! T (o/e.-ne0)
)y 0= F(fatol) T 0" (20!
Wzo (940 T (0fg-n +1/2)

@ Show thal  Chelbudrevs eqUaL‘am

(i~><7')tg‘ <) vx%' X) +u9'«3(x) = 6
wi‘r\/. ae COL'Qm) L\Qs ‘HAQ ‘?o%wikg in ?a\f% i‘nAEF?\mL%{
soflious to n-| ~
3‘00: ey ___L__[W (k- a‘)} N

viz| (ﬁm)‘ TED)
Yg0)= X %"1 R S ﬁrl (4alyis + —ui)] v
W= | Cﬁmﬂy. k=0

@ Swow Hhat the eCtUQhOV) 5“ (XH-X‘A((K) {%(K):O Las
the Qoanu)'M% @Qimﬁavd»a ]MAQ(}Q«A@& soluctions
8,60 = GOy |
nzo ghg !t |
by 6= f (0" g0m gl
h=o (?.VH’O(-




119

() Swow Tkt e cquaion 3“ )+ Py (D 4y ()= 0
hes  he &Mmzuz :himqav% im;epm&m{ so fuious -

o= e T B0 [ gt

n=t (B,)0 LK |
Biix) =X+ Jf a" [ﬁ“ (3-1)* X%H
= (%m){ k=l

gLD Show, "‘v\q{ “mz, ec‘ua{‘iow lau(xﬂ’ X?‘B(@:O lhas dhe
Og_ﬂohﬂm% Qi!azavgxa (V\‘LQ‘?QMCLQM{: SDQL’HOMX

‘Am-.&ff G [Fr L ]x‘“"

gt L

o4 v |

pbas 6 L B0 T L
wet YL LleEo Y

@ Comsidgr Hee equa w4 K+ ey () =0 wi)h aclf.
USe, JrLe YQ&.Q’r~SQh€S ’MQ;&,\UCL Jro ediscoyer ‘[L_Q, ;
EA?,Q,Q~‘£M0{;IM %QWQKLQ %Qu.l‘\‘om Lél 9 :gg COS(&\C)‘}'(I\a.Q;h (0X>.



120

““”' Rﬁ%ugav Siwau;@zv Qimzar ONEs (Fv::gemiw ‘mm{(/-oco

Dc Comsidar a inear O0E og) -H,,e_ ?orw

L

1é”0<){- Pl \é‘(xw qx) éM:O (V)
X - Xo (x- xo)?

,/ ofr ¢ Qu: m(lechf%

(x - xo)2 13“ () + (x-xo) V(x)tz('(x) % O((X) %(x) =0

,wi‘d« (73\ umqﬁta’n’c_ QL X=Xo wi&\ ()ow@f—&e\ri(’} th)uw>ioms

: foo }o0
‘ ~ o- Ko . (;(): -Xo “ &) = ( - ah
Vxe (x 1Koty (Y EOYM(KXS Ac\ :::jhxm )

Sih(Q X=Xo I Wo& Qe uﬁQY Voi\n{:‘ H«Q QOE c&oe} !/mT(. Qc{.m{
,Qimeavg‘é im&q()ew&ea{ Solukiouns élﬁ\c]‘ﬂiu) ot can B

}

webnod Qor ch.u), where X=Xo is & ?Efbu ar  Saudar
poinb , has  Gegu ocherVe& Qé Frobouius  as Qo%ohﬁ.

QK{)R)SEJ\ a)y o Powe\r SeviCs. Nouzhneﬁ?» Q Eewe,mﬂ SoMion

&L Cam)i&ev a Quw&iw é ckegiv;el. a5

\B(K) = IX“XO[A *f Ay CXvKoBM

!

lg %&) solles Ect,m“:o Haeu -
| @) Flpegor = A0 4yh 49,20,

(6) Vﬂéﬁ\fé : F(gﬂfl 1‘70&\03 Qp= - i ICK%Q)YV\—*K_}%M.,KI&K

" K=o




121

K(Vnaka
(o) The ?o%momic& F(M[IG,«{O) s He judicel 'poQLMowaﬂ
and  the GﬂUa{'}om 0
AB-0 +pedtgo=0
s the iwdicia eq‘uajrion associoked wigq fhe Luear
O0F 6.0, |
@ US'M% e recurrence for Yoo SeQUME  Qa caivaa %«A te
_ a@me Fro‘)ositiow ;wiu/\-q %'weV; ivu‘{zaQ \/aﬂuq Q , e (qu I[now
{\v\fx{: G, Qg,..,Qu,... are Yroporkouag lo Qo Qud %L‘G. *‘95‘4%‘43
Sequence wi L Ge J.Qwolei Qs
Vel o= ao®n(d|p.) ~
wan Qn‘\eg?ﬁ (R) V‘egwseu‘iug Yoe 58140/1(2) Yliﬁ,...,?la)...
aud 9 ,Clq‘,...,qw., Note “i'(«ajc v iniefemie og Xo.
() e Way now AQQMQJ@ e %ehﬁrnﬂ guwd‘iw
}Lx,ﬁ Ipeq) = lx—xol Eo G (A lpg) (o)

For wost volugy, of A s Bunchion does wok  solve Eq,
Fom He Q‘oﬂou}iwg f)rogosihoﬂs we see Tk \é(ﬁﬁ((m\)
50%\/&5 Ef{-U\ w\n.mvx 9\ is one og ('LQ_ eroR) 0¥ '{’L\e,
tudici ol e«’{u&how,

| ?rog: i foq Comeige on (ko Yo 1) fhen  the  series
e&po«miovz r %(}Clg?p@() @Q)o . C.O(AVU%Q‘) Qek« U.b\&ovwﬂlé
aud aﬁ)oqu% ) CX»-—Y‘XO{'p-L




122

_ng_ Let A=(&<o~y,xn%y) and b L)~
e e Linear ogem\w Q)S:odui’te[. with the Livear oDE EE{‘U)

| Sudn %{ - |
- CL(A). YL g(@ (K () .
) V‘AC A) (L\(Q() g (<) + e %c ) + r 3(@
: u QDQQO(}JS I’L\ajt

| L%(%A l‘?(‘\) e [X~K0&A-9~FC&LP0 (‘5{0)

! VXE (L\(o*tﬂyo*ﬂc) B

= l\<~xa\5\‘i [,'\(A-O’r?e{\h\o]

, USEW}) the albore. HZWI}S aud lnmlu('foui, aud. sowme Qc{o[(‘"{onaﬂ
: Comsioﬁzmkws ha&ei Qov {Le, ?roa&, w< esLu,@QISL an main
vesudk:

Thwm: LQ£ ('\“ﬂqﬁ( be I&Q Zeroes of %& ludiciad ?o“y\omiag
F(Mpo,f\ﬂ .aud wt%\ ho Qoss o¥ %ememﬂf e ajume ajc

1A 2 %M. We how dishinouids Bebwear the Lollwing coses:
| Co.se.{.i»lg ﬁl‘flgi A é\wﬂiém? Hheu EE(.(O hos huo E

jueal.
.\‘V\ A-Q()chlpm(. go&;“l‘bw‘; %(‘VQV\ Q : /‘\ ‘oo fa
%‘(X) = \é(‘éél‘xvlq\) = [Xv)ﬁb[ ( %oém(gipﬂ)&“)(oy‘

o0
‘2)9. )= g (:Xl 9‘9.‘ ?cc\) = [X——\(o{ﬁi Ef})w (Qﬁ)ﬂ) 6(—)(9)‘4

_(;9.&&_9:.. {e g\’:Ait ‘u"@’t 1L\”<’- Yoo inewlza t‘wo(!e()zuieu{
, Sab‘n‘(ms are

|




), (x) = \A(x ?fﬂ |x— on‘ *f dlm(ﬁ\tlg,«l)(x-xo)"'

= 9yl d )l
T 5 4 SN
= 5‘ 9 KV\ [x—xol + lx-xsl & j; Bue (- Xo)
willy vad&\{: Q)m: 9 va‘(MPﬁ[) (
M A=4,

(ase % I? An(f\‘,_-—Ne NF ; flon the  un ﬂivneowﬁ,é
iWLQpems.Qw\; Soﬂu,koms ave

' {0
‘éi(x)zlé(x(ﬁdmﬁz 1><~xol&‘ I b (A (pg) (K -%o)”

159_(&) =

2] -yl W”q -
ngﬁmx ol + Ix- on’LS: Crr (x=Ko)"
b czgzm L(4-00)y (A Ms]

el cas 2 (-Ab, (2 ceQH

> 1<,

123

I—" (riven J(he $oflubions %(;c\ omd. \éicx)', {"AQ
%emm& SonA’wV\ is:

)= C‘\a i ‘&"CQ}AQ()@
w\t\ Ci.Cq€E R



124

HQJ(WAOQMM / Pewm avks

(@ U i Oge(owzm?udae& Hhat uou wse ‘(’L& olbore \LLearws
‘omé\ on\)oﬁl;ems Jro &c[—evwxme, ‘HAQ imim‘uﬁ poﬂghowafz &V\FL
; ‘H«e e Currenice YeQag-iomL\x() c[eeivu'mg 414{ Setluemce
Omzaodpm (MP(@. Aﬂﬁnoug‘ﬂ @aﬂn can fe OQ’LGIMJ- gvom
substilding e solukion Homs do e original 00¢, fhot
‘LGMAJ, Lo Qe Cumaersomm,.

C@ Av: QX@Q!‘U‘" pr:ﬂsirm gw Qu oy Q Q\mct;om 02 A is
heedod QDr (ayes 2% in oviﬂr lo ii‘w@*@hﬁi&]t Jrhew:

itk \rE;()eJ- do N tor case b il s mok veeded , oud. it D
Su%tcieh{ ¥o ‘/\QYQ :ngﬂim{ eiual-iows Bar Qun OtAag Qw :l:g,
Q«M‘L ’szg.

(3 For the caladobion of 4g (2 1 cwrey 1.3 itk i5 offew
V\Q(Qi)cmé jro CQQ(uQa+t ‘I’LlQ_ A—QYW&L{VQ) Cwi{'{n VespecHw ﬁ)
9’2 a mechov\ &e@imﬂi ay a ‘)ko&ucjc or va.{-:‘o o¥ o Quy ¢ f _
VMMQ:QY 02 Qod\ors. A g-ecjnmiolue l(nowh ) Qo m;lhmtc CL thqk‘su
Cow Be uchL Lo Q\/aﬁuaife such Pm&nd‘s ay &uowsz

«-gj—ﬂ RO P&mr“[ > . &im}

oz =t Pl

Q) Qou% as  Vae(ul: Qq&\%o_

(J.LGO«MMQ ’Kunc(‘\‘om m'usei X‘o sfmpMi «szear plro:hw}s:
jﬁ" (oikth) = an F(' (ksl/e) = O T (ntrbla)
! e C(1+4/a)




125

EXAMPLES

Q) Son ll‘n?. g.ivteof 0Pk
x’ig“ () 4 x (x- l1<z.>é‘(x) + Qalap) =0
with o senes awumc;\ x=0.
 Sollubion
We vewrile 'qu O0E as-

y' et L Oe-tfgdytlo L1 -0 e
X x %

= %“(x)y p e 3‘(&)4- Q) %(x):o
X 2
it ple) = x~ ([9. — Foﬁ,—*‘;-lli AV‘=iA Pp=p3=-=0

OW‘(; C‘(X)Z ‘\,/‘L:7 C‘o-:{,/ﬁ_ACl&t&\l:«uﬂo
Covts;‘okﬁr a Soﬁuxﬁam

(x) :IX(Q %~ o X"
Suﬁéuuhvé I‘o "7 e ODC %ives He iw&&fcf%@ Po%momfaQ
R = 60 +poAtg, = A - d + g =
= A -0 - (ye) (A0 = (A-ye) (4-0

aud e pecurrence

; Vmeﬂ\!\:: F(g{-h) Oy = — vi‘ [(mf\) I)m«p( *r‘{y.«;g] 0K =
lc<o

n-%
=-[ta-ted prtg T o - L g g, Jo

< - [(wsfﬁ«t)y, £6 [ ouct = - Gt -0 -, &



126

(= (,'—\Jm - fa) (A -0 O = — mfrvz«() Qu-( &
) (,l\{"’" L/Q.) Q= = Qu &) Q= -1 Qu-¢ .
Ren-tlg,

IR 9 Wows 1[‘/«1{' i W e

Yo civ®: cxu_aoTF -4 ): Tl Y
ek -1g k=l e -y,

Soﬂu{wo() wl(«e. m:hqu\ €q ho.l}om

F(W o & (3-to)(h-0=0 & Nya =0\ i- & 0 &

& Qt Yo \[ A=Y
For B<tjg: | | |
el oz -l BEPTAL  S
U gt ik
= Qo ..(."_Qi
hl

OL\AA. {’\/\m&?@& ‘“’\Q Qﬂyt L‘OWODQV’QOU} 50&‘-\0‘4 s
Y ) = MR IR WY, S COL el X

n=0 nt h=o W
For A=i: " "
YnelN¥: o< ao [l __ =1L S VO 10\ | S S
! Stk g k=t 14 g.
= Qo (-1 {ﬁ (ml/i)r: oo (<107 [!’(mtﬂ/i) }"
“! (i)

= Qo ('Dh r(’éli)
T (vt 3/9)
aund LHVJM JC\«C secmml L\owoebeme-aus 90@4h0‘/\ (s~




127

W)= x] J{b (OTOR) o
"0 M wizh)
'ﬂoe lbew(irqu SaQJA\'onA (s

{o ' '
%m:i\( '8 e® 1A il T (hTGR) X"
| 179 C(w43/2)
 Sinee P Cowverge ou R, the 3%@03 solubion \8(‘6)

Ontiges  ou .



128

,’@ SQve 1“42 Qtwoar 09]=
x (19 () + (1-xal ) -4 =0
ourouml9 X=0. ((3 %

! SCQMEOVI L

Do wole Haal

x (|- x)g“(xﬂr( xhé‘(x) zm 0 &

= %”(g .._L_.\é by - L vg‘” =0 &

X ({-x) x(x-0 B
xa“(xw Uoylor . -% 4 (=0
X -l
& g"C‘s _____.P(x)}j‘(x)qt ci(x)g()ﬂ =0

(A)(“\ ?[\():&"’iqoxw =) ?0:'!. A?l:()?_:"’ =0

a\m}\ C‘(X) (X)
1 4 &“X =0

o 1o
¥ = F o o
=0 woi e

= vOA (=qq= - =4
Hno.{', lhe Cowevbeme mLtrv'aﬁ Qo q(x) 15 (— )
USM Qa cavtA c\o) SoQu nov1
%boc XIA j‘_ Q!
h=o

;wc Qim& ‘l"na{ Hag fhiiCzouQ Vo%mowd&ﬁ 15



129

FO = A0 +poh4go= -0 e o = AU-L1D= 42

omd {le Sequen@ Q.v\ th\{: Satis
V\nem" F(A*Vdam = "‘): [ K{gi)?h wt qn IA} O =

K=o

hh~
= < Z (kﬁg\)?m-m O — j: qth’&K =
=0 k=0
-t

== 0- Z GD&K: Qo1 t---+ O &

K=0
& (M) o = Botoct--+0u, YuelN® ()
For n=1: (MD%a1=0a00 4 ae_& (9)
’ (hs1)2

For mZ9 e Mo{ﬁ HAO&L (ﬁ%m—&)q‘ﬁlu,\:&&r&&‘rm* Qun-g
o Mrc g\rom E‘{-(t)
W (Aen)ta, = (aofait -+ Qug) Flua =
= (g{—lﬂ“n‘z‘&w( + Qg =
- (- 0% ow, &
= ou= 08 o (9
(Ain)?
Mok bhod For m=t, (Ben-0tel= (Aed-0248 =424 4o
S er,\'wm (2) CLGGS nob  reduce bo @ udwfz (2) ?@r n=l

To \Mtl-'\%a ‘Rnail we c\nome O = MH -H/\U'i
T R e Y

(A0 (242
awa l‘l gv%w’ k«q{
Well: o - ﬁ' (Mr-0Fed
= (g%&)g‘




130

Sva{wb J({/\L fb\A_l’(m’aﬁ_ QE(\L&{'I'OW %\‘ves:
F (g) =0 £ %Q':'O & %:——O 44— A.Oulg& Teyo.

~ For (tk>0= " "
BT TLTE e | W CT TS0k S S S | I (02 S
| “t o low? GO
:_____L__bﬁ (ke 1)
(yﬁ,)i k=o

cmo\ aon"l‘ci:&‘ Hm?)r@?@re gn& chs{ Lowgemzws §ofukon

i “biveh @g*m ol
%m$&+I;LJ;ﬂT&%ﬂ%f
=t ()2 keo

Aue \’\«Q Seco(mi E_iwui% E\A:LQ()QWL%{ Sofujn‘w (> 8%‘3"1 Qé

V ) = \(K)ﬁw{)d } Jf .. with b < MK
‘éi té w=o )’A /A

=0

| To CaQ(uj,a{/ﬁ Q’ml e, vmi& 1(’lnd£

Bo0 - 9 (4740 =20 = fo= 9% & :QM -0
% Ny, Mo
aud

T T T (T T
24 I k=i (QHLY"“
T (Ci\mv%n)[;ﬁ GEaD 0% (]
! (‘?\mﬁn el (Qae-D? A
97 Ca{oa)(ﬁml .

fe=| ’) i




131

={ﬁ(%+u4)2u H;"i W) -9 T P
: (=1

| (Ar)® =t (4 -0 k=l Qe
= Q,,,:: 90"‘ = Qn i[ Q.(LL*L) _ (l :{ -
| 2% Iy =L (e-0yt 44 W

con T [ S0k -9 f (en®it] 1 _
S S [&H)QHT

l 90 9 — 9 (k2 9ueL141) X

L (kg kL +1)

S L PR N R
e

——

=l (Kt 9u-9)
= Ay, S!: Qe-Y4 _
(k9K —9)

- %_ri[k‘?—mli 2 (1e-2)
(h)? k=0 k=l e (k- 91-9)

I{ 90”003} ‘knq% \u‘Q §6(.0Vlc£, ‘SoQu,(v‘om 15 %W{V\ ,@é

\gcx\:tgtmﬂm{xlﬁf R ﬁﬂ(kim ]w: 9 (e-9) «
. wl | ()R k=o

ezt e (162 Jie-9)

Cad the %QMQYQQ solubion s %(m‘k(%\m%%«%zw

. TL’E S’oﬁub‘om w:M com\/@r%e oun Gm) Sl () Couve#aej
on W\ meL q COV\VQU%QS own («(it)

s




132

Q) Sofve be linear opE wg“(x){ﬁg‘(k) g(\() =0

{m%\ a senes Qroumé. X=0
SGQXA‘WOVI

Ue viole that

é“(x) +14100 - Yt =0 4 gj"&w&/x? ‘(><7 C\/@g&q =0
£ "(m—cmi w69 + [x%) (-x)ulx) =0

& UA”omux\Vma‘(k)ir({ x%)qmub(mvo

wls‘[«
{)(\C) =9= ZFV,X =‘£7P 9\)\?( =fe=---=

qm:«)(:‘; crvx = clb_o)\o“ LA%_ PR

USM«Z Q Cawthio%t 530).&39” \a(_x QI qum
‘hn& COV}Q}POWAJ(A tmohdo,ﬁ [7 ho th.Q_ ‘s w0

FQ) = A0 p 490 = RO 19D = Ah-162) = A4y

Qv GL Qun Sq (S?lﬁs

\/I/IE‘N}F F(g{"’\-}al/t' "I [_[k"&)?m K“"-lw%] Ak =

k=0

--—I(m(z\)yw-ga« 7: 61 LT

K=o
= -0 “C{‘ Q“,‘ = “,C“OQ%-—{ = Qu- &
& M)At ow= - @ ap=_ ! Qi
(Y41a) (Beet)

V OM& H!ekegom \{}IVLELN*‘. &h—_o@.:ﬁ’ 4
= ) (A



133

SOQ\!Mb Hee WAAC‘&)Q Cuoui‘?(m %veSt
FQy=0eo A0+ - oc-)% <o\ At = O@?Q—o\/g &

. For l)::o , be \ﬂuw_ , " B
Qi = C&oﬁ L - QOT L -
| k=i (oum} Co ) k=1 Ik (e ()
sl Wl
k=y WK k=t w4l
e T e WAL
nlokeg k nto kel K L Gab)!
= Qo ] Vi ely®
()20

aud l“"iw Corrﬂsgavpém% sollubton s

\é () = X"

| h=o (1n})2(nt)

: Sw\ce, O-(C0 = & Hae Se(o»u& SOQM&T’OM (S
00 - C\é(\c)fmxulx I Cnx”

=9

. Uth 0o(d) = Qe, we have:

G = lim &U\ (- &4‘(’33] Lim &(’,\h? 1—;
Aa-d A=-1 (QM(M@
= Q(‘M XRo - Qe = o

-t Mg ~1tg



134

and, ,
C-=—§—-—N-ﬂ*’%m} |2 [(Amaum]\
- e A

SR CRU Y .
= :b_,,_ [ (Q\" ) ao [ L ’:{ \ ) VV\G[N*
| A =0 Qe D) A 1A=
: [1)& Ai)}\mz\m\a @e%wzev\ lhe: gomvuiw} caes .
For wn=o:
- Ce= 'a (A‘H)Ol.o - Qc\ T Qo
D) { ] A:vl ﬂ”(

For n=1" |
i C\‘:LI@H)QO ! H ) X Qo H
| A Qe o0 d 4o, 94 LArg d1A=-

: I ~ao (32N (A+D) H _ 1 ~Q K _
(At A=-1 (e 1A=-)

- - Qo _ Yo _ _ e
, (- (1% 1%
For m» L
Ctw=® UAH\OWEM\‘ -
A Neei

1

.?.’___i (ﬁhﬁaoﬁ( L vl) | g
aa K=t (k) ) 71 18 =g

c 2 e N [t
PR 5‘1 ““‘(ﬁwu =2 ('Aﬂﬂ )N'A:-L |

R
R A S N YT

P
—

N=-1



135

oo ({‘r s )‘T@/»)@mo%}: wrm(;\uai

Mgl VL Ak N intl k=2 Atig

~ - Bo : (ﬁ L )ﬁ X 4 + i L I
. Apmtr 12 400 A ewnv k=2 Atk A =-1

" W
s _a, b (‘n‘ A )Q{ 4 1y % I
~Jdvib Y kg -k -{tntl k2 -l
-.~Qo_}___(ﬁ:(_i___1[_i_+hi_——i 1':

4] k=t K n le=| k

Aq

S T
nl(n-Ot L » le=t

No\q Hook  dhis Hﬁuﬂi, gar V\:l, RQay<e) wi“« Ouy”
Fr‘exltutw Vewﬁ, Qw h:&, H QQ,QQO\JS a.a,(: Hne, SQ(owL
SOL‘HM\ (s

‘oo " .}h :
lgabch \g‘(@ﬂhb‘l bl Y 1 -1 . K" +QiL]Xj(

A N L U STl

The tbevnevaﬁ sollution (s %(X) Y té‘ (x) ‘rag(éz(\().




136

EXERASES

O SLow 'haa{ {‘L\e (’. waton L(K%U(K)-}Q.\a‘(x)"%Lﬂ O

L\qs *{'Le Qoﬂom:vi Q.MAQQVLA (\n&_Q()eMcLﬂu{ 509.11(‘(6‘45
o = ): |
%‘L h=o (’iu)( | |
Wq )= |x (42 ): _(_!L X"

h=o (7.0\{'[)!

@ Show Hhot the equation ¢ 3“(x)+9x‘3‘0<>+(<3 OBM -0
LIQS Jr‘ae g QXOWM l\m?qv% (Vt&t‘)emc(?w{: SOQJL ons -

(X)* ( AL L x?“"
‘3 }:&4- 2.::.( (qn)'f Y&g—( 8737 ] ]
y, 0 = Ix| ‘Ia(uz Loman [TZ‘F L Ixﬂ

ney (@) L=t br-4

@ Show ol the etiuq;‘\'ov: xita” + (x%7/3c)
xi%“(xw(x%—?/%)gm o |
as l“«e Q'OMO\JW uneavﬂ;é im&ereuien{‘. SoQ.uIcibw)

%Cm,lx"’ﬁ[ﬂz ?(-0”’3"‘ [ T L 1X%J
n=t g® U | k=t JRig

: \31(><)=h(l“”ﬂi+): _ELQ_”_’_&{T”F _._.‘____]xi"‘
nz| 9\%«1%;‘ | =y 2”,,9_




hag

’@ Show dhat the e}uohow xig“ocw(x%«)\é‘(x) Hya<o

'H"Q» Qo%wmg ,iheqv% ivxctepemi?u‘l: Sogukom

lg((x): lx\exy(—x)

\é%(x)z \3‘()0 falset + x| [Jrf (,th Lf(w) XMI

n=t nl

. | |
Wit c‘;(mkz A
K=l K

v Show *L\QJE hne. Qq‘UQ"iD\n |

hos

x (L) ' () 4—(\»9@3'&% Lt%m: 0
Jclne go ouiwg ﬂimemﬁlé {mle{)ewleuf, Sofptifovu‘.

to

W (0=, (Frn)? "
n=9»

‘00
‘39_00'-‘ %\M,Qm el =27 <"

W
. \40.5

he=l
Show ot fhe qua{(am

(x% 4™ Lé“ (%) = (x+x?) g‘ (%) +\é(><):o
'I’L:Q QOQQO\:J'M(B Qimcav% im{e? gm&.&mk S‘ooh{:«ows d

= x(1£x) o
0= y ol th[..%«-i _L:QE_X“J

h=9 n(n-9

@ Show Hiet fhe eolgaLiow

.

x‘lﬁ“(x) 4 ixz‘(x) 4 Kfé(}d =0
the Qoﬂowlué inzavo.g A l‘vuLQ[?e,hi—QhJc Sof.u{-tomS:

137



138

40

\31(\0:_ RS S

hzo pyl (V\'('l)!

‘ga(x\ =- 4l Lol + [x1™¢ {& ff (~l\“(‘2‘cf(wk-0 +/v) XV\I

) wzr wl (-0t
with YnelN": ¢l = 2—:‘;((/@..
Shou thal the equation x (X000 -3y 60~ 4 = 0
‘ncn H\{_ goﬂnwiwé Qimeqv&é iVi:;uQPQhAlu{ Soih.{'fovlj
(= x(1-x) 72 o
‘A‘L(")z \élbo Qb ([

l—-—w USe '“ne Fva@émius wt%o& to Soﬂvt ir\«z m@out
&LWMM{'}QQ C‘iua“iOvnS,



139

Y TL@WB og' ?)essefl ’?uwc}(ioms

@ Suww\avq o¥ waiv resufls
3 \

_ The 8€S>€¥,Eumc3novx jQ(K) is de Mei via e ‘?oQQowiwa

Fower SeviQy:

‘oo

iy ey
| | =0 ©! [(wilta

For iwsvccacf- a;—,\/ﬁﬁN‘ the ,agme ie?.wlliow h-:'iuces io

leeﬁ?\—%o%: T3 [T bR (a3

w=o pl (him)!

This Qumc{ion Tayises gnm usima {lne Frodenius hne“«ocL o
solve the Bessel equdliou, w\nid,, (5 givew G-B

193y 60 b xy' 6 + (8- aByey -0, Vxe®-1o}

Ui“ﬂ ho Qos& oSZ eweinLA we will Qsume. Jdaa{ azo
LSthCe J(ln.e -[vqwszwmqjciow a-~r-oa ﬂeqveﬁ {ZL\Q %Ps)eQ eﬂu:&ioh

imvaviawD.To wvile Jf‘ne'tbequfz, Soﬁtjﬁow, {“a H/;e Beﬁ)eQ
Cﬂlu&l:om we c\is‘inzuis-\n aejtwce,m —hﬂ, ?oﬁeewin Cayey -



140

| Yx b33 300<>,3(K)thxl > (0" w)( 7%

| it Yuel™: ‘fM‘ ]vi 1 ad (fb)'o‘

| YxeR -3%03: %(x%ﬁ BRCEEIANS

(mes - ué(N (\m“n a?o) J(LEM %h{ cbememﬂ SOful\ow 153
VXG R- ?03 76()() Aij()+ ‘qu a(X)

Ca»e,?. ? 0=0 , Jc‘nev: “\e caemevaﬁ ksoLAiw i

Vxell-303: tA(x) ERAGY %9_3%0
w1000 Tgiven 4

V" (Wt

le=t 14
Case% w ae\N"' {\aevz J:\«e %QMQVQQ SDQLA’IO\A (s -

wil‘\« ‘S'_,o.(x) %n\l("ﬂ @é |
Yxeh-1o3: 3%(x)= )u(x)Qu‘x{—_L_(_x_) T (a u-0)! (x b
' 92 ‘a9 n=o |

v (q) ¥ [-0"‘ (f(m)w(wm] (é)% |

n!nta)!

‘3 0{7?1((& (on 0?

The aBoe results can  &e obamel @
E k&iou} quCuQQ{’Wbb.

ﬂne, Ffog:mmus Mehno(L maaL a ﬁ{ 6



141

® \7!09'(’4"?5 gog Be)}eg gumc{iom

’L)e erve_ sovke ih‘cre"iu"a onF?rfti@ ,og Eesxﬁ ﬁch{{ow

and Qeoxt {\oe \‘eS!t Qs exercives .

@——» Vie®: Yie®™: 60t)= exp (.fi__x (k— .1‘:_)) = :égw(x){"‘

PVOO£ S
, Ltjc XEW\* aud %EWJ‘ ge %ir?h."ﬂ -?o@ows {LQJC |

r(x )= e\c?QG [9)x (k-4 = &P (LR)xt) exPG(l/ﬁ) (x/))
Yoo ‘oo
R A A .
&?“’P“ (9\)]131:0 1!(1{;)}
) [f xf 7 I[f (-03 XA ];
L f’h: g(’Y‘, q=o gqql,y\
= I\ i }' (_.‘)"'\ X?-tq {?’q
p=o q=o (ﬂ“ﬂ F£~<‘{
Le‘c V\*—’\%ﬂ\. Then n Yambn Qrsm - 02 {o 1o QM:L we hYZQQQ

)t\f\a Sum  ovey w‘hq & Suwm ovev v The sum over ﬂ (5

YQ‘Q;VIQA.- We vnOlf *\a’l{ P:Vl-it‘ aud ?‘tq:‘/l‘rg-i‘_ CMA {’Vl@‘)?ove

Ged=T Y \M“x‘"”%“ | ]

" 1“’::\@;«1)&3‘, ,,
I{MX“ T (0™ )
1" aze 98 gl Gl

‘oo 4o
_ w h L ! 3
v)\%-;o {t %) 2‘:;0(“ q ﬂ‘.(@d(\ﬂ) (2‘> )J




142

¥

h--a

[ Foely - Yxelk¥ - Ta00 = (0" Ton) |

" Proof

Ltt \AEN Qmot VXEW\* Qe‘ awom USiu% hrm. Qm{iaus
¥{§\Lﬂ, we !AOLQ ‘!’\f\a.j(l o

G’(X,’UE): 42 ”Sm(x)CULY‘ = T E0 T T " <
h=-® h<-o ,
) :
= ("l)v‘j«vg()(){m 7 V{ER;Y
hz—-o00

aud |
G, -yh = exp (_%‘_x ((——lﬂ-) «:_:E__> = e"?( ); (_ :: -(-’c)D

< exp (%x(k-%)) = G = :f, 3,, (", Vg

W Yollos  Hoak " |
Viel®* - 3 CO"Tontatr=7 3.0
Wwz-00 h=z=-0
= Vel T wl0 = (O (). 0 |
‘ 1—" H Eoﬁeows grow\ {‘LQ Ggove P-eSuu «hna,jc ?or iuka&r |
order |, 3.(0 and T-nld are wob Q.tv»(’av% (mdepeudend .

, TLtsu JC‘\Q r€ason lh\mé i{ ,chomes hecesyq_\rg +o iln“YOA.ULZ.
'th Q\M\L\'{OV\ j&()d w\\em &EN 120»' Se(mul Soﬁu{ion,




143

@f}—* Vael : Vxelodo): %xJq® = alald ~xJan (0

" ?YOO?

Le{ O\GW\ ond XC(O{»w) Qxe
: 3&.(@ \
9.

2} ve. heu Siuce

(L . ) (‘ ﬁh (¥ )9_,4 :
‘ﬂ o W T (htat)
oo

L (on (X )9-‘”9“ =
et T(V\Mn\ Y\ 2

= x Jo k)= X G d > (x )ﬁ”*‘*
_ olx "‘ o n! F(mm

=% f (-Q)" d ( % )Qvﬁw

hzo WIT (ntar) dx \ %

Ve Jf (-0 (9nta) ( \ )inw_—( [ 4)

1)

nzo piT (vrat) \*{
O (uta) (x \Inte
n=o h‘r(vzm&d ?«>

QI om (_)i__yu«a Jr%io -0 (qu) (é)&m‘a

n=o LT (wiat) h=l T (ndat)
Q-XQ(X) i X,’S_i 1) " ( ¥ )9.\4+a.-i
"2 (-0t T (wtou) %

o Jo () + x Z ! ( y >a(w+ow~i

wo vl [((ntotard \ 2

aJo (€) = x f o ( % )‘LM (ar)
W 0 T (h(od) N 2
=0 Ja () = ¥ ot (),

it

i

I

3

]

R



144

@
l

VKE(O&OO):' j\/Z(K>: 9,
« bﬁx

Sinx

' FYoog

- Leb velodo be gien. The

(/Q (<) =

=, ( P )tlﬁ 9.(*(3 X
=0 M\n)“ (u+y)
= 9\ (»—-—-—»——— « ..___.(:L X‘lv‘ =
h=o {
(_%\40

“
g

_Ll/i (,)va ' 1
( > | hf(\n#/&)

h=o (‘1,,‘4(\)?

9 )‘/‘if Lo et

nx

_Q_.___) Y2 iy < \/ 1 sk,



EXER CISES

,Givew V\Eh\) Qud Xe(o‘ico}, Slwu.) the %Mowiwg
l&en‘ij({?s.

o) X () = T 0O +xTn-i )

B LTn 0= -t 60 - Jue
A Wwlako = KLTSV&“[(K)'\"TVI""()‘)E
) (M (M T 00) = =x " Tk (0

) (d) (%" Tua) = x4 T ()

SV (xfw(sdfm(w) x (T2 (x) = Tk, ()

1——& De hae aﬂwaié showed s'lna.\l,
'ij () =1 Julx) = X Jng (6
Thiy yesall can De  combimed w;hn () 1o prove
fhe olwer N)&),U&Woa{ Aﬁnt% u)twé Fower Sevi1es

(’.;cqunsia ns,

@ Given xelo o) show ,hnq{:

o) j(/l(x\: & giny
| Tx
%

b)) Joye(x) =

Ccos X

nx
Q) Yyl =2 (93‘“‘4 -cmx)
% X

D Toagbo- - L (o o ,s;@

%

145



146

Hlmf?(&‘eéc

The 30&2 "02 'HM'S W\imi—()vo-)et,{ P ‘Lo P.S‘l‘mgﬂisla %‘4&

: goﬂowlw% i\n%(%mﬂ \’€{7re5£w{'uﬂovrc

| VV\EN"’VXE‘W\%Z —Sm(‘é)z__{;___sw CDS(,MS‘XS}MS)CLS

i
0

Ue recall {hod Yoelk: 8.1,8 = 0591 Lsiwd,
o) Show Hhat excp(ixsiw?) = (,(x,e,w>

, @7 UN‘: (o) % ésjr@pyfis{a Hle ;Qoﬂwiwg ,i:lemj(ikeﬁ

+

cos (xsiud) {f 950,00 cos(‘iv\m] - Jo ()

h=0

Sin (XSEhS): *f jSwﬂ (‘() Si"*(.(ﬂ.bd’aa)
W=o

C) S\now ‘“fm{'.
ValeN : B“cos(aﬁ)cm(@mo\h Elo ;i a8

0 flg i a-0
Va de\: anim(QS) sin(69)d8 = 30 il ads
o ‘ nlg J a:ﬁ

& Combine the wesulls (&) "f”“L (S b show fhat
fl
B cos(nd - xsiund ) d9 = T Jn

(Hih(z’v il wiﬂ, Qe_ W)CQUaha 4‘*0 A“?hﬂ%lﬂdﬂ Qe{wam ‘(u’O

cases, w even VS, W 0dd )



147

ODE 6: Generalized Functions



148

 GENERALLZED FOUNCILONS

OV Ldoddon-fobudion

Tn %0, Pl Diec idkoduced dhe Divoc della fuecdion

S0 Lo hidn he poslufaled the followin

8. [)vopev{i%
(@) Yxeh=fo}: di=o0, |

R S

~ No sudn Qu,md,}gn,. con e defined | But Jue idea wos o |
inbroduce sudn exobic guagjﬁiom Qs Q w?og EXPAWDING fhe

Space o ovwfagﬁg&nohonz Funchiony L
. ym‘u&i‘u& Quu&:w) or. AnH‘QaJaomPu%ovo«) rcories

e $09 ore wled

v Ugormagiumb U,;haa ‘Cauw[){ og A;s{:ﬁgu{iom ,L\ovc Qwo ,Yvoyo)ci o

, Q‘é S,c‘nwoaz, ;‘Hikuslnski ? Liz\aumgﬁ} } cméu Sua;j?o,..“geﬂow ke MQQ
,&Aa;n[, aud. eview 'Hd?- Qvg.rocmdnce- Sdan»?:.

. Genevoliled mediom ayiye usua%é__,_ 'lY\,,.“H‘(’o Qouﬂwfu%
) (O,V\g’ﬁ,"i)'- —

@ Ro@m@lﬁd\é H(Qo%

 Cowsider a,.mm\om?mriaﬁ&__, xel wih probobiliby e\mﬁ% |

guvxcﬁov\ .,P(?@. sudr fhod Jf\az QIYQQJQQJ»'QJ‘,‘.\&.,‘,P,COL <><2@
- ,%PﬁaéXS@ = 399 g(@é&c_w o
, A

D@vmus% g(xi..,w‘\ﬂ Swl'asgté %e wormal tabion  cowdilion:



149

+to0

N k Jdnjc X 1S Qw}(!auow.ﬁq c&t&kﬂr Qm"(?oL oW ﬁ)\ %m{org
Ma@ iy B s BAGLY equall fo some wl b owo:

BLIERE S g(xa be=o

O

R ue e Mo vedow veriaBle x bo wabicde B0, Bew

,;,.,,,A-J;Lg.._,__,_gvevoqe value 0¥ %0 s %M'fu Q%; e

oo

Lo S Joopbode

. IM )d/u Cou\’ug’ @«aubwoc C\Qﬂ* gu.mc&'«ovt ) g(K) vt Q& ‘Y’Lmua\n{
Q Qs H,\g PVOQ:O«QO Lk& A—%St% ‘?u.tqo;'wm, ¢'?' a "randow "
Cvavialle  sudy Haat T Plk=o) =l Thew, hded |

too

PInE Smgmo\x b,

| I\n %Qnevaja - A&(RXFQ V\?MA»O\M VDJ{\O»Q»&? w!,{,,

%Vke[ﬂ FPlx=ow) = ﬁ« S

| Cant Qe Ve@me»&e& ml& fm ?onmG U\é iwv%é guwu%ow | 4; i
=T ?%(x oK) -
| kefy\] -



150

 udh thet He average o sowe cwoliahion J0d s:

> =,g;f@,{x(x>$x: LQ of P L
Eé&l %5 g 9 B

kietnj’?’“ lay.

. Giveh a .Qi»@‘eqr &t%*ﬁw{*aﬁ ;‘D.PKI,QlDV,.W L Cf(l?x) - C?QP’) )

e e Coespanding - bread buidion Gled) ww te

| :?Duuoti Qové SOQ\!N% he .(nofz[iw B
oo bylo=beed ,, o
(semevakiLed funckions o wed b estaflish e %eorg of
_ for Caich.aiQMB N .Po\rlfi,cuﬁp& .Saﬁuﬁamm_w?(x) £&r e

_ Mmert %ewzrop. ,,‘.‘?YOIM‘ZM ;LSBLK\‘;.Q‘LK)., %(\rﬁ‘m. H\e Lobvz03(\4eou>
. Sojudom Q@r‘ He lhowe QuRoUs {)mMzm .L%L\CF O, This

o equthL,..,,_Yw debail of o wd f He Jedwe woles. |
C{/\G@S@f. e aﬁio»cﬂ ?ro%&m , 8%04 Q“é““[“i‘(‘) 'S {Mz

| o SLQW;V'% stone Q@r SoQ\riv\é he caevuzmﬂ ., pme o



151

@ Ddeibdioral ool

Fumjnwswxlfh c&ocml—i\/mhes by Covwner powrh CQ\MOAL ‘ JZQ L

AT@(\%M%&&Q& _ MH& 'US\.wﬁ SRnSe | wll'l’l kﬂl %ohé of

. O\lsxngu&wows e comé.egma O _wmore ﬁweva. o\agtw tionn | R
- 02 L\ae Astn@uSnow;,Q. ADYIVQ}N& T\ﬂew VIOW“AJ&MH%W%QK R
‘gum_fiom,,,;‘«‘.LuiQ/K, haw o ‘&tS&rYu@thowoﬁ&mvajrt‘rf 44 :{? o

C will G a .,.%vaoﬁi?:e& f?QWLHDVI,_ net ,a&fauﬂgk ,,RMJ‘MM. .
; For_,,@‘x,_avv,\{zﬂ.e,- LLeQusz-xon S

- '2(&‘): % 1, Tg PIACMY-))
o , it ve(o,al

{s QJ ,Mﬂwkoﬂ,& ot x-a V,,,L\O,w&rw ié Lta), o
. &ishiﬁsusfiomoﬂ obriv.m.{ﬁke,: o
o= Sx-d



152

V%c&\war% &figivﬁh‘om o{ qgmemﬁlu& me}iom;

. {Jc_ QV’!C %CMQTO.Q.'I:E‘L Qmmcl‘\om yia haz Qpﬂow?v% scsiuewg

0’2 &.QQM(LDMS
7@2 C(owxmA Su\)porD
Lek ?A R Lo o &m(}wvx We o\eg tne 4\/»2 Sugfoy{: gw;;H)

A

Sup ) = §xe Al 4o},

: U@ Sosé l"n&k

Q ‘naS (oM‘)o(lY SJ()?GV'I:(”"? 3(1 %eA QUW(Q) [ ,Q}

Dﬁg (TG{? Quw&zom)

, (DQ, c&agmz “’\/-?. Space ﬁ(A ;? lesé Qumcjnows dS'-

X[M jlgé Cm M 2 hhas Cowx()chr Suﬂ)arjcg
%9 e C (k) 130 Lel: Supp (¢ )¢ Lu,@}%
oy ¢ UQVOQPVIL%I i Levm 0£ a Qeﬂom Mé (omanlzow Qas:
Qe;&m@ i%’ ¢ CO(A)
Ja bech: S‘uﬂ)@) ¢ [a,bJ

._D_{;g__ (:COV\V@V%QV!CQ, in QG@) ;
V Cowsi&sar Q sequante Cf ‘f% EQ(UD\) 012 ;[es{ )Quwd!a‘om aml
: QQ)o a iijt Q"umu?”xow eﬂi(ﬂl} We ¢a knajﬁ

th ;.2(.{@_; § & a Ja kel : (Su()p C({D c[a,6] AVW&W SWPG.MC[@ @])
Viel\ : Lf[m Gomveryes uw'{orm% bo ({)(x) ou [a,6].



153

We eoll Prom W"é Collcals 2 fedure noles Hhad fe
&ezimhl{om cX umigovwn Converg ence (5
(fv%&) (omvﬂi%ﬁé uwfgo_v Lo ((JU‘) ovi [\1(@]4’:7
4 Vevo: dnoe®:Vxela 8T: Vine N -[n.]: lcff‘“)(@—tf(“)c\ol<a
Fov lL‘ne et 4€gim€§ion5 we J.c?iwe'- |
@) Seq(h) as fhe seb o ol sequens @ :IA
6) 1(R) as the set 02 o) ﬁocoﬁf% {wlee(\)w@& %ad—:‘ou;
ay &,@owsz ‘ ' :
91 e Yo beh: (o<l =¥ inleayally on [a47)
We (an wvow :biv: ‘Hne Qormll &egtm(?;on Qor o %{wen&i’&{‘{
Fundion  (or divilukion) :

_Qe}_'- (Generoized Runchion or  dishibubion)

h fundionall F:A(R) = T 15 o generalized Dunchion Cor
&b}rﬁQ’“&“‘O@ ig and o FQ i‘i' sa{ispm H& Qouowiuz couit‘%‘owj:
(a) V’A,‘l eC: ka,q)eg((_(m : F U\\? +\J\?)= A F(@WF[({))

[(8) fo eSe\"m(@D : V\P e X(R): ((fw AR, P => \Q{\.‘eym Flg) =F ()

v)oi’ai‘iovn:

() X'® 15 the set oe ol cli)l'ri@u%on) F‘XW)*@.
(ﬁ) B!Z COVWMHM, we wn‘\f_ (Fl&{) = F(tf)

V\Cmavk‘- o

Given any iwk%rauﬂ Quhqliaw § 1) we defve the
dshvibubion T eX'(R) ameyaled @3? as: |
Vuf ANE (F,@ = Sm%‘fimqm&x

-0



154

As a muﬂ: ; QVQ»’} .Q.oco% i\nfe%w.gﬂa ‘Puvl(st‘ah Q ou fBe olso
‘ﬂ/loug‘nl\ Og o Ab{‘ﬁﬂm{iow, mmL SULL\ vaw;a,Q Jj){viﬁu{'fouﬁ
we co.@@(L \»equ,aa,- &(){»r{ﬁu{’ioms, Oue cau prove Haoi {’VQ
'CHS{‘ﬁQDu ion | OAQ—‘QT‘WQ& QE’OYQ So.(*b&ﬂs ‘R«L vaaoﬁ AQLV\;E{QM
o% o &isivigukom‘ (?mog ovniuedl This \Mo{iva\es e Qo@owa‘u
c&egimijciow: 3

._D__e_{_i Comi«&ev Qa A-U%Yl-@u{iom FE%[([K) {,)( gq% ‘\’\'\a.t o
8) F is o \ﬂz\aﬁqr dishrbution e JLeTR) - V(f e,XGR):(I,@:jQ(x)(?k&)Ax

O Fi o siw%&w i«‘sjrﬁﬂulﬁoméa F f) NOT a ie%uﬂar distyi bdion

Slh%uaav o\t‘)*h‘ﬂ)uh’oms cav ﬁv( tLQ?'EMQA. as ,ij\AS o¥ H’zuﬂar
dis iﬂ;u{iows. For" Q)(OJMY/QC, %ivt\/\ 0 sequlihe ?eSec‘ (Iﬁ@)
o‘? ocaﬂﬂé im&erbmﬁﬁq %M(X’I{MS, we cowv &egme_ e Pom‘@&é
S{M%uﬂuv &is{'rt@a“ion FGA((EO accordiu iﬁf
VU{Q IXU@: (F,@ = ?%iewl‘t\wg :?V\Cﬂ&g(\( dx

- as wa% as {‘ne Qimil: Cx(is{s. lg Fis imluot o. SEW%WQ&V‘ ,
A(s&viﬁu\'}om We W\cu% S%iﬂ iW}t’ocLu(t o ?cchi;ws ?umc}-}om fFo
ond. czo.iV\n :‘[’\najb 4o
Vtg eA(B): g * F(\L)L((K)&x z CF;&())* fim g fal) ¢ dx

helNE

[o'e) : —&D

FGO s \no{: o O.C!'\&Qﬂ, Quhd’iow, in {“me_ U}uaﬁ senye , b tF can
Be iu(erprck& a) o SimzuEO«Y in‘{ oQ- fe Qumcﬂiow sequence yn_



155

[De nay fnen Soy had 4, M Fyom e sense of

, Afs‘n‘@u\w'om' T\ne— PH;CDQ Aegim‘{—ion oQ H«e oﬁoore sLaLewxew{: i3

‘ walcldowﬁ a“&_ Qaix Fé%{fﬂ) QQ a ch‘nLYIEmHNA, We qu \L\nq{

AR . . wy_ 0. wf (W
%\!———-———» F & VKGU\I V&g Gﬁ((@ - [Ftcf‘( )'&!2?N¥S %()(f (e

| DQQ : LQ‘Z ¥ESQ(\ (T.U?\ﬂ Q)( Q. sequevce 02 ﬂocoﬂé iuk«zmﬂe

and we wvt\<: ; ,
Vg eX®: | Fgade = (F)

o)

‘ Given F Ae%we«l ay Pm‘ﬁ@—’r T’, we alse &egiwz ih{'?ﬁ\'oﬁ)
orer  an (0‘@] ikaUaﬂ wiHA a,@d?\ ay Qqﬂws:

nelN¥
(¢ 8

VQ{QQ(@: JLF(x)cf(x)Ax < {im JQ’%(@ (Q(x)cix

Q



156

Ve Do delle fundion

o Tha ,D,fv,at, Aeﬂq iumf}:o\/l () a Smuqowél)l‘rfgukﬁm ,‘}L»&JL P
, L«f AB_QM,QAM a5 Q Qmio? e uﬁox / ;&.fj?xi_&ak,oua.,‘A_,g,s,,ﬁ ‘,ggﬂaws;. ,

o We Ae?im.,_w o SPqueuce  of  (raunian disteibubons dwe>

oy o

 WneN® - Yy efh: An;[x)r—,,,\/_’i‘__ exp w®
o o
vg The Divac ,A&Qjcmwgmcjn‘;aw H oo Siv\?}uﬂw Ai,slri_gﬁkovz; o
debed o
Ah(xﬂgg—?‘l% NS I
- %9 Now,,, e ‘Cﬂnm&‘mw, ;\na{

V(g c AR+ Bm g(m{z&z@)&x =lwm S%Au(x)({z(xhkx: kf@? o
| Lo mel® S

> C’QQV“_QSMC—MRY&].,R%OW o o ‘

The guncliom Ae(x) b o QPJ&—SL\QYQA Qum&iom. Wit {hmaﬁiha”w
n, fe peak Becomes faller aud e 3%\?\11 Becomes wowrower
 sudh Hnoi " Qa,@omtvmb (‘014,Sir‘,au‘.;ﬂfw iy olways 50},32.9{:

; VhQiN* 1_g‘¥m AV.(X)AX:, O “1nn,FroQ°ﬂnQ£‘_

- . %,vm('t‘om,,m Kuown as Gawsian

., A.iéi:,\'wzu{‘;mﬂi). As vaio , We obltaiv
M‘,h\@,ﬂimc_ M&,A&u;hou 1LL\oJc an

-0 .

—0, . :

Ix=o wn“a inginiL(S}maQ-, w;&u ond
v ;vulf; ]n&ualnt o

ugi

J(ng e

e yiy ua&l%& Qs ,‘a,spﬂca QQL,OL){QL,Q{,’



157

s Mkl defle Bdiows

e can _Qi\éews)g &egmewegaﬂow!% ,S.iw%uaar distyiBubsons:
o A, (k-0 g_g__(@,g (x-@) [SL*,‘QRM%%

0 M) AB, S)  (difbion)
it a.&@fiz.oi,ﬂ Theu, e ,..(qn_,;_‘Sleow,,,,ﬂaaﬂ{l, B

PErEE——

|Veehm- [ fenglade- ¥ 1

o lac

| S\As“&lm% Quio[sutow com e combBined L .Ae?iue
Cloxtd) wilh oel-%03 awd beR yin:
C Aatoxtd) AR, (aved)

T‘n,m, it ?Jﬁws Haat

g X g*"’ axed) qlo b= Y

e le]




158

CExAMPLEs

o gvaﬁml;y Clow- cosd bt

Soluhion

1™ B lom) cot bl ke A cost (al6 40/ =

| lex
1 cos (/6 cos (014 —siva (/&) sin () % =

-

H

V@ 7 J’i] Ly 3 &d
7 %

(B -alp4t %~eLJ%H *'_; H—Qﬁ

c 2 Y w 1B
es "

i
6
A
6
{

4 o |
L) Evaluske 1= 8400 &XS eLﬁ CoSK. co% g(é% rﬁg(‘ﬂé U)

Solubon

]y ooy Sl

)

[ e cone S Chyeen) H "l cony S Ly ] o

-0 . S =00




i

-

Cos(n/q)

S Aué CoSlé S(q%—rﬁM S

cos(mle)

lul

L s _

(c

%

9

” Q@,;gij(gg ‘ro} ,w

——(D; -

} 1 sl Qeos(MO-
el ) 9y

159




160

- EXERCSES

: @ LVOQMO.&Q JI\AQ yomwm% M‘f%\r&QS S

@ 1- S @k S

""Q’) TLM‘ j g(ﬁ@ Avccos()O clx

01 S*“’ 8- sin(carle) dy -

-0

D 1- g*m 8(2-9) (@430 dx

=%

'e) 1= Sj'w c&xg clé xua(x 355(%&3)9(5 2) -

D1 B:’Z& V “’AB x‘?(mg)&% a),gBém -2)

-0 -0D




161

® O(Ieraiiom, wibn c\is{rigyukoms

_ngg_‘- (Sﬂuaﬁf\‘z 0,2 A(){v}gu{iouﬁ)
‘ Lc{, F(GGDUC[@ Be {‘wo c&u‘shiﬂmlngm_ We gc‘"ﬁ Jqu{
F=G é:)V(?Eﬁ(GV\) : (F,LY)=(G¢J()

Given ‘h')e_ AQ?‘(\M‘)Q‘OV\ o?- eclugg.{»\é OQ Afs}vi?auhou){ we
an  vow i\n%-vo&luua J«a&m bt“q Aislrifzuhous Q) Qoﬂoc.)s:

__I_)_e_%: (A&Ailﬁom o’( At‘slyi%uhom))

Lejc RGEAI (R) Q;e {'u.)_o clishi;@ul'iom)_ e said gt
De Mcm L\,,Q_ Aiigrigujﬂon (He—)eﬁ&‘O{O 0.
Ve A (Fre, )= (Fg)+(6,6)

NO[Q Hﬂe.‘c “nere Qre Mamé l&LQ&‘ coﬁ Ar%‘wﬂics wi“q Yﬁspe(,(', |
{o A&Qimimab Wtuuipﬂx‘wﬁv‘om og Abjrrigux‘?ous, Howevev, (ve
bwué Afe?'iw‘z Muﬂi()ﬂﬂq(‘io‘n 02 Qa Svﬂoo{’\n -Pumol“?am wi\‘f/\ a

Ai)‘ri qu&iow

__D__e_%___: (Fundion - dishvi Bubion MuﬂI?Qi akiow)

leb FeA () Be a didyibubion oud Qe qe CP(R) e |

1 a S’mooHn guvu.)h‘om. We Aeﬂme "\nﬁ &i)fﬁ%u{‘fom [%F) Qg!(lﬂ) -
VoeA(®): (%F, \f) = LF,%@




162

uﬁl»iw% FG o %e&n,@aﬂ%ﬂ& Qumdziom Fl G, He obore
&e?—‘m:Homs au be fﬁuviHew ec[uiwﬂlzuu‘b ad:

(a) Vor wq&&ihow QQ AisHiQm{-ieux

Vel (Fro 4= Sw [Foa+00 ] 00 dy =

- VQQ F(x)(e CX)&)( 4—5 ME;(K)&{)()G X

-0 _'\-x)

= (Fo) £ (6 o)
(@) For- gumg\‘iom~ &I;\:yiﬁ?u\:iom quﬂ:{ ‘)Qn (a{‘z‘om

\j&( ¢ X(Ry: (%F, (\7) = g‘rm [%(_\OF(X\S (f()c)rlx -
. &*‘” Fm[%m(?m]&: CF,q¢)
. Muﬁ’cipﬁgtm% o wawber AR with o dushibubion Fe X'(®
8 = s()ec,io&, cove of e Qumd-‘mn_cl.l')\ri%u{%ou ?vo&u& gF
w‘m§ Yo Quu\r}'{on Vxeﬁ?\:%(x)zﬁl,
Prop:  [VAeR: Ve e XWR) « (AF, ) = AR
Broof |
lel Ael and LQE,(X(GD le %ireu, Then
C}th@ = CF, C\ ) & Ae. iuihm cf Qumchm..c:\.i){-vi%ukam {Jvo(hog
= /A\CF,:S L cicgimiLiom ol A.ts{'viquHow«Qimw{kJ of Fj

T Rl ek YheR: Vgekm: (MR Q) =ACFp



163

EXAMPLES

o) Use Hhe Aegm&mw of %(o.z(),:
I WPPE. (NSNS
'(a SL»ouu ‘K"/\Q’L SCUK) = .%T%(X)I 1?9‘!‘ OﬁLO,
SDQMH{M A
Tt swlaed do show Mk
Vtgéﬁﬂmz S*w(‘o(ux)({,(x) dy = J* [ SM} (f(K
~o0 —a0 el

| Lek (fEJ/X([m aud, ﬁel V}é[NK @Q %\vew Then -

(e )= | b0 g0 - g Lulal b0

- o — 00

«QQCQUSC

A (ox) = ’YL e;q)(«vx (0x)%) = \ / «p (“VML x2)
ex[) (culal xq’) oKy (-n(l OJX>9‘>
’irr U

o = Am K) VXCl?l

‘ DQQ’W‘Q ‘Afla\sé_ ,[me AA \ &\C"s"’? AX:C&/{Q‘D% Qud
Xa- = %q -0

Xato = Yt

Ou‘ch wt C\nalmbo.. 0‘2 VN(M}




164

ox), () = hﬁm ' ! -
(fuloo), SmA e(L)- dy 'TS l,.ué)cf(mj 4

- o9

| and. J(M%Lre :

S 8(ax)(€(x)is< —-Q\m CAV.CM) 7 p\m [ S M(é) (%—l Aéj(

neN® neld®

too
110.1 &?M] Al g (m) ﬂ%_

| el _g %(t?(f( ) 101 (f(v:)o.[v
O X %(Wm&x _

lel el )

& {m %Oq](f(x)o\x

BURZ /A
Vged®: | Seaqiode = [ L . gm} 4

- -

- Se0=_1 ®.

lo|

-~ &




165

(] Dert‘vcxjfiw oX o‘in(n@u&iows ;

M Foﬂowiw% fae ezamf)ﬂq ug’ H/\( Divac c&eﬂ‘(\ gum}?ou, we
‘ lihxvoéma’_ J’L\E zoﬂow{m czgmgmj. (‘omdp{, 0{ %\.Q c(.eyii/a{;s‘vﬂ
og a &isjmg»ujaoﬂ as Yolloys

Tl ek FEA® fe o dibribokion and 0 kel
: &Je o(&gime %\ne ku’\ AQVZVQ{:}\,Q F(LG QQ F o QoM%JS‘
Vg e AR (FU, ) = (0 (F g

\QQ?H’SM{'GMQ F (n {—mm) og a %wemﬂj%&& %md(-iov: F(X),
Jdne aﬂ:om Ae&(mrtiw\ Can ﬁa eétui\raﬁeéba ﬁt F&)V{'?{jfh as

to too
V \}Lg eﬁ(\({@ : g F(m(x)a{: ()dx = CO“ g Foo cfu‘)&) dx

-0 ‘o

To ensue hue Seﬂ«cowh);tmc\b 6£ fnis A.?:%M?wal, we hare %*o
- fhsuwie ‘h/\a'(i ig F (5 a Vegbuﬁqr Aislm‘@ujriom, (n wacL\ (aje
O 05 om Bvo\i\nahé lehow, e alove ec(ua{'iov; holds Usiu%
\ ‘lwlebva.jn‘ow ) Vavirs aud ?roog ﬁé ('miuc‘{'fowl we cau show
ot nded R» holds For sinaglar diskiBubions detived via a
sequence o ﬁoca@,ﬁ wileqrable ?umd’im'as, we Cau show ot

_?1?_@_ lel e Sez\(i‘”(m) }L{ o sequence of /roo% iwle%vaﬂh
gumcln‘ws and ek Fe .Q(”(@ be o &351Lri@uliow. Theu:
| Vet (4, A0, F = 0 A0, poo)




166

T\M) V{Oyosgixow evsuves '“nQ. SCﬂL &onMs eucg‘ @e-Lwee,n L‘ae ;
N QQ,ovq &QQM;L.OV, o¥ A\)‘lth;qu\aoQ AEYWOJ‘WQ QVIA. 'un&
Sjmw&u&& CLQE\V’UO WO?%LQ A\gnva{we 02 -th ;QV! , grow\,

v fropods o dfnbbiond]_donsbie

, Dl)l‘r «Qu&ww\i Ae_’nva(wes camhuc ‘[o SDL!?\% Some S&“&\AAA}A
) A\Wﬁ—e\n{'m W©on ,m.ze), QAA;FMnQL ?Voc(» Yuﬁl scalay
?VOA”A, WQ%

TVVFGEWUPJ (Fo+60)) = Flodt6'
eCo(®: YFeX'm: C%mmﬂ 3‘&>F(><3+%(m <)
\f% R: YFeA'm : (ﬁF(x)}ul\F‘(x)

Vvoog
@let F Geﬁ(‘m&) QG 6(’}"— nu& QZJC C(QX((ID QQ 8\\&% hen,
cm@‘ @) = CO(_F-PG—;U{{)—_
= («0‘_(‘»’ tg‘) CG—‘?‘TJ
= (~1) (mf )+ («QC(H Q=<
-(Fl@‘c((r ) = CF +Gf‘,@ aneﬁﬂll) |
T Lollows ek m@' Flag!. |
0 et B eQ&‘C{@,o\m& cchwCWD fe  given. T!wn
\ﬁ{ eﬁ(ﬁl) (C%F) NOE C~DC%F Y= (F,%%‘U—*
‘~(~D(F (‘3‘{ yg)‘




I (QF)’ AF

167

~.(ou:( ‘)-(-o(x:,fé
-(F)%7 (-)( e, )v B
N ,(%Ff (gjr(«é {\f> (%F Jr?)‘l:,@
o [‘BF) = %Ft?)?{ N

0 Leb AeR ad Fel® Lo gien, T

((QF) q) = C-t)(’AF)Lf‘) (O(FQ‘ )= (vt):\(F,q') |
AL = (7, %cf) (&\F‘ q) vwzm =2




168

¥ Doibies o Divoc delle Bndiows

 Deasabies b He Do della funckion we debimd

wa the ,?vevio,us% Saled o\fs{vxﬂmhowaﬁ&e.vw&‘nm o
, éegimILi.ah ,w‘n‘w\r\.iwma\&akﬁ% _,%LQMS;_

(ke Vo ed® « (8%,000) < S'“” S (gladx

s o] 869 ¢ 0odx = (1440

-~ Q0

For tee el el Ruhon € loriabie §% e

e \A&\Je,: o

e Vg A (8% (k-0 )= § - qiode |
&\ | P loeag@oode |

L

o S NSl GO ]

- Usimb | Uﬂe FWV(W&% c&egiuei. G_@ssém ‘Jisk}&u{ious ovd. the -
| Wesmé,, o ditvibuboval dovivabives | v geeal we haw:

ke o) 2B @@ |




169

b achlel ad GR

; Stvm& (¥4 \A,o\,\:_&‘_, ..fpreviow ,S,&\me, '("mik o

Sl = L Y 8y

[0 o

bk, Bl sibo i o didribubud devale

 owd ;_usiw% {L\z S(aﬂq‘n Jmuuipgt,(o}don &’u.QZ%wQS%LQ
- QOQIOWi‘A%_H noe %QMQYQQ, K’)uﬁ o

[t 8900 - L 800a )]
el ™




170

\,qr@ugfﬂ te m&ew 1= g W0k
1= [T [E‘;?? (k-Ddx = A.(;m f“”cx%"ecx!o&x o

-® =R

L.)Q V\o “'\'\q}: o
(x"f,e?,‘V” = ((X‘LU er i x”‘(e)@ ) (QK@ ’rxcl ") ‘
{e" (‘lx{-x‘Lﬂ (ex} (9x+xD) 42"(9_%)@) =

eX (9xixd) +eXC9_+%<) =
vex(QY{X(L 0490 = X (@ buxsD)

oud Jt\«emgon:,
{oo ; . S
S e (1244 £9) < Ze .

,,H Y

1= e* [x‘imua)%(g a)&v

-0




Dxekasts

,@LW@,A&A@&%W% B

BT N

"%

-1 edon (0 O (o) d

8

§

d) 1=

H

171

Ax e Au Xy exo(m)% CX S qu 0 I

I
0 1- 5 xﬂ@gg@_xi—z[s;fcx-z),as“_oez)](Lx,m,,‘.f

,,,,,‘e) 1=

8 by mp
S AXB AB_,_

sinlop) 86|ty 08 0]



172

OV M il dfbe fudios

- EY-PR?)?M? loith 2‘1\«0[?“-0&/1f,,«,Ak_\‘)}x{@s{b?"l_,,«_,,,.?Y*?A*VC‘S ‘iWDxQV!‘w?} o

. the Divac Aeﬂ&xguwgvom ov %részaLMCM be

>EMQQ¢91 ok usiua HMLQOQQWM - Qum‘uwzwu roperbies.
S 3 [
e We “Y_Q?';Zaivl v @3 , S\.fl_Qu)img {’LGLJC S

V8w : $0a8x-o) = QCQ)%&*@ ;‘ -

o Tabiey the dobiGbondl darivabive o0 Bl sides awk
u.sma,;,uve &ugvn@u{vomaﬂe{.t‘eg@e&mhow rufes ams{m— R
gooﬂowiw%w idonkibies - S

[Wecom: dwb'od= b ey Hbeee) |
Ve e (m: P98 () = (8" ) - () 8t x-) 4 hia)$ (x-a)

134§ (o) - $11Ce) § (x-a)

Ve ) f008"t-a)= LIS (k-a) = 2/ §4 -0 |

e T ool vt olablied wing procd By inkukiar,
(5 %iwn,\ @% .

CWlectm: 300 S ey = T (0% ("‘) UGS oy |
: k=0 “

| b Yakel: & } TR
k) kG-l




173

| RQCOM ‘H,.ajt Lhe. ?mﬁ QyMOV»\((LQ \ZOQP{?luMS Sa()?xé Jc‘ae
- Poscall ddenbbes:

Yoeh: ()= () A
o Vw,vxeﬁ%*‘:zh>=<w&>+ () - -
| K k-t K

Cond con b caluulaed via he Pascal brinsale, uhoe

w=b 4 [ eadn cocllaad i equal fo

w=9: ¢ 9 L le sum o the coef}{cmv\{
h=%2: { 3% 3% { o Awecﬂ»é abore it Pﬁw e

h=4: 4t Y4 6 4 1 N Coeeplc;(’bﬂ(, roqje& ot and

" wn=9: 1 5 (o o & | ohe >£ey \[o e QCQE

S |

DQ Nnow 9&4\9 J(L\g ?yaoe Qor L\.Q maiin rewﬂ
Prood | |
e we FYOQ Qa‘é M"LU(}\OVI Fmr n=0 , ecjﬁ,_,,g_,ﬁcmﬁm-) , cmcL
(?99( (ﬂ?\) @e iven. Thew : 7
(JeoSx-a qco) (S x-a), 09t = g(a)ﬁf(o)’

gta.) CSCK ), (2()> (X(x-cx.) X(a)(?()())
- (2@8&,@,%@

?\':ngwj ‘Hno.

Viccon Vo e X0 - FooStead, g0 =(faften) q00)

5 Yieco(®): ?LX)SCX—CL%Q () x-a).




174

- i’or n=w, We ai»Suzwe -H/\{:

8 (ko) - Z (i)m( ) Q(ﬁ)( )%(w Y (x a) -
K

k::

For ne=mtl , we haye:

;f()q(;(wsﬂ)(x Q) - U—/‘L@[g{ﬂg(m& ﬁ f(x)%“’”’ (X -
‘. 5i (~1)K( >¥(K)(0\)g(\m—-k)(x o) J -
N

dx o
- Z (-)* (myﬂkm( )%(W’ “)(K—LQ 2

TG my(“%w%(m“*”&_@

ico

COR (m\ P 0y Gmete) 0y
L) :

e 8“’"*” o) 4T () (m

=1

R

7

-Z (o ( y“‘mmg(m O (e = I () feead

<4 »%‘*"“’(x DT (0“( >?“’"(>S““““*‘> (o)

=)

. _. f C—QK“(M )g(i&)(w%(m “kH) (x-a)={0 ?{”‘*O(@)S(xwa)w .
k=1

V k-t7 o - )
Sy + § i X (") (m ﬂ o SO0 gy

k=) -

Sl ()8 (g a)




175

@S ey b TG (m.y () gy QU (o)
O i A R R o

B A A L TR RN (V% T
k:oV K

By aduchon, B> oncludes e woueesk. 0




176

| ,V“EXAMPLE o

ﬂfe\é Wt‘ﬂe QVIQVQQ\RCL Qumi‘ton e
?m - x%ex (8" 0438 6]
DJZMQ . (X) X77 ownl. , vzoL& Jr\n J»
o= ,,(x?.),'e)f& Xg;CQ")’ By eX Lxe ¥ [X%mﬂ%)e
ob“(x) = (%313 ¥ t (B +3xY) (e¥)' =
= (Bt by ) X4 (xB43:8eX =
- (BxT by +%® $242) " = (x"’uf (<2 ox) @

}};;OMJL lL P\ﬂaﬂow; j{[f\ajc ,

,, %(ﬁ“ 17 e& e

; 3'(&)- (1%43. &"')e U_Jr%)e —Lte
Dy (12612660t < (14646)e = 13
éomeewemw)g Q(k) gtw\pﬂ“{)\ﬁ 1(\9‘

X(\()a %) g”(\C DR (SOS (\L D | )
EATIER FOL T M0 S0 43 LS o«o-ﬁa@&-{ )
%mm -0+ %‘(0 'r%abme‘ac SO+ () - 39t (O] -0

,, ~Q8‘xmL 9 (4e)4+3e ] 8 -0+ [ 130 -34S x-D
e SUa-0+ (-8e +%e)8 (k-0 + (1Ze - | 19¢) § (-0

< e 8 (x-0- Ge 8k te b0,




177

EXERCSE

@ simlh b Mloa gemalind funddios.

AR T T L N € I
o) Yoe (9?02 8" (k-

 Dle-2GEn LaS'ee0ss wen]

-mg(x):: x %('f'“) (%) LQ(HI\ n e IN¥
D Ywos G §M 0




178

¥ T Beavside AMM S

T\ne Hea\nsule Ao&wﬂ)u&om b oay Qxﬂump?e, OY‘ o m%uﬂm\r
&\s]c\r\ﬂ,ukon Gwm ‘HAQ ?\«e\/wusﬁé c&ﬁ,gmei Sactucvz(_e_ 0¥ Céuqum
Jl‘*h%»&l@ﬂﬁ szbc) we. Aegme o ‘

VX(:W\ Eu(x) J An({ )di = J e)cp( w{‘L)AJc

-“ne Ureo.msxéue ?um}cov\ H(K) is a H:augour ohslhgujﬂm

debined as: o |
Ea AR, by

va&,,&ue (o Sme “,\a,{:

Vﬂg cdmy: (K, &Q(KD S u(x)cf(x}o\z = S U(mix

i le’\ 'hr\e. Te()rcscu&cl{'m\q &M(Jf‘wn ‘ HUK) cbwem @»é
, il xe (o)

_, V1
VyeR - Hm,% g, i x=0

Lo i xeCooo)
v—&m . - » . —— Jﬁ“ . hY

C Geh o L0, B, Gl b OO




179

RN VIR not &Fwerw{aaﬁﬂe O X:O.,“’qb&\rv,, sfuce

() Bn = And N , e sewe cﬁ?
o Al‘&‘fh%om 'h\@. AQYtVQS'l\I‘Q 0? 4{/& Ab{ngautoh %QMQV’&Z{?&

| @é U0 Soi-«SQLQS o |
LEBAHED = %OQ; I

o Shifled Veiside dohildiows cau Be defuued vin
Enlea) KB, U | YacR
AWQmA om & Jreﬁ , Quuc&zou, the Heaviside OK‘S{HQ‘&S‘"IO"’

,OoﬁveY- o R -
1o 1
Ve AR (Hix-0, 00 = 3 ‘g(x e |

The o“s‘vi@usi@wc&, A?ﬁ‘l&h‘t& 0?, H(x-o) s %t‘vﬂq Q,%t

(ot l-o) = Sixea) |

- ® Dfxiviguiioual Aerivahm ,,,o{ [N"_,’—CEDQQ 4“§9‘4th‘£°&?§ ch}ious

: h)e Covmoka\r o\_, ‘-CVI{“l Fxtcewxse AlS(olemuauS ?'umeh, ,
of fe form % -

, ‘,‘,:Eo ) , 12 x<oy
A il v gx<Ka,

| ¥O<): ‘,,‘ga(ﬂ N f{! ag <\X<az




180

. This gum.x_lpm “\ma‘gvto{, hg(e)>gy'¢.ﬁlg_ ,Qe &Tjaecreln{mgvﬁov

. Qven (’omximq?uﬁ_,, ,aj( 'hf\o. Yo,ivr.‘b Oy0q,.. O HQD,J,QV,_W, it

, iv:clucein,,‘,a Ablngmsnovxﬂ\m{ cau QQ;,.;,L&'H{LﬁV}_, M ;ﬁw‘) 0’?

he Weaviside ,Abx!'\QM*iQVL ast

o foras H) (0-Fo 60 T W (x-a0) &,[fg.(x).g&(x\1 H(x-0q) ¥
4 ‘v;r.-l,,wa‘(X)ng)-L(@1H(Xf 3‘4) o
Ao+ T T (x) A 0] B x-ar)

K=y

T should fe woled el Be vabuey o He oviguaol
‘?Uvzcxiow ab dhe ?oin‘S, O g ey Qu have o Qegco{ v
foo ofove tesull M{lﬂoaj\a {he avgfbimﬁ fendions will e

éian{ Puh,ch@nsy t? uﬂg Afsf&%r& ‘Q{'. gn?. DOQ'LL&l .;[701\4\5

. 0((Qg,..., Qu, ol sudt .Rmc{iows,,uiﬂ iudue a uvique

. W%uﬂnr Ais(via@u}io\a y ,Cbi&tb\ Q:vé Unn aﬁowz ec{uq_Liom. Co_w)equma;%,v

be dishibional  doivabive of flor 15 giren Ly

0 = {d wé‘:l (4/h) 3 b -deiGal H(x-ad) b

oo 7:; heto ol +
o+ :2; [0~ Pt 00] S Gx-aue)

B TN E AT RS (TSR

kel

T a0 ] Soea)

k<)




181

 Higher dobribadional  daivalies con G beken flak wl
ot v aé.ou'\omoja Ws iwvtzﬁyimséh Aﬁv?voﬁl?vm d? dolla
Qundbions. Mt dofla lems  coum Be and sheuld Ge

,Si%rxqﬂx*?ﬁe&w so thal %% have (n%%ev ofkdeds o5 dhown

~ in M : QKQW‘()Zﬁ Q?ﬂ—ﬂw N




182

- EXAHRNES

B the dibituional  derivabio o P60 9060 of e

gbcl = A x1%x il 1<x<z

Soldhen

UQ Vto{'Q h«Q%
- x‘L*xHUx‘L%%( (x %xﬂH x—\)%[(ﬁ#x"-} (x"*&%ﬂ“%«i)

= (x3390 (x%120 5 O RIx=0 4 (0BG -x-350OHx-2)
(x40t 9 xcH -0 4 Ge?-2) Hx-9)

(‘;Wu‘ﬁ\. S(\ae\tgove , )
0= (0 1 (930 Bk Olrixg(x«tﬂ(x %x) %(\4 D Zx)g(x 9,)

<O LU0 F S (-0 + B M - + (97 -3-2) S (x-9)
= (g0 + LR (k-0 F (AU (D + ‘lg (¥-0+95 (x-2

) OWIJL
I - (et 28 D) b (38 Bxa) £ (3308 (xoa)
408 k-0 25 (x-2) o
c a1 bxH0-2) 195004 (2-9%-3)S (x-9) ) 19560 b

$ oS (x-2) o
= 9 byt (k- z)&%w 54 %Scm + QS’&»M% gy,




183

BYERCQISES

@ Ceude e dibibubional derivalivs P 200 w0
fw 1u/~0_ &Mouimoa clfuom{iwou,s ?uu c‘mas

ol iix%rﬁx‘l 4 ; x4

xXtbetf x>t
2) 2. % X XKD

+. X229

> o= Sl o Yach Lx<o

exp (- x;) 1 X0

W‘W&im,

Moo xe

Coslx ;,,nfé<x:<..r1l9,,,_, o
Sin?x ., pE<x

xh Sm,(mo o, ox<\3 |
Xeos(ox/a) , BL<x<V

3 Skt cosx xé,ﬂ/b”

| xsinloxf 5, A<x



L Heew: Fearw

184

¥ Sude bk eveluahon of generahud huckios

T gpreal, insple o be okbon, o dobifidion F
. vk e Q\/%a[ei . ,er syegrgtc;\_f@&&umnp %, However ) a4
- e k—e)kncf the s[loce og ol,iSL\,’wa‘jlov,lS, , %[0@ ;‘l‘.ﬁ. a  swoller

A wgs‘f’&(p.ﬁ,ﬂmm we cawn Q)Sl%\tl[v #QMS’O{Q"VQL*@S , ><,,+,X‘
QS Q"ﬂ‘?u&;

| _Dg_%_;'- We cgsee(,ma, “’\Q q}QuL Am (R og&sl‘ﬂ@)u;tw) T G‘Q(I‘(,lil).—1 |
Hnalc cou be “u_aviutw as:

Foa=dpas IA%@H&«MW_ 0, S “&%w -

neB

Jwilh AN oud %9‘&1\[,”@@@\3} binile o counrtolle sebs

Suda ‘Hna{l I
e m® } |
% Yued: (a,eC®0R A eR)
{ Yue®: ( QMLQV;‘,G—,,W‘\, A Qnel)

I oan B showun that AP Wisj ckﬂok,)ecl w‘hn W}VQCL o wmost

, ogevajﬁows og t‘m‘&rﬁs{;:_ .

Py YEReelm - (el |
L VEeho®) Yo cCo® :,.-%F e A%(R) |




185

femork 10 ok B = Nl NeN®, fien we saq b
hed 0

F Wi sl o dode 00 o e b
; 09' QM N{M'OY‘;&Y‘ gk'VlvaQeC\\r 4.(5*!1(\@0\{’%0\43 (32_ A(DOR) L\f%i)g)

L Beg, den Fouill Ge o regdar dibilabion, we

- soy fiad ik v Otf_oder sivoplay ovd we dencte Mo
. Spate o ol ot ok Sivia ikl s of de@
oS AOQVD. ﬂ is {\MPO#QV\{? 3;*0 em?\qasisce HQ%L ‘re%&&aﬁﬂg), ,
e nekabons AR, AR, AP (R)  ove ot slandard.

- Givew XG\V\, Wwe assion che_ values X awd X7 o o\i‘ﬁ%viﬁdv‘ows, .
w AP acordiug to Me Qoﬂowiwz) cales:

o) Wecrm: doed = boer =
D(¥xelowo): HKD=Kx)=0

Vxe (o) H (xD = f(x) = A

o flot) =L A Hlo) =0
9 Wxelh: S =8 =0 S
0 d) Yxe® YnelN e EO ) <RG0

 Given  a dishibubon Fel*@® e RYfomsion ok T00 R
in c@vﬁw\ckovs with e oboe ALLVULwVﬁIAVHC‘Q&g defines
CFOD aud FOe) Bor ol xelR




186

8 Gowalnek kel o °®)

I %ememQ,uwé\A distriQubiows ‘?Y‘om AR ol inlegrads o

o dddied ov the C‘@;l.ﬂ(\m)_ iervall . A %zncra,QizeL;e(e&m{%w

, dg Hee t'w‘{%mﬁ. gvr A—hl‘ﬁgu\\'@v.\},,,,AQV_\ A AR ?oﬁsigh 0.5 Q'MQW>I o
Y Le,t ,..Q,TGZWL /@,,e ,%vcw,_Ue., eiegm o

ae(p, o) = S‘f%(xuy) dy = rJr&(x.p) dx :j *?Q‘Sbc-y)o&x: {

- -~

o€ (p ) -:.)S * 8 hepdx :SF“L, S0c-p)elx = S*“," g()@-?) dx =0
o y’?ﬁ | Pl;

oel-omn JPS&JPR\X :J § (x-p)dx ,=5 Sx-p)ox = 1
- L o~ - |

acleop =) S?’%(xweg)égx = S r&&-,())_eix :SY g()c-ap)&x:o )

gﬁ%(x-@&z: \

-

%9 For !LerivahY‘E‘.S . 0‘? Jclrte_ . Diryﬁ cL.eQ}m Qumoknvxﬁ.m,.,s(&c(n Qs

%'(x~p),%“CX~P),.,,%(“)(K—?),,,, .ol of be oo

o ih&ﬁah&s are Lero. | B
*9 lﬂtﬂbvﬁQ) ivlan\/iué u-ézrms con Qe QVD.Q.MQJEA- &) /Qmﬁfc‘ o
V\iewzqmw ih&tobvap-), ‘ ‘ ‘ o o

sy Fr oo saew!ﬂ dikebubion Fedo@® of e fon
Rl T g HGop + T a8
neA ned

,,,,, ivic}ons can le Jaegime& ay iviear cm@ma{'wm;&ﬂxtaﬁeregqsei




Y tew |

187

b vemodkall el ool i el gl i
Chot i sehthes dhe &MW% %emm D yndamadd
l“AQOR\ﬂ o‘? C\:\,Qw.o;n - _

T - - b e& ol o<B. Tew |
1 Y Fear): (& Floodx= F(QY) - Fed)

‘ot o

i
et (F et @ |
|

¥ [P b mor |

a

=
Floddes E(B)-F&) |

1 (TN

)

R g ix*’m&mu ‘[o \MOWOW M"tqmﬂs o
We can exleud J(Le. oﬂawe ]flwaOVer k improger Mit%(f‘&ﬁ
by Ae&m%

" HUe) < AUC as‘) =0

SU) 296w =0

Yoeh® : 89 (o) =60 (a) 0
VQCC‘”(@ @Gaﬂ Q:uq QN )\QL@ valr)m)

K~ -

D95 mm “,.a.jc 'HAZ m.\-s E)usé N‘*lﬁ -{Lo.j( hﬁe_ cOwey 2N, o?

,. um(zvo?er cdcész 5 et  assureh owd shodfil Be
o LvMiSHng:e& on 4 G QB Cone Qzaifﬁ




188

CXANPLE

Colude be el [ g(éﬁﬁ§W@&§»mlwm.

‘o=

w‘:‘,’Da?m Wbc) (x‘LHYL Vxel Thenw

o 3&) = HX?-H)QI - 9 (@) () = i( ) CQX )

'V[;ggg,ﬁwwﬂwwwwmmmmmmWWMWWMMWMMWWM@WM.MMMMMWWWMM%WWUHMWNW.W_VMM;W;;

0= (Wiwd) = 9y 4y

Sk Rl Bt

IJ o (2,02 Q100 by =

= & ,‘ﬂm ‘ q(o) IS -io\‘ (o) %‘(x)+%"(o)g(\<)lix: L

%(033 g(x)lx 9.5 o3§ S(zd&xlrénmg Crads

—

%(@ O - a% o) 043“(@ & %‘(o% 9. oﬁw G



| M,.d 1-

189

EYERCSES

O Ev:xnu.a'{:e {'Le, ?maQowM? lu!mvois i Eq ‘?ws{: S(MQQJRA(MQ
 fhe Lulfz%mwks I

" el Sea] éoc

01 S

o (860 438" (e -mi@)] &K

—

O

e 1=

D”r

S nl.w SMX( cosx] [8 (x)+ Q“ (x - q) +§ ’(x al 9~>] olx
5 m(—-xﬁ) &" (x ()Ax | I |

P
| c>‘~L N
3\ 1= S 2 ‘(x:,?.)?[%f‘fx'o Jrg‘;”uCXﬂﬂAx R
o |
X‘L ’»Url {S (K) Jc%[ D] &x i

e S’CX ‘/z)ix

i
| ¢

NG
o~
1) 1= (V

ot

VoS oedteedly

(% (o0 Soodd



190

¥ Dishibokons auk Greeds Funchons

B ; ® ImL«gvoi\%cvenL(aﬁ *?OVW!

Consider qn im%owo%emwus linear i:‘(evew{c‘oﬂ ©qualion o‘r) fhe
: gONM
00k @ G IRy ) ey Jo  ©
with aea, ., @1 eC(D) aud PeCOCﬁ with TSB some
itniewol. Usimb W[\ne, Divac &eﬂta gwd{m and “Jcs A.CV?V&}?VQS , W
&egﬁna a 3e“hevaﬂikei ‘?\mclﬁon L(XJ:) Vi

L) = T 0% a0 $ (40 ()

K=o

- Thew we \mmé vewnle. We ope ogare Qs

3 L(xt) 13({)4{ = Q{x) (3
1

Nole Jdne simiﬂaﬁ)'é n Sl{uck{m {o o Q{wear S skm o? eﬁluaj(i"ouj

?mwx fiviear ag%e@m. “ere‘ jdne enevalized 'ﬁMV{\‘ow u\tnﬁ)

I w9w>eu\s '“ne, QMear (L(??len(’i Ofem{\r L'- C"‘(i) ‘*COCQ
 wiocialed  uwilh Ert‘(n) , aud s called dhe Kemed  of fhe

~ finear ODE. ke s Hae ;hk%voeii??eml:aﬂ fom  of Hoe
 linear opt Gb\‘\revm Q’é Y:q.(D.




191

CYXAMPLE | - o

:COV\St\&er ‘l’\ne. L/\eo-\f ()DE B —
%“M‘r\lg(\d (x2- O\é(x\ )?QQ |
T\ne covres 70\AA\M<> keyv\& LC)( J:) [y %\\jeu Q

LGB = (OEST G0 4 GO xS L) - (kR BZXSC%%)M
2 ) ~ x5 A - () SH -
0-"\4- Jdﬂ?- !V\Sfe%\:oé@trthé\oj zov"m 0’? {"ne, ope

 ;1 i cbwevx ﬁvé
Lx“ (h-) —x 8 (o) = (=06 (- m]%w dt =0y

.—oa



192

| @ Gemera H\Eoré og (rees's Qumc}'imﬂs

De? : Comicxmr auw ODE 02 Jﬂqe Q—oym
» | Lot gt dt = Qoo
1 |
,wﬂt 1 SR Ssowme 'Ml((vQQ, A GNZM‘) fu.mc{“ion GCXLS-) 5
Qma g‘u.vul/‘(ov\ 'h«\ai Sq{is?u’s h\e Cqua‘-;om
S Lix D 6lt5) db = (x-p)
1

| m X’\;z Ruye OE Ai:‘lrigu[ﬁow?.

chmark . Tln?, Greeu‘) Qumdzm c(oe) wojc Lnoure [\o QQ umc{uc.
USWLQ%, i’: w&ﬁﬂ LO\R ,Q-—'zv. rammj-u} ‘H«a)ﬁ cou Be eLeitrmiwei
ﬁé QM%MB Om iml‘w‘aﬂ (owcm't'on Or  SOouR Qaumian&
com&fkou_ \)Simb a fivear oﬁ%&%m Q‘Mﬂ‘p‘b"})) C‘[X,f;)

can be 1‘\..0\,8\,‘{ + o h’.prt:)euhwz} o "wvene of Fhe
Opevator  represemled @3 Lix ) |, excpt thal due o o wull

}‘)a-cz og \nolmoﬁev\eou) SoQu.Hom;p‘ {’[«Q NV LEYH< oPQraLrom ls Mo{;
lxv\'m{ue_‘

Thom - Lek (r(‘f,%) lo o Greens 1Oqu1‘0\4 o£ o oQt'vxzar
1 ok \, ;Q Acf—ivuzot on Some ivzlﬂrvd TcR Then a
pav(‘%tuQar 509/\;\\'0\/\ o% Hu). ODE S %Mh «Q%

00 - Sl G0§) F (A5




193

?rOog
- ?T&Hv&(u dt S L(x,uH c,u,gmg,ug] dt -
r L
i S dt 3 45 Lo 66D -

- 13 thp U dELGed) G(Lg)]
1

; {
_ S N UINCR AT
1
i1 Qﬂﬂﬂow) jr{«a{ 'ﬁf'm s a soﬁu}v‘w og H,\e Qimeav ont

j U\c&)wé&)& = Q (<) 0
1

'ﬂ\t Gveem‘s guwj{on cau e Qouvci usiwg ngoﬂom‘.mg
H«Qovem . Tfom?YwW) Me"Lo,b, Q-%‘ H,Q La{zz.au Llravn rwm

AR an aﬂgmqk Jrgdnm‘.{ue whidh we shall discwrs
(oler.



194

Thm ¢ Cowsider dhe finear D€ Lu=? defied on aw

mlerval TSR wilh L ) 200D dedined oy

| V%e ) Ly - té“’" +au-n8(“*"+~-4a‘%‘+ao%
-UI\J(L\ Qo(Ql,...,Qw-qEQOG.). LE,{, G(*(S} @Q a  Greow)

gum&iom OE {’LD- OVeva‘vr L wl QASUMQ_ “«a{:

mﬂm:syam&%” 1(__.(%,,3

Theu i{ QJL(W; H,\a_% Qo\r Qa %ivev; SEI, (r(hg) 1)) fairem @3

G 3 A 1,60 + Aa(Rgabdt--+ A ), i g

B ;%\(x) Ba(Duatar -+ Bulf) yul), il 12

ith A Ae, . Ane C7(8) aud BBy, .., Bue C*(D) sudn

bt & sabobio He blovivg  conditions:

(@) 643, 268 /3x, ..., 3726 (x@ /3% ave
(Outivuous  Own x:g_

@ b 266D _ fu TCEE 4
x.‘gb%— ngw \(“\3« ’éx"‘“

Proof |
Siw((’. G(‘h}) v a G—atem‘s Vguw}ian o:?' HVLQ Qimar o[)e.ra)wr L)

, "ll ?*OQPOU)S “nw{ LG'()((%) ﬁg(\(-—%?, Lo(AQi'bimB gar X(g avid

Qor X>§” we {nmc:

~ For ‘><<§‘-

L6t §) =04 G- Altg)«é‘ww/&icp%q/(xn-—-+ Am@)\éh(x)
For ><7§).-_ : |

L6t =06l = B;(%\«é,(x) +6, () %Q(XH' -4 Bul§) Yo (09
[ Qallogs; Fhak:




G (5 - 3 A g+ Ay Yo -+ Ae§)ya 0 { x<
| B0+ BaS) up 0+ Bu) Y0, xrg
To G>M£is(a Me coudibions (@) aud (&) we hole Heat
‘G(\h@ sakishes He Lﬂou}wb equaham, b the Seusc of

dishribuions :
T ta, (03 CED 4y a0d6lD
X P K

) Yoo () Glag) = 3 (x-§) ©“
(@) To show Mt 6§, W) /v, ., PTG/
are Conlinuous on zzg , We assume Hmjc one o¥ M
b hw\g Covtkmuow On Xt%_ Then ’Dm'tG()ﬁ(g)/Q)(W’ 18
ol feat o dordtr sinoudar dobribudion el 960 g)/oK"
) haer?/?m«e ol Qm»sjc o Jnd-ovder  sinadar dishibubion.
s 20@%)5 {“LQ{: 1”49_ Q&ﬁ-!/zaui—sié& og Ec{‘(l) {5 Q{Z Q?Q)f
a Qw&uov&ar Slmfbugo.v Ai)h%@u{v‘ow_ This 5 o CQVAYQ_AT\CHOM
Becaue Po vczuw\,\m&vswta i o Ast-order in%uﬁar
&ash;gukon, Thu COM(L({'I‘OM (o) i proveé\,
(@) Ue o\qgime el
F§) = 360 _€(xg) = Lm a0 3 6x)

W me ¥

= o, 030D T g, 8603
] K™ bro ax*
From @ e know fhat khe 954 “erm' C{ka S Qvowx K=o to
k=n-2) b couivmeans al Kzz. De olso kuows flat
MGEES + Qv () 6 x)
Ix0 !

195



196

' !nos Ito @t a {st-ovc&@r Sin ufasr Ais&nﬂu%‘ow S:ucé HAQ
it -hakside f €3.0 b -order siugular. T follows

Uﬂal‘. ‘

N a‘”g(%%)/bx” 4)¥"orc&w siw%ugar o Xc% =

D QM’QG(X%)/DXW‘ hot  continwowy aud veqular ol x:é =

= uh_‘CxYév’“lG(\é,g)/QK"" NauQav and. vm% Conhuuous al xrg =
= F(\h}) Ntbugav aud ust coubiuwows ol X.«.g' ()

e wrile -

CF§= 26D Seep- 2 [9“"6;&@ “H(xi,)J
va»

‘3 e ’BKVI"(

_ A
P

by T 26MD )

'ka -1

Fvo{m E»’{-(‘i) !‘1 {Zaﬂow; Ir\/,o-&

D= 1) coutivmons 0w ¥=5 = lim 1) = B Led) =
b S ! % o 5

b [37CWD .au(r@j:ﬂam [D“"G(\qp -H(yg)}

X‘*Z*L Yyt o N W

Sl 26EE 4 =l ek S

OF e x§ g

Llin 74660 fw 760 L o

X4£+ PR X*E“‘ D‘K'm«\



197

® Agﬂrm&eon Lo e iniliod volne fro%m

[Je can viow agf +lnc Greex's -Puwdfiow %L.eorg 1, He im‘[:ia,Q
\mﬁue Yvo‘g&" o Kiwear A‘,%QVILIKZQ e_':iua{*im, To o-@Lﬂm o
unique  solution for fhe Greads Qundion we male | n fhe
prood Lebow, dhe cauwsaliy  arsumphion Hual G(4§) -0 for %<3

(ie. the dobhoe bas wo elled o e o),

T = Comsider the Lvear ODE Lté:aq, dcbined o an
iwk\rvol {- [_ﬁizlgl?\ hﬂhﬂ L C“(I}—*COU.) ?vew @g:
V\AC—.C‘”(&): Lé: ‘(é(ﬂ%-au_llé(h‘n«\--'M&—Oq\g"ruo‘é *
o Qoia,, au e COM) and Yeco).

DQ evsUme Hnm{: quuu—): 3?0‘4;%“‘31,"-,%‘4% fo\’
lg‘,tqu__‘lxgm ¢ C (1) Thew, {lne cmre)(:)owiimb (reeus gumohow

s caiv-em Q‘é " |

Glv ) = 3 Y Bu(Puelo d =%

l O ; fg X< ‘5
‘w‘nu«n B“—-‘gn avre éi\rﬁm Qy :
1 (B, B, . ,Ew(gv):?\«Ilguga,".ﬁgﬂ(@" (0,0,...,0,D
Accn—espomi‘{ﬂmoa Ym‘n‘mﬂ;ﬂ* Sofu\-\‘om {5
Y0 = 13“00“ Y Be® é&] , Vxela,6d

o~

Proof




198

I-rom J(Lne Freviouv WL‘MOYCM‘,,J(’A& g?vn(’_voﬂ—; !L)Vm o¥ J‘LQ Greua‘)
gmci’!‘ow is:

Ghgr= 3 2 At | xe
» j\i Bu(é)‘gu()() , ] Y2

W=t

Ve Maj(e Lood ,

Ymelom-21aN: Im6(5)/26"  covbiuvows o x=§ &
o Ywelom-gJaN: lim 2™C6KE) - [y, 976k
X5 X“}; ox
& Ymelon-alON: 7. BelD3(E) = T Ay (5) &
le=1 b=t

&

& Yelom-glon: 2 [Bel§) Ay P (=0 W

le=1 ®
omd
ii"‘”,r 3G () ~ﬂim VGG Y
SN S

(n-d

o T BHRLD - T Al -t &
k=1 k=t

o 3 186-AGL -1 ©

To emgo{& \mlt\ueheiﬁ we imlkozluce ‘Un& musaQi aysumth
J(Ltq{ VKE[VIII Ak(g) =0. Eew‘ :eyam [C\.U) ow& EZ‘-(‘Z)‘ e
, Lmte’- ‘ n- o ,
%Vme o m-21AN: 1 BulDYm (=0
k=t

&

Z Bul§) 9 (5) =



199

~—

| g{(g) n(§) -+ \y(g) e 1 [o
4§ W@ -yl ] B 0

3 Wt T || B9 | 0
Ly ey O B | L

o Wly o LD (RS, Balg), - Bul 3D = (0,000
o (B,(5),3,(5),..., BE) = W[gl,-.,gwl%y t(0,0,..,0,0
, G“mz C@Yre),l?owéiu PQY{";CL&QY, So}&y‘on 15

w00 = S@’ G(x}?) 354 - j" YEBK(B)“C\MB@ 58
[‘B‘ " Bm(mumfég\g:

128

- :él U, 00 UX BK(E)—Q(%)AE} o

5 ﬁMsp

Remok - The ?ev{ichur soluion lg?(\d %‘(vc&n abore 15 e
exact solubion to the witiod value Proﬂﬁﬂm
| { Yxelasl: (L\({)(x)z%o

«{(qy-.«%‘casz Y=<y V@)= 0
n whicl, {Le 5s€m s inchiollized \?vo,m au iuiL‘a,Q $Mg 0‘?
tob . The evxevaﬂa Soichion fs -
Vxela I upo- cl%.(mcq.u(\q.cm---+cw3n(x>45"cr(x(g>¥(g)otg

(=W

L~Fe>r move %ewaﬁ (mcL‘s& aonditious .




200

Remmll(t For ‘H\Q SveuaK e o? a SQ(O»A«NAQY
QunaaY DDE, \[\"Q GI—QQDS) ‘QUWC('ZDV\ Simpﬁagﬂ’s {o

» AR

6§ = L B Yabd

9 v

| té.’m %{ao\ |
ond G,(X(%): O JYof X <3 : oud  he sofubon o He

i\niLto& value ?m@i&m |

3 PRGETNN \3‘&\ ta, K Yk S

. %(m):g Ag‘(od:o

(v %ivtm Q%

Wb = SX G(x.‘pf(g)s\g.

O

(’Or | X?g




201

EXERCISES

) Fed e kerad L) for the Rollowing  fines
Atg?m»,imﬁ ﬁe\uajtiomﬁ n order fo rwrile thew ju the

, govm: rmL(X‘H\ém&{ —“2(\0.

o) %“(xH Qé((x)irg%&}“?(x)

) xxé“(m(ﬂ«n () £t Mzg(x)

O [(t0q1' xq’%(x%?(x)

A G0y + By 00 -y “f0

@ Le{ G(be) e the Grewty fanchow do e Qwnear ODE
Ly=4 Wbl L@@ defimed as
| \/%e C" () : Lla: %(”)4&14-1 (‘”“>+~.-+cnl5‘mo%
wi th O«o‘Ql,,._,Qm‘,(ECOQR) (orres()ou\clivu le the iv:hl.m,ﬁ
condition (o) = ((a):%“(ajzu»: {W‘)(OJ:O o‘? fﬂf{‘;aﬁ rok.
‘ 00 lg lé\ {9 1(\08, 5o fution "-v L‘A{::?l ing'ia,QiLeoL Qrom Ns£
ab X=aQ aundk %1 iy {he Soﬁujﬁov\ 1[0 Lgﬁrﬁ; ihiLiaﬂi’éeok Qvow
\re>\:) lhen show that fhe L que solution 4o fhe iwikial
Volue {)onaQQm

i[ L\é{: (A-?i Hx’?a.

\é(of) :ké‘(.&) =z ‘Z(WQ(M =0

0y \é(x): g‘é(()()'!'\fl‘éc;()().



202

@) Show “\QJ( G’(K,X)"O QMA\ nﬁyo ‘“4&&

VKE[W‘&’S! ?KG[\Q%) - O
’BXV‘ S:X |

@ Fud e Greasdy -?uml-ioms 0. Jue ?Qﬂs\uiuoa Livtear
~ ODEs GQIVis%iué %L\a Caquix\é com:&i‘iou-.
o) wx) %%\8‘(\&)1“2 xX)= gm
Q) tz“(xHBg(x)H«ém )
e X““;S”(x) Haé‘ (0 -4y = {0
4 \é‘“(x) \é‘(x) {0
e \é‘“ (x) - ‘*(x)» I(KH%(‘Q ch)
| ?7 “‘ (x) O+ S bc) «fbd
D A




203

ODE 7: Laplace Transforms
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EXERQSES
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; We simpﬁrgrué furauner V\oLiM% Mm{:

4!

T lage) = U lnsd-tfe) = T[] (k-Ya) =

2

A

=1
N
:-\I—K-W ik“l = grf T (@‘L"O‘-’—‘—
Vs

K=l 9
_n C%n-lw.‘.
: ?*V\
 owmdd %QOei We. lave:
:uU:\: nlin-ty o AR _
| I (nte) In I {n (-0UT &

1

| -
_ 9N ! , {:n tﬁ;‘

11 (9= )Y




260

EXERCSES
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