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o= (o) = a |

' Mz X =0: ?‘(o) =070 =2 X=0 (5 0w \ms{‘a«aﬂg &‘\(esL

X Poiut .

4

Q(X) zax

v

[

8) 5{3( = (o/B)x (8-x) with 650 aud £%o
X(6Y = Xo . CLOB“A"{G HO&.CQ)

Here o= Cb\rawhq \roi-e
b= C&.rr%iu% Ca[)"acfl‘é.

> Fixed ?ow&s.

Let Qm = (/) ¥ (R -%).
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% Yixed ?oiw£ & Y= 06 (x (B =0 &

e x(x)=0 & x=0Vx=4

» SRQML‘%

Qlaye oo 4 xl)=a & (Byx-xD-
dx 6 dx

L)
B .:‘_E__(-@-—i)dr- a — 9‘“')(
¢ 4

Fov X=0 * ?‘(o)‘: a7o = KX=0 wasjrﬁﬁﬁe.
Tor x=0: $'@=a- 9‘2@ = a-%2a =-o <o =5

N

== w=0 mamp}‘ohﬁq% sﬁ@ﬁe.

' %

0 ,@,\!}

}”* The sla@{.ﬁt}\a theovew given abbove waod il ot
a Dixed poin(: X=xo we ove th,\ﬁiﬂ‘—:O-AVL
aﬂcma&lm Me;Hnoc;. Qwov* A&;ﬂ'miminé Qi};e.c& I?D‘hj[ SM&QJ;}
ux?u.ﬁ v suda sthuations s fhe congtracHow of o

$ifzh Mﬁe *
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) X = 9.)<(x—t§£(><—9.)77

> Ff'xeL f?omk
Lot Y00 = Ix (k-2 (x-2Y . They,
X Eme«L poivtf: & g-(K)mo & Ix Cx—»OQCX«?J% =0 &

ey =0 V(x-D%=0 V x-22%=0 &
& x=o\V ><=L\l><=i.

> S(-u@.‘ﬁr‘\é,
X | 0 1 9
4y - Sy |+ {4
0% | + | v gt |
(x-)>| — — ~ &4
Lo + - @ ~ ¢+t
- |+~ |« | —
Shal. sl unst.

Tf/tu.s X =0 (3 OLSBmmekmgﬂg SJ\’»Q«QQ ounol.
Cx=l and X=2 are km{*a.@éz_.



EXERGISES

@ Fiud. +the C:er.APoM‘S ound d.elermine thelr
Siaﬂﬁ% s:or -k«e {\O%wm% stasl-e

«) x=<x2_g = 1- icssx
@) x = x-x? l;a) %= e Xsinx
QO x = x2(6-x) ) % Jslnxi- Sin L x
d) X = x (i—k)(i“x) | 3) X = Cosx4qsinx
) x = (x+03 (x-3)? K) Xx= -3

$) % = (2x-02 (3y ¢ Y

27



28

¥ Polentiaf and {d st{ems

Cousiie_r a 3d auwlonowrous s%skm i:QLx)
wilh ? combiviwons in . Then we vmug ie?(ne

a YOLQVAIJ “uh dion

c
V(X}: LQ &) dt =y f(x):._iy_‘i‘.). = .."\Tllx),
dx
It coﬂows Ihat
oA V0.
dt

e let x( e a solution of the autovonous szslew\.
e De will show thet Y(x() decreases wilts fime,
Hfm.i ' *kn.e. $'651Cb1 Qvaves ‘[owanls Bower Yo)-tw{iag}.

FO,YWIM% %

<ty = Vx> Vix cm)l .

Prood

4 vixwn =Y/’ (xa))_ézs_(}l_ = V‘(x(m? (<)) =
at dt

Ve -V ] - TV ]t o

te
= Vix(t)) -V (x 4y) = [ [_.EL..V (x (| dt =
b, Lt



29

tg
~ [V'(x(’c)\]ic{‘c <0 =

\

o VixUN >VE). a

Bemarks

o) Fl‘xe«l Poim{‘s oCcuy ml. -qu, wmin(max poivAS
09 e YOl-Cn-lio.ﬂ funchion V().
@) Stabfe f;xe& Fain(‘s oCcur u{ Yo win fo:‘m‘s

| of Vi
A Unstalle fixed yoinls occuyr m{ fhe max Pth{S

o T )
| }—7 No ?en’och'(., 5"60&{1‘0%}

B A LL Ou“onamous Ské_skm )‘(?;S-\(x) nerer "/\9&5 :
any Periotli,c sodution Hao.{ is Vot COMS‘_"&M{

for oft Yime.
Proo!

leb x(B) Be o solufion of x=fx) such Hiat
x(®=x(t+D ,¥teR. (O | |
Lebt Vx) Be 4'«& po kn\liag. ¥uh(‘l'i0n_ Then
M= Vi@ Vte) , ¥Yieclr =
> J“T [VieeN]2de =0 , YleR =
L |
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=< Vit -0 |, Vteu.uﬂ , VieR=
> Vixt)=0 , Ytep
=) AX({)/CU:' =0 , V{:eﬂ‘=> )((—{) COnj\louq{i n.

s
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EXERCISES

@ Show ot the fgslem x = X-Sint  with
x(0)=1/2 odwmils the pe_riod.ic. So/wion
x(h < (1/2) (sint 4 cost) . How does Hais
veconcile wilh our cloim that Ld aw}vv;omous
syslems do nel admil periodic solutions?

@ Likewise chow fual the G\éskm X=-wlx
wil-la xCO)r-O eulmt}s 'Hne I?,en'OO\“c Sofu'h'oh

x {t) = sin(wd). Acbm'n, lna,ui do we reconcile
Hﬂis flwcwlo)(? 7

@ Find e fixed- goinls and delermine Hheiv
Sl&.@(ﬂl‘ yor iol a.u.{'Ohomous S%s&ebns wtuq :
| ?oleuh 9 %wem ,Qcé
@) V- x4- 3y
@) V(X) = (Xq"' 1)2'
) V)= x4 bsiny
&) VD= ¢ * cosx
e) Y(x)= (x2 -)e™*
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VLoch Bifurcodions with 1d 9534«'.»15

d lh %ene.mﬂ, fourcaltons faﬂ under *jwo gene.mﬁ
ch%ories
(@) Vocal Bifurcations
(8) GloBal 3E¥ur€a—l—:‘on5

Howerer 1d sxéslms odmit on[‘é eomﬁ ﬁfpurralion&

/

® Comieler %c ioLquscohomous Sg‘zkm )'<=g(x,p :
will, \AER o Para,me,ler. A locad Ql‘curcm[ion occavy
when the nuwber of Pixe&f?m‘n'ls 'clnav)ﬁes as
we vo.nb e value of the poarameler . The
‘H\uc, moA- (omwmon -l:apes o ro.w@ l; urcockons
are =

%) Saio‘.ac-—-hom(e. gi“urm—koh ~—> j).( ='-Y~A)(9~”

TWO ‘foeet.-poinh ut‘“q owzosik 9%«’21“’2 «?v*,,")er%ics~
(o@(o\& inloe a souiiﬁe, Foivz{‘ which  then Vﬁm{(LCS:
A )'( a ).(
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vw | y 1\\{/
v /T ’ R

(Bi ?wca{ibé Aa‘uéram)

1—*A Lifurcalion J»m.zro.m shows the wmotion of
e fixed-poinds ow the x-oxis a3 a Punclion
6\0. e Fwwmelek K. We we o solid live 4o
Jenol-e He vnoliov\ 02 oL sjrqzﬂ,g ?iv.e&-pafh{:mnd
Q &o’decl—th_ -}o sLow J-Lc_ Vnokon 09— an uks-\mﬁﬂe |
%X ed- P oiet .

) ?—v Transcritical fifurcadion e—s|x = ]"X“Xi

Two ;‘ixe& ?otnss w{%\ owost}c shﬁ:‘ﬂ%& proyerhes
 wllide ivle a saddle—point whidh breaks wp iubo
two fixed popats again i o pposite d’ag{ﬁl‘%
Ftofevhe: &A og)o wih,. Hne:‘r sl—n,@fgiﬁ Proper 'es
e.xc\ncmzei, One ccqu pocnb fs .‘mo(ep(mdﬂn‘: 02 t,‘
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t‘}o S ’

 Bifurabion diagraw.
%)——» Pilehfork biSurcakion o3 % - x|

Tn @ prkhork Bfucabion , o fixed-potnt fieaks i
3 Dixed-poinfs. The inner fixed-point has opposile

EINANYS ro'w.r“ with .ms,ped,;h,fi"u origival
gt‘xei-:éin{. L%l oa‘er, pxxeclf'?oin;s L\OJE 4

sSaw e s"o.ﬂifx"né l’lro,‘ver, oy e Ori%ivnqﬂ ¥t‘xc4~foiui.
Ve all Hnl’s gikrccd-ion a rt'l,c,'npnrk _Qcpurw.‘f‘iowd

ﬂ:ecausg,{ht Qicurcal‘ion,,diqayam Pe)emaﬂﬂs [

fé‘ld« fork. The 1nner ?ttei-—poml- s ihAQ'?eVuLa"f{:
ot the pqrqmeler M.



P>o

}—’ To.vz%e ncy cowAz‘h‘on
U g T

Froh ~}‘Le, ex&mPﬁes aﬁmre we See Hna.k Q(?qtmll"msi
oCcur Q,Qu}wéS when e %ta(?[a of Yo o ,M%QA
l:o Hne X —aX(s, Tt ?oﬂows Hnoté Camo(icla.;t Foin{S

(Xo,ro) gor ﬂ)l'%qu{:‘Oh erunis Coun Qt Qooaleol QS -
SOO_HV\% ~H.e, Sﬁskm 0? equq}t'ons: -

3 f(xo‘,po)*-—-o {

‘EX (.Xo(v()) =6

Bifurwotion cha%mm




~ The suQ

Mere, fue sebscrighs reprosent parkiol dertalies,
o<
- }—* Sum(cl eh{ Covzglnttons e

[

One we idenkify o candidake for o Bifurakon

event ot (xo yo) it ocom Be clossified @3, B

, COhQiIMIMé.‘.“AQ,COrRS‘m vw(ivzq ‘ ng‘?cOe"lé' COWOL‘J"O"‘}
¥

wnstdered  oflove ove:

1Saddle-vode| |Tramsarihicol | [Pildiforck |
| ‘-Qvi‘gflfc,@“?n 1| Qi,eurcql‘tonw @ug—urtu}toh .
} (xo.‘\xo) =0 g(Xo.;!(Ko)?,Q | g(xo,\;o):o )
Qx (xm\lo)r—o | .¥xcx°¢o) =0 QxCxe,yQ:o
o ? t;,(x,o(yo),% o fy (Xmi‘*’)’*"- fv,(xmya):«b_} B
1 xx (xo ‘V°)¥O . ng(XolPo)¥(7 1oxx ‘(.Xo;.va);()
, , ~ -} 'gx r,,‘,()(g 'c\“‘o) ‘7é 0 ?xr (Xo(}lo)%ow I D

, ; —1 Fxxx (%o (,yo),,,%(ﬂ_ o

Y
cient condilions Yor Jue {ifurcalions
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r') Proceduwre

To t‘d@lnlf% ahd cﬁasﬁﬂ} Qaicur(_u_-‘{fon eveuls (Xo;[‘o)
we work os Yollows:

*, SOQ\R/ *he- C-:luu.ll'ovaf )
‘PCX,LI‘() =0 g
g‘( (x‘v):o |
to iichlrie‘} (;ahob'c{.a‘[-cf (x°£ Y°)'
*y Colewlode £Y Cxe, ko). .
012 ?r (%o o) 40 ¢ Hren check that Fxy(xo po) #o.
1¢ So, j_hneh (xo. ko) <— SQAA-QQ—MOC{C Qi?urcq*ion'
9) ¢ Qt‘ (xm[AJ =0 ,' Hen chek Hat g"t‘(“‘t‘f’) 7‘[0~
Tkwx ‘ f? d '
a) ?xx (XNPO) #!0 «— {,ra,v:crfju’caﬂ gt'paral{'l'op,
) ?xx (xﬁlro) =0 ¢t then check
thet PXxx C¥°t[“;>7 74 0 <« Pl{ c(n‘gork ,
8iburcation.

©, For a saddle-node &ifurcation we hare % Pixed Pocv;
o) FOV F> VO ‘ 'C *ig)(’( (Koct’o) 'r? 6(9‘(,VO) <o v |
Q‘ FOY r <-110 ) \c gx()( CXogVO) Q‘l CXOL{:‘O\) >0

(see exercise )
*y For a Pi‘c'r\g'orl‘\ pruywc{’iow we Inavt 3 (t\t')(eot Potvf(‘s
o) For 1‘>V° | if mex (Ko‘flo) ;‘x‘l (Xo ‘V") <o

) Fov t-'(i-'o I Sc ¥K)<)< C)Sozﬂo) SI\K‘A Cxo:Vo) >0
Gee exercise 11). |
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EXAMPLES

@) Soddle-Node Bifurcalion: x - P""’x,“e:x
LLL g (X;\l): \A~)(-Q,_X = !{\\((K;t'):- "5.'\,—3-)‘ .

$l¥(x¢p:o @% r~><~e:'x:o<-_~) 3\“)(-(’.'}‘\-0 =
‘;x(xt\ﬂ:o -1+eX=p e X<y

@ar‘““f"w@ fH-doeSyet
X=-o ; X=0 Xzo
thus possiBlle B ifurcad ion, ol (xo po) = (O, D
Pe bx )= 1 = Py ixo o) =4 40 ©
¥XX CXLt‘) = —e X Qxx;()(a‘{lo‘) - -¢’=-41+0o (@
From (1) aud (2) : soddle-node &ifurcation ot
. (Kott‘o);ﬁf),i}
Since gxx (xol?o)g\t (Xol‘t‘o) = i'(”i) = A <0
= lwo Q:'XeA Pom&s yor Y>l ond
no Yixeol poimh Cor y<l.

@) lTVomscri-}ic:J.’ B‘quca}{on . X t.f.mx-} X1

Lek Q(X.tﬂ = \;me XL = ‘Fx(*t}ﬂ a_f)%_,”_

i ?(mv)ao © vﬂhx tx-1=p & %—-xﬂvnw, ¥-1{=p0

gx Cxut()::o Y‘/X +h =0 = —-¥% '

~ Let :2()(7 = ~xdnux $x-4 . Nole e o@vious so fulion
x=1 amce %(DL*&RML*&-J. = -0+0=0. We Wow
Slﬂow ‘I’L\e S'oQU‘LiOVI (s um‘c‘ue,., ‘
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3’(:()2 “(X)(fnx-q(fﬂn)()/4—l=~£w\<~x..if +1 =
=-—1VIY\~L41£ *an
Tt Yollows Hal %[(o,&) omd %-\a (&gq;)

huas  ¥velo M (1, tee) ¢ %(x)<o_ :
Ue cmq(lutie %a‘:; Hie Soﬁu"ﬁ'on X=L 13 um‘ﬂue

qno( -kqere?ore O -Q(Qur(a‘i‘{ovl ma,a ocCcur wl\en
(xo('l‘o)‘- Ci,"i)_ Nol{_ ‘an'c
g‘x (ch‘)'—' lux = S‘t. A -D= lul=o
- 4 ,
er (X,t()t .._lx_. = ‘;xr (,-= —— L4o

Sax = ¥ P (0= 2L (L do
X4 1%

1{' Qouows -k'\Ql theve is o ‘l‘rmh$?nl:‘co.{ Q{fjurca—h‘om'
ot CX"!P"): a-N.

A Pikeh fork Bifurcation : x ?*X’r[‘)‘w\’lx o

L'—t g(xl\t)-:. ~X*t4‘f‘aw"lx =
» Fxapr=-1+p -tanh?x)

%gtxtt‘) =0 & 3 “)(-!'[‘ll‘am‘nx:;o &

SxGopeo L~ Liy (1o borh®0) <o
& 5 Ylumb\x =X &)
*1-l~r;~ (r{'&h!n)() ’:Oml«)(:ﬂ
o { e bavihx < x & % planhx <x o
..1+'4_x{-<mlﬂx -0 Y:Hx{-auhx
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& % (1¢x banhix) tavhyx <x (1)
pe L ixtonh x

Since {ah‘nO‘:‘—O ; X=© 1y Qn vaiou) 5owa'on op (1?.
De wvowshiow Haal Jhir solubion is umique
Let %(ﬂ = (Lixtauhy) tauhyx - X =
= lo.mt\x *‘XtQML"K -X =
IR (i- Lom\nq'x) + -lnm‘nq's( 4+ X (?J:cual'\x)(i-—l:omhi)()"l »
2 1- bauh?x+ l;m_h_\nax + Ixtonhx~ Ix tanh®x -1
= 9y tauhx - Ixtonh?x =
=9y taunhx (1-+tanh?xD
Note Hat -L<lanhyx <L = |- Ltaxh®fx >0 thws

*:.73

x 0
9% - 4
%qu‘nx = +
1 - banh?x + +
%‘(x) + ? +
7 {

% (x)

Since }] (-0,0) ond 21 (o.+o) and }(0):0,
i} Follows Mt X=0 5 & uhique solution of

x1=0.

For x=0= = {+0tomko =L Hus thee is
Q thpurcoliov\ ot ch,Ho)z- (0, \).
NOUJ, we \nok ‘hﬁa{‘:



41

?r (Xc‘{‘) = lav:lnx =) 9!,1 (0,0) = famho <o
;xr (.X.[‘) < 1- 40&/!‘07’)( ~) PxP(O‘ O = i- lauvhto = i-—Ot&#O
Qxx (thl)': e 2 tenh%x-=
X
= "2!1 tanh x - (i—Lohlni)() -
= fxxloN=-~2-4-0-(1-0) =~ o
yufe out hansm'#fcof_
?-xxx (x,‘ﬂ = 53___ ["Q'l“ lah‘nx -l—ﬂr (am‘nﬂ"x] =
X
< ”ir( (1- LomLﬂ-X);— ér ",MLQX (l—+aht11X)
S 1[4 (A- kanhx) [~i*’77 teih2x ] =
= ?xxx (o,1) = %-1- (L-0) [-113.0] =
=42-4-1- (-‘17 = -2+{o.
It S Uows Hat (meo) =(0,1) oue F(‘Lcl«?oyk
bifurcation. Since
Pyxx (0,4) gxr (o 7= -2)-4=-9<0 =
= there are 3 ficed yoinls for P)i-

, huas we
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EXER CISES

@ S‘ﬂow -an.i M Poﬁeowih% S St{m} bum‘LEr%o a
Sacuﬂ.e.—vwc(z GILQ‘ATCOJHOM. F\u.o\ ‘Hne VCLQJJ.Q tA‘:}lo w‘/terﬁ
Suda a ,Q:f?nvcahon occurs
a) x = Ltyx+x? O;(:t“‘)ai"‘ X
L) %= &MX-—QMCU—X\J o X

e f- P
RN

@ L;"cewise_l SLow -Hnd.{ ‘HAQ, poﬂfowimz 535)““5 uwhfﬁo
Q,-;'vc«hscrf‘fcaQ Qﬂ?wrc«xkow. Ft‘m&. J{L\e value P=tl° where
J‘ne. Q\‘?\AYLQHOV\ oCcCuy) . ;

Q) x = yx+><9“ ¢) X ='@$< ~ x4
B S=px-liid D k=x(p-e™
2) % = pxt X

@ Lt[éclutse, show dhal Wie gzuaudiug S%S}e\ms unAQr%o a
pr\an\« Qiguvcahow. Fiud  the value h=to where hne_
Qc%wca}-}om 6 Ceuys,

o) sc-;lumx? D) x=xi P

Y %= PX"\‘% 1exe

A X = P%-—S"V\\‘\(}Q &) X = {.4)(+Sivx><
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, V Mot ov\swm\cxewL COhfL!lDVl} ﬁxratgurcmkon P.ren§$ B

e will wow derive e sulliaert oudibions for

- dessifying bifurabion evedds. The graofs ave Bosed
Con Yhe ,im‘?le’l SJundion Heorem.

| }“; lmpﬁmjc{\umcjnowl'hwmm

B TONTY TR THNCRIE PRV
Tt vmplicl fanchion e seles
in + Assame Hook the funchion £:AE il

A< BRE cabisfies
o) § (Xu‘éo) =p

OBy ey 4o

Q) '?x‘?(é Conl'fm;ou-s Ot.{ ) B((Xm%o),,i)_ _— | o
, T‘n,e\n , ‘[“AE!'- 5 oL ulmg ue Qunc{zoh, 3 S,hdr\, 'hno.‘l
*"(ng) GB((xol‘éo),E) : ? (x L%(\O) =06

Nole ol wudibion (8) con le weakened 1o |
3% (xo,}ao)qg(}. Thev, combined with €O g follow
el Hee is an = Por whidr ol @) avd (0
are sodishied . |
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?——} SQOMQQ —node Q;‘pwmfiow com:uiong

lel ws assume thaal
chott‘o) =0 Cl)
EX (¥o Ll“O) =0 (2)
914 (Xoltlo)fo (3) -
PXX (.Xolt—lo) 2)@- (v) (Lt) ‘Ahaﬁ\ﬁr)iS
‘ ‘n\t "t}y\cal Qi?urwawn Jl o.%Vam -Por o Sa.o(.owe;—l/)ocie
/X gurcol-l o 5 Showun below:

X 4 We see el we have
l’v show }'/-OC’; 'H»:QW- I
a uV!lun 9(.(14(.11'0'/) ’A(X)
Xot _ (. _______ Sudr el

| f(x,vcx)):o,xfxe(xo—a,xota)

?Y wil\q ;
'xa)= 4 ¢ (xo) = &

SRS

e =2 ) f0
. ,

Tl’te Comic‘}n‘ov; P[(Xo) =0 ehsuyes H«uf He churcmlt‘ovr
curve i jmhgemé to P:VO' The condition P"[Ko)fo.
ehsures hnou{: Xo ($ @ minNivmum or WmeXinim 6o Hno
‘HnQ Q)I'CUVCQHOVI carve }l(K) Femains ov ~H1'e Same. |
hat? ~(lowme defi ned Glé p=Heo - |
o Conslruchion : Since ?(xo.%;,)»o omd 914 (Koctlo) Ho,

| .l'L %Oﬂows ot e “M.PL'C({‘ ?Lunr)r?om
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. {\aeonm (\ﬂlﬁuu ou/ml ‘ha{l-e?obe l‘lnertli&wm‘t‘ugr B
o guwcsnoh M « such Wob#

Yx e (xo-£, Xote) :.;;.Q*,,,;(x*ty\.(,)s)). =0 ()

 Thes b0 s hereby comshucked.

e Proo? - Ue wild mow _s,,\n,qm.m.,Jhaiw_'af_(xg)y:-:-,..o, and.

o }n“(xo);éo,

Diferabtabing (52 wika wespeck do x give:

& ,(,x,;ﬂg (S92 [x,y(x))y‘[xl—': o (&
Fer X = Xe: P

, Bx L,Xb, ‘L(xo)) ::.Px ( xo tflo? =0 ond

Qr CXo g" (Xo)) = ?r.q ,,(Xo,‘tlo), 316 o
bhos :

o Dabond o @

Dl',nertn!'iajribk () one moye &um{ hﬂ‘h\ ﬁﬁpcc{, 4 o X
. oiyesS: R

o gxx{'?x f‘._a“'_,-lf Cgi“"}?t‘t‘ ’)V'+¥\4 »,,,y,"]‘-,o =
2 §ux 4—(9},‘ -l-?”,-,;‘)rl-} ,r‘_,-r':’;.?_(‘.) B
evalualed ot (x,y(x’)). For Xx=xo ! Pl(xdﬁ”— 0,

and Jherefore: | |

B (o i) + Py (xo o) -2 = 0 o
Since Pxx (Xoxt{o) 4o and ?,F (ko o) fo, it
p (xe)= v (ko o) 40.

2" (xo. lr(o)
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. » SL‘.LQLQ\L& . e wb(l ow show J‘aa.‘l lhe Jwo

[/

YfYQRL—VOfM‘l‘? ‘h’la{ QMehaQ, one owe oE
“»te, )nuo ‘nwf,g-flames o(egince( 2 P:PO o -“«\e.

£if wecation csl;agam hare ofpesi shof) iﬂ,rl—%_
From (6) : |
’Py (X{ylx)) = -Br (x ,WK)) p’bf) ] ,Vxe (Xo"itxo-i £)

~ Since g.t\(Xogt‘o)‘?ZO; we can choege €70 suedl
ﬂmovﬂah so thal

Yxe (xo-£ Xo+e) * Q‘.Cxc,;t'(x))alc
Thas ??;Cx.tucxﬂ mu,im'iou‘ns f{s Sf%\a in XGCXo'i,Xofo.
Since Y”C\Co) %D and y‘(xo) =0, we e:ac[;e(:‘ Mot

F(C)(o') C‘aoua%es Q«'S\o ?rom x € (xo-€,%s) {o

X€ (xo ,%ot4¢?. Thusl So oloes fg Cx,,v (YY) oeurd :
i{’ ?oﬁﬂows Bot e two gz‘xechJOin;ir W hese '}L-eg exl’i‘f,
have opposfle s*qgiﬂu"-a-
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(e.i}—» > Transctlicall Bifurcabon condibions

Lelc ws assube ot
R (ngt‘o):’-o B & )
- epdze @
o QXXCXo(r.Q 3L€> (“‘) S
o gXV(Xo‘Vo)¥0 B - T

 The -\3;;:.01 ;_ @t&nqiiowdm%mm Sor a.%ransc rchca,Q —

a’lgurca,“on NI sLowuﬁe,Qaw L

T

__ Xe

. 'Amvaﬂééis : ‘ln)e. S€e Jrhqjc %etc ore fng_,,Qi?urcodioh —_—
o , cuvve;sw(?assiué_,l"lqto,u?(a (xo q.lo)f,:, ,

a) The Qine (@): x=¥%,. Cfn«lepena‘eh{ o? Hee
rqramd-cr ) - : :

8) The ive (L) p= p) F"-“""é Lrom ohe Lmﬁﬁpﬂmg

lo the other, Scpq.\rdeoL 6u w=po, with Ho=p (Xo).
T4 Collows Hhat : 3 B f
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Pror=0 , ¥pelpre,, greo
P (x, ¢ (x =0, ¥xe (xo-€g,¥Xottg)
Nbl—g, %a:L ,40 %e!z &wo d“sJEchr curves ()ass -I’C\rou%‘ﬁ
CXoQM) iL is hecess«mé '}b Vfaﬁqk H.a lmpﬁd{-
: guhC\”on quokem. Since YCXo(yo)=o, to violole e
lheorem we Pe(tut're. Heat fr (xmt«o):o, |
LCL ws how dcpine ,
F(x,f)zﬁ $(x7p/(\(—xoy , X4 %o
6P, X=Xo
Tt follows Hhak  Flxqo = (e-xo) Flx,gp) , Haus we
assUhe 'kacu{? X=<¥o 15 mﬂu‘gurm}«‘on wrve. e odso
nole fhat F(x) retoins Coh’;\'wai'{—; Be cause

. L'Boa(rijm.e
Aim F(x(p: in; 9(“‘1’) &—, livm S;’Cb‘t\‘) =
X Xp X—2Xo X—- Xo ¥~a¥o i"’O
<im B Oqpr= By Cro) = Flxorp).

YaXo

Nele Hiat L‘Uosle o.ﬂ;ltes Smee
R,( = S\'(. o )=0 . -
im o) = § Crouy |
We will now show Heat F(x,v) hos o
wnm(ue, cuvie PQ”'"Z ‘quough (Xo:.[‘o)-

and.  across p=po. |

* Conslru(;hom H Ue, VloLe ‘kﬂa{?
F(\(oltyo) = gx (xouyo) =0 and
Fy (XO(T0)=¥X1& (%o, 4e) £0




 bherelore the implicik funchion Hueovewm applies.
Tt ‘I:nﬂomf'n\otjt{heh l‘smMmq». e pumc‘l'lour{x’) R

such Hat F'(xl}*‘(x?) =0 for all x wvear xo.

L X=p x) 75 o bifurcotion curve stnee 000
g(XLPLXI)‘;- ) (\C ~¥07 F(erlx))f-(xf‘)(o)'o =0
o ?r.o °¥ U&w;uhow S"lowhamjc{heCuvaxf—y(\O

-~ Passes  accvoss =[40T°w40 "‘Laclt s
wflicient Yo show Hat ,.‘_PN‘,.(yz;o)“_,ﬁ%oﬂ, o

. Since Fx ,,_v.(x,?)_,;:c‘?).w R

= Fy ,()s_‘,y.wcm)vi-;,ﬁ,F,\g.(x v},y\x_/tx))%;‘f()(),<‘-O.;-> B
o pllxor s ZFx (orp(xod) _ —fux (Korplxad

- Fulxepxod  Fxpleo pted
Since  Ixx (,xo{,txo);ﬂp oamd .{x\“_)(o,‘mtlo) 40,
P o) 05 well-defined and p'lxo)do.

T ?o.ﬂ,ows hat x:f'()‘7"‘ does ol  have o Min}or‘ ,

‘maX a{‘ X=Xo , ,f“rms ll'h:tﬂ.%oacoros;‘“n o

Qine. r:t&o e

¢ S%&QJIQ?{LL . We will viow show thal Qo“n | ﬂiCurcq{ion ,
| | U Qines (R): x=Xo aud (0g)- X:-[cO() ,'c_kqv-.%e..
slok@;iﬂ;l—ué Upon  Crossing Hoe  point (xo,yo).
o) For '“’,\(. lme ,(L\?\(:Ka . . B
~¥x‘ (,xolv-): ¥x (,Xo‘\lo) +JP ¥x\‘,(Xo,,m)dm_=; o
e _[-‘o .
-..-.J gxtl (Xolh’!')d-mv
Vo
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Since 9)(\4 (xoji0) Lo =
= devo0: ¥ r € (Y‘°“E‘\‘°+Q : I;KV (xo(r) 40
Thus gx\a LXNH) waiutains its Sl'gm jn (tlo-'fl lxo'lﬂ
Herefore  $x (xo () chquze) Sféh, Crem t4‘>[4° o
B <r40 ] | |
Q) For the live (o) : x= 1:()0

e o 2 [ x-xo Flxpeon] =
MEERTY __j_;_[(x xo) F (x \4(\0]

= F(x(\x(_xﬂ + (x-xe) Fx (‘(cfﬂkﬂ
= (x-xo) Fx (,XL\“LX)>
Here we have used Fx ‘\‘0(7) =0.
M w=xo: Fx Cxol‘a(\coﬁ = §xx C)(o(“l(_s(o)) =
= fyy CXMVO) 4o =
> Icvo: ¥xe(Xo-£, Xote): Fx(x, ny)) 4o

Thus Fx CK;}{CH) ()Loes ho{‘ C‘n(\\a%c si%ln in
¥€(Ko-£(xo+¢,) QME X-¥Xo olnes dnauge '?rom

he%mjcive & positive. Tt follows ek G (xpr00)

CLaMbcs Sign 0CCyes9 K =Xo S

From (o) and (@) obove we conclude fuat Since

gor Qo{t\ curre s gx C\nawaes ngn oLCLYy O5% 'Hﬂc |
‘?oin’C (Xo,tao), ‘l’hg S{’n,@’fﬁl')'\a (:ar .@ol’t\ curves

qaso , cl’tcun.aes -
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, -—-{ Pildafork Qifuvealion condibions

| Lcl L7\ stu.mc{ho& R
o .?\(x‘o"q&g)“,\= o (1)
o gx, (Koh.,m\e!mo) =0 @

e lxepdze 9

. ¥"'V‘ ..(Xo.{_.tl.o) 740 B €-) B

f xxx (Xo, \{9) 740 ;, (O

~ The ,-\Nzicw( %«‘furcaliomolmﬁmmgof  °- Qtl‘n\'\gorli, , |

Gic.utca.l'.iou i ‘SL.Owla -@eﬁow. o
X ¢

{
'
X
1
t
L}

. ® AW,&-Qésis : The Munah'on&'a%ram hes dwe fines-
() The line (00: X=Xo whida is tndependent of B
(8) The cuwrve (l;.):fl'-‘- y(x) ld(m’cln s 4aweb£n{’ o J'ke_
bive (0)- B=po. It follows hal p muwsl gdrs%f
B2 =6 and r"(Xo)iLD. | o
Both ﬁt‘ncs inlersedt b Cxo:r'o).

A%am, in ovder o hare dwo curves passiué M’“’"ﬁ‘”
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(x‘)uyo) il is v:ece%aré fo ,vfoQa.(re the t‘mpﬁicc‘% gumhﬂlﬂv
~ {lheorem. Since Q(xo,\to)vo ) il (s lLu} mcessrxvg

lo lhoue Q\‘ (xo o) =0.
. A%ou‘n, ILL s dc?ivle

F(X;\(}t% ¥(‘L,F7/(X~Ko} ! ‘p xilXo
fx (% g, il x=xo

S(miﬂar% with our *l’\rmlnfcv:‘“(-aoq Ei@urca’n‘on
nr%uhnem , l‘l: ?o@o,ws h\a{i
ngqh = (x-Xo) F (xup)
f‘_\":'( ,, F ) = Flxou).
Thas (2)-%=%o I3 83 delinilion a Bifurcation
Qine.
e Constyuction : We vio ke Hhat
Flxo po) = fx(xopo) =0
F\‘,‘ (‘Loctjo\ = Qx\; (%o to? 46
Tt Collows Hal Hee impﬂfc«‘[' Funclron %Le,ovem qppﬁlef’
Quo( thas H\e)c s oo lmique gund-r'oh tl(x) such Hat
Flx qex) = 0. 11 &llows Heat
3?(&%()0) = (x—xo) F(X,)r(x\) = (X-Ko)-o < 0O
TThas p(d has Qeen conslrucled . |
,‘?roog : We will now show Mot PICXO):O avd y‘I(Xo)rfO»
Um‘vub oL caﬁc,uf,a.l—ion Ct,mc'la.r {'0 *Hne. one
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wedid cmmwze.oac,poe ik follows

~ that

g o —Fx Goe) - ¥x()<“o)_o

‘ Ft& ()(o (vo) g)(\a (Knnt!o)
, @eccwsc. Stxx (xo (Ho) =O
Ounel J'hﬁ&gere N

t‘u (Xe)= ~ Fxx (xotyo) _ “Cx,(x(xo.vo)%-o .

~ Fy (x“y») 9"# Cquae)
ee cause  Sxwx (thto) iLO

. Shﬂ;iﬂth l)e wJL how s)ww “«\at the tuhcr

(o4

I gtch- Follﬂ" Cqu es. 9']‘0-@!11‘
 the om{ (Yo po) . We will olso show the )
_bu!-er gt)CedL Pom{; &.ﬁ.—e" 'Hﬂ& PI'LC("QW - occuts,
howe e same shabile +3 with eadh mu-\{r as
well oy witlh the inner ?xxe elyomi BEFoRE
e fixed point. This 15 ol showu in Jue
, J,uxgro.m .ﬂe!nw ,

X %
+ /_ T+

\ |

—3 P
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0) FQV‘ ‘hl\& 1\’K( X =Xeg:
Y :
¥X (Xo,,n: ¥X (Xo(!lo)-"J s:xr (Xo,m)o[m-;

\ o
= { ¥¥Y (Xo,""l) A.Wl
po

SiVICC ng (Xo.,‘Jo)ﬂéo -

t’?‘r‘xr(Xo,M) does not C’nomét. Slzn aCCros? m:[.(,,
= fy (x.p) c{aambes si4n accross [t< po

= The Y—ixeoL ")om{ on the Line x=xo c,lnakacs

S"aQu'Q,t‘«lfg' |
§) For dne Line =g x2

fx (x ¢ P = o [ (x-xo) F(x(\u\o)] <
| Ix

= F(X.rlxﬂ 4—‘(\<—xo) Fx (x(@ (¥))
< (X -Xo) Fx (x, \J(Kﬁt e oo
= (e-xo) [~ Fp (k) g (1§
Heve we wused the l'olgv:{!:‘%
Fx (xcr G + Fp (xp ) w0 =0
wc Vlok *‘Mo} O Ccros§ X=Xo !
X-%Xo changes si%h ; ol |
F‘(Xo):-o owmed ‘1”({9)%0 =) y‘(xo) clnauaes Sian
and Ft& (Ko, Y (ko)) = Ft« (xo, VO) = 'h‘t‘ CXO(VO) %Oc?
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=7 Ff‘ (X, pan) does nt cbo.mge. sc'%vl- :
Tuus  §x (Xp k) dloes ot chaug e Sn'ata-ﬂ followss iuat
u'f_ {wo Ou‘er gl‘xei fol'vtb have "‘(ﬂ’- same S“'dit't\é.
<) We wow Compare the 94‘\9»:'1#5 oc -H.,; ou"er r('x
[70|'n¥s Ul““n 'Hae jhner yl‘xel po-'ni. Flemﬂ H‘dz ?x for
these fixed points is: B |
inher POIn{i ’PXCXo,p):J sx!; (Xo,hﬁdm
o g
ouler [’oin‘s : ?x (x,v(_t) =~ r‘ (X)C\(’_XO)FHCX‘F‘K))
We ossume , wikh wo doss of eaeweraﬁdg , ot pt xe) >0. |
This I'w\(}/Q(es Hal k) has @ Mikingum af X<Xo, '
5o the 3 pr‘xei ?oua’S occur when H>t’u We V"ag H-us
aA5%5ume “nq-( E>ﬁo.1£ odso poﬂmus, JI'L(J: l,dl'llh X {9
hear Yo, p'(x) is (ncveasing , and -Mdere_pore:
X=Xo <0 =9 r‘(x)<o
X “Xo >0 =2 t«'(x) > o |
Thas: u'((x-xo0) >0 when X 5 hear Xo. =
Il‘ Qoﬂow: ‘Had: : ,
| fx(x,g[x)) oploos:“e S%"‘a’ Ft‘ Q“VCX))‘
: sarhe s‘i(bn as F(’ ()‘olflo) Cx near xo)
Same 9idbh as ?x(« (Xo o)
S ame Gitbu as gxt: (xo,m1) (m near (“")
SQAme S‘i%h as gl“?xﬁlxom)o(ms g:c(xo‘b,) ‘
- Po Cuse p>p.).
Thus- fx CK;H(xﬂ has op{;oft'ée, ‘iian prowv. ;‘K(Xot(ﬂ,
| '}"Iu') oul—er amJ. inner Vot'hti lf\are, OV{T‘o‘n'l‘e_ sfmgiln(\a(



56

EXERCISES

Ielemk% %n‘c. biluvcadions tal e ?o«@owin%
S\ggl-exms uvuler o , giva ‘HM’- POWOLMQ,L(’J \mﬂua
= fo wkere ?he_ .au'?urca{ioms 6CLUr [ And

cQonssiFwa Yo o5 saddle-node, {rmascn'l:x‘wo_, or

Pil:c‘ngork.
a) %:ysinx-ss'nﬂx d) % = sinx

Q) X = pt CoSx + cos Ix prcesx
A X = \Hsmxircosix e) x = sih X
b+ Stk

© Comsider a $5slcm with o saddde-node bilurcation
Sq.l-«‘s‘;\gtmﬁ {he, rdewd Sup g'a'enl Cou,Ac"kGWS ot (Ko,llo).
Show  that
a) l? -e;c;c Cxotya)iyv Cxo,_tlgD <0 ) lhen we L\Qr?.
% g“xe‘L«poinh for P> o
SR Qac:cCXottlo) ?t‘ (Ko o) 20 fen we hLost
2 ?cx:ecl..poiw'{s Cor F(FD‘ _
C) Piscnsd e sLa.Q»lQ;‘}.é n?' the {w’o' ‘?\‘xe&' Pom{S
for e obore cases. DiSHm%ufs(a le cose
fp ooy >0 vs. fy (xocga)<0.

@ Cousider o Své;km w:’k« a {’mmuihcaﬁ 'g{?urm{‘iov‘\
ot (xo,'y& ot sobishies He relevout sufficient
condidions. Assume X=Xo 15 a 96%2& Voint Yor

Gﬂa y - Show “y"!oxjc:



57

, 0~) lf yxr (Ko.\kﬂ}o . ‘“aﬂla X=¥Xo ramsiliouns ;cvow: |
ws#a@ﬂe {o Sjmg()e with imctfeas{m% p-

3) ‘2 QK‘( (K“’t'“)(O' then x=xo {rmnsi{'fom pmm
dalle 4o unstable wilh (nnc\«eaﬁiuz_ H

) 12 ?x,x(xo,,[407>o, Hnen ‘}{4?. o“«e_k, ?1"&-9.4 ‘70{%{2
{ro\wsillov\S ¥vow3 unstoble -{"u S‘!'o,aﬁe with
increoSivia, X .

BPORE Q\cx (Ko;t‘o) <o, e Hae oller fixed Poiml:

Jwamsd{ohs &-\ram s{-agﬁc *[’v unﬂfajafe (,,iH,,

thcreas M'} X .

@ Comcider a Syglen with a PiLCL\?-ork Bifurcdion of
(‘Coq‘o) ‘Hr\a..i Sa.lﬂge‘zs J:[zc_ lre»etva.d Sugpimtw{
covx&n‘l-iohs . Show ‘Maa.{:

Ca) |? ?Xx)( C)co,yo) 2;(‘4 (Xo.,\{o))’o ! Jckev; 'kaue. ate

- Cixed t?owds at \:414_0 - »

@ lg 2)0()( Cxott'o) ?xp (Kocvo)<0 ! 'H"Ch -H\cre.,a.re
3 fixed pomls of p¥po -

A Discuss Hee 5‘1&&1:‘1} ag He ?fiiec[f?oimls -for
‘qu a,Qov(’. -l'wa coses. Vls'}iuztu‘sld *K\e Cay &

‘?xv (Xo;[&o) >0 Vs, gxr (Xo,ro) <o .
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MM3: Linear autonomous systems
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LINEAR AUToNOMOUS SYSTEMS

. A .Qimwu' aw"ahowou> S $k\m 19 & 516){‘(”') og
orclm:mg Aimes—enlio& equa.l:om of Hac ¥0vm
x = Ax
wilh xecBY a vedor aud A&Mn(R) ow uxw
anhtx.. n ée—\cdﬁi

%< Auxi + Algxgt -+ Awmxn
ilz Ae.tX;+A9.2X9,+~-+ Agn Xn

*
-

)‘(n‘- Atn(\([ t AMQ.XQ. t-- + A Xn

¥ Exadt solulions

bt A\n exact sofuhoh c(aw Be wrtUen in 'i*érm;: 09 ‘
qu. Ma&nx expoﬂen‘iaa.‘

Foo - |
Def : |exp(M= 2 AL | (with A°=1)

n=-o “L

> Properiey + o AB=DPA =>£xp(A+5§=exp(A7exp(B)
| « LexpD)]™ 2 = exp (- A)
o d exp(tp)= Aexp (LA) =
dt ’-P-XPQ-A)A
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¢ The solulion c? X= Ax with x(0)Y=¥%o is

x{) = exp CEM x(od

[ Ei%envagues Quad eigemvec\ovs
£

| De¥ : Nel is an euaemmﬁue of AeMwn (R
with ei%envedov xe @~ (g aund onﬂ‘a (2
Ax=2x . | |
> hol’ofdiou : 3 (A) = -llqe. ;se% o? ol e%evwaﬂne;

| N | ol A. "
Thm : |2€dh) &= del (A-21) =0

e Ve nole Haat p(d) = delt (A-21) 15 a poﬂ_;évxamiaﬂ
cauei qu C\naraderisl'('c. PoLéMoW\mi op A
o Assume Jhat A has wn dushind cigeunvalues
A e A wih Corres;?owdiné ;eigemecjmrs -
ViVe, ...  Vn € A" Then, |
a) The ej%emqﬂues“vul(q_,,..,vn are Line
independent . Thasy ang XelRY can Be
writlken as:
X=¢/y 4 CaVq +--F CnuVyy
C with ¢ ,<g ..., tn constant.
Q) For P=[vivg-—-vnl, A con Be wrillen as
A= Pdmg(f\“ﬂg,.,.l A P11,
with |
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’A;_ 6 »-- 0‘\
dzq%(ﬂl,’(\&,.,-,ﬂn):—. (‘) gﬂ, s ‘?

-

- -

L O D et An]

) 1} he inikial condilion of x =Ax sobisties
X(®)=Cyv, +caVg +---+ CuUn
Fhen
x () = C,leil‘\‘,E Vit Cq e’t‘\g‘{' Vg +---4+Cn eﬂﬂe\fn.
Proo!

x(1) = exp (¢4 x (o) = exp UDLcv +cavg + -4 cwVu |

n s,oo
5; Coexp (R va = L. Ca (uo}
k*o Kt
v too ‘
t. Ca __t‘f_ (/\KVOJ]
a=( k o Kkl
v &
= Z CQ_X' t ﬁqlqu,‘\( =
={ k=o k!
n K
I ch ¥ A qu-f_cq by o
=1 K=o i<!

We Ssee haa{’. wheu %4& et‘g@muaﬂues ore ol cln‘sl'incl’_,
we can S;\-tqu the exact %ﬁujcion ,wi%ml?
e chaakim‘é the qu{vix txpomechiaa-



® Malnx Expommlt‘aﬂ -~ 2x9. case

Lel Ac—Mq‘(lﬁ) e o 2x2 malrix with Ql‘%gw«qﬁues
A.9%,.
Q) If A 9, thew

exp (L) - et dget ¢ At

/t\("gi (Arcqg

A

TR D<0,=0  then

exp(4A) = e M (1-AD1 4—4:{1(“/&’
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EXERCSES

@ val-e. Hnt e)l(cx.d~ soa\ﬂ'iou Qor l‘l«e__ Qaﬂowiué s%sltms

Q.)%;([:LIXL*XQ‘ @) 3 )21:"5)(1“\(2.

ig‘"#i)(ﬁ'XQ_ ).(1‘-“- X\,“%Xz

<) % )z; = X d) )‘(; ?-Q-Xt *,‘(Q.‘{gX%
)Zg.:X;-I-Xg . ii: X1 4—9_)(1'1'%)(3

Xz = 3x+5xg + 20y,

@ Show Juat 3
ex‘;(al 0 *l]): 1 Cosd *$iw9}
L o sind  CosY

@ el B(ﬁ):& Co s -srv:9}

N $Sind  cosd

Show thal A(3) hes Haafxmaba e.icbevwaﬁucs
i and owﬁ% il smd-0. .

@Lek AcHu(R) wilh A: =1,
Chow Mabt: DeNWV = D=1 or A=-4

® Leb A eMul®) with debALD . Show Mt F 4

is an ei%ewvaﬂu( og A Wen 1/0 s ay ei%ev\mﬂue
of A-L. Can & hoh~$im%u€ar matrix hove Q=0
oy an ea‘%u\vaﬁw&? '
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| L‘émguuov Cunclion for x=Ax

o Cownsjder —Hae. Qineqy qu}oho\rnous GgSkM X ::Ax.
12 del A L0, then Ax=0<9x=0 . Thas x=0
ls '“ae, 'umiclue fixeot poin{. 1{’5 540.&‘04'}% (ol
e inve sh%ajrec[ Q% Cohﬁi‘,?uc{ilq% av arprorr:'qk

Ltaq puunov uwc{iom

r‘) Delinclion of Vx)

Let X.éé@w with %= CK&,Xg, et Xm)  omd
'\é-. (13‘ Y-, ‘%VD Ve deline Hie inner Froa\.qd :

Cxly> =Xy + X Yo +-4 Xn Yy,

We VIOL’— Hnaul:
| <x l%> |Z - (Xl%><%lx>-
For the mabrix A= T Aat] we defive fhe Hermition

mateiy A“*—*—[I—ﬂg&] .1 con Hien B shown
that

The Qar (eq. X ) represents fhe compllex ycﬁgh&d«zso.&.

<><IA%> = <AHxly»
<Axly> = Qx| Aty ,
Let Vo Qe e etgenvq,?,ues ol A w_t_{'n__ etgenvéc\’vﬁ |
Ua Jov Qe%l.ﬁ-,%---,"%.:&&o, Cet Ao Qe Yhe
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C(‘aelﬂVG.QueS og AH tut‘hn é’itéevwedoks Va. .

We clegme 1'|4e, L'aqpunov gumkon VX)) as:

V)= o | <volx>2

Heve Qm,>0 are qv@rlm% Fos;‘Live LoMS‘\oh‘s.
The Sumi rans Sromm o=14,2,%,....n
B‘é o\.CYEm“;ww, il s eosy 1o see Jat

V=0 |

X400 = VY()¥o.

P-é StaQ«Qt;’é er.:orem |

Re(ﬁa) <o }VQ.'-—?? X=0 |s L‘a“?““"" staffe

Re (AaY<0 ,¥a = x=0 us«ém‘v*olimﬂg stalle |

Proot
We vioke Hat
Vel Ax> = < Aby |x> = <§;valx>:
= Ya <valx>
and |
<A lvay = <x 1AM va> = <x1Aa Vo> =
= Aa xS

T Gllws ot -
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dv o 4 3 b )<l <
dt  dt o

o 4 T o <valx><xlvad =
dt o

. 2} [ B ( "i% | {Vql)‘>> {xlVay+ ga(\mlx>(.:—& (Xl\kx))]

. Y Lol <valAx><xlVa> + <valx> < AxWa>] =
a.

= 9 Q,q [ A&< Vn»,h(»‘()d\la» +'<V0.\X> (Z\—; <)<1Vq>)]

c Y 8ol fatia) <Vale><x Va¥ =
= Y 900 Re (80 | Vol >

For X%O, l<VQ\X>]l>O, and. 9 ,Je?:m‘how boy0
for afl a. Becall Hal Vie)=0 aud V(>0 Qor x#o
Q1§ Rel) <0 = dV/dt <o =
| = X=0 L%a?utrwv stalle.
Q) 1! Re(Aa) <0 = dV/dE <o =
= X0 asqmphtic stoble . B
L" 44 qulux A w‘no‘)t efae?\vcvféuej afkgrt's
Re (Qoﬂ<0 ,Va, is called hsan{ive— e m:le
A5>umih¢3 Ae Ha (IR) |, i} can ﬁg shown tat
A nebg{ive—d.e?inile. = ¥YxeR: <x1Ax> <o
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EXERCUSES

@mghow Mook if A+ AR me%qlive~<le2;ntk
e V() =~ <xIx> 15 a Lao.‘nmov g_mch'on
of tne S%skm x=Ax.

8) Cownsider the 2x2 cose:
A:[o. QIGHQ(WD
¢ d
Show ‘wau!: l’(;’ atd <o o.miqtul}(:ﬂ('c)i-
lhenn A+tAW i | he%a‘:{vee—clefinil:e.

@ Comsider lthe Staskm
3 )z; = ‘AXL”XQ,
X = X1+ (p+Dxg
a) Show tuabk (x((x2)=(o,& Iis He unique
?—txei«po(ml: of Hie s‘&’km for all pel.

2) Show Haal if Lutd Zo , then (xx) = (0,0) -

U agmphcatly shlle focd-pint
O lWhat anpens when 9‘["'}&:‘0': |
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V The X9 ﬂivtecw tLu.'lOnolmouﬁ 59(51‘4’.510

Consider lhe 2x2 [{ivear awdouwomous S%skm-.

%il=ax,+ﬁxz & é_{x.]:[a— l]{x;]

)Zg’-C.)(;%dXz dt Xq ¢ 4 X2

Let A:XV ] The etac‘\nuaueues /A“Qg o¥ A o
c d

souncl_ ﬁ‘é Soﬁ\nmg '\'{ﬂt equqJIOn:

det (A-AD =0 © (0 A(d--bc =0 &
& AL~ (a+dA+(ad-bc) =0
& N _-<A+D:=o
!oilh T T= 4r.A -~ o4d= A;%Ag‘
D= detrA=ad-be = ﬂ.ﬂq_
The solution reads :

Agg= T £Vz2-44

92
_“ne_ caehe,tal soﬂu{’wn oc -qu. S'askm H’.acls

At |
XL‘L) = QA‘{: Vl + Ci_ﬁ 2 V&

wah« V. Vq th e;%gnvcc{brs Corveseovm\ na 'l'w ‘I"ae
ewberﬂmﬂues g“ag
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e wole Jhat awu euaevwaﬂua A dhal  saldisfies

o) Re(d) <0 —

Gives o contriBulion Weat vakt‘)Lq

{hu) Qpproablu{ua L‘M’- gixe:ln?o‘\at.

8) Re(W) >0 — Guwes o coulriBution Hat oLtv(’vae)

Q Re (M=o —

o) Im (Q);lo —

&) Im(A) =0 —

B Qieo\ oy h«a{ ‘

as Qo.uowst

away Peow Hhe fixed-point.

Gives a contribdion dhal neither
Qe()roo.ches vor d_lveracs {rom the
{ived-pount.

Gives o coutribubion at Spfraﬂs
q,VOLLVlC( -kat?lxel ?oin{’.

Gives a coutri Bution fal does hoé
spral avound the fixed point.

we cQaSsiQ\é He (o,0) Sixed potnt

r—) CQqssiY—im{ion ol 9{xed—goinls m 44

1) Saddle wode

Vg, .
:\é///&.,v, « -0 (omiih‘om:

- Ei«aenva&:e. (Ow‘iu‘liow *

| ) ////: D<o
? / i Uhﬁagle, :
_nne slnapc og‘ \"n SotJ-owc Vler (s (o\;njrmﬂeo(— Gg
the et%evwec"ws vV, Vg .
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9) Sink -

e

e &i envaﬂu.e (omlul’tom

A.,'Aielﬂ A <o NAg<0

s ¢-0 COV!AJ{IOVD
D>o A t2-uD»o A e <o
* Expowc&laﬂ% sla e

(v, sdow, Vg fast : lﬂ;!(lﬂﬂ.l)

37 Souvce :

K

(v; $ost , Vg sdow :

4) Cenler :

s f’.t e.nmfue_ c,oml 1115\’)"
IA“'Ag_EIPl A A 70 A[(\qjo

et-D condibion :
Dyo A12-4D >0 A x)o
 Vustable
.Q; >a¢,> O)
. f_uaevwa&m condition
% Re (A) = P\C(ﬁg_) =0 .
Im (Al) i‘ 0 A Tw (.ﬁg) %0

¢ T-D condition
D>o Az=0
e Neutr 09&6 9{‘1@,@&
(_le. L'aapunov 5[-0.QQC 4.t

viot q,H;\rachmb)
¢ Noke that D>0 A T=0 = A<O
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L) S{aﬂ,fe, spiraﬁ : . Eizeumﬂur_ condilton
? Be (A0 <o A Re(Ag) <0
Tm(2) 40 A Tm (2) #o

s ¢-D Cohch{iov:
DYoAx2-yp <o\ r<o
| . Exponem{'ial’ﬁ% stogLle
6) Dnstelle Spiraﬁ: . E:genvaluﬁ coudilion
ERC QA0 ¥o N Ge(AD »o
Im(3) #oA Tm(Ag) 4o

e T-D counditiown
Dyo Nt2-4D<o A~yo

}—‘) Sumwwuré 09- Tv-D conditions

T 4
o Source
Sowlcwc uvsialle S.pivaﬂ
node - » D ew Cenler

stalble sPiqu.

sink

D‘<0 . Sowldqe Poivrk
Dyo : ©=0 : ceunter
T2-4D >0 * Seurce (v>0), sink (< <o)
- 4D <o : spiral |, stalle (z4o) or
unstalle (T >0)
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r—‘ B’or&evgmc. nodes

Bov&erﬂ:‘n{ IaoAcs occur w‘rle.v\ at’ﬂﬁ wlaida ocCcurs
when 2-4D=0. Lt Eg=4veR*| Av=Av§ &e
e cigenspace associaled with He ez’cbem/q,@ue
ﬁ\=ﬁ. ’-Qg,. Le ,Jtﬁ{ila%uis[a Qefween lwo coses:
dimEpa=1 or dimEg=2.

#) Slous

L
A=2q <0 Ny=Ag >0
dimey =% dimEa =2

- 8) Deaemekalﬁ nod es
v

A 940 Av=4->0
dimEy =1 dimEg=1.
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EXAMPLES

o) 3 X1= ¥+ Xg <=.:>_cl__[x, ]:[1 1“x‘)
Rir—‘ix.“ixi dt Xa. 4 -4} Xe.
-9 L ‘:
y -2-A
= (A-M-2-2)-4=-2-3+29+]%2 -4 =
=A% 0 -F= (D42)(Q-D =02=-3V4=-2 .
Since 5 Adg e = (o is a saddle—wode.
d.2g <0 | |

e To draw o ?lao.sc. par{rou“: e %,5zecl Hie eiaewedﬂys.
In 3enerq€', for eigeniva lue ,’;\ ‘
o)
0

P = det (A-01) -

9
Av-=1v & (A~§\I)v=o4=7[i——(f\ A Hx]:

4 -2-Q P
tot' A‘:i,:

[t Hx] H@ §xege0 & U=x
4 -2-21 g ©J L\X“-Lqéfo
& (x,gB = (xkx)=x0 D f

‘“MAS V.; (l,‘.),
Foi‘ gg_'-"—-“z:

KH@ 1 “x]:{o]éﬁ“’“‘é“@
4 -9-(-3%) Y o 4xig=o0

- bg_‘ix © (ay)=(x, )= x (4 -4
thus ve= (A ~4)
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1<12
v!':‘ ( l(‘)
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Xg =2X (- %4 2 -1

ﬂ) f X, = Xr9.)<2_ «— A- [ i ’2]

Lo
—

p(ﬁ):dcl:CA~AI):li—ﬂ -2

9 -1
c(A-NE-D pu=-4-A+42192 14 =
%120 A=+if3

o It Hllows Wat (0,00 t5 o ceuler.

b Cfockwhe Or Couw’trcgnckwi)e?

The cl(‘;-e;l-ion og e orﬁdﬁ can be plel:rmined. Gg
| Caﬂchmliw% Ax with X a unit vedor:

r g g 1 X2
1 ~ﬂ{i ) 1] g (3,23

lf'
192 -cJLo] |2 ‘@ > X¢

I ~alfo]-T
,»i "la iq =

; {‘—) wlnen a Qineqf 93$km hos o cenkr, Lhe Slaa(?c
o?’ lhe orbils can Qe derived @3 v.‘o{;'na Hiat
V(x) = ax2+bx.xq + CXg

with afpro[)t'imk’_ cholce 09 a f.c vemains

Cohslan{ aQowg {"ne orﬁﬂs urouh; (0,0).

This Vix2 iy e L%Q‘)unav ;‘uhc’l’om.

“
]
}
’o
[ SOSS——{

For Hais Proﬂﬁem:
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V)= oxtibyx,xgtcxg =
=2 J.V(X)/ou = 1»0«)(1)2, -l-zg()‘(o KQJ'X,).(Q) {—icx‘g{(z =

= 9ax: (%1-9x9) + 6L (x,-9x2) ) Xz 41 (9 X221+ 9cxa (9x 1~xq)
29ax?-Yox,xg +Bx Kg- 2B xg +24x2 ’QXQXQ_"'L&C)({XQ“QC)(?_
= (20480) x2 3+ (4o +b-B ¥4 xxg - a(maxi =
= 2(atB)xF + 4 (c-0) X Xg - (84D x g
Fséctuihe:
, otl =0 C-Cc=o0

C-az0 @ Ja=¢c & Ya=c &lab)=cli, 1D
8+c-;.o = —-C Q,:“C

Choose: (a b.c)= (4,-1,8) , thus
Vo= xftoxxg +xs. |
Cenler orlils have equation:

(9): X?‘—ch‘2+)<29'= G




7

C)%).(L:.*XL*XL «— A:[“L “1]
)29_5-3)(1 2 0

V(g) = det(A‘gl) =

-1 =) [-.-_ “A-1-AY-G0-32

3 -4
=0490243 - A4 Q42=0 %g? Q= SERTIT
A<i-y2--4y0 2

Since "\ug,, ave Cow\p!?x omd ?\Q;(ﬁ()zke(gi)<0,
il follows Haal (0,0) s stalife sprwaf

Since

2k SR % B IE O O O |
| [ 3 oHo] {3} Iﬁ
the direction is L\L

Couukrcﬂockwise.

\\;JJZ kﬁ

b\)%)'(.:‘-ix‘——)ﬂq. yA— A:‘-IH ‘L)
Xg = =X +Uxg “L oy

p(M:de{(AvM):,’l—wﬂ . l:(xq-:\)i-s
4

-~

=16-80+02%2-1 - A%_8l 15 gu,q%: srg [
A< 64-4-15 = Cu-bo =4 r b3
thas (0,0 Iy o Souvce.

’ Ef%envaﬂdes:
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For Az%:
Ax=%x & 5) by, -xe=2%X < 52 Xi-X2zo0 &
“Kitlxg=3%xq ~X14Xg=0
£ Xi-X2:0 © X =x2© ko xy= (3 1),
Choose v, = (4,4).
For A5:6: |
Ax= (7)¢ & % ((,Xn-,Xq,-'- 9)(( &) i“xv')(,_:o &)
~¥X 4+ 4xg= Sxg
& X, =-%9 & (x, x)=(C1 )%,
Choose Vg = (-L,D).
fash vg

"‘X(“XZ::-O

1 v, (slow)




£ XERCUSES

; . Cl‘l”tfﬂa -l'\qe. s‘uteo\-‘?om{' Og 'l“q( go.uow\\ng
Sg)tew;s Ouful. (l'fn.w 'H/le, Plao»)e,s-yor{rml:

;a)% e) 3)’(‘: Cx +%xq
ﬁx;-'%(q_ =—I¥x,~ Sxq
2) % }E = S X +1l0xg g) i = "2\(1-\'L\Kg_
Xg = ~Xi-Xg Xg = ~2x (43X
- 51 Xy = Dx,- Uxg mb) 3 >3. = bx-%xq
| Xq,?- Xi-X%Xq | Xg= 8X (—bxy
d)% i;:~'§xdix¢ h) % 321:)(1
)Eg_ 2)&1 )29_- -X;-—Q)<9_

| O Comw(er We Séchm
, % Xi= OLX!‘}@ Xg
Xg Q Xq

with afo and 64£0. Show hat (0.0 is
a Ae%&merak Viode . R |

79
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MM4: Nonlinear autonomous systems
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NONLINEAR AUTONOMOUS <YSTEMS

¥locol amaﬂésis of Sixed poivﬂ-s

(onsidey }ue wnonlivear autonomous s slems
%=90) with xRV aud F:RM—RY.
lel %o eliv Qe a ggxul. oln‘l‘. wi th '?CXo) o .
Lel xo(B=¥%Xo Ge o Soﬁul-ton w:lh {he Qmec(. Yom‘l’
as tm&-:oﬂ Covul '}10\0 ,
To examive kae, shﬁiﬂf% o£ Xo, We cou.s;‘o\er
the 9oﬂowimré Ferl-ur,@,a-hov‘ around Xo *
Cx(®) = Xelh) + £x (1) +0(E2)
with 0<g<<4i. 1t follows dhal :
X =%o +eX (030D = ex M 4+0LeD)
g(X\* Q(Xoﬂxo ?(Xo) + Ces ) D?(Kcﬂ)(r‘- 0(8")
= e Moo x +0(eD)
Eﬂuﬁ‘fmg the ¢ Jerms %?m e Linearizahion

)21(.{) = D? (Xo) Xl(.{:)

here DP 15 e JocoBiaw malvix %Wt‘ﬂ 03

(091 = 2fa
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_D_gg_ . We Sa.a Hal Hhe ftxecL poh«zf Xo s a
_lf_é'perﬂwl:‘c ,Pot'vn(t i‘? and- Ohﬁé c¥

YAeA (D (xo) : Re(A) o

e Tt con fe shown {hat i¥ Xo 15 @ L\Myerf)an'c
c:‘xed-pomf, lhen e local Behovior of Moe
vonlinear €3'>l'dm5 is “‘O‘VO‘QO‘BI( . equivaﬂeui
{o H.e roqﬂ ﬁ»e\da\n'oar o? J'he ‘incavt'tei
equahoh x=Df(xadx.

d I{“ yoﬂows ‘“«a.(f 'napgy@ogic ?l‘XéA*Pofh‘b can

@e CQaQSiQ}eJ. OLC(oroUm? 'Lo '“qc en‘oaenvqﬁues
o Me Socobion vnqu,rix D¥ (xo) .

EXAMPLE

% )’(5_ = X (?:-X;*-X$)
Xg = Xg.(X,~ 1)

e Fixed 9oin¥5=

%x. (3-x~x =0 & % X (3-x)=0 V Sli-(3~i-xz):o
Xg (Xt-’i) =0 X9 =0 Xi=1
&) % ¥ =0 v% X1=% V% Xg=2

Xg=0 Xg=o0 tx, =1 |
Lhus  sed of fixed floimls.: 5 (00, (3,02,(4,27%.



d jaCOQi&Vt

D¥| =1 (3-)(;*)(6.) txi(-4) = Dy -xq
IX

R . —x,
3)(9_

D%"L = Xq
X1\

?gi = Xr—l
?Xa

tbus Dfexy xd = TE?;/BX; DL/BX%X:

| 2% /9% 23a9/0xs
T%“ﬂx\s)(q_ =X ]
. Xgq_ X =4

o

e At (o0,0)

D?(o(o)f-[’b*o-—o o ];(3 0:)
0 o-l o -tJ

&f(ben\/all.MS ﬂ( =% wl“’l’\ Vi (l,o)
Ag=-1 welh vg= o0
l:lqus (_0‘07 'y a Souslo(ﬂ& Polné.

AL (1,2

Df(i,i):[’b*ﬂ-i*i ~11,[~1 —1]
| 2 i-1 9 ©

83
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p(A) = oleL(Di?u,tLvM):l -1-1 A [:
9 . -9
CL-DED-CEO2= AA+D 19 =
421049 ,g.z;.,, d,,--4210F
A=1%2_4.1-2=-F~° >
Nole Mot

[ -1 -—1]‘1];[-1] ol

| 9 ollo 2 \
[ <1 -—\] .0]: [‘l] ,
L 2. oLl o |

Thus (l,‘i) 'y Q CoQukrc,ﬁoCkw!‘SL S"ou@ﬁe S(Jiro&.

-
-
-

-~

« Al (Zto)
| D¥(3¢0)=[3~‘la%*0 *":],_[“6 -3}
(o) ” 3| o 9,’ -
y(i\): det CD£(3,0)*A1)= -3-4 -3 l:
o 2-A] |

| = (3-D@-N-(-3).0= (A2 (A-VD =0«
& A;=-3 eor Ag‘*?\.‘%—- (%.0) is o saddle point.
¢ 9e nyectors:
031:0\' ,Au’--’%:
AX“"%X.é‘J '3X¢*%X$=’3X1 < 3 “3)(9_'-'-0 &
2x9=-%xq Sxg=0
S Xe=0 © CXNXQ):’—(i,O) XV = (_IIO)‘ |
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g) FOV gﬁ':.?\ :

AX =9x & % "%XP%XQ_‘;QM & “le ~~3)(g'—‘—04::)
Q.XQ_:. QX.Q‘ ;
& Xg9= 7% x4 (x x= Ci‘ =2 )X
% o)
H,\us Clnooie Vg\:. (%,*9),

e Pho.se ?orjrmi{:

(0,0) saddle yoich with A1=%, vi= (4’7,6)(;19,:/1 , Vg = (0,
(1,9-) Couv;lercgo,ckwtse $,¥aQQe. S’p:‘m,p.
- (3.0) saddle point with By=-3,viz(1), Ag=1,vp=(%,-%)

‘
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EXERCISES

O CQCLSSI 'Hae s‘zxeel ol’h¥5 Qbr Jd,.e_ ioﬂowm%
5lé$kms and. a,uszPl“ -I'v draw 'Hn?— [7"&059—

Por-l'ro.t{
abjl X; = X e) % X1 = X1 (3-92x%,-9x2)
 UXe = Xg = Xg (2-%(-%2D
) Sl Ki = +x1- e X! £ % Xi = $inXg

).(1'-'1 “‘Xq‘ )2»9_‘:. Xt‘-,\(‘?
QO 3 X l#Xl"X? | 3)% X1 < 5inXe.

Xg = ~Xq Xg = Cos Xy
) Sl Xtz Xixg- 1

)Eg Xy— X
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¥ Nonlinear Ceunlers

Sy

bd Fixeti foihl's lu'nl‘c'n ? qccovohug 4‘0 -QOCQQ .a,lmo.r
av\qﬂgglg , appear Lo Le ceulers ave NoT
‘n\éPU"BO-Q"C« 1': -Qoﬂows -Haou]c l’lqe oru‘aivxa}
wonlivear ¢ 5)-0" mecg or Vhaué Vwi -al'. L 8 Cenkr.
To delevmme whelrer a fixed potm': with
3208 : Re(A)=0

s or {5 not a ceuler , we Veﬂg ou the

?ouowhflé wme l'fn,odls d

%}——‘ Cowiversion 1o poﬂar coord.ivales

A lwo-dimensienal oulonomous ﬁa«,km 02 knc
Porm |
3 it = 2 (X, (%g)
)21 2‘-% (X 1X2) " .
Can be vewn‘H% iv Fogar COoroll‘Vlan} Chﬁ) w}”"’l

)(,=Y(.o$3’ ond Xg.‘:-’fYSimb' hsimb ‘HGC Luowiua
!olenh{iesz

b o XiXidXakg é = X1¥Xq —XiXe
r r%

Proof
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kg =vA st HrLsidtd = ¢ (cos®d sin 3) =y?
= QKX txg¥y = 2vF =2 ¥ = Xi X1 ;xaxg
Since 31 Xy = Vcosﬁ?%il Xi = ¥ cosd ~r.§ stad =
)(2_=V5ivz3 ).<q.=\;‘sih3fra cosd)
= X1¥g ~XiXg= (rcosd) (¥ sind Frdcesd) - (¥ o9 ~v53in3) Crstad)
= Vv Cva%SmS +V"3 cosid - Y\(cesgsms {—v9-3 sin
= 290529 +¢?9 sinld = V9-9 (cos23 Hfh’%? Vq-ﬁ =

= ‘ﬁ X1 Xg ~XiXg
i

EXAMPLE

SL' = -Xg4 ax. (xT+xd) = 2 PR
Xq = X1+ 0Xg (Kg 'l'ngL) = Qg. (x, ,)(q,)
Sofubion
08viows Q;KQL ?oiu& of (x.xo)=(0,9)
Jocolliam |

'39-1 = 5(15( '5“0»)(2‘
7\((

_____'32—( = ~14+%oxxe ==
IxXqg.

_.._____ng‘ - 1t %exXe
?KL

Wi exPidaxd
“Ixa
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= Dgr(xu)Cq):[Zo.x?‘-l—aXZ' "'11'9-&3(:)(1 :\:;)

1490x,x4 ox & t3aXg
= D‘}(0,0):[O —~L]--.>
i o

< p(dy= det (DF (0.0 -AD) = l -4 -1]

A - ED e A2eL o
> N(DE o, oM = §4+1 ,-15e— a ceuler ?
e Convert }o PoQo,r Cooro(VIOJ'(S
Fr = X(X, -I-Xngu
=xy 1 - x1‘+ax,(xi ‘rxz-)] + Xg[X taxg (xZ X ﬂ

= -X:Xq +OXZEVr2 + Xi¥%g taxg ¥ =
axtvr®4 axf‘v"- = ar?*(xZrxd) = or =y

-
—

<7 rF=ar? R OWIA

Y = XiXg ~ % Xa = '
= X [x‘ }axg (x?%k%ﬂ [‘Xz oy (Ka’rngﬂ)(e."f
= x®taxxg rt Hxgd - oxxer? =
xEexgd=r2 = D=} |

—
o~

Thus %\'rzar'é .

=1
For a=0 = ¥ =0 and 9 =1 = (0.0) is o ceuler.
Fer oN%o0 ¢ r>o oud D=1
= (o0 13 unsiod le cwmkrcﬂoc’&wue,

spwoﬁ
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Fory a<o: *<0 aud 0=4L=
=, (0,0) 15 a couwkrcﬂod(wi?e S{'a@e. f,pira.a.

GI)——» Conservative sustems

Coms\c\er a euevo,Q o.uicovnomous 9551@:; )'cz-?(.x)
wilh  xeB® ond §: R — R4,
Deg : (e say fhat Hhe s%skm is cthe_rValive
it and ou% if | ‘
o) there is a Sundion VT:R"—R sudy Hiat
(d/d) Vix @D =0
) YA cR»: CA op en set = YV vion-coustaut in A).

_P_e__?_* Xo €Y is an isoﬂal«L §-:Keo\~poim{
if and ou% R\
a) fixo)=0
8) Tevo:VYxetn: (o< ix-xoll<e = Fa#0d.

De?: x({) s a cQose.i or@it Ig aund OMQa i‘?
Vivo:I~%o0: x(ttr)=x(b.

Thw = Assuwe bhat
a) XoeBV is au isolaled Sixei—({gim{
8) § s coxn{i\nuousﬂ% J.igf:et-chjciou!elé in R¥

A the suslem i9 wnscvvuhve wtha

(N V(x(E)) =0
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GD Xo 1Y & ﬁocaﬂ wun or WmaX Oy Y ().
Then, .
Jevo: (lixo)-xoll<s = x(8) is o closed orBit).

| Prog W ox=Fe0 s convervalive Hien it has wo

Q,Hrouc-‘ri\ttﬁ ga‘x ed pom\s.
Proo

Lel Xo clB Le an o.{ka.cl-imz Qixei Foinjc. Lel A
Be He LBasim 02 o-“va.c;"lovx of Xo st M«a{
V\aeA : (X(O)*:B‘*) lim 'x(é):xa)
Eatoo ‘ '
Lel \éeA be given ond choose X(o) = 4. Thes,
| V(l&) = VxCo))= V(xt) N ¥i>o0 = ,
o Vi< lim VW) <V (Gim x () Vi), Vych

Ltoo Eatoo "
=) V Camshhk in A e———cOm-‘rq&{c{"on; -
Thus  Xo Comm{" fe on a‘(’}vac{ih% ?rtxe& poin‘:, g

1—’ T"N) -lo show hnq( a 9\3&‘0&\ ts NoT Cowswajci'fe
EL 19 Suuimen% ']o show %a{ il has owv
qhmdimé (ixed point.

. Cons"'fl&(.‘;lné Y &) ty ea.g(é -var $(é$“£\ms OQ
the Qoﬂowmg Qovms - |
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Form 4 - %ii =%g la— X ={ 0
1 )zg_. 1?(&&) -

(owsider: |
Nk 4XgXg = XX +Xq F (D= X+ %, Fixny <
= X, (;x(+§"(\c;)7==-7
= "'g(}(t)ig + x,_iq‘ =0 <« fasiﬁé iﬂk%f&kcl '\-v
%&?ﬁcl V().

EXAMPLE

%'Xt‘: - Xg9-Xg
L Xg= Xy

e Fixed poinls

SI"XQ_'*X;::O & 32?(9_(1'”(2) =0 & |

&) %Xq:o 4 Sl“"zzo & ) Xi=o
X4=0 Xi=0 Xq9=0

&y (xy %o =(0,0)

* Local Ulinear avaly sis
. [

D! (xy1,%g) = [DYJBM DQ&/DXQ,] =
329./9)(& 321[3xi
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- [ 0 "1-3)(%:{:» Dg(o,&';}:o —‘i]:—.\,
{ o}

i1 o
= pM=det (Do, -AD)=| -3 -4
{ -4
N = FAED-6D1 = A%4 L =
=7 A(Dgéoloﬂ = % 41 ,-'i% =5 (0,06) s a Qiviear cewler.
> However we shfl have o prove ot ttis a

‘nohgt'heqr Cevz‘ev.

=

o Nouwlinear ceuler.

Let :
. P _ (__‘ _ 3) _
XnX:‘FXq_Xg_—-XL Xq - Xg + Xo % =
- X.Xg ~ XiK2 4+ XiKg = “X(Xg =
= 9((')(;1“" CXQ-Q- Xq?))zi:(?f-ﬁ?

4t Q 9. Y

= O

= IxE24xF txg'=c )

For V(x.xg) = 9x*+9xLt+ qu we have V(o,0) =0
Q.V‘A \/(X“k,_)>o ) v (X“XQ) E lRQ."% (0¢_O)g ! hﬂd}
(e10) {5 a /roa,Q minomum. 14 Qvuow:w 'h«q_{;

(0.0) 'S Q \/loM»Ql'vaeow c@m!er. T!ne c@oseiv*métchr}es
are given -9:9 (.
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Form 4. - 321 =$Lxﬂgilxg

‘ A9 = FOoma, x| -

Conesider:
dv el %, o 4 Xg =
ot STCTY § (x9)
- 920 ong, (Xg) - 2:0x0) § (xg) %g(m =
¢ (x0 F(xq>

= ‘}10‘1) 9, (x2) -q,(x223,(x0D= O

which can then 4e eq.sc‘ﬂg fn‘-eéroho( to B;eﬁol
e L%a‘:uhov Q—und—v‘omﬁ |

EXAMPLE

% i! = X(-—X;)‘a
‘ iﬁ,: "Xi“’)‘tﬁ‘i

* Frxed poin{s

% X{-X{Xg=0 & 3 Xt(l"Xe.) =0
~Xg ¥+ XXaqa=0 ngKl-Dzo
| @-_73 ¥ =0 V Xg= 1 =
xq(O-1)=0 {-(x-\V)=o
& 5i Xi=0 y =1 (_.F:'xei potmls:
Xe:0 xe=4  G(o.,(1, 05
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* Locol (Qivear o.vzaf,-pis
U

)

DE (x, ixa) [ % /ox 2Blax, } -
2Walox 2 /3xs

= X»&“)(z "X( l
Xgq X~ t

« At (o0,0): |
DY (o0 = [ i o I - A€ (0,0)) = 544 ~15 =
o -1
< (09 iy a saddle point.
- AL (L0 |
Dg(l,l):{ﬂ '-11&7
L o
> p(2) = det (v?u,ud\x):{ﬂ -421 ]
5_ —

s (DEA-1.CV= A4t -

5 ASCa N =§4i,-13 = 1,0 s a Livear ceder.
e Nonlivear cewler- ~

We now show u\q{' "(’&,l) is o voulinear ‘ce\qucr..
(Olasl-vu(’c Qa Lléq()unov' Qumdx‘om:

Nele {'hai:

X, = X (1-xg)

322‘-’- Xq [Xr- 0

5o we deline:
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v | xe-d g, d-xs g

—
-_—

d t X Xg, .
= X1 x (i- )(9_)*.._{_'__5?:_. Xz('i(n -1) =
X Xq.

= (x-D-%g) - (h-xI(x -1) =0 =
—-’7({.‘ x#({.- ))Ez‘-"-or--‘);
2 .
= _d [ %, - lnx, +xq- QWXQ_:}:O =

dt
S XitxXg - (xixe) = ¢ « sL.qp’é, of Yrayectories.

We vow show Hat (L) 5 an exl:mum .Qg
Co.chQQ‘:m “:Ine. He%lﬂm
et §(x, xa) = X 4xg - dn(xiXe). Then
.A Vg'()(,t)(g) (3?/2)&(,32/?@)-
= C4-4/xy, A-Mxg) =
= Vi, 0= G-, L 1) (0,03,
Stnce -
a%{ -.=..__..,(i-.1__ -4
Ix & Dx

22 (1-L)-

X 9?- }XQ'

o2 . (1_
. gXx QXl 9)(4

lhe lesstan veads:
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A(Xu)(g_.)‘:. .Bi? Big ._.I }QQ i-:.
e IxE  Loxaxg |

L 4 Lt _o%-( L )9‘=>

| X?‘ Xg?‘ X¢Xg,
<~ A D =Lyo ’%27
MO .t _1vo
BX{LL 19'

= (l,l) 5 a -QOCO,(Q min og -
c (X”Kq,) = X(¥Xg-~- QVI (K:Xf)

Tt follows that (L,1) is & vonlivear cenler.

I‘—) RC(O‘?}. 'an& _cor ;
A 2t 2 ~l 324 F

Ix > Qxf X (Ixq
we hare the poquivI'é Sukw{(ieuk (.omclinl-yionsz
a) A(xo) »o gﬁb Xo €R% is o ronﬂ. Wih
92 (x0)/3x2 >0 ) - | |
2) A(xo)>o ‘gc7 *o Glﬂz is a local oaX .
M (xa/3x <0 |



98

. Exercses
@ Show Hhnat duc Polllowing syskms o comsenakive,
focote and classi 93a2£ fixed poiuls . Drouw

o phase portrail.

OX=X?x  OX=3-&
) x =x-x% ¥z (x-)(xt-0

B Silorly for toe following syshmsr:

O iy 0k
witlh. Kvo {0 | |

@ Consider Hie Stéskm,

5

@) Show Hiat V(xw) - xt4 4 15 comsevved .
8) Show Hhat (xg)=C(o0) is a Fixed pount
Bul wot an isqu;eoL.,yfxwl poih{.
C). Sl\ow '“aqjt A'a 1‘\0.) O wuurmuin OL{: (0,0)
But  (0:0) (s ot o vieulinear cenler.
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. (?_4 Reversible sysbews

o Comsider dhe sgslem %=500 wilh CRISRY

Dl ¢ Lk sag thot o wappiva PLRMIRT s
o ivwvo lution R QVWLQW%VY o

Yxe®Rn: P(P(xND=x.

Def i Wesay duat tue syshem x=foo s

K\fﬁt&i@.ﬂ&..ig omoLancétg theye is ann o
inve lution P such that ,,

d P =-F(PxY
o N veversible s,«afsl-em is invariamt under the
bravis Cormodion
B A i 7
o e delive Hie suwmelrq  sedion o e
involution P O.S?V | 0 .
Fix (P = ixe® | Pa=-x}

%il =P xe) is
| . | o )29;—'.— 3 (% (X2
reversible undev Yae iwwolution P. Theu, if

Xo € Fix 28 %—.-.» Xo houlivear ceuler.
Xo ﬁimeav cehkr |

Thm - As&@ma Jﬂ-.‘a,’t’ »Ha}e_. ‘a'%sl-'-m
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We COW&nc ouy aHewl'low o e two- dimemsionad

Sg)km . |

%x.-—-?u(,m) (1
).Ci‘-‘-%()(s()(q:)

| ﬂegzadion around X-oxis

ASSum{ Wk

g(x;,-)<9_7 = "'?»(XL,-H(Q.) ) ’v‘x;,xgelﬁ

%Lxx.—)(17*— %CX&,XQJ ) ¥X1(X1€lﬂ
T\nen, Hoe S\éskm (v o rcrersizh under the
involulion (x1,~-x2) =P (x3, xa)
T X2 We nole Hal e S%mlmelva.
‘ sechion is
v Xy  Fix(P)=4(xo) | xe RS,

[
\

Prool

Let X“,CXthJ and F(X)T—C?‘(Ku)(q,),%(XL,Xq_)).
Then - | |
d oPeo= _d (xg,~xed= (X¢,~%Xg) =
olt olk
= (¢ (xy,%x9), ~%st,><e:a7=
= (-P(xy,-x97, -3(’(1,-3(9.7) =
T - (?(X&., ~Xe), %(X;,-Xq_)): - F (P(’C)) o
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» Rellechion around w-oxiS

o

q(-x, xgd == (xiyg), VxuxgelR

thenw (1) s reversibfle under e wvoliliow

PO xiixg)= (-xy,x2)

T,  sekion 5 o
Fix (P =3 (o, ;3);.\ Y R

S

b P\e,g Qgc}ig, n  eround X-oxis qud N-O0Xi

Assume  tak o |

Y C-xii-%2) = Pixiaxe) , VX, xgel®R

o 3(:)((, -X9) = A%CX,L,Xa) ) YX(, Xq € w
then () §s peversibfe under e invelution

Plx,.xe) = C-xu,-x0> |

4 Xq  We wok Hhat ue sémmlrg

seckion 1s:

/] 5 xy  Eix(P) ——-5L(0,éﬂ . |

txa ewoke Huat He symecdry
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EXAMPLE

3 X = Xg_—Xc? - CQa)sigl‘conlioh oQ
)Eﬁ:—x"x% ?—l'xei ]’iol’h“:.
P\(oog

Let $(xix9) = Xa-Xs7 aud %(Xh)(q) = X -Xg.

o Fl‘xexl !?oivlls:
59()(“)(@) =0 & % Xg-Xg =0 & ng (A-x2d(txed=0

A

%(x.,x,o:o ~X | -XZ=0 Xy=-—Xg
& %X&:O V?{X&:-—i v%xi:-i
XQ:O Xq_:i Xq': ~—i

L jQCo@i&h
D?» (x( ;X0 = | O i*gxg:]
| -1 —2x4
‘\ At (xix9) = (0.9

Df0.0) = [ 0 1125
-1 o
= p(D = det (DPo,)-41) :{ -1 1 l: AZ_ (1=
-1 -
=A%+ = A (0f (0,0)) = gﬁ"-;',itg =
= (0,0) s a Civear ceuler.
Since Y’(X'prq) = (-xg)- C-Xq,)zz ~ Cx.y_-)(q?):
= =P (x, x |

ool
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(X -xD = —xi - (-x? = -x(~%F = 9 %2
i% Ywﬂows Hat fhe Sésk.,\ is revevafdfe. Tawy, since
(0,0) is a ivear ceuf-er .g:-;. ﬁo,,o\ s o ln,ot«Qineqv ce.,}cv.
(0.0) eFix (P) =§(x.0)| xR}
o M (ix=CGLD

D?‘(‘Ll‘-\-ﬂ[o i“%’ig‘l = }"O '9—1 ->
| -1 -%1 -1 -9

< p(8) = det (VP (1,0)-41D = ‘—‘A -4 |-
| -4 -4-a i
= CNEL-D-C0ED = AGeD -2.=4299 -9
A=92-44.CD=44+8=49-4-2=5> A 4 = *9—5‘-9‘953 --1503
=D Q(Dg («l,&)} = if-l—ﬁ,-—&-hﬁ)% = C—&,D i e scu{o(Qe Po}h{‘/.
e M ix = (1D

D?(-L,«L)-[o &-3(—0112{0 1—3}[6 *2}—9

| <L -2(-1) -1 2 -1 2

5 pd) = deb (04 --41) = }-c\ -4 \-.— (D A8~ (DD
-1 =442

=2%-99 -9, |
Az GO*- 4t () =448 =122 4D =5 N, g == D22 1473
= A0 1Y) = §4413, A-B3 5 = *
= (-4, -L) 5 a soddle Foint.
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5[ Xt = Lcosxu +(oIX9 ¢ Show  that ,Sgskm rs

Xo= FcosxgtCosx,  veversible But wot

o ,.(,ghs,g.,r,.vgi:,i‘!ﬁ,_ L

e Revevsa Bilitw.

Lel f(xix2) =%2cosx +coskg oud

KYCOR VA Qcosxg+ cosxy.
Smee-
?(-—xl 1=%9) = 2cC os (-xD) + Cos(~x3)=
| = 9cosX +CosXg = £ Ix, ¥
%(~X;,-XQD = Qcos(-Xg) +Cos (-x )=
= 7-(05.)(;9‘:}7 CoSX = % (x ;,,)(9,) R
- thas  the stkm iv vevevsible wilh ke)pcc{’,

o We tnveludion Plxixg) = (-xiixed

e Not (ovz‘zevva{x,vle)_

Tto selficient Yo show Haab lue syslem has au
a{hac’rin% Sixed point, o
U,Q- in‘al{ gt’wd ‘H'»C gtxed, Poin“s O?’ H,‘( 5‘33.{{“”:"

%q.(:o SX | 4 CoSxq. =0 é__.)[‘l i]l CosXy I-_- [o ]é‘)
Qcosxg 4 cosx; =0 1 91| cosxgq o |
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& i Cosx (=0 é-_)gK,IA€~7LI%X\: Ketd /g
(05X 9=0 Xg= Auin/z
The jo«-Co@ion oe e Snaskwn }'QQASI

Dg (X, xg) = [“iSihX: *wa)(ta,}
L —Sinx; - LsinXq.
AL (x.,%x9)=(n/2 n/2):

D?(n/a,nlqu[-a -1] -

-4 -2
= p(M = det CDP(nfa,mfe)-A1) = l—fpa A l
| -1 -2-9
= (-2-2%2 - CO*= (A+)? -1 =0 & :
o (A2 1o A192=v1© V=941~ 4.,

Ihas  A(DY (nI2 ,n/2)) = §-3 ~L% <>

= (/e n/2) » o sink= x
= (n/2,0/2) is os Yn?{"o-l—u‘(.u% sloble =

= Cﬂ/?. . ﬂ/Q.) 19 o tlmd--hg = : |

= H‘ne 938’-@“ 15 lnoL Coh}ehro.l:ive,
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EXERCLSES

@ Slnow kf\a{ H,.( Eeeowl\ﬂg km‘; are
i'e\'QYS'Q?Q?- and %cw wa\ ama (Qass&é ol

fixed ?mm\s

«)

) ) <X +(%)2 4x=3 ..

=
Xq = Xi (OSXQ

Xi= $inxg
= SinXy
A-) 5(1':— SlVl)(q.

3
F
qSl
13

xi - X
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Y Tndex l:h;eon;r; |

Tudex bneory @5 globel wmetiod el provides
%lo‘@aﬂ iuformation about the phose portvait

oe a cho—climemionaﬁ Mlohoh@uss«asl{w\.

@ Definition of Hne index | -

Cousider e two—dimensiovial oulonomous; séslcm

%il "-"g' (‘Kt 1X9-),,,, .
ig_ngx,l.xq.) S
Ve nole Hat al (xiixg) , the asiag_fe‘ ¢ of Hie

vector Cil ,259) s fiven Qé B

qleexad = Archan ( ?E*n x2)
XeiXg)

el C: e a 5i,m,p1e. .(losea[w Cnrve we.ol-ag the ,
bhe index 1(A) of ¢ as: |

1(C)=§ oLp(x.,xg_)J
¢ 9m |

o Explicit form of Pae_ ma\e_i | il}xka&qﬁ, |

We \do‘t "huq.f :
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de = d (Arclan (a/0)) = & ol 2 -
! 9 i#(talsf)i ( )

1 ;tleévécl? _
i’rialf)q‘ §x
¥A—R ‘K‘is\ =
§1+2

= 1((): iff—:ﬁ %l%—%o\?
| Jetn Jcqq(54 %i)

-

let C: Pf,{)el?ﬂ- ,tefoal be o yaro\mdev;%&d—)on
of MWie cuwe C. Then |, e difereutials of ond

dg are given 63:3

df = Lo -Vipnldt
da = 1§ 1. Valpunldt

D: &Q@ows hr\a[:f

1(d) = % ¥0{3,~?}d(“ | ‘_:
N f2+q1
J db FleunValpt)-¢(H)- 3(g(a)VF(9(e)L§(a
o 10 (14 Gpun + 92 (i) ]

= }10& 3.)(,()'[ ¥(9Lm‘Vq\(p(m 3(}[%)) V?(@lk))]
o | 2a [$2(p Lu)lrg‘icgu»] |
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® Properties of M index

@ 1(Q) G‘Il_l (ie. T(Q) is am tvxkgg}.

preog

. G’ointz arcund k«e curve C, foth initial aud
final value o? ¢ ;,poinl" in the same dt‘rec"t‘ovx,
heelore Hae variation Atf,o_?' e ounale,
must Qe a mulbiple of 2n. It follows Jaal

A(f“§ o[\?:-_.?.lsﬂ ) with x%e”/L =
C

= S(C) = ___L_, § tLY - 1 . (.9.1«1) = K €7L [»]
n C 1n 1

@ Assume Hiot lhere are wo Cixed po:nb
in H‘e. tnLcrior oQ, a simrlc, cﬂoserl Cufve C}.
Thenw IO =0. o

Pr00¥ ,
- e divide e inkervier of |
c AT Me curve C iule o wmesh |
| / 1= ——/ of N fosed si.\mplc curves
&:/ / D’K with ke INT. We asrume
P that  the loops Y. @re Swmell
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Qnou%h so-hna{ “\e. hnaxthuwounzfe Vanaleq

- aveund yi does nol exceed mfa. This fs possible

onbé because theve are o Fixed ,p,oimls in
e inkepor of any ,,KK,;,(,see,;,;?;%,_z)

T follows et

\fu«e[g]j:%agf:o o

and  Herelore

@ Ihvan‘anca wilhm,,‘con{faur dzapoimo.{iph :

R [S” #Qtf}: o a

Det ¢ el €,y Be dwo simple closed cureswith

G:ol)em?, telof] end
Ca: o thelr?, teCodd.

U sag ot o ook only f hoe i @
moapping o+ o 12— R suck b

o) Yielonl: Co(dod=p (B Aplt)= yq. (6)

- 8) p combivwous at foa1%
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A Y a)elo 1% : pltad ot o Fixed point.

e 4 Cn"’C‘L Wmeoany kqo:l: C. (onn Q»e cwl'muowagw o

ale,corhzi l\a“O C?. w:k-ou-[ (VO$S£M3 Oké
;:)(erl Ponh‘l:) ,

‘onogk , - ;De?mc o
- Cae ‘,Pmll« from ﬂ 40 <
- Cad : Vaya ?vow alod

Cag : counler cﬂockw!Sc ya“:h;

‘.ng.: , éou-akr(:ﬁod«dex _ Poqu R

- from Q4o 0

C(,d, : CoumerQoCkwlse FoHn
Svom b 4.

colc_ : Couln)-erCrokwnc pa‘d« s‘vom o’. -[o c. |

- We olse et -C \re{n-esevxl: 1he pa{l«. C w:ﬂ' l(s

All-cc‘-mm }cvetsetl (e tz "‘CQQ vsS. C@a) .

Now consioler e .pa“ns T and Tg o\epmeei as:
Cad UCdc UG-CaHUCCap)

‘9. Clc, U Ccdu (- Caddu( = Cea) ,

. There  are no f;xeci Fomh in “"ﬂd_, f\f\kﬂor} o¥

Toand Ty, terefore T(M)=0 and 1(1y) =0,
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wC MOLC, ‘Hﬂq{' ,

; 2n1(m=§4tﬁj4$ i.gohf ,,J de=-

g AL‘, g do - {eu,,,.(agf o

 oud

90 10y .-.ji‘f % de ( i {.g do =

“Che  7Cd 7-Cod =-Cgq

:jOLTJ‘J o~ { (f jahf (‘L),,
Coc 7Ccd /Cad Cga
| Atl,oh‘ng () and (2) gives: the th,c.gﬂfaJiohs.:, Coes CQQL, |

jﬁ,‘ln [I(E)‘:I(&ﬂ J A&f +[ { oh(,-. -
o Ced Cd CQ,Q

“-=2>I(C) I(CQ_) 1(]’;)%-1(@,5 oto=0 =
o Tl = Ich_) o
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@ Index of closed orfils

e |1l C 5 o closed 0@t of e Sté;lem
thew T1C(QY =1

Proof . l?; Cis a closed orlil of
the Sxaslem, thew L o5 eacla,*"o
see that e vedor (x;.xg)
(s ,{Gm-:behch o G for ol poik‘l;S -
0?. C . Thus, Hie 4otad CL\OU-'zc
in Ma@,om%ﬂe_ ¢ is A(r =2n. |
]‘: goﬂlo‘us -an‘l’. ,

ltc):._t_jgohf: Ae _9n _ 4 pn
2 Jc L

[t 2n

| ® .ihotéx o? oL ?(XQOL _Poivnl:

Def - Lel xoeR? Be a Pixed point. Lel C Be
- & counlercdlockwise cuvye U[’\QSC nleyior ,C,Oh&vu‘uy
LL.Q Cixai poim’: Xo g\&l o ol’her pixec‘. ?oiw}s .

,we Aeptme, l'lne .l'vxcle,x 1(1(0) og' H«g px’xes‘. polu{: Xo
L as lxo =100

. I-—a Ue, hol( '“4:&' pram pwperk& 3 uzove, I,(Xo) ,
s intle.pemcle:q[: oc ouly Clv\os'fe. 0?-‘ C;' $ugj€.¢‘l: ’
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to lne staled Com)irmm}s_

~ Thm - let xo elR% e o fixed y..m‘m{: suchh Haal
;'ll't?.ajt’—c.{’o)‘k’,—sw ,I'T,Qe,(ll,'ﬁ}'ﬁw ftom or. flp,wnro\s Xo
in all diveddions. Then Tlxo) =41,

 Proef

 Comsicker a smoll ewough loop C arowsd xo
Comg!vuclea[; So ‘hnq.’: 11 s perPeho[t cu.ﬂqr ‘1'0 R
, @vev'} ,hqseclorg it inderseds . The,, {’l,nt, '}o{nﬁ B

. CL\mm%e in e q\,.al(., around C is A(g:in R
1{ s\o ﬂo,ws, H\Q,L PR o

Texo=1(D= 4 [ do- A9 _3n_ _4 o

La Jc 2a %n

LI Rty Ml e Bllowing Siced ponds
have T(xe)= & :

a) $o‘u1ce> , c’S’rw@&,SPtmﬁi __e) eleac.melmk; hoo,[e,)‘.,

8) sinks  dunstakle spivalr £ sbars. |
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- Thm : LcJ:‘ Xo€lA? Be o saddle weode . They
1(!(0)'—'-'.‘1.- :

p!!o o?

let C fe o swmall Zoop around 1he saddfe

. VIoO\e, Xo.- T‘"Q anz‘qe_ vavies cfsckwue GfoumA

0 wilh Ag =-2n (see. ?%7 1t follows Haat

Tlxed= 1)« A §A - <f _ <% _4{ o
A

® Tudex 09 a ;Curvc_,Surwuhi;“'hg ‘pg‘xei. pm'm[;-

Thw : Lel C @e.”q Simp ﬂe. cfagal curve

Com"ouvniag’ {'ine, (-\txecl 170%\4(’5 )(“)(1' Xy,-
Then ;

" |
‘ I(C)"'Z_ I(XOJ
a=(
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PVOO‘Y We A.econh Cah-\iwumﬁ C
indo & covve T ~C such ot
T coumsists of small Loops
XQ_ around the fixed Foivdﬁ
Xa aund (amme({luz @h’ol%es |
Yoo Conmeding xa to Xg
as shoum in lhe gz‘%ure.

We purﬂac«f ajjume ;Jt‘(aq‘:
the yap Belween §=£ Yo joa lends to 2ero.

- That iwn[zxies ok b’,o.e.:ﬁﬂ’& and B"L e
closed . T follows {Lat

| 1(c>=1£r)'=-_}___§ dg -
,. in Jr

_ , et n
:Li§iT+% JAL‘» +Z[<Lf ]
fa La=tJy, o Yoat 0=y art o
rw n- ; n-{ S ‘
‘-‘-._é:__..t. J«ri—):[cl-«r*-):ljd.cf }
fn Lot ¥ & Haanr = Myaian
v n
-t [ 4 dy - _i___,§ -
In [uwéva‘f] a=I { 9n i*f]
< I-I.(Xq) | ; n

o=
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| Loroﬁ@qré_ . Llet C 8o o closed a.[,tej_,ec{o,va -
. emcﬂpsiw%ﬂ {he uc{zg,ed.m ,‘Apomfs ,
- X ‘Xq_,_--,,,‘,x,n . Them

T Td =41
Q={

Since G is o cloed brajecdory, Fom poperky

4, we have TCO)=41, Thus, froun the Weotem:

L Ilxad=I)=4y o
a=1
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EXAMPLES

Ca) Show Haat Hhe Séslf'ﬁ,mw
%i‘leﬁa X~ 9xa)

Xg = X9 (%~ %~ Xe)

oloe.s V\o{ "\aV( wmz (ﬂgst. —lrnj(’.cl"onej

SOQJ‘%IOVI

It can ﬂ»t‘_ S\noww “"Aq{ 'an Sgskm laqs -“nc,
. gouow«Wg ?ck@.«‘. Polhts

o= (o,,o) | um}aﬂﬁa ,‘ ho,t,l.,c =A‘;.“,I,Lq.):wim,
= (9,2) stalle vicde =71(8)=1
c= (3,00 slable viode =21(0) =1
d=(11) soddfe vode = 1(d) =-\.

e let Ci e a cuvve

(_% , Q,Cln » ;Ch(,aosuaé Vio ? KCC( ?‘“"B. o

6 S Then

f” } I(ch=o0fi=y

= (, v\o{'. o {YOJCCLOVS N

w4
S

-
C .

o let Cq Qe om auve. {L.a{» emﬂasc; ouﬁg |
Hae szei ()own’; i Cl l) TL&« .
ICCQ_) =T =-1 £ 4‘1. -~ Qg \a,o{Z a Lra)jedvna
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o Lel Cs fLe Qlﬂé,,, tuype Cnceo}{mb aor & orc )
o ow_té combmation of Hrese lhree fixed ,poiu’ri.
Thew, Csq, will :'wlcn,e,c‘r al leost H«e Xy-axis
or the xg-axis Cor Both) . Since Solh He
Xi-axiy and e xq-axiry are tr ,,,',ecl*ones 7 omd

: {fo.jf.C“’Qtlei cannob ,Ai«ml-ewrs,.e.c,{w, it foltows Hiat
o ,C?; 1S Vloll Q._'(rq.gedoké... T » | .

- 1——* Uz, See -hm{— erjedtnes y««l cavmot Gﬁe‘_;..\k'u!?o{,out' |
83 mdex #ﬂ@orté,, can fe ,,,elt‘uniualccl«, somebtimes,
03 e constraint thal fwo 4@5&&“&5.. A |

Carnot ,ivxk.‘fsg.c{,. .
@) S‘r\ow. %’c u\esykm
%k| = X(, e.’x‘

‘)‘(q,_:i“-)(l-i-x:: S o
AD&S ha,l", have ﬁ,b\,‘a,cﬂpse&,,.&rqu(clrvrie)". R

Sogu{iaw. |

Fixed Pofh"?: .

% xe =0 & % X(=0 | @%Xﬁ-o :
L ix+ )(9?","‘"",0w 1,‘|'X1+')<7%f”0 o hifxii‘-'—'-O

 Stnce A4 x,q?,‘,"(); s ihcou'sisft.mf,,,;,%.&re ek o
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- Fixed Poim}s. |
~ Now, let ¢ Ce ang closed ~curve. Then
I =041 9 C wviel a }raj’e,cjrorg.
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EXEACISES

) Show et b Soltosing siplems do wet
hare ,am«é dosed Mﬂec%aries. R

a) % ,;(l = Xl("i—)(q;-)(?‘) o
)21 = Xq (X 1)

;(1. = X«—%

@ A syshem s Huce osed frafectaries €,

Ce,Cs, ol counlerclockwise, il Cq,c2
enclose d Qj C,. We olso kaow Hal Cq is
viol encﬂ.ose&‘.;ﬁg (3 and vice versa.

Show Maal Haere s ot feast omv;,,,?z.)ce& pom{
euclosed aé C, ., but not enclosed Qg Cgq
and Cz. . o

Consider ,‘ane ,Vqramek\ri’&e.o(
. %it,,":? (¥, Xg,a)
Szitz(x4.x9,¢Q) . |
A5 we \rar} oL,,Qrow\ B }'0 O H\is Saslum
,umo\er I%¢ ONe 6r Vmore locq,q, .@,cipht'CoJ’l'@.W). :
Show that Hie sum Tla) oF ol indeces of

JL ) 1‘ i,)w_d po,mb Yy c\phs{nmf V wi“« Wwe(,{', }» « -
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MM5: Limit cycles
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LIMIT CcYeles

e h Gk e 5 o oed ok dad fanckons
a3 o stefle ov unstallfe cimi ,po‘fm{r. .
e Recall Mot xW) 55 o losed erBt

iY» and 0“93 tv' B

Jatros¥tem. xtemyxld|

W Rubiva out closed orbits

e we bue ?oezma ledhmiques fo rule ouk

e exislence o? cfosed orﬂib. o

| ?——ﬁlhiex“e—or%. |

e hare olrtady shown previously tod ndex
e ory can Le used 4o vule oul M exisfenae

. o9F CQ,ose.qL ,orﬂtb..

@ Grodient syslems
iy ,ogi;-c.&};as&m oo sl o dhe Fonm =TV
) wi\%‘ xBO e and TR R

. A (zro-el.!‘ew{ Sxéslum hos wo C.Qe;e&avﬁt’rs
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Proof

Assume x(8) is o ,JssepL orlil wilh, x(M =x (o).
S Thent V(x @) =VxG)) =

| T |
=V (xC) -V (xoy ‘-‘-[ dV_ dt -
o dt

. jT (9V) -« (ke dt = r(fsc(n) () dt<

o L]

. |
. J S YO] LYTIPNN

. o | | |
= Yie(oD: x@W=0= Ve G : x(H) = xlo)
= x(0) Fixed ?ofu{-% x (£) wol an ordit. o

EXAMPLE

 Show  Hhat

) % X, = SinXg

)‘(9_?- X1 CO3¥K9g

hos o closed orlits.
| Solution

| Let 19‘ (x. ")(gj: Sthxg. aud 29_(2(1 L\(g) =X C05¥% g

Ik Qo%ws M :
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. 3 'El(’(ukfl)t!\s\(t = J Si"l)(g_.cixt = X(SinXg t¢

~ Chicese cxo. For V(x x@)=-X(Sinxg =
oy VWilkox) = - (gkcxu\(‘?), gz(xum))
o the ‘s%skm ,i,i..m.,%rq&z‘emb s%skm o
= there ave vo cloged orBids.

= X 1sinKg 4 C
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EXERQSES

D Show et dne Sollowing syshoms have |
no closed orlils @.3 Swaihé h,\q.{ {‘Lteg
ore. 3»"0;0\.;&%&.,_,5455&%45, R o

)X = X +XxgCox1
Xq = Ixuxg+sinxy
. T

c‘) ) Xe= “"9-)(1,8)(l ::
Xg=-2xge "
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?}—’ Luopuuov 'ruVlr)"l'o\/T‘:

¢ Lopsider  the S\éskm >'<=£(x)- 45&%&. Neh Here
8 a Qumol—iow V-A" 2 R suda 'HADJ:
Q) Vixa-=0

D VG Yo, Yx €Y - Sxe]

) X W) # %o => (/) V Ix (1) <o,

, Thew ; ‘H«t 93$&M ,’Aa) e CLSQAL,O,TQ??,{‘?.
'fqu

: Assumgﬂ kf\ei x(’e) T a fe&oo&‘c OtﬂhL t_ui\u« x(m%x;,
Tk Collows ok

C3Tr0:¥YumelN: xmT) =x@L xs. )
From (a.}t(&),(u) 1 P»ﬂow, {fna,{' Xo i5 au :

Q.Szvvtf?{'b‘l’lctx@gé Sl—a@fze, Ct‘xeuL-fothc wik\ QHT;‘LCJ(‘I*\Q
C Rastn B qud ‘Haekﬁpate. o A |

lim x@) - xo (2

{«-hhao

- Fowm (D ad @O+

x(8) = lim xaT) = Qi X&) = x>
new Latoo

=7 Xxlo) = Xo ¢ conhradidton.
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CKAMPLES

A Q) Show 'Hno{ Hne s.é;lcm
% Xi = -X4+lUxqg
XQ." -Xt1~ Xg? ,
has wo oge;eo( orils.
%Qu.j(tou

 Ue -{'r V(Xt X4q) = X:"""Q-X,z‘. Then
&J VCB.,O) = ; nui
@ V(xuxi) >0 , ¥ (x, xq¢) c BY 5(9@)3 and

Q dV/dE = 9,)(,\4, } Loxgxg <
= 9%, (- X;+Hx1)+9_&x1( IR D
= ~Ixl 4 8xixg ~ Jax(xg~Laxg =
==-9xr-%ax q-‘”qv('*l—*a)xtxg
For a-4: Vixixg = X?"F‘i)(g_ aud
CdV/dE~ “9xt-9axst <o, ¥ (x, ¥ el i(o‘oﬁ

 From (al (6),C) ot ‘;nuow‘) %\a% k«e_ sgskm hos
. ho aao)eci org ls ,

) Show that the sgslen K+ (02 4x-0 by
no cQoseaL ,or@ﬂ—i_ ,;
Soawhoh

e by VOx5)= xEEXE. e wele Hoak



a) Vio,0)=0

“..;@) Vix.x)yo ,? (x. x)z40,

O AV 2xx £ 9%K = 9% (x#KT) =
2 9% (- ()P = -2 ()4 <0
-{—‘o? x. =;l0 -
 From @,08), CC) th Qoﬁaows %ui l’Le, sas}em
, Laﬁ ho ?erw&xc goﬁwhom

129
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EXERCISES

@ Show that tue ‘cés‘km

% i—l = Xq,-—)(?

).(9_‘-'-—"-)“ -XZ’

has wo closed  orbils.
(Rint: Vse Vix,,x= ax, +@><9D

@ Show that He syslem

i ).(1 = *x;+9.x?_~9x§f
X9 = —X| -¥q +¥XiX2

has Who closed orﬂt’%s.
(Hink = Vse Vi x9 = xM+oxg)
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?“_‘ Dufac's C&(‘krion

Consider Hre sustem  x=000) with BRI R
We assawme ‘“'\a.
o) ?’ Oowh\/\ows% th'p?eircy;Ju'a.@,&_ in AclR?®

&) A simp conmecled |
Q) %.A——’b covxiivwbou;% A:P&mkaﬁoﬁe tn A
D T (g0 does not change sign in A
Ci.e. V-(B(zﬂQCzO) >0, ¥xeA ok
V‘(%(\cﬂ(x))(o ¥ xea)
T"\Cv:. Hne Q%Skm L\a} lno Ceoseot or@hls,m A.

P Yoog

Aosume fhal tiere 15 a lojed ov@il ¢ within A
) Sivce X iy aﬁd $ hhﬁuut ‘}o‘

A C, fiew f u :éa vector :
vervmal o C, '“aeh XeWn=0.

lel B Qe e inlesior of C.

Then brour (d)-

- ﬁ 7. (%m?cxh dx #0. W)
B

| On e obher hand -
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1= ﬁ V.@m%@o}(&uﬂ 7. Cgmi)&x——-
B B
=& [abOX]endl = ) (xewdl = 0 (@
3 L3 $ 3

Since eve%w\nue X evt= 0, Houle\-e,v, 0 and (Q Coy.{wu.ih{:
'Hqu.', %zue_ are Ve CQO%JL OV‘Q“LS.

&"’ There is w0 BmemQ Vheunoi Qw iz[vuhvz “oe_ gmuY-;‘om
%(—Xu\(q—) - We uwaﬁzg 1[%3 oul vuﬂqui owiwg

PO§S;Q£Q:‘HQ§:

%CXL‘XQD = t

%(K( Xe) = L
)('E)L)(g‘g

(¢ xa) = exp (ol
%th xa) = expl6Ke)

- EXAMPLES

a) S'now {'[aa‘l. ‘sz, gag&em
5{ Xi =% (2-%-X)
Xo.= Xg C(Ux-x& -3
has vio elosed  evbits in He %r){, e!qum.ut.
Solltion | |
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let A= g(x.,xi)elﬂilm}o Axo>oé
Choose %(K)-’ . [hen

qﬂ
x4

V. C?x) [ x.(4-x-x ], 3 k}tg_(‘-h(l..g?n_g) 1
?x1 Sxg IX g X Xgh
L2 {qxf °‘-><? m,x,,_\“l~m}+a [é“m X3
G’ %1 Axg. X
= J_{(i-xﬁﬂ-q)x]ai (9\—0.515-0“:11- b %3 (-g)x 8
xg® xS
9_ t
For &=1: e 2ud lovm vaunishes. |
For o= L: Hie 1st lernm Loses  x, A.e;peméemca.

Then -

V'(%s'c)' [O (2- 1\)(? l] <o, VixpeA.
Xq Xq,

8) Slﬂow Wa{' “&( s\asl{m

% X1 = Xg
i‘).: "Xl")‘i“‘*ﬂ' {’Xg
,'\a': Wno cQo:,eaL ovgt}s,

SoL&liw

oY, .

For %(x) = e
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V- C%i)-; 2 [e_‘“‘ Xq_] } 9 [e“‘ (-x(-xe+ xhx;’:)} )
| Ix, Ixg |
oxae® L e®* (~o-1+0+%xe) =
- et [ axe-1+2xql=

= @*! [ (atq) Xg — 5.] ‘

"

For a=-%: V-(gx)= ™. (o-1)=

) B  s—ePxigo Yk xe)elR?
- =p wne cﬂoseo\ orgtb- 1 9 S |
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- EXERCLSES

O Show Hfu& Hr\e_ s%skm
zx; e -bixd-cuxong
Xq = ﬁ.g_Xq,ng,Xg.’ Co¥, Kg - |
V hﬂ“’\ a, aq, Qu,@g., Ci; Cq & COtfw) laa.S o
o _closed orbils in 41«»@,, gt!}k.*qunokranéw
(Vse: g(x..xq) < D I

X ‘KQ

O SL\ow %Jc 'H\& stésh\m

5)_ X = Xy Xq:l
L xe.= Xq.(¥%, -1) |
Lms Who cﬂoseaL ora H {n 4"\2. gt‘r){‘ C[uao\ran{:

- (vse: g[x“xe) = ) o

X
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| D‘egt,‘vlfLiomw; of erBital ,eraQifz‘{—-L

d

- \.ih%i \ Céch? | are ul‘i'OQQ\‘Z‘L. Pcﬁocltc ;evﬂn‘b h»\&f |

ﬂ.d o) o %loﬂaf. c;xch _Poi,w,& ‘hnﬂ,'l: mag @e_ L
slable o  unstalle. We are Uiore Lore tnterested.

in ,d?-,glnin,«}f the (owge,p% of orflital s‘_‘mﬁiﬂl’l’%
o b lmit egeles. |
L Cowidﬁr. He .&saskmw ' .=,=?'D<) wik« xetR'," ound ,
$: lV\h——) AL Let x C{:‘IV.XDJ%O), e ,-qu. ;Solu'}l'ovz ‘
,wlhn . im‘&iaﬂ C,oucl.%iom X u‘o) = Xeo - e AteuC
lhe ,Org,t“: : R
T (ko bo) = §x (E] xo,bo) | £ oS,

o Poinf-set  distonce. B
let pelR aud AclR" . We defime the
elistounce. A-(,F;A) of P from Aas:

dlp, A = inf lx-plt.

xeA

- ® Shabiliby defindions

@ T (xo.to) o:fn\,-u% ol le &
(¥evo:38v0: V“éoe B(ro¥): o o
¥ ber d (xChlyo,te), Ti (xo b)) <E)
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@ | I eke) ocbihelly altacding e
1(3S%0: ¥ 13065()(048,): o

ln dlxlly o, PG d)=0|

- : @ 4 Te (koded &S(‘;MPJ’U}QC Jly ovhitall

} L (%o ko) ,_‘orﬂahﬁ@; a‘.’cradw% o

@ . ri-(xot‘:ﬂ VLQU:&"QQ&&O\'Qt

ag
) & r-;-()sol“:o) arbdwli,
7 U (koko NoT ovBitali

!

: ; Calles|
, irf(Xo;{o) orb¢ {'oﬁ&«ﬁ'ra@fc R R

shbles |

skalle |

| | @i/,f}‘(xa,’cd NogoVQt%$¥QQQ

L T (xo,t0) NoT orbitele

n.‘l{mdmaJ I

. . ®5 tabilchy vreqiows

© e bk € e an orbdolly abrading Dimb cgde
e wmdegxne e Bosin opq hrochon @CO °£ .

- C as:

TG0 -ty el Lon LxCligno =03

{:—Hw



138

e Lt AS\?\W Ge $im\70,€, Qounie-i Rz,\‘on-
, uQ gaAa_; Hno;l:

A }:ta,ﬂ)intb YE%JOVI %)V%OEA : V‘l’q,\?O + X C‘[: 150; O)EA
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'TLQ. Poin‘co.f(," %ewAiKSOVI anorevq

‘ Cownsider -PAQ l:wo-—o[c'wzq,n(o\qqz qutuv:olmou—)
‘ S\Z)lum: |

%;(; =Q (xi,%X9)

,, | >29."-% (<, xed

Cand b x () = Cx (D) xa(B).

Now we iwlvo Au(t the ?oMOwiw% V)o{‘q*}\'*‘h:

e Tra'{edones l‘\qwug\a X(o)l»‘

Tixe, )= x| x(oy = xo ALeS} with € ).
M (xo) = r(Xo,lR)

It (xo 1) = T (X0, (k40D , [ (xo)= T(Xo, (o, 1e0))

e Closuve ol o set . ,
Let AcRE &< an open set aud Lel JA Lle
‘lf,l“s Q;ouvaa.né set . We dectnc Ke closare
of A as:
cl(A) = Au2A.
e W Qimit sel

Le’: Xo € |RZ Qe %iven. The w Q(vm‘: Sc{: 02
Xo Iy O\CQ«'\neA. Qq

t&)()(o) = n CQ (ri- (XD r".'))

tro
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b lh‘-erpmk.\lwm : ,,,C.OV\,s.,tAe.r ‘,o..,,,pcw(o:o\kick b(@& c
 thal lends to altrad

o het%\nﬁa‘r\ﬁm& ovlils . Thew
C Tixed) Looks Like a Haidk

h\a% avouud. G Jdnn,{ Ee;‘cowzgs, ,
ivxcmasiu%w 1 Hhiviner whey

o — | tateo, Thas , Por Xxo @en«a e

S‘lo.v}fuaa p o,m,{t,.vogu Q ""l‘“’jed""”‘é* g.Hrvq,ck;L {Wo C, o——

C wlxa) 15 equal Lo Hie & lmtlrclar.ﬂe C ilsedf.
~ Nok thal »? T (xo) ndseﬂzq ,.,_,P,Qrioal!' c .
el Hew TNixd=w(lx».
| Fur%ermom, ;(2 ; f(xo),,,;;qpp_rqguhgs,,;,a_ ?fxe&.ﬂpcch’t

Y, Jr&en' won)f»%.%;;.

~ Thu - (Poivicare - Bendivsow)

fAsume bt
o) AcBZ is closed and Lounded |

{8 A contams vie Pixed poiuts |

C) 3 Xoe kA : «r‘]— (xo) SA N , ]
; T‘nw w(xo) is o peno«i&c- ;o‘rgf‘}_'. .

L 1k Qollows  Heab edner T (xa) el s
o pe,ri’,oo[i.c ovhel, v whidh case T3 (Xo) rwlxo)

or Ty (Xo) opproadies He peviedic Liwit |

;Cz(ac w(x,,o)- o
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% The iwmceliale Covtsequence o Hae

Poincaye - Beudixson Hweorem is fuat e

ov&& “shractures " Hak can ottrodd orfils

M Jwe -dimensional Sustemy ere fixed poinis

or Pcr{oo\ic_ EimiL C!zdes. In Lx%\au dimevisional

S%Slﬂms . DYG!'JIS con also le qqu.okcL @g

: shambe. alivactors

~* The wmain ol«#rwﬂh» ,w.’H/. O‘PP%MQ Hais Haeoye.h

is in esh@@:ghm ‘-H‘e.,‘Cooao(\'hoﬂ‘, '
dxoeA: Ty (xod A

Ov\e “’“9 IS ;Qg feﬂca]riv\? ep,,'}rcg‘p?ihg h‘.’al'ow :

. De? < Lct A cB? fe a QOthJ@A 66(. w,l'k’l

N (x,w) 6(?\2' oun owjtwo.roL V\,oYW\a,e Ve(}or
delived on A (lhe ,goumlané ol 4.

UP— Saé 'Ha,a.{‘ A iy o 'trappiv,\o\ _reqton
] T d U

i ond ou i -

N (x ,2) . C?‘(x.%), %(x15)7<(o : ¥(x..«3) €EdA

.g'_"_& I} A i a J(vap(iih? reoyion lhew -
Y xoeh: Ti(xo) = A

I——» lh Ohner wO!A‘», I a ‘}"‘LPP"“? >l-e%iow o
oll trajecdtovies inside He region do wob
Peove M»& \retawh.
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EXANPLE

o) Show %a{ e Sg&}em
3 % = X 14xg =X (x® +Xa7)
5‘(3‘-:; ~Xid X, —Xa (T +x ).
has o Lmid cyde.
Seludion
> Foxed  points.
We wole ok (ki x2) = (007 t5 au obvieus Qh(eeL (hainﬁ.
(e wtll row Siaow il» s uuiotue.. Degiwe:
§ (ke XD = XitKg -% (xZ +%g)
Qitxhxu = -XitXg ~Xg (xtxet)
USimob Pqur coordiviades + X =R cosd Ax%: By
it follows Hhol Xt‘l{'x:—"' R: (o5t + sn?d) =R% aud
Hherelore |
‘Ex (K x) = Bcosd £Rsind - Reost-R? =
= (B=R?) cosd +Rsind = R£(1~KQ) cosd +sth32
92 (k. x2) = - cm% H&szn?r ~Rsind-R2 = -Rcosd Jr[?x—-?{”) G‘MS
<R[~ cosT+ L-RD51S ]
Since h=0 @ (xX)=(9, we assume ,wt% o Zo)) o‘?
5Woﬂjf\3 ot R#0. Then:
igt (X XY =0 & 3 Vz[(l‘V\ZDCeﬁ + Sinﬁ] =0 43
gq_(x“\cq) =0 V\[— cosd + (A-RL) sind § =0
) { (4-R%) 030 t5ind=0 |
~cosd + (L) sind =0
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= [ {-g2 i ‘l{ Ceﬁ‘{ = [OI (0
-1 -R% Sind 6

Stnce D:\Mt L Cepnto o= B-RDE41%v0

-4 {-Rr
Ik Qoﬂlow; 'Rlcx.{f
(1 &0 a C0$3:O & C.@Sq‘a -(-Sivﬂ-& =0 4—-—-—(_0»;’{»@.4;‘»\‘(.){1'0‘4
ﬁm&=o

Thus , Yoe Lixed potut (x X = (00) s unique
bTm.?pivxoa ‘reeb\‘em o
We (.oh‘z‘ruc{'« o ‘\VO-?(IlWé r&b\ow Qoumé- @} fwo (,omcm{'hg
drdes conbered ot (000 wilh vodivs R aud. o wh R <Rq.
Fov o %emmf arde wilh radivs R and e nermol Veder
N ¥ oredked ow[mwc{ ) weAc{zQME’_
Nl = (ke with  x2ext =R%
16 Mllws  Hok |
N(x, 52 Cg (x ¥, Qz(x“mﬂ (KX o)~ C¥ chx@ Qa_(xuxqp

‘—"—Xxg (x( xa) %qu? (kX =

= K‘LX&XQ\ "xl(xl +X9_71“’ XQ_[ X(¥Xq - Xi()(.q‘%‘q?)]

= it ixxe - x it R1~XLXQ+XZ —f)(;_)‘ A% =

< (xF4ya®) - RE (xEexD = A* - R2RE: = RE (L-RDD
Fovr Rg}{ , We ‘nowt N Ckooxd (gtb‘u‘ﬁ‘t) gq,(\(t&c‘lﬁ <o,
s The vormal redbor N (x, X0 oMJrﬁ twovd. ¢o e
Qm} cirde aune %erepore. Wie erw‘ ‘
| Risd, we hare NOGUXD- (9 (.XLL\&‘?.) 29_()& X‘O)>0 '{'Llué
the normall vedoy poinks outword of e swmall cirde, and
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(’hen&ra mwads fo fhe ‘Faﬂ;:mb vf?)\'on.

C""‘"‘i“’“w‘a bor Rio= {112 aud Kq;ﬁ , e defhne
A=% G xDeR2] 442 < xPx? €25 and

we hatve :

A losed  aud Gounded

A CO%&*\-}WS ne Q{‘Kut[\ ?oim{j

At a Mo, Feowou .

= &qujjw?ivg HE_ Poincare — Bendixson Mfam )Lem{
the Sés)em hay o Qwat CBLQQ |
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r—’ Cavx'i"ar\u)n'm«:5r o Lw-ppihq_ regio

When VoQOr coordinale; ave n’o{: IMQPM,
. e w1 use *Le huucﬁmq "'o o%m Cvio(ewce
. Qaa% *he.\—c lmqa ﬂa a_ a,ivm'l: ua(«ef. ouaoL

maviu . CowS'iTu(:" o. -}VQ?P‘“ Ye'as‘on A
ubiw% 1lke v:eu.ssaké Ov? S .iqew{ CovlJLilfOVl

N (X,-év- (% (x.é),tb(x.gb <o, V»(‘Au&) €JA.

EXAMPLE

Construd a \“ra‘?pt'h.b_ te%(gw s}or:
%i. = -X 10xg + XExe ()
Xg = b-ayy ~¥%it%e (2)

wilh a%¥o aud &%o. Show #hat the 5*35)% has lez'{:cgc&,
 Solutton o

¢ Nuaecﬁivte, quaLjsu,
¥4

For (1):
PoxD >0 & -Xitaxg Ixt¥Xg 70 &
& -xi +xg (otxd) 20 & Xglatx )z xi &

& xgp Xt

ot
Hhws ¥: >0 above curve (0

wi<9 DBelow curve (0
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For (2):
% (X xq) 20 & Q)-'a)(g, ~XdXe 2 06
& 0 -y latx) >0 & x4 (atxD < 4

o X 2 \< gi
O..,"’X(i

Fus )ZQ}O Selow cuyve ()
>21<0 obove cCuyve (2).

1l‘ Qouows ‘Hn (.'.

5(;>o ) )‘(q,<0

il <O [ )Zg_'(O

Thus @ limil’ Célﬁc i l‘molical-ul- |

. Trawivt} V\ez‘fov:

Q) X-axry with X ye. |
At Xqg =0, normall vedor s (o,-Y) and.
(0,_-,{)‘(2()(((0\ l%(x(¢09= "%(Y((ﬂo):
=~C@-—Q.'O—x,9‘~0)=-£<0 |
‘:\aus‘ X(-oxls s 'I'“"fl’"“‘Z'



147

The cﬁodmeot, jcm(zpiué
| \ﬁ%iow ith e
, QI&HJQY‘L VL,Orwza,Q_
Vﬁ(l’avr) iwaLicaj-eo(-.

B A xg-oxts with xevo
| At x.=0 ' Vl,pvmaﬂ Vt’-d'DY s C"‘l (0) OW-‘L
("{(0) . ,Cg-,,Cog,Xz).z % (Onx‘l)) = ,"Q (oxg) =
=-(-04+oxg +0xa) = ~axg <0 =>
=2 Xg-oxty s 3rmr?tm3.

) At mBinihy {ik& xtxs o Xt -
N 4 )Zg,/u "X;q‘)(g_ Xg. ,
COVI‘;(A:LY Oun% Qme, wn‘“n SQOPe -1. _\'Lw_g \1‘,:‘-(’1(,‘1),
~ We unde Hat | | |

U (B (g x2) = Plcoxa tglx xe =

= C~)<¢Jra.xh9;+x.2xq,a)'+ (@fu__zﬁ)_g_f_—_s_(_é) =

= @-M’ZE’; fov  Xiv4. | o
 Thas  conshrudd a Qive Crom W 8/ b (8,8(0

Cond Prom (@,6/a) to te xi-axis wilh sCope -1,

T‘M# Q@HQK Sﬂéwemk bos Been SL'O\th, o fe |
h'aﬂu‘vz%. Now comsider lhe line Prom (o, Qle)
l:o (_gg @[Q,) :
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M xe=bla with 04x.<6 ) using w=Co, 0

B X SN T PO R TN T

= Q«@~X113/&:“@ ¥t L0 = A,,,o.Q;,o_,. ko.ppiua' I

O,

T e Baiwed vegow A i5 o bagping vegion.

o 2 Bccauye_ the \re%wn A coutains a Pmcq{,p ot

o whee Yae two nullclives nbenedt, we camot .

o QP()Q} %e ) Pomcahe“BQW;ston'HawkemHﬂww

. l?— ] we_s\now‘“na{'%\ne. theot VOWLL' l?“efdﬁ“’"&_ S -

~ li.e. a sourte, unstable sp:raQ/saLak,umswLméﬂea .

R dczeneral-emoole) L then we can remove o Ball

_ avound Hhe frxed ‘_.pgmk ‘am&_wvgpke‘gn‘me, J’L\e, o .
B jcm(){wm}kecbtovzcxs '?bﬁeowS: T

 They we will vow
. deive Maye,w,,,m.cc,;s_m_g R
ond s Wecient
N wh&ihowpar {(ae_ o
 fixed pom{‘ o Be
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” e Fixed point Jocation

%g‘ (x,.Xq) =0 é)% - X +&X9,‘11X:?,'X2; 0 &9
%(-Xu X9) =0 ; @—- O.Xg ?“,Xtixi-,‘-‘-o o

& Sl b-x=o0 &2 xi=4 &
,, b-axs—XeXezo Lb-oxg—-42xg=0
& %xp& N ixG@,
g*(aiﬁ?’)}(g:{) , Ka= 4
otl?
o Jacobian

DF (x4 x@) = ["11“9-)(()(7, arx. - ] =
"2—)(1\(9_ - (OJ—XF')

—

-.—:> DFC@,Q/(&@"—»; (“bﬁ%'“&%@? otg? ]-

_ & ~ )

= ,; Co\& )

o [‘-Cmﬂai) + 902 (atﬂq‘)i] .
arg? | -94% ~(at8D?%

-1 K @iwa (u:l—@i)il

o+f% | 942 - (atl?] o
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@ (owdibions

T\n& Slt xwL Yom{’ (B Q/ COLHZ"—ﬂ | 1‘5 &eyeﬂmg
, IQ' aVIo\. olnly

s?— T= gli—{c\e.}'o P

chchDFc@,ﬂza)) -4
o OLHL’-
_ (8%a )-(o24+2.a82 409 _

COLJf@?‘)" |

B N T LR (L—ia)ﬁ"u(am@

(OuLZ“)Q' - (exenr

D o\e%( DFL@ Z»/[a.f@?—))) = o
eI c@z-q.st (a{'Q’-)"I (-282) (Q&ﬂﬂ)iJ
) (od'@q')i

[CYY AL

. latgD)2[~(42-0)+082] -(ge-a.n%i

(at8®)*

Nole that avo Mo D= ath’?o
{:L.us h«e, V\ecess«uy% JMMJL 5uﬁ9taenl~ co\aidﬂmq i5:



150 & -89 +(1-2a)8% _ (ataD)>0

& b1+ (20-0 b2 (pua <0 & plBD <0
with PQO = X4 (20-Ox t (04a?)
Drscrimiviont :
A= (Qa- D2 4L (0% 4) = Yo~ lot] ~Ua? -La = |- Ba
For A€o =5 pl2) 0 ,V8clR=> <o
Fovr A0 A-BaSoe a /g 0<a<k b

We have }wo Zevoes |
(?ZL - (1-920)4 V4-8a
9

fhas:  1ro 598D <o & 82<42<05"
> L-9a -{1-8a < 8% < A-9a4{1-8a
% | 2

H &’@wa H“‘J" H"Q 10'77(&[, Polm{? ‘s ?‘t}?(’,@@hz wL,ey)

0<La<i/e

-9 -\1-%o < 8%« L-GatyA-ge

% %

151
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EXeROSES

" ©) Usc tue Poincare- Bendivson Hrcotem o
S"\ow Fhet Mo %Maw;wg S‘Asi-ems ('1°~W— a
inul: Cécﬁes - o o

) & X1= Xi-Xg-x1 (x4 SxrF)
{ X9 = Xitxg—%g(x; +xz)

) 3 Xe= -, -xg +x LxF4xd)
Xo= Xi-X%g + %o (X L"",‘T?-x%)‘

@ Consider the g%ﬂcm
Slm e Ud-Uy E-xd )-—CLI?.)XQCHXO
. Xq = g (i-tuy, -—Xi)*-?-)c; G+x0 o
Vse e Fundion Vix, xg)= (3- Ll'& | Xqi)t
to show Hial oﬂ %ajed-onev, Cohvevae.
1e (O L{x‘ ‘\’Xg, =] a3 t-too .

} @ Consider H—.e WonQ:’hear .OSQ'Mal'o,f
X+ Flx,x)%x +x=0 I
we, AAsuvhe k«a:l’ F(x, K)(o 3 w\«.e,v: 2Lea,
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and Flx.x) o whew 220, with 2 =xT4 x2,
Slnow ‘H'!ﬂ,—{’ -M«e S(és}ewl lﬂ,a) o bevu"l c-acf?e
with a<z<@.

@ Consider the syslem
Sl)‘tn = Xg_fOLKIA(i’Qﬁ—‘XLQ"'Xﬂgf) |
| )“1 = -x, Foxe (i-.X‘e")(g?‘)
) Wnle Hae Sﬁskm i Pazar coovdiviales.
. ) Delermive \«\ow Mahé ;zim\"t Cédcs exist
in s 935‘0% - |
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Viienard suslems

Cons:oler %e S%s}cm %ov‘evmcgt @3

| X {'gt‘(X)X +%(x) =0 . (&) o

Eqmvafehilé we me% \—eh}h\-& (1) oy an

 outoviomauy Sﬁs}em as:

5
x%"’“Q("""i %(xo

,‘ 'Tkm (_. Lfeumtw Unwvem)

hssame Hoak
a) ,£t are c::nhvxuous% A Heremkaﬁﬁz (i lR.

@) .Q ?eve..n ( ¥YxeR: ?(,x) Q(K))
c) %v,voL (¥xem: %(m%f%(x))

) %(K)ﬂ) Mxelo; 40>

| e) For F(w %wen, Q;é o
FCX)ﬁSP(&)JJ&
theve v an  og (0,4 sudn Yhal:
SlF(xko ,Vxelo,)

Fla)=0
F(x)>o \Jxec& o)
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Then thee (3 o slobfe Qimit Cé(l( around
Hie On‘%in Co,o)‘ Fur“«;ermorﬁ, the L‘m!'l: C«écQQ "

Urigue -

EXAMPLE

‘Q SL?O(&) -Hr\q,‘:
\A Cx"' l))( 4x=o0 (vavz der ?eQ oscxﬁeajror)

‘na,) o lwm[; c‘écﬁe ror r70
Solution |

et ¥(>c)~y(x9- D and  al(X¥) =%. [e uole Maa,{
: ﬂ)? are cow&mulous ? Ia‘ Qﬂgge_
8 )= p ()2 L) y(x‘t L
4 =% , ¥xelk => ¢ even
QA el = ~X = -a0), ¥xelk = q edd.
? ? 0
d) %(x)*x>o ¥ % e (o, too)

) Lk «
F(x)f—s ?(&)ab!; 5 tx(ti de'

p 2 - ]
< __1;_)__ (x?"-3x)~=— L opx(x*-3)
%

For Q,é_ »T?,, , ;
Vxe(O,&) - x2-3 <0 AX\,O» = F(xX)<Lo
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F(@)-’— ._%_ yﬁ ((%)t-2)=0
V)ﬁe(ﬁ‘,&w\: ,X”%%?o AX}O:—? Flx>o.

C Fromm (@), 00,00, @, (0) it Sollows Maab Hee
| $&askm_ has a stoble Qimit cgcﬂe ,.



- EXERClsES

@ Sew heb e sphm
XJ-V()(2 0D x+ tkanwhx =0

; ,‘1‘70

O Consiier %&_%Askm L
Xtpx"-Dx+x=0

@) Show Hhat it hos o waique shlle

Limit cucle when pro.

8) I ylo, does fhe. 93>km SRR hove

a 91’0Me Liwnit Cbr.ﬂe

157

has o uaique stadle Livit %Cﬁa whew
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Wé‘. &efme

- vu.s! bfweabion f S

. Covzs‘der Q’L{ l'wo dlMQI/IStovm]. SgSlT’»M -

%x 9(x¢.é,v)
Y = %(K M4

F(Kuéttd; (9 (xtg ep %Cx % y))

CLeb Gog et Be te Locabion of o 94

omjc o\e()emo(auﬁ ou  Hae pmmd-er P
et a, 40, Qe () Be e eigenvalues of e

Socobian of e obore-referonced Puxed poinl :

CALDE(xolpr o)) = £ Qi '3‘9.(,4%

. De? wz Scué ﬁ/m;{: (D umlerao es

P g A aag

Covult{:oni _are $q{:59:c&
a) Vye(y,,-ely‘,w) %z(p) zglr) *‘-“4)(?)

_ @) X(t“’) 0.

C o g <o  Vpap
d? h'(.tl) o VV? llo
2 Im(R)

_diaavain .
5. V\Q(Q) “‘3

A cy) o e;?w;.zue, f'
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@ Pnenomevoloau of the hopt Bifueabion

@ Supercnbical Uop? Gifuvcation

Akl spiml Soxed pount for y<po ecomes
.. umsiﬁ,‘@ﬁ@,,s‘)érqﬂ for Ry Z¥o SuYrWhAe.OLa o
_a stable Qimit C-acﬁew['uda ex[?aualswcyn S

ihcveassnﬁ tA o

@ Subokical Hop? BPuwhon
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At K<¥o, & stalle sv,:razQ »  Bounded @5 oV
 unstalle Qinit Cécfz Wt f'ﬂCreasi,n} Yoo
 He unstalle Limil ,,c&cﬂe_ Becommes smaller.
At f=tpo, the ‘cg)cﬁe, collapses onto Hhe fixed

?Omt- A{T tl?{-lo, “’ICQ&X%‘L [79,1,!4'&. gEc_omes Qh
: umsb@Qe_ SP.HQQ. , .

@ Degenertxle “cpg thurcoi’wh |

e .

[u(t:o | t“*‘-[‘o | ) ;y,‘?po

A 5}#@2& $(7ira£ al: 1‘ ;414'., Qccoww,} o, héh‘Ql:n’ecny‘
 cenler ab frpp, and hen an umhﬂ@a ,,
. Qyirol at ‘47[40 . No QM‘JF cacﬂe _ocubs 0}}’

eiller \4<t"° or v?i‘o,



® Hop?' Q&u?(_x"l‘om FYol'bm
Consider the Qéskm:

. %il = V\(l ")(9.*'0')(‘; (.th"l’\(Z),
. 9
)412—,,}(‘{'\1\(9,4'0’)(9_()(?'4-)(&) |

This  syslem uvnyo(erﬁoeys ‘o Hopf Lifurcation
at (0,8) when y=o0. S

Q) oo=+1 =, Suﬁuil—icaﬁ Hoy? Bifuvcation
B) 60=-1 = surercrijcicaﬁ Hopy- @:ifuvca&ion

¢) o=0 => o\e%evrevasg. Pwy(l -ﬂ'ip'urca{'iovz.

?YOO?

————————

DElo.0) = " ‘.l -1 ‘l =>

= p(d) = det (DE0,)-A1)-

=

R

‘ L op-d
o (g pB)- DL =g DL -
= év’rAJri)E-\afﬂ—i) =

= AFl M=% p-i, pril

- Th bee v a Hop?’ @fpunqh’em at {=0.

161
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v PoQar reyvesev\&v}iow

rt < xtexet =
= v = Ixix, +3XaXg =
=% 1 prL=Xe K (K?‘WQ]*QXQ&XM'YQ.* 6 Xq (xﬁ-m})]
= Q.t:x‘ ~9xXg + 2ox Fyv® \L?:_Lx}{-irxz +90xg e
=% (x&4x ) £ Lort (x®4%a®) = Gprd 4 Qovt =
= ¥ :G'Y,J"X'YY = v = rCo-'r‘Lw)

d Awo S
[4]

a) For o=-4: v =r(-rip

v }O S}uﬂ& syin»Q
P <0

v l \]iF —_ uvsha e sptvoﬂ

Y I + % B tshable Ll cach.
t‘? o} : ,

Thus = Su{?Eeri}’i&aQ H092 @c?urga}ion



) For o=1": }:’-'—Y(Viu‘tb

Y‘o(-——-\l_‘_\"
- ¢+

p<o

p
v "

\,\>o

163

stalle s*pirug. t
ums%.& L'wu‘l: cgcﬁﬂ

Ms{n@@m S?iqu

Tt'my_ suacrii-{(,qg Hof?» Q(‘?\er\l‘f’dw

c.7 Fov g =0 :

%=+‘w~

NoLe hmxt g

k\{? = v <0 = chable spter
P:O -=; =0 = \noanneoJr cem,(fx‘
tﬁ-o = >0 <= uselle spimQ

—ﬂws A A.eremevan, Ho ()2 ‘@I’Rumk ol
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o CQG%Q-@%‘M?} Hoy-Q @iguvco}ﬁoms

u is vo.srlnﬁr eafg Jro show l&n& a S\askm uu&e«aoe; a
&\0[79 an‘gwfcalﬁow, Simgﬂaz B\g exatmiv\(nta He Bc\co.@\‘omlf
eiczenvo.Ques as & ?-umc\")on og . Ll\r\o.{ {5 meore c‘ﬂaﬁ@zn%{.
is +o Aekvw‘me wheww Jdne, Hops Q;iguvcoc"iow is supercﬁl—ic )
Su@cvﬂq‘mﬁ,ov Aeaewevak.—ro Ao *[‘(na‘}, ; we wovk Qs Qoﬂﬂow)'.

® Wrile “Ae C%s‘fm i Hhe Qoww-.

K’ BZX: K_O vmﬂ‘x—xol + {?(x.\z,vbl

Y w o olly-4 (ke 1

lut'“/\ ?(‘2 \nothneav gum}-{ovzs% SWL‘, M.-.a{

'?(Xos‘éo zvoj =0 aundk %CXO L‘éo(Vo) =X
°g Eva&a&t We A Ltaqpumov ‘Coe,%c(evz’(,

A= (.Qxxx "Qx% Jc%xx«é J‘%\é\&l +

By e ) = 95 Gt g0 ~Prpoct gy

Here Yo éu%scriy\‘s donole quhq,o‘ Aev{vax—?vegw oud. ol
lepms  are eVO.QALOJ‘&& aL CKL%J(O = CKo (%oiro).
oy Ai<o = supevcvé\—icol Havg Qrgwc.xfﬁoh

A=0o = de evxevu}e uopg @(’guazhew

A >0 = s crc‘IﬁcQQ HOQQ @fgv/c@}"lom
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EXAMPLE

a) Show -}ha":
x = tu«g«l)(\é’-

Vo ><"t‘ J{%’%
émlmboesga Qu.gevti‘fuﬂz H‘ogg .@\&rwl‘\‘OW a&

CXL’Q = (0.0) QMA. %lo =0
Soluhion

\.e‘c g(&)* ¥ - %\(.9" ound (. )':-X{V 1 aud
F(MQ = ?2(\427 \‘%(&‘éﬂ. Tt Qo%ﬁﬂou(i {*fna\l,% o
DF (x> = Vx (%t 13(Kc‘3)] - [ Y“éq‘ -1t % 1 -
U (eey) gbfxt‘g) 4 V‘r?é‘l
= DF(o,0) = IP —1] =>
Lo |
= p (@)= ded (DF (0,07 - A1) = \ p-0 -1 } -
b Al |
< [Y«-339~ N RS Ctx-é\yiﬂ, = (kuﬂ ~i>(9~ﬂ+'z);7
=2 A(OF(0,0M < %VH ,\;«i’s = Hov’? bdrcokion ok (6,0) ot p=o.
) CQa‘:Sf%co.Lw‘mw, ‘ '

w{ '\/\O"ﬁ )({40’5

)

) { o b +u?

w‘é% 9—&%\=v><fxai B %
5&‘@: m%f )
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A{ (%L‘é} =0
?x (mz) = wgl =7 Px\z (xbxé) =0 = 2,% (o,0)=0
gxx (xu}f) = C’B/'Bx)?x (x%) = (D) ( f\aq') =0 “921« (OLO)-‘ o)
Puxx SR G ox) ?\cx( xaz) = © =7 {xxx CG,"D =0
Py (e = () (pexy?) = ey = £
= Q% (x%) = /’9«3333 Cxaé? < C’b/})é) C%?’) = Q% =
= g«%, (o, 0) ~oO
begy Ceay= (100 by (eeg)= G =2 Dy low) 2.
%,Cmé); C?)[Dx)é(k‘é) = (Dl(?x) )(tuéug)’) =0
= q  (ca)=0 =4, (xy)o
n‘ % 'g“uow‘; 5{40& %}CK (0 (0> <0 Qu& %XKX. (o,o) .fO
Al)o X‘é (Kc.%) = (?/22) gx (¥L‘é) =0 =
= % xx (‘“é) = C)l?x?%x (‘m‘é) =0

uvgé\ -“ne}e re: COﬂﬂ =0 o.l/ui wK (,0¢°) =0
= ) = 1 = =
3\6 (ma\ = C?(P’%) (_thét(é ) \H’%é =7 %é% (Kcé) GK«é >
=6 Quo& P('IQPQ— re ‘

By

0.0) = ou (O‘b) =6.
%%(. ©) =0 & 9‘3‘32

me\ ‘HAQ o»Qwe, us ln =l we L\owe :
A= [Bex gy + P T
(- XXX X\b«é xxa %%%%

+_£)_._.[£xé(£>o( t 33_) *‘Zx.a K,Ag%}j “?Kx %xx {‘933 %\Aé] =

= (o490 %]Jc(\/DLo[o +o)-0(0}0) -6 .0+0-0) - B>0 =
- SHQCVE'LW\CG,Q “0(1‘? Qt‘?\n’(oukon .



167

- EXERCISES

S"\cw ’H/\Q.Jc *j’\ae, g)'o @ow tvia  SWu (.\CWH UMAQV%O I S

“onQ Q) ?urcalncom g} u-—do OO.WJ\ (QQ)Siﬁg l'l‘ e
su{)ercr\kr;gﬂ . iugu,gh wl, ov Aegtweveﬂe o

,_‘CO Sl X = WXy
0
\3 :"”x"\“é )si

~—x+93+23

o §Lx - iyt |
‘u—x+93+2x1,W.w;H_ﬂ
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MM6: Center manifold reduction
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Vieke Monibold Beduckion

Thes Lcc‘f\hietua_ is  based sh.d%e;_go,@owiwé theorewr
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3 X = s -x® 1y ,,

.. % 3
’é R ‘.“vg‘,*é X
goauﬁon ,

& Fixed point: There is an obviows Pred yoivi ot ﬁh%ﬁ(o(c},
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