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LIN1: Brief introduction to Logic and Sets
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LIN3: Basic Linear Algebra
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A~Bs> Yaclnl: ¥helwd: A -But.
> 2eve mabnx -
let A cHum (R Lo a makix. Then
A= 0 & Yoclul: Yhelml: Aw=0
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- 1&0\«‘&% Mo&vix
e Saé ad S_G Mo (R is au {Aeml-)}\é prodyix i? and. ong‘é i¥
Va, e nl: 1a@=3t& , i o=8

’ o, i} aft

Y Basic ole\ro..kans, ,;(m‘jfh WQJ{'rt‘ce.s

o et A‘V?IC € Mam (R) DBe given maLvices,aQ:oL Lot NefR.
Then, we defrue:
C=AtB & Vae[n] :V@e[\m]: Col = Aa,@ 4ga@, [ oddibon)
G-= QA & Vo;e[m,] : Vﬂ E[M’.{: Ca.@ = aAa,Q i (s calar \vmﬂ:i()ﬂc‘mbow)
We Qﬁ'w o‘.eg(ue: -A= COA avd A-—B:A-!—(——OB-
. Pyopeyhes og maiwix Qo‘ou)'fon:
YA BeHum (@ : AtB=BtA
VA8 ¢ eHuu (R : (A+B)+C = At (B+C)
VA€M (B): A+tO=0th=A
VA N (B : AB e Hun(® : A4B=B+A = O
o Propecties o scollav wulli plicakion
VAR : ¥ AB eMam(R = A(A48) = AA+AB
YAy eR: VA Mo (B - AlpA = (Ap A
VA‘Y‘ cR : YAc Hnw (R : (Q&V)A—— ’z\A+t\A
YAc M () : A-A=A
Vier: Yo -0
FAeMum (R ¢ (-DA=-A



EXAMPLES

o Lok A:[l% 21 oond B:[i 3 1].
: 3 1Y -1 o ~4

Colidale MB and 9A-3B.
S oot

ol ]
% 4 4 1 o -
. Xi‘r‘i 2¢% 9.+1] {z ¢ 31
-y 440 H-o 2 4 9
aA-wzv,:@.[tz 9 {13 }
% | H L o
{EREEN]
6 2 @ -% 0 -6
. [9_—& 6-9  4-3 ],[«q -3 1]
6-69 9-0 8-(-0 3 9 M
) Prove: VABC cMum(B)Y: (A1®)+ G = A+(B+C)
Sofubion
let AB, G € Hum (R) Be %ivtu. Lel o €[n] owd Belm]
Qe iven . Then -
L) t€lag = (A+B)at + CaB = (Aag ¢ Bag)4 Cag =

Akt (B # Cag) = At (BtC)aR =
- (At (BrDTag.
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Tt Pollows Yt
Yoelnl : V@e»[m]‘- LAY+ g = iAHB’rCﬂo&, |

= (MBYEC = AL(BEQD
OLV\A Knere?o«e; ; 7 }
VAR, € Mum QR : (A4BY+ C = A+(BHQ),

O Prove: VA(‘I en?\'—VAeHm(@: Q(FA) '—‘(Q[A}A‘ '
Sofubion
let ﬁ\LtAeF\ and  AcNm (R Be %\‘vtvx. Let o€ W]
and Lelml e given. Thenm
[AGMTot = A(pAVat = A(pAs) = (A At = [Ay) Alag.
n 20.@0005 m-a.{:
Vaelul: Vielwl - 1AGATag = LW A lag
= ApA) = B A
omd -\"«de?ove
VA eR: VAe Hom (0 = Alph) = (Qp) 4.
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EXeRCiSES

D Lt AB te e molrics

k= K‘L ‘ “)X Aud. E?[”)! ‘15 -
| (1Lod R S S A
o) EVaQ,,a{Q G= %A 9?7

.Q,) Se Qv& \m%n h)lved" Jzo X %é‘AQ{uaJcnow
IA150X-8)= A1B o

@ ld AB e the mabices

| o -%. ¢ | { | i; c
A=1{ o —o &) ol BeE|w B-oc -0
oth o -i a-8 o -

qup,uolt Ouek. >xm91 CI A‘rB Qud.
D=90A-8)- Ur%

@ Consider 'hte, MoLY‘iX'WDD-QL Qx}uf}{mé

A(x):{l xi])\dxeﬁl

' X %x

B = {X[ QX& VXE[R
{

) ¥t

o) Erduale  and simyll Jho Ruudkion
oG9 A0 - ‘B&«?D Yyel

Q) So&ve, \m%. resp ccl’ LO YGQ JcLe, W\aLYrK eq UO-‘llo‘!
3A60 +2£Y&>+A&D A(xt0) - B
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@ Gw@w ‘HML gulnc!:: oun

U o9x X2 |
AM,: o { x|
| o o ||

Chow Hhat
A3 43069 = A) +3 A(w Vel

G P bl
o) Yhch: Y A®etua(@: A(AtB)=AA10
@\ YA, vem ¥ AeMun (R): CQ@A QAﬂuA |
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| VHa.‘riX \Muﬂi?ﬁimﬂlﬂ’o\o

TLe P\rocluu,{ AE og 'h:o an},riceg.“ A‘B can Q:q J.Q‘Q{MQA
b\nﬁé when Ae Mol () aud Be M tw C@ . TL«;{ s, «H‘g
VWMQ:Q»{ 0? CoQu\les og A Wlus‘l' Q:e C(ttmﬂ 4‘0 ‘ke lmumg?.\r
052 Yows of B. Then we dobine e ,onAuof Qs Do 000005 -
¢ For AcHal(® and BeMtnm (B, we define

(AB) € P (B sudr Yok

e ]
Voeclnl:YBe (m] : (AB)ag = 2 Aax BBQ’
¥=!

}—’ To fﬂlus;w\[-c Maz tsle?-x‘mliow, we consideyr k/ne.

gOﬂob}ivub $?eci0.,Q cases -
&) Row wabix X Colwmn wiahix : AeMu(®) NBeMu (R),

Thew AB e H&UID I{Jt“n
| [, ]

Ag-‘l I_C\.‘ Qg «-- OM] “Q“?.

t!

| Q|
= {&th"’Qigg{’ --- 3+ O«Wg"l ]
@ oncluc’t og YOS wxq\’rices‘- A{E € Hq.(ﬁ).

A6 = {&‘ aq ] ‘LC\ CQ] - X\O.t(.l ‘\'Qg(&.\ a, ¢g +09_(&.Qj{
-Q); Qi A“ (LQ_ Q‘ G+ QQ. A.( @‘ C9_‘+ @9_&7_
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- Frow Jhe afbove exampfes we se¢ thal He efoimedt
(Ao iy the product of vow a of mdvix A od
cofuwn £ o‘g W\ql’nx B.

> Pw?erl—)es ol Mokrix Mulh P,Qicq;l'iov:h

VA e Noa@®: V8e Mt (®: V¢ e Mp (0 : (ABYG = ABC)

VAeMuw(R: ¥B,¢e Hom@® - ABIC) = AB+AC

VB, CeMu@®: YAe Mcm(R) = (B¢COA= BALCA

FACR = YA cHaicl®) - VB e Him U + ACAB) = (ADB = AGAB) |

VAG Mu (R - IA :AI =A (IGHM(@) i -u«q ic(ev-i‘t}\é um:tvix}

VAcMa(R) - AO=0A= @

- H’ is b\o{ '}'VuJL Qo«r Qﬁq malm‘ces }La{ /(B =5A (see InoMewovk

er Q @uw\{recampgo) - This  Creales Some QMLEK’SHV_IS

compllications

> Hami?uﬂagow Properties

¥ AB.C ¢ Mun(®: A=B e A4d =BG

¥ AR eMne@®: ¥ CeMunm(®: A=8B=> AC =BG

¥ e Hue(RY: VABE Him (R): A-B = CA =GB

VABGEMamBR) : AxB=C e A=G-8

« Nole ol Hre Cow(eleo.ham Ptopcr\\a CA-~CB =>A=8

b hot Jvue Qev ol vnalrices
» Maleix powevs
Let AcHu(®) be o square mabyix . We define
A= AA A

-
n Himes

Vade N-903: YV AcHu(®) : A®AL - A2
Vo, be N-To3 :VAcMa(R) s (A2)E= Aok
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EXAMPLES

a) |et A:[‘l 1} . hwd ol xu el sush  that AT.xB-yl.
' 2 24 |
Soaui}‘om , , «
We wole fhat ] |
At = AA- [‘i { [‘L {} :.1 92-9.¢4.% 9~'&+L-9.K¢
2 9 1l3 9] [324+23 32.4t24
.| ues ua];{? 4 |
646 24y e 7.
ana |
xA‘~31=x[°l~ 1}—\314 O:{:_Vx X}—K% O]’
% 9% o § I~ 9x © Y
- Yi)c«x& X ]
Dx 9_\(~~é
H gsﬁaoug haat 9-x~é=‘7'
A9—=_><A~21é"> ¥ &] = qué X ] = 3\@)(-—1‘1
9 7 D% C)—X'é | X =4
= %9«‘#—5*—? [;_,752 8*3‘;7 (_T)i'}=9~¥=l P
x=4 X =Y X =Y

& X$RA\3=1.
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D let ABeMu(® suh that AZ:1 oud BT =B . Show
bat (286-D%2:=1 aud (A+DZ = 2(AFD).
SOLLROVJ
Assume  Haat A;EeHmﬁﬂ) wi#n AQ:I avd BZ2=B  Theun
(26-1)%= (98-1(28-1) = 16 (98- -1(9%-D =
- (25)(98) -6R] -1(28) 1% =
S 42 -9B 98 1= 4Bt g+ X
4B -4B+ = OB+L=0+1=1.
amd
(A+1)% = (AYD(A41) = ACAYD +1(A41) =
= AN PATHIAF1% = AS4AL A4L =
S A249AL1. % 142441 = 2A141
=9 (A+1)

O frove: ¥8,C €Mk (: VAeHum(R): (B+CIA= BA4CA
Soﬁukbn »

let B.CeMuc(®) and Aec Hm(® fe gren. Lel ac [v]
QMA. QG[\MI_‘ QQ gimu. Then

((BtcdAT s = T (Bt e A = T (BaytCa)Ay =
] o B bR B ¥

=§:. (BQA‘Q:"’C(QAQ,);’
yer 7% 50

= 1 Bu A "'I CQ Al =
3ebad 57t ye bl LR

= (BAYat + (G Dat = (BALEA



Tt Yollows $nd
Vaelnd:Ygelwl: LB+ Alog = (BALG A =

= (BtQ A= BALGH

and Jﬂne»e.gme , o

Vo B, 6 e Mas (R) = YAcMwn (R) (B%C‘) A=BAsCGA.

| ) Prove: YAB.CeHnm () : (A=B=> At =85 )
Solubion

L ARG € Mum (B be %ivt"t and assume ol A=B.

Then -

A=p = Vac (W] Ve [w] : Aot =By ()
let aclu] and Belw] Lo givest. Then -
(A1) ok = Ac +Cat = Bagd Gag = (BrQ)ag
o.mi. il go@.owﬁ k\a{i

Vaeld:Véeln] : (Atcdog = (B4 C)ag -
= A1¢ =BG

oud WM’L«‘& we hore shown Hial

W AB, ¢ € Mo (R : (A=B = A+C =34 ¢)
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 EXFRCES

H @ Comsi,:hzr 7[1'1@, emimc

A?[QSK S

,voJ Find  the wique Xt‘éélﬂ SUcL J(laoL A?‘:X»Ac}gl
) De & do bud 2welR suds dld AZ=2A4w]

@ Given e wmobis

L 2% 1% -t o | o
A=[o ('(}QMLB: | 2 ‘l{ o
y A el O D [ o)
QVQQ,UO.LQ ,cx.vch S'(MA()QFES o

&) G=AB O E= 943 -2A+]
) D =BA-%p2

_ Given Hhe mwotvices -

V { o o o 8 ¢

A’“it { o avd. B=lc arﬁ

S. | L‘J LQ cC o

evduale  aud siw()M\é G =A% —PA

©® Girn e makrix A:X& @] wilh o8, deR
c I o

o ok s AT (ot (ad 0L =0

-
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| @ Prove dhe ?oabwm% ‘{myew{m | B i
6 VAeRn () ¥ Be R (R): Y G eMaun () (AB)G = ABO

© Rokbion wabix
ek RC&):K(&S ~Sing |

o ,,,55?\8 ,.,COSS 5

oo Bk

N ICAN (GRS AR R
) AR =1 , YWern.

For A:[; 10.,.& E:B ‘ ;]
Show el AB£BA

@ For A=[i a.;& oudk B:L( Q] with

{ o 1

_,0.‘@ efA , .,S‘now , aL . ;&E:EA.
@ (ons‘léar‘ kne. ’?umc}iow |

. o { o0 X% |
O VxeR: M6=| x  -xta
o o |

C Show M
Vo elh: MKW = Mlatb)
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O Le£ 2 otbi (‘:‘C Be o COMAPQ’ZK wuwﬂerami

dobwe

 Shoy b

o) V%Hzie(ﬁ H(zuc%q) H(z&m(u)
HE)) V'z" 29 EC: M (22 = MEYHEY | . |
L Ty shews dhat KGR iikades! fhe thavsour o

of compllx humgzr,,,w,t\ﬁxbe@@. o

O Leﬁ ALEC ﬂuﬁﬂ) Slr*ouj y«a{'/
A AB =Bk < (KAD(B-AD = (p-A) (M40, Ve
O (MY = A%94R 182 =5 AB=BA

Ok hk s AD2-T-4
D Ab=8h= ALBL-piAL
A (BT AAB--ABY = Ab=BA=0

| @ Lek Achu(® sude Bt A=1  Show Hob the

W]QLY!CQS ‘
B= ()2 (T+A)
G = (W) (-4

| ‘mibgg BH=b awd G*=




37

¥ Mobrie Tuvewses |

o el AG Ha(R) Ge o Square walrix . We S ok
 Blimne of h&n AB=BA-L. -
e [e A.e,gine X“ae sejc oQ aQQ h:ajcvices Aéﬂa(@) ‘de: saavc

au iuvevse @3 : o o
GLONLRY= § Ae Hal(® | 3B eHu®): AB=BA=T}
We sad ot | ‘
A won-sinaplar & Ae GLUWR)
A Siw%uﬁar &8 Aé LG [R)
¢ Square walrices  are Mo{: au&mwi-eeet ‘Lo hoave oun iuvevse.

Fov_ “e&xqwg&, Q:r A= {0 O] y e Ln\& :
‘ o 1

haswa [0 o] e]- [ o]0 ]

Uowcvu, we il o_rau& }Yho& ie a waleix does hiove av

o iwvtise, ik oo Wuique s |
. VA(Q‘QG Hu CRD » i AB=8BA=1 = 8=‘CJ
- Ac=cx=1

Frost

e et

) Lz,l: A’t6‘Cl e MaliR) e %ivm sudy  that AB‘—BA-—X-
ond AC=CAr=T1. Then
B=8L [ ldekhy wabox]
= B(AC) [ hapou\e)i) hc= 1]
= [BP,) C" [ ASSouo»Hm Pm()&r&a]
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=16 Uhgohew BA-1]
=G Llc&ew}s}é m_;,u‘.xl, B

H QDQQon?S ‘koa{i. o L S,
VA8, ceMuliR): 3 Ag=-BA=1 5 B=C
Ac=cA=) b

L* The Unoue nwesse og A,()., A@A@L:& oS A"l, o

ay 00:42 as it extsts.

> Caucellation ?vog,erl‘j,
I 3 L) U

VAB MR : V¢ €GLER) s (CA=CB & A >9)
VABeMA®) : Ve eGln, B : (Ac= Bc & A=B)

Ue dhow am&é e girsf SLOLWM{a Le{ Aﬁe Hvxaﬁ) tuﬂ’(
GeGlLln ) (e given. such fhad CA=CB. Then
A= 1h- [ idenkihy watvix |

=(c'e)A [ Climwene of ¢

= ¢7'CCA) | Y.a:soc;qhve,yraptrxg’f

- C,~1CCB) ’ [LBV&“A(’J{&‘- CA’CB] L 4
(1B Lamodedive poperk )
- 1B Lt tevse of C© |

=B [1&6%1“)\8 Yﬂa{’rfkl .



| -H Qoﬂﬂows *“«ajc o ‘
VABeHa(R) -V € CLLR): (CA-(B=sA-B)

> Thvese of o %9 wmabrix

. LdA:Ia @} e Ho® f@e a WL squewe mabx

< 4
a) lf D= ad- Qc, 40, ten Aty non- §mzuzmr hﬂ#& |

etk

M ) g D ch. @c Q. {“ney\ A is Sh«%h@a‘{

® Apvﬁim{%m, {o ﬁ)ﬂi. Jinear 9%5[6,&5. |

, Amé 9% 9. .Qw’lear st\cm %s\&vz QB rrrr

i & %+ Oug g l‘l
%X&»am% 59. »
an be rewvillen v tewms ol %mqlmx a 8e@m as;

[N

M& ‘ham SerecL 'ug.mg ‘MIE. &ﬂowng Vko?arl’é

o [Fhe cLln®: Yxbehul®: Chxzb & x=Ah) -
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v Pfobg ;

B e DAY

o AcCLB) ek xbe Hal® Be gren. Tuan:
Ax=b & A (A = A [ cancdlabion {Jm()ezf\g
& (A Nx=A"'%  Lassouhre properi?]

& Ix= A-Lh [A"s,mt/um o? A
& x=hb  [iduhly walix]

I¥ Qomows knd: , o
Vie @) - Yxbe M : (hx=b & x= A7) o

Comec[uzn%, fg Qu gy -0 lg fo y Huen

| %OuXJraw.\&f- b = [&n QL{HX } = IE« j[ﬁ)
‘ Qq_[\C{'Qggfg"L?g.w LGg Qg9 B Lﬁ ‘

@KX1:X'QLL Qtﬁ.}‘i{{o!] = ‘
v 5 LQgy  Qqq . ,,52. o

= i ] Qo9 —Qy 'or]

Sulgy gy |-0g Qull by

‘ frem whida W lmag Coﬁ,mﬁn}f H?m. Uniqur sgﬂu}ions

gv»r CK&‘i« . - : :
L» No, Jﬂ'OW g 9.)(9. cic‘{rminau{?

The e;cgmsion QAch iy Jt!ae. 9~)<2 cidevmivzéd;,og Hne .

Cmabvix A= K& g] and we terfer

ddA=|a

c 44
= ad-0e .

Q
c

5
d



41

EXAMPLES

Q) USQ 'H'\e mc\n'x ivvevye ‘[‘O soﬁve an saskm

‘ % 2)4551 9
%}{—%:i

Soa«.i'iew
%waé:w £ [‘L SHxI:{\i] & -
Tx-w =14 -3 -tlly ’
1T s sl
‘3 %2 -1 L 9-)-53% | -3 A i

A Tedaaseoa] ot [-a-s L
I'F _ I
T( )14+ 2-4 26 2
< -t -l?j{ - {i] . Thes sofluhion get S=?((,@§’
¥ | .24 9

Z) SimiQowQ»é yor e ea‘&owiwg Pavo.me{n‘c s«éskm:
(at)x ¥ (.Q.-—L)tb = lGatq
Lax + la- 0\6-: Ta-|
Sofution_

D= 1a+t aq-1t

- (a+)(a-D- Lalo-D= (a-V) (ad|-%a) =

4a  a-t
= (a-0(h-a) = - (a-0)%,

Case 4 = For afl => Do , and Heelore:

ilqu ¥ (Owl)*g =lat? {w;t cx«\} {xlz [Ho&i](‘)
9Qox + Ca'lhg = Fa-1 Yoo a-l b fo-|
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& [YX: {aﬂ 0.»11—L[‘11H.:{:
| ‘3 1 20 o~ fa-t
c 4 Ja-i 1-a ot | =
Bk L'ia QH:H?wL ] |
- T i+ Geo)(FomD | -
(a-0% | 90 (4at®) + (et Fa-D
=_-t | (a-O(Hatd - Ta £ 1) ] _
| (a-0)% 1-8a%-ta +Fal-atTa -I|
o cq4>,c-z~aea>1 ;
b0t [ - t9a-

=t [“3(61%)%]:[37}
| (a-0%* | (a-D%* N
& (xt%) = (%, O.; Hws soluhon seb 8= ?(3, 0%,
- Covse 9 Cor \’l=‘l'1 we hove :
| 51 (1+1)x+(\~t)5=H~l+a_ . 3%:@, e X=3
ol %l %LL_&):3=?-&~1 I%=6
ds which %ives o soQuHov\ ge{—: ;
oS- el Ix=3% =4 cz,évlgew@_




 EXERGseS

@ Use e wedrix baese b sobe e Bllwig

B SLASLGMSL | |

o au?;b_ o Xl’,ié?ﬂ | x&%%feto |

e 5[ 9ox ¥ (0-%) y = o |
(a-3)x %oy = a- o2

r:e) %X%Caﬂ)\érﬁ 2)30&%:1——0. o

(ot %+ (l-a?) y=5 X-o4 = o- ol

b Dobuoude feboun Yoo vl o e povomcler
&eg\ . bJLIQ.Y‘Q, ‘K"Q CﬂVY@)()OhA-(WB v W\O-{Y{k (‘S
hov «‘s'\,mbulw vs. Siwz)u&a\r‘

@ Tl Qu aclh Qor w‘c,ido {’L-P— m,airz‘x
A- lu@ 9 ] |
B . ¥ |
D v\omws‘wx%uﬁn.
@ 1} At%eﬂum\ ake. Mm«%iw%uaw, S‘MQ {’Lah J 2

0 odlyo nemsimadar  with M jverse 2iveh Q‘é
(Am)~ r»%*‘%“ |

:v&\ %xi’%éﬂt b 3%—-%:7) c)jz %x?ig:’%

43
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| n_ \g AB.Celu@® aud G i Msu—siu%dak,_ﬂnen ,
o) CA=CB= A

D Ad=8BC= A

@ 0 A whe 720, o Bt 1A

h V\,ulz\«-Siw%\LQ.aJ_m&‘llww o R

@ A ® skifes ALiAtL- @, show b
A Momfsm%ﬁﬂav oud A= Aq‘ o
@ ¢ A,ﬁéHm(@J with VA‘; @ein?, mu--siw}quw,y
- S‘f\ow M ,

(A-B) AL OAB) = (A4BD K (A-B)

asa{u ABe M) Wil 70 and B46. Sho
-6 Sl A s‘awbuﬁav -
| o) S’i_\/ubt&o.\r
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v anuix Tmusgosg

o let AeMam (R Be o wakrix . e &zgmz the Lvanspere
w Qbrix AT EHwmn(R) o:
Vaclm]: Veeh]: (Alg= Age |

e bet AcHul) fe o squUare. makrix . We vod ot
A ngmelvic@ AT = Ao Volbelm]: A of:=Aa

> ?vogerhzs

VA® e Mam(R): (A+BIT = ATHBT

Yok YAe Hua (R : CAAT = A AT

V Ae Nux UK) : VBC‘HWM (IKD’ ‘.Afﬁ)T = BTAT

Vhe 6LR): (AD-L= (A-DT

YAc Hum (R : (AD)T= A

EXAMPLES

o,\) Pﬂ’m kne. q)ropevka
VAGHVMUR): VBG wn(R) = (AB)T = BTAT
SOQ\}.‘HW .
Let e MakU®) oud B cHim (R) Lo Fiven. Lt aelug
ad Betnl Be given. Thoa-
LAY = (ABga= T AgyBra= 1 A8 -
LS ! JELA * 135
= L B;% Agz = (BTAD
Y ebed
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Tt SEQQou} -“ml: |

Vaelwl: Voefm]: [(ABY Jag = (BTAD

= (AB)T= BTAT

qm& %m—ego\rt .
VAe Mk (R = VBe Mun (@ : (AB)T= BTAT. g

8) Show  thok
VA£’ G,Hw(‘@\)’- % Ag Sémme{’hc = AB ngue‘an ;
ke - BA
9oﬂu3nom

L&JC ABE Hv! [@) @e zwe‘ﬁ bu.(lt ‘qu& AB >3mme£nc, vaA.

A=A . Theq
(AB)T = BT AT , [%ms?oie. 09- \,-.a}nx rOcLuug'l

= BA U’“@V‘Dk‘e’b AB Y MM&TI‘-/J ;
= AB [‘na\)a!&zsb AB - Wﬂ

=) AB Gémmdﬂ(—

1 Pollows Xk

\?Aﬁeﬂn(@ %AE smmegva = AE 98mm2*rtt .
2 A
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 Dgfoses

>‘ | @ G«v“» ?“’OQ ?oy QM, Vro?m[\‘es 09’ Jr’«e. M&Lﬂ% |
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1 1 A%Ai _ (Add*-20340

A '39. ARAS (Ads)*
({rA)i ~9detA _ (a45)t-%-6 _
(deb A)g“ 6*
- (a+9)E-

3¢
amd. “j(\ac\re%.e:

4 4 L s (a4 5)*-19 -1 (at9)2 (22 %6
AE A %6 |

& (0469 = 24266> (at5)2 =48 = |6-3 =Y42.3
o ots=ulz Vars= -4z &
& q=-5+%{3V a=-5-4/3
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EXEQCISES

@ Let L | i |
A= L 9x+2 |

| 1 Ax-1

‘?' ﬁ.,’lilﬁ% are Lhe_ Qiaam/a!ue; o£

A, Qiui xeGsudr Haat |

Q) Q(’.\gga=i

G) ﬁu«}\gj gg = ‘f

@ Lek A:[XH ix]

2 x-L
Imk\ Ctze.ln\/du&? Aqu. ‘:wm( xe @
sudh  Hhat |
a) a1¥32=3‘
¢y 4 .+ -4
a, 1

9~ :
A A+ At -l Mk o402 = @i)*200)

@,Ld: A>{€Lll

L 1
willh e acmvaauu 1, 1g. Find acC
Such H.«»E f\?+5\2=0. |
(Uinl = Catb)3 = (a3¢£3)+ 3 (ot ) )
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The ?ouowm ! ro,@hms Lse
- a) del (AB) ? ,J.e[(,n(ko.t (®)
Q) &el: (1) =1.

let AeMan(R Lo o wabrix and fd
B=PLAP wih PeMHn.(R) o mws:aau_&u |
malrix. Show Hat A B hove e sanve
ei%&nvo&,ues ) |

(B Llebt A ® cHMun (R wth« A uom-sfwaqﬁr.
Show Wt AB oud PA have ‘hoe.
Same ciacuvaﬂues.

A9 let AeMay (RY Be a 9x2 malriyg.
A e singular, show ool

b (A0 = _tr(A)
| det (M)
}-—b (5ee exevcise () )

‘ @ Lt Aety (IR) le o 3x3 hoh-ﬁl'mﬁdgtw
madrex  wills e{%mvaﬂues ﬂu{‘liyﬂ'} Hoad

Salisg
'ﬁ‘ ').’Ln‘lf +ﬂ32'=i |

Show Mot
e Ca-1) = e+ (Hr (-1

9 det A
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VCQ?QQZ\;HM%V\ u\wre}ﬁ | .

| T Lt Actutm) fe « square madriv ok (il

charaderishc po nomial

1A A M M b e

| Then A ,Sa\’h%% , .
B e R S

b Nl The Coglog ~Uomillon Abeornn providss
. Secowi Ml’t\oot er CQQCQQGJT‘W% )[{n‘l
;Mq{”ri)c, iverie A7 @y shewn in He

o Doy e

 fowre

Giren e mabix

A=t 9 o
Lo sl

e ke G tonllr Ko b e 4 o
g Tt e Bl B e

| u,,.%;jéuc;,e)%/&"&ﬁ:

SRR
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= (9;’»(\]‘

sﬁ\ § ‘.-_
9a |
- (9- :n{(t; KO Iy
o@D Clo-58-98 442 @)=
| =;,f(2-—.2\7 (A2-204+6) =

PR S L ST L4/ S e -

tl

-7 (01t (-0 A Hg
-0 4802 90l p12 =

i

RPN  FE Y STy SITS EF I

o N -9ATreoh =19] o o
o A(AoAteoD) =121

= A [ (AL%A&%'@I)}_ 1=

=7 A't \ [AQ'—%A +2OO
9

> Mc,“\ l We can qﬁso use. \“ﬂz ‘C
ﬂqeoWWl ‘k LJV;"Q, y Zhw o}?fjérg

e o few powen o A

Hawsunw |
/‘“ in

CRBwme

G-WM )L\a& lmoJ:rmL

C Chew thab Ywel-fo3: AMenA-CGed.
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és&&mw

"&&(A-C\Q--IM 0 \ e - 459041 »
A T
2D A9kt T-0 = Al- _94- I .
,W,.;,V‘,;ASSuvne, h«m.{l Qor n=k : A%= kA - (k- UI
For n-= Kbl Wwe Wil show Haak =+ Awtt CMOA Kl |
ke A“A Tkh-te0llh=
kAt C 0k = K QAD - A=
?,,,,,,Q,KA kI -kA+A = (- tOA -I=
= (k0A -l




,*,Q) A;

CExgeoses oo

@ FOr {Le, -Yo,@,mdm% ymjmus . UhL@ .A . ‘au& AZ fu
‘levms o‘¥ A aud. 1. o )

o }r;'to] %M:Po] o
a k=lo ,11 d) A :[‘i‘ 0] o |
.o nwtv. o4 Lo 4tr_
O \Tor VN& gﬁwwmg )mJ"HOE) . Nn}% A’( a& Aq |

ey of T A A o o
l ) A= tll o
! 0 o

[ e 0
e o -
0 L R |
0 © o -\ o] o
OK&AXAG TR
Ly 1o 1 e}

e 30?*900;0
- = 0o o or—
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w’Lu\neat S\%s\[ems o& &gguv.ulml Cq'uqlious

o hewal ‘H’\"LL U‘Ht\t.. SO&{'J'OW '['o ‘HAQ
Jinemu['iql feftlm.holn

dy(br _ ,,pgw Py

dt
wilh inibod  wudition
(O),"- la;o
iS 1ven a " ,
preea by o

B(L’h o™ Yo + e“'LS e Y (<

e We ,,won‘\f e )oﬂuk'm, to e wore %ehuo.ﬁ
Sl&‘sl‘tm og L hear c\.:'uereu{-iaj— eq_ua.‘:iﬂm’:

M, - A“ 13( (‘t) t+ Alq_'éq_u:) ‘t“'-*{’Ah,., \é.,,ll) ‘(’ 'p((.{) :
d

v

_‘i‘él.é_{_) - Aq, \é, () + Agq lalu—) +---+Aq, Un (&N?Z(L)

-

] - Koty )+ Aueg 1y ()4 t A g, 04000

wils ihﬂ—ioﬂ- condition *
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%t(o)"-a! ? 31(0) =Z1" ey ‘éh (O)r—ah

1? we defive

A[l Al’\ e Alw {
A=\ Aq, Aiy._"‘Ai" ) l9""

L A‘vu Aug -t Avm ]

4‘«% -hnb Sgslem an G‘e, rewri{’fm 0!

i _‘Ba.@ = Ala(l:)-} Lo
dt |
\3(0)*-—-'0

T‘ne Soﬁu‘mm “o “4;5 ygkm

J:he'- Ma-l:ﬁ)( eéxpo nenh'

*——-» The wmalrix CKFOWWH"‘Q

I ) 1
b, [ %L{)
s |, ylbr=[ 4q(h

L e\d 4 \.Bm (é) i

] @asci on

o Leb  AeMan ((R) be a Square Imajaix.
The expov\eh‘rlal o(l A is cle.gineo(. Qs

too

}QKP(A) =) 4 M

n=0o wn!

.1
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WI'Hﬂ O‘. = l
V\“. = n(n-9 (m~7_) --%.9-4
Ths 6cm,cra9.!'2'c9 W.e t‘lth{\')b&

A2

QX:: Z X“

n=o mnl

o The ma{rix expamwl»l'ol exp (A camvevﬂﬂ
gor ol Mqln‘ccs A. |

b Propevlies

@) _d ex()({;A) = Aexp({:A)z exp (L A) A
dt

Y Lexp(ay]™ = exp(-M
<) ‘A\?) =BA = exp(AtB) < exp(Alexp (B

d) dy® | Ay (D) > n (0 = exp HAD Yy (D
4"% & 9 | 3

‘e,\ l€ Xp (et A) < exQ (t A) exp ({1,&)
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I" 50&4!{«“4 1o Qimalf S«éh[cm of O0Es
The  soludion to eroe,.‘ OpE ‘,s‘ASkm

Iyl _ Ay (£) W
dt

s g iven @»%
d r
13(&) = exp (EA) 13(0) +expld A)S exp (~eA P (Wde

}"' Bow +o calculole the makrix e)cpohoa{n'qz

To calcutale expltd) we world s $o lows:
o) Let AecMuntf). Fom Jne Cayley— o tovr
lheovemn we conclude Mal Here arc |
Coew{ciewls CoyCuf-nny Cn-¢ Sucly hnq.{:

Lp(Lh) = Cnmt A e AL +aol

Be Eovt we 2(\4A- Col eoag Cn- we St'\mpﬂip}
e lri%lal choawd side of Jhe CKPHSSI'OM
d(’o ove .

ba'we 9;‘\4(1 'an. etaZVNQIMQS ﬁuﬂilo“(ﬁ”

02 ‘H'\C- \Mc\lf'?)(
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*5 Lol -
L) = uo x " Ecd G xito
To Qino\.ﬂ He ,.__,co,_{,eei.cicﬂﬂis  CopCigaes Gyt
a) \Q A s au ‘ecaemmﬁua ogé_é, e

CQK < ?(.Qn)

O A b5 oan egemalee of 2wl
Vnuﬂiﬂidl’»b w, Hen we dso  Lave:

@.Qk’ = P' (gu.)
,,Qg“' = Q‘( (,Qw)

0w :-. Qln-d (a0 |
T'mu we %cl» o ;tbssz : 02 . er{uq“fom

Frowm which we find Co-erp Cur=t -

(

*y knowin Hee coe(l&‘cieu') Co,---, Cu=
we now codadale o expouendial exp(A).
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Cxownpfe.

OVAX ]

we have

exq(LA)r- C;{'Ar +CoI’— C.J:[i 1‘[ *(a[\ o]

| 9 1 o |
:[C;".’{'Ca .t ]
9¢t = attc
. El«zeuvaﬁuls o' A‘.

del (A1) = ) l (e DE -
) {-d
= (1-9-2)(1-2¢3) -
= (-3-2)(-3441) =

:(A+0 (02—
< The eubevwalucs 02 A ore CL: -2 aud
Ag=t
=) Tl«e. elaemva@uls 02 1A are
,A['; -9t QV'&. ﬂg_ (‘(£ =
=->% 6(“7 = G, (uk) v o & --- & % C\-—-ﬁ:—'(e ;e?ﬂ:)

-9t
e = ¢ (-2)1 co
. ' ’C.O..._.__.(e _'2”2*)



117

Tt Dollows Hhat

]

Q’XP (.,{ A) p R D R _’:____{ 3eqt -}-%Q’l‘& Q% _é‘%
6 Lgettoge W Ze 43
eXmmeq_
Fov A = { o) { l |
| -§ &
we [flaw_ :

Q)‘P({’A') = C({TA‘I‘ Co]."' "‘k

-,1 Co ¢t
"6([‘(: GCt‘L ‘}Co !

Ea'%e nvalues -

Je“A-—AI):l—_ﬁ { \z«a(s-as—w»e&:
-9  ¢-A |

= -6419%19- (A%

< =3 double eiqenvalue ol A

2 =2t double eubc«valuc of {A

For 2()(7: Cix+t (o ===72|(}‘)= C ‘kw.S:
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C :Qg{;(-i‘;l:)
3 egb = Cy (3L‘)-\-Co %7,,.é,) o

3t CL:'€1’£
4 =

th ws

e
-38)e** L }
cep(th)= s [(isiefff C (u3be®

Now QLL W) Cowsi der

L‘LﬂL T ‘Jﬁ | A [ l(L)]: 6 | [5¢ ]
zi‘;& *9% “’j,‘ 4—9:‘; \%a(lf) ["‘3 6} Ua
& |

It Pollows Haat

¥ H:A-) (o} ]:
gl
51@1 15
‘ | Co) :>
_a) et Lot &{:‘d‘ j(
S—({‘ ;Jcl:e,;‘ 1+ 3‘:) 2% 34(.9)
> f% G (’(-31’)3% 13‘(07 } Le_% 51(0‘) |

7l g
CERE e*t Yilo)+ (1438) ™ Ya (o) |
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}—* 2ud  wmelrod

For Q' 9 x9 ,mQjm'),c A‘ wtu'l ei%enmﬂas
ﬁ\,ng, {»Le_ wmq.‘rly ;c;cpohenll'oﬁ 15 6("!&4

G'z: . ]
0\.3 H’ A‘%{/‘the") N

apthy < A gl o SR
- IA(“QQ_ , k,kl"gi

6) ‘Y ﬂ\;QQ,:a -H,\"gq‘
exp(Lw) - 2101 + LAt A
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EXYERCSES

Use ‘hne, mqlu‘x expou(nl'fi«(’. to solve
l\at’_ Qauawtv\% 9nkskms v {emq oz

13‘(05 oud %1(0) :

Q) ‘L‘étl"l'{" = Ll +
2‘l‘é,a./ﬁw: ";%Il H;A:

$) Sdy ldt- -0y, -
%d%q_l dt = 13? -*2«3‘]24.

O 3 dyllt =
i&‘\%a_lﬂtk ‘%l +5q\

@T/f\ol—ml(on malrix.
Show k«a\: e Yol‘orlum m«Jn‘x

A9) = [ Cosd -5;“9]
Siv\9 cos 9
Socll'sgiej :

R = exp [ y [ 0 -1 ”  $em.
| ) L o
1—) USC e‘s,‘,:c Cosﬁ'+ !'SI'V\Q, |
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LING6: Vector Spaces
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. VECTOR sphces

| V;Iniu@.ﬁ _Q_p,ewg»,{iém | ,,

Def : Leb A,B,G fe seh wiln Axbdg ond Cio.

- An, opere on iy el \Mapyma P— AxB— G sud
hat every (2B eAx® (s wopped h afbec.

. ,C\Q.Qv*f dhe vesudt 02 fhe ,operu}:ion, . . ,;
* Notation : .Ui..sféptsw@}, represeut op.e,ro}iom with V\°,‘so.‘l'l‘o?’1§,,

S,b«,cﬂa a5: L o .
a+l ,a.8 , 0x8  aol

wiflh + )yt 2 k0 Qeiué Hae o?era%9w>.
svemark : let % AxB G e an Opevq{’}owQ An
iminediake Counsequence. o he Aﬂgﬂlwi}ﬁm of fo
o{)erahom o o \quin} Is. &L&,,%,onwhédhiﬁmeu{ﬁ

VOG,QGA - VeeB: (sl =y akc= fkc)
Vabet: Veekh : (0=08 =D cka=cxl)

‘_Ef—_g_’ let Ay‘é}é be o 22{ An’ Mkmaﬁ ;opefo»jr'ian ow A
{s ang maﬂ)ima, P:Ax A= A such ol
all Ef’n %) e AxA ove Vl«,a.ppe& +o QEQ cA.
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Def + Lot % e an iulovaal opevakion o A. Lek
Al A with Adg. e sy ot

¥ closed om A; = ,,VQ‘,Q c A L2 .Q.*g,é...A&

I—‘l Properties of ®per&£fi¢>h§ R

.Qfg S Ld: k ;@e. avi Ui,mi‘:ﬂtaﬂ ogtm}?am v Ou._.A_A.. LJJZ. Swé Haa{’

% commutodive @,..VdL%EAP,o.% £=8%a
¥ associative & Vo B ceh: (axd)ec = ox (B4
e wntt element of (A e YoeA : are-eko=or

Pel = Let % de ﬂw\ im‘vwﬂu o’[lzcr_crg_v‘o?\. on A with
MvsiL efoement eéA. We. Sma ';’(/\u.{:‘

DL,&.( QLAW\MQ‘{'VIC = Q;kg,' SN U e Wy}

with !resPecjf to 4

¢ We wvow S(Aou! ,’)’[406‘7‘ i,‘i (A,i-) snas,cu b.m‘!: eﬂmmui:,
Hew it i un ioue . Li\cau?s@l | Bivm._ 6. wnaigue wnit
dzmew{‘ EEA ) eve,w.é ocA can have no o Yoau
fhan oue ‘SBWMelﬂc eloment ‘€A .
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Tam : Let % fe an mkmaﬁopem&mow A

o) | e, eg unil eloments of (A) = e=eq|

N

Dk essectahve Y} |
(A %) .1".\&8.,_‘9,\4?} eﬁemm{fwe@A =z 0, <%9q |

o, ay Ssémmejm‘q

Oy Qg S,émme&m‘c

_ Pi"oog

0) Assume ,%hai;_._c\,@az.,umk elowmertts O¥CA7@meh ,
Coxkeg=ey Lo uwnt elewmed]
Qxeg=¢e,  [eg unit elomentl
Then €,=eqg O L

) a,= o xe le wd elemedt

2o ¥ laxag L&(.M_ S‘awm}cricl o
= (o, xe) kag [.Msos?mﬁve_ 1 ;

= %X oq - lean ,5,‘3vae}n‘c1

= Qg | LQ ,Lm.ilﬁ ;QQQMQP&]A o
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EXAMPLES

&) Additon 1w R, |
D "4 inBR iy esseciotive aud  commulntive
9) 0eB s o wat oloment of (R, ¥
2) 1§ aelR, Hen —a 1 S‘A\MM&MC to oo wille
lfes‘?ec&’ o U4
Yy Huﬁ%;g)ﬁ_tco}nom {n B
3 “ell fn R fs esseciative emé_ COw\mujm}am
9) te®h & a wut eloment of (R,
%\) 2&5{‘2\—— o} |, Cthew Moo g5 S(ébvamd'?s,c b a
unj:'(/\ resp et ‘Eo loa .
c) Hu’i{'xyi coj‘wv; m Mn (IR ,
)RR MalR) i msSoaaal'cve @u:[s NOT cﬁm\mﬁ&%w{
9) The ideuiwhh vno.irtx 1=18a2] wilh
bk = i o d et
o , if a%ﬁ
h«o. umque uvu{- eQQ\mQ,w[; n?~ CHHC\T‘“ > sihce
VAeanaz) Al=1A . |
2/‘) ?_ &&(A)%O hen AS‘ 5 ‘R’IQ §‘5mmeéhc gflmufﬂ
o? A .f)euxu.se. AAT s AA =T



126

EXANPLES

o) Lek }Ar— ﬁ’x-{/c\’So.-arl thme .

'X¥é,:_ xté.-f',, Iz'\(x_i%),-k A0 S

() Show dnat "% is fosed o A.

1) Show et "¥Y G5 commubutive |

iii) Show thot “¥¥ hay o unib element on A
SoﬁuH ol

00 i swfficiet o show fhat sz.é,e.A,z_ xkyY eA.
Le* Xwée A @e %iveh . To ,clcr}ve o comjcrq&fd-im , fe}c
us assume that Xk d k. Then: | | s
xkéé}\ & x»k.éé R 10349 xru- Qés);,x'é_-ﬁ(x-},é)%Q(Qﬂ) =

& x;-—gx-ﬁs A% = Ao x errQ +A%-0 &

& x40 - Ay =06 K-Dly-D=0&

e xD-oVyheoer x=AVudo x{R-10 Vyd R

& ngA V EA — coutradichion, sivice XeAAxéeA.

T4 Qollows ,X*,%G,A. We ham,ﬂrzus shown Mt
(Vx{ eh - Xk € A) —=> Y%t cosed under A

ii) Su?fgic:cn{ Jm show L&af VX%GA: X;kbrék)

LQ{ ’x(%eA fe %iwen. Then + A o ;

Xk, = x\ga’)(xfé) + A@4) = Ux —ﬂ(éﬂs) 1 QU\H?,:- WX

T Yellows ot

C\f x‘éeA: Xk%:%%x) = n*z} téhmu%{tve "O;I A o
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i) 1o suggec;m{ o find av ech sudr fhat
Ve A : xxe =esx = x
We nole that S
wke - X = ex— Q) + 4 (A+) -x =
=_<_:‘_$<_fg,e—_£_\_§ A2 40 -x=
sxle-0-D -A(e-A-1)=
=(x-A)(e-0-1)
and  theelre - |
xke =x & xke-x=06& (x-N(e-A-D=04
& x-A=oVe-Q-t=-06& e-A-1-0 [sine xeA=>xF4]
& e= L. | A
T Paliows Heat fov e=0tt Ve h: xxe =x §:>
| "t commutbaire o A
= YxeA: (xpecexrx =x) = e =06l is o unh
Qewent of XY ou A

L—v UQ \r\olﬂ ‘hna% {n ‘u’\e | chaumen'{: VQ‘QQOV’Q: | C
a) We e FYOO? 9:3 contradichon  in Paﬂl’ (i) +e
show H«a.{l Xy €A |

£) We have aﬂyé wsed %\e ?g&owin% %eomm:
\f&tﬁ,et?\: C&ﬁ——'o(—‘ﬂ a=0 V@ﬁo)_
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B) We deline x+4 = Xy 4 ?,@x,&.gé. . quéelﬁ__ F{«AA. nﬂ |
a,ﬁel@ such  Hhat 1%0 g _aisq,eiaa;i»rehow .

Salubion

ek xu 2o We mole dat

Xk (lé#%) = X*C%%—liq )= S |
=% (424 Gayshe) $9ax +8(yz +2an182) =
=xuz+%axy + bxz 4 Qo(x‘:ﬁ:%.,’t# qu»xg% 0le

0

(x*é)n: (xg%‘iexfé%)*z:, B o
(xy 9 ax ‘f.@%\)%-}@.m Cﬁb-l'i.@( Mé?%% =

X«g’% 4—9@)(%4@%% +90xu +%alx %?_ﬂ,@é—i_,@%? ‘
= xu? +2axd +Fox +ha2tbyzt9alu+8e:
X x ¥z + Yo % ialé% 8 -

aﬂ& iJ( Qo@oub Mn@i o ; o
x¥(yr2) - Gy Yz = (xz +Fox 4822)— (Gaxz +4e?x 482)=

= (8-%)x2 +H2a -4a?Ix ¢ (2-8)2 =
= (-2 %2 9 (4-2a)x + A-1)= £

H ?ﬁ—@ews v“/lﬂ-{: o e L , ,
e s associabive on R Vg delh: xxlusa) < (oy)ae
& Vxu zel- (xk(é%%)e—&*)k% =0 )&

& Vxeeh: (8-%a)xz +9(4-9)x +408-02 =065

( %o-%a=0 %Q’;Qo. §@=90» ?f—ﬁiek 3@42&

\$

1

& 1% (-2 =06 Jo=o V a:Y2V Ja=o V Ja=l/2

8le-D=0 [,,@ =0 Lbh=o €=t Uf=1
1 o1
. .,bCon{’Ta&tc%‘o'fl}, .
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& 52 a=0 ? az4a e (a,8)efl09), (42 D}
b=0 g=41

L—’ IV! j"de ,oﬁwe %1146'010, _%e;wam _QY?)W»:C&{ {5
ett gyocialive on B & - .- &
o (o, De 3(0,0) ¢ (l/%D?}

The V%CQ&;”‘B calcdobions are the y&eumﬁﬁze of
e solubion . The purpese o e Pheau
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Show dhal ok :=a1btS Az?—m&é_s ow B i Lol
- Cow\musc‘l*’lve aud. aSSocmkVQ ; ,
. We Ae?me on ¥ B Yhe 0?@/0.&‘10#7 ‘mk@ a@%at@‘, ,

 Shew Mk
o) k is commutative QMA. msoao}we_
£) Find kae it eaemewé oQ X R
O Fmi whdn e}?gmens og l?\ {aave, an inveére
 with h':‘specj(. lo the o?c.rai‘mn X.o
O e Aegme on R e ?oﬂﬂ.owwsé g?erg_xmms
Xk~ x"~ 2 and X oy = %Cx%?
Explove ol Ot
G) ‘Hne OPUQEOWS ore Cowmuk&w
6) the opevabions are associakive
,0) H'!Q Ggerojnons Inqve_ (o uhz{; eﬁzmw\‘i
(D QYQV% eﬂlmevzé og R hos an lwveme.
@ We defime on Mae seb (0,409 e o?evoi-xov;
- Xy B S nge(o too)

X*}é
S\now %\waﬂ . ‘ .
0.) .3 iy Comhusm:s"n‘/t cmA , QSSOC[OCB.‘IVQ usmgé %Q AQE(VNL oh
D) Vx, \(&jc (0 dw) = P S |
S T A~

, a Use (@) i‘o PTOV“LQ on a.,o,’rtVV\ai-e P%oog og (&)
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@ We &2' e ow@t #10. OPexajn on axbh :..(oﬁ,-i) ’Zq,“-— (o-1) %az,,‘

Find (i i exists) tne wail eloment of Hhis opertion.

O Given the ceb

S\now {‘anf‘i '1.“«& ) \mc&n)( &= {& 0 t{ 53°~ -
9 o

H!AuL gﬁemeyt": hn“a ﬁre.spe.cL&go N.Zuﬁcu' }40.{'?1% _ ,
mulbiglicabion pesticled do Mie seb A Afso show

bat Ais closed il resped fo mmatrix mubiplicakion.

Llet A fe @ set with an opevofon ¥ ound unit
,eﬂemen{: e Sudn {’an.t S

VYab,cdeh: okl x Cosd) = Cak Ok (25D

Show that ¥ 1y associabive &M&CO\MMM{Q{'WC |
et A Be o set widh an operabon x  end wait
‘ egevnemL e Sudn MA&}V |

Vx; reh: Cx*é)m: Xt(,}k?

_‘_v,‘Skow ook ¥ b associebve ond cgwwjrujtwe N

L—* From Cxerciye Q e  See -k/-t\f ‘Hac same ,Oye.vo.hon

, W\:w} heve a A—lg‘?ﬁemt qu e,ﬂevnen!; " i? Jc E$) hz)'i'r ckpt-

inbo o smoaller seb.
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Deg let 6 Qe o seb wik« “#“ an mscﬁrvmﬁ ePQ?&-}ﬂt)M
on U with GeU. We Saa k«o&
o) (6,%) iy o group. it oud ouly |
) %1 s cosed o G
9) Va6« axid = CoxBrc
2) 3 eeb: Vae@ exo=zofe=o
) VQGG— : o/ e G Q.;\r&,-;&#a’ =e -
g) (6,% 5 an &Qgﬁ)?;aum,@\,oup 1 and 0\4% #?
9 Vg&e@,, okb-bka.

¢ Thei-egofe} (G,¥) b a areup ig aund 0%0.3 x?— B LT
closed on &, Mk is sseciabive, has o wait eamat

and- erery ement of G hes o s»ouuw;e%rw eloment .

(G- ) iy an afelion _3voup A and Oﬂﬁu I? zi: i QQHaw!g

o %,roui) Q.V\GL ?manQVmom “’k“_ s Com:mbt ‘zve_ ,

‘; .

| EXAH.PLE:S o

a) (l’k +) and Cl?:-?_o'g ') ore o.@eﬁcsm %vouPS
-@\7 (MV\C{K) -f'j s an Q@egmm 3\rou.[)

O (;Je_ A.?.rme {'fqe, 821'\.6(0‘@ %we;w’ YOUL
(LR = $Ae Ml ] det (A) 403
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Then (GLWWE) ,) & @ growp hut NoT an aBeliau
%W“P" Nok Fkaaﬁ ) L ,
D Malrix malkiplicabion v NoT  comumubabive |
N We need the resteickon det(A)#0 1o ensure dhat
Query. A has ,‘,%.,H,S«émmc‘,‘?lf\*?M.Q/QQV“Q,V\‘:.,;

p> Sulicet conkitor

* To show Yat (G,%x> O group, We wa tn ok
weaken condibions (0 aud (d) ,ascor&fwg e '

,?o%uziw%. :ka.,e.amn: ,

Thin: let (6,4 with G o seb and %" an inlernal
oyevo&iow o U fm‘%\ Gev. A,%ume, ‘H"wé

& Vo bet: axbec

6) Yab.ceG: ax(Bke) = (orB) ke

) Ejeee :YaeG: evaza

d) Yaeo:Ja'e6: a kaze

Then ((ru@ BRI - %m.v\?-_
Proof |

Leb O;GG- be %Cw,n, ’L‘ek,{tko.‘ be %e ngmve;i—w‘c Doment
of oo sudi thet o' ko =e. (exils ﬁ} laa,?g'ulesf? (4).
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Leb a'eG be fre symmebric eloment of @' sudn fluat
elkeolze _,Cexts,h”@ss& hgpokmu NCO) N

Ik .,5@@,%@6@& fo show -km%__,ﬁ.‘a«t ol=e Aove =a.
e nole Haak~

ake = exlaxad= [[mé?akxcsfsﬁdz
(@Yol x laxed = [delintion]
z ok la’k(arad] = [agocahive]
= o/'v Lla/¥adxa] = [amoctabivel
= a'"” % (exa)= e [.deg('méwmj o
N N ,,,‘,V[képgkoem ]l

—

e  Ukypolhess (T
Qua .
ke = oF Ca’*ﬁb‘;Lé«e?MEow] B
(oxaNka = [ayecahve]
sexo= Ldehabond
= e o Lhypeluesy ol
From (a1 (B, (A &) oud the alore resdbs ‘Jr Dellows

Wt CG, ) iy o %mur o

l

f“? Covisequentces bg'amup o,\e«?'(,“ijﬁcf‘?v_

Tkw\/ : let (6,8 be o %VD"‘P*--T("‘%: B

Vobdeo: Cak®'=8'%xa’ |
YoeG: off=a
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&) To show Yo beG ?,,Cak@r)/‘?a—,’? af

Lei: abeG Be %ﬁvew Then , | o
(axB)k (@'kaN = ax [Bx (4a0]  [ossociadive}
(U N { (8x89 %&‘] [asso cemhive §

ot

= ax (eka') L& ¢ s%mme*md_
= aXx Qs{ o [m«& Gﬁemm%j
ce o sbwe‘mc},

(BraDk (axl) = B'x Loy (ax ,@ﬁ fassoufe»kve_}
- 0% [lalkad sl  [osseciativel

<olx Cexs) la' o ‘i‘éwmejmc]
=4'%48  luaid emend?
= e , L@( ,@» Sxéunwze:i'rrc]

)Ly Y"Oﬂa‘”" t *Q“é V"“ﬂ“@"‘“? 02 R\Q 9<étmma{'nc. %Muii

Bt o

i (0a8)5 (8502 @ = (orl)'s fxal.
(@'ca) k¥ (oxB) =2

29) To show 'Vlae G- .().U“ o—

let aee e gl Thewn,

o»“%. a“ke , , ,[hw]c- e@zmﬂu‘&]
= ok (el ko) (ol a 5_,W\M€'§“’S‘°]
= (o' al) o L&bsOLCajrmW]
= ek a Catt o sﬁmme)f‘ﬂ‘c]

T e {U”‘I'G/QLM’S& o
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L‘"’ FW e W%Qfg’c‘)ﬁscwsﬁom gvodl {Hm‘_ﬁ?\);‘\)_
og \mo%'nw), Haes }’Y«,eﬁs-em ,%‘xf\%
Y ABe Hulry: (AB)t=g 14
Y AcHARY - (A0 = A,

- EXAMPLE

Show that  (R=5UD , %) wilh enb=atl-3af
IS owm Q%EQ&M %\rou.?
Vreoy'

e Closwre - Leb oub € Ro3UB with 0£4/3 awd 84Uz

e atven. o
To show Hhat a3l ‘T‘( &[77 _0IIUM ‘Hf\"i‘ okl =1(2
Tt Rollows Maat- |
(oxf) -~ (41%) = a4b-%ak - (43) = (8-308) = (103 -a) =
: LU-20) = () (L-3a) = -
= (4-3) (8- z) = 3 (3300 (8- 4(%):
ond ‘HAQH’QOV'C
oxl =3 = (@el)—4[3 - ov-»%CA,[:», WO (R-13) -0
= 4z -o0=0 Vi-1[220 =
- = oa=t? V b=z «— Cow\\'mottf}'ﬂw
T\nQrthre‘ at@%i% = okl eR- 13}
Toes: ¥ a8 -1 : axb e 1R- w3} =
-~ ke C_ﬂa)e.o( on R—11035,



e Commutative : Lot a be R-5133 Be given - Theu

okl aib-%0b = bta-20o= Bka, Yo beG =>

= Mkt &Cowxmu%’uxﬂm
o Associabive : let o B ce R -{t33 (e %,weva Then:

av(ﬂx—c %ch-______,,,m -
= o+ (gre-2he) 3QC@+C %QC)-, )
= arbtrc—%0c—2a8-%0c + Yalex

o @k

\(

= bbbt -2 (bt bctca) +Sabe )

Cand -
{oxl)¥cC = Codr(): 3&@)3’- c=
: (otb-2al)tc -3 Co&E '%w@c

- qth-3obhtc—2ac -30c+%afc
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)

= (atf) -3 (abthcta) +38c (@

i‘yom \,0 Ow:o& (,9.) o
Voo boc elB= 1128~ ax(8xo) = CQH,);,(C =

= uf\(” OS50 CivnvVe., T
¢ Untt eloment : Let qcl’h’ {Uﬂ @e yvew

we, Qogyf_ ‘HA—Q.. eq’uoﬁh()vx
e¥a=aé&n eta- Zea =& e-3oo =0 A
= e(l-20)=206> e=0lVh-%a=0.

(%

Nole Wiot oeBR-21/2% =2 a#£1/3 = &BQ%Q

and Hoeloe (DN& e-0.
Thws VacR-112%: Oko = .
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o S%Mm&ﬁp &Qmaui‘) e

Lelt o€ Wx"%“% @Qgt\/%WQSoQW-%e Q%ua%iom
l¥e = 0 & bio-2ba=0 & L(1-3)4a=-0&
o U2 e & L(3a-V =0 .
Smca acR-%iz} = af i/2 = Do~ '740 ) awnd -}f«avegoye:
Bka=0 & RB=_ 2
ot

To show -H,\ajc 2 % ‘l |

assume fhat _ 6 . 4

Sy

o -l S Bl B
Then: S o
o -t & %a=%a-4& Do=-1 ncous 5 ek

Za- 1 %

16 Goloss ok _a 41 4o o 3
3&,« ?7 303{ 7 % ?7

° If goﬁaows fhat CR- 511/%'5 7%) 5 an a@a)?«om %vou-p
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EXERCUSES

Gicen e seb A= Ixe®1-{<x<¢1$ we &a?-mc Be
ngrakorguk it okh =(°~‘§:@)/9~

Exggore wheker  (A%) 5 o 0up .

@, Given the sek G=ixcBR|-1<x<33 e debine e
o?arakavz‘ ¥ wilh o Qf-_?_‘_t.z__*.

SLQ&J, kqaj‘ A ( Cr; *) 5 an _&ﬁzzﬂim , %t,@u_g.

@ We _&.cgme on R ,&L\e.wqper.aiioﬂ ¥ wilh _,,,Xis%.:)_&%i‘ L
~ Show %ajc(f?uk)ss o group.

We define on G=BR-123 the opevabon & willh .

| X = ?—.(X%%ﬁi)f..).(éw.,w Show ot (4D 5 an abelinn 3roup.

@ We A,egme on G=K- {t—i ./._%Q,.,‘;ngra\ﬁm ¥ witn | |
Xy = x4 -x-4 +9 . Show Jhat (6 is an alelion goup.

@ h}e &,c?fne en ,G*.,CT&LE) Hae opar,a_.}o‘om,,k Wit .
;T‘Dti‘é: Fxt24 Shew Bak (6,9 15 an abelian group.

xg%&

@ Leb (&%) _ga_,,b,.%yaufz , st Lt xuel suh Haat
’Xi«é:é_ Show -H,\QE X fs,-}ﬁ,g um{: eloment ol CG;kD.

@ Lc(:, C(.r,ﬂ ;.@e, Q ?)vow{? suda Hmi

ValbeG: C%Q)ﬁ(m*@%fc&:aﬁ&C%is@ .
S\’IOUO ,jdr\at: ‘C(?;k)‘ Iy an Q@QQI?@”W ’ZY‘OMF -
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¥ Vecddor cpoces

Deb A exdennal opution on A with coelkereds

from G s O‘Wé m mg ¥ G-XP(—'}A Su.df\

| {{qalcv everé CQ o.)EG-XA s map()eo(. msro QO\,GA .

b mobho:ﬂ For ekaol Bgcmsﬂams e rege ‘}o we ‘,
o 'muQ{'t Q.L(OAT&VQ. ho{‘&lf ow In %e GX-PYCSSKOVI e
,(\KLG A we Saé ‘Hno-% A {5 -k/)e COQQQ&OQH'E 0? ﬁ;@-

Def Lk (V4. e endowed willh o inkral

, ope,rakom_ g, VK.V““V angd. awn karnaﬁ

operation e RxV——»VUeSaxg ok OV, 1,000

COmo‘-Jnam e 5&0‘59{@&:
&) (V ) iy e Syoup

o veoll vector Spoce sgmi ouﬁda 14 }‘tnz _,Poﬂ_swiwé

b) ‘MG?\ VxL%eV %C)ﬂ-é) ’Axirﬁ\é

O ¥ e - VxeV: (Grdx=fxipx
o) chvcﬁ Vxe‘\/’ QC\uX)— CQ@X
el ¥ xeV: dx=x.

> T the ollore defrutbion, Dty and Qy repryus
, ‘re,«zuacw &ua‘h"w ) @mck %QQHP@\C&B o1 “’1 IR
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I (V9 15 on aﬁeftah%vowg e

We will vow stww w{’(m:zjc 19 CVJr ) s e reaﬂ |

vedor space Hhen , allirough uot o@amg,wi@(_- &y the
alove oteeumgovn CV ) il fe an abelion ovop. , ,
- The Pmﬁ (s Aepe\/\&euﬁ on -kae. go.ﬂﬁowwté %emefo,Q Fm()er;wé o

og %raups

Lemma + Leb cg,g e o gowp. Tnens

V Q. Qa cebn C C¥* °L'*C¥G>V afc :@*f«c = a= @> .

Prood

Let afbcet be given. Lt eeG &e e w& ement of G.
Case 4+ Agsume Hat cxe=cx@.  Then - )
ozexa=0c'¥Nka = c'sxCcra)= c's Cexlld
= (c'kxB = exb =0
Cose 2 2 Arsume Hhat awc= ch _ Then
o= oxe = oxlcxe) = Caxacele C.@kak c'=

= bxCcxe) = Bxe =4 )

M : (V,+2 ) real vec{,‘Df.&?&L&:—é C'\f)‘\.'y‘q-@e.”&m %voa]:'

Proof
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Bé de?amﬁzm L |

CV *, } veal vechor space = (—V;‘?) %vouP

Let XL%EV ga %men Then R

(A0 0y = (40 x v (Ledy = X‘LXJ“%*% . C@

(1ed) C)q%) = ’LCXJ«%‘J £1(xrg)= X%‘éﬂué (2)

From (2) aumd (), usm% We cbove  fJomma. we have:
X*‘X‘i%%‘é ’X‘ré‘rxfé - X%Xt% REY 4 =

= X*%:,'\é,,,iﬁx,.
H ?o@ows kna:t B

VX \56\[ X%% é{-&( ?;7 “4—” Covnmukm.{:\vé, \g _
,, (V. Bvoup

= CV %) Q@aaeam %VOQP | ]

ﬁ ?roper{—i@ 0? ve-p‘rpr SQecES.

o[k GeV fe e wm'k efement of the obe Lian
éfou‘v v, 1.

* Denole o8 -x the S%mmel’h\‘— 6Q2W1eu{' o@ xeV.

* %,‘3 ote%zmi‘ww, we lnow Hrak Cor ol ﬁ\@\f&e and

gor Oﬂ_ X %7‘;&*‘&\/; we [/\owe

(’Xu&\ tE=x€ C%n) /A (xi )-— Axné
Xty =g Cg‘r@x Axr px
X+0= x ] Ao = (dx
X+ ()= O L Ax=x
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e wll now show Hat:

- ® | Vaer: A@=06 |

e

Lt Qe and xeV e given Thens
A+ do = A Cro) = Qe = ﬁxire =
= QU =8,

let AelR aud xeV Ge gi\rﬁwmn
{Ak;\: Ox = (A40ix = Ax = Axt0 =5 Ox=0. n

@ |Vaem:VxeV- (Ax-0 =A-0Vx-0) |

) ?V‘oo‘?

Lek Qe oud xeT Be given with fAx=o.
Case 1 ?- (A 0 = Q‘O VX O
Cove & 9 311-0 = Q! IA 11 Q'bﬂaus %\q,{'
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wedys (P D= 4 U0 =Y lo-0 =
= %= Vxz¢e o

@ [¥3em: VxeV: (Bx=D0=-Ax|

PY‘OQ Q

lebt ded aund xe\f,,,.@.&..,ﬁ\‘vem. We nobe that |
-V x tAx= LENHATw = Ox= ©® = Ax scévhme{n‘c of (-Nx
=7 ‘C~QL),X:: “Ax.

Swmilarl .

A +dx = Alix]= 4D =-0=

= A summetric o AR 2 A=A,

Tt &llows that CAx=%(=-2x o

* From the olove pmpevﬁizs we con also show Hal:

ViecR-903 + VX{%eV'v (Hhx= @\t& = X‘-‘-%),
V&%« e: ¥xeV-i0%: CQX';VX “—‘bg=tﬂ i
Vgtv elR: quéevt, S{ A Cx—%) = ng(Lz
| (g',‘,,g)}%,_‘-'—,g)("{“‘
leeV: C~Dy= - ¥ ) _
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I-—* Bosic Vedor Spoces

; (?—* The space B%

For (ke o(xag0) R we define:
(X u,‘ét) = CX1¢‘6 g,)é') X=X ik'%‘:‘-ég' o
(x. »%L\) F(xg, gg_): (x tx 2, \é{,&%g)

Vier: A (xegd = Cﬁlx“.ﬁtéb
Then CW\?’,,*‘,')N s o Vedor Space..

B T space BT

The fprev tous Ved‘?*’ Spoce  Con be eaewewag.i%ei QW
N dimevsions as o lotos © | |
Let nl-= gi_,i,‘%,--‘ % (et AG{KL ond Lok Y elRY
with  x= (kaxg, .o, %) and w=(u,u, oo U,
We deine: 5 % el
X“éé} Ya elnl: Kar—%_a ,
Let 2eB" wih 2= (.2:"&9_, . ,Ztﬂ) Taen debive -
T=xry Voelnl &+ 20= Xetda '
2= 9% © Yoe (n]: 7o = Q%a
Tﬁme% GP\VH i-,-‘) fy o Vea&\%—, Space .




146

@P—* The scha,.E(A?‘_w |

We debine FOO o the seb of ol Lunckions P:A-R

wih Acs®_ Let Ac® and Ot ,.9,,3{,&3 eFW ,
e deblive: ,;

-0 & Vxeh: ?(m%m N
h:a &) Yxeh: hiay = 0 {‘%(X) B
lh= 3¢ © VYxeA: k(x):A?(x).

Then  (F(A) ,4,+) ¢ o vedor spoce.

%a—» The space Mum(4)

p\QLoﬁi -k/m:‘c we {nqwe, &eginee{ th\ (l@ as TR\Q 5’9-% 09‘

oMl vixm mabvices. CombBined twith wmakrix ,qe(ifkem iy
o Gcchwr va@’éipﬁfcaean . “.;. Cva C!ID PR ‘)

is a vedor Space.
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o) Stmw \z,e,dgf, addilion ‘ Acgmei - [?xq‘ {s
qas,ocfiq‘five._m U

SK‘?Q;uen{ Joshow thet e
Vx‘%&eﬁ?ﬁ- {(3&2) = (xi«é) +:
ek xté(zeﬁl"- Qe, given with x= CXH)(Q) . ‘6 (3“5,,)
ans 2= (2,200 Thes
B X{\é‘&)- Cxumﬂf_( . 139') %C%uw] =
= (x1,%a0 % (%L& E, ‘é%*’?’.%) =
< (X4, n{,xe_fgqua .
(Xt“’%t ;‘X‘Li’a‘l) f Garto=
I‘(Ku‘)ﬂ‘0¥ (%x ;%431'{' (2020 =
Cx&-*épa‘% e
I% Eofﬂ:JW§ R,,Q’L o o
qué ze R%: Xiv(%{—}) = Cacﬂé)’r’i‘: -i> o
~ M+ avsociabve on R*.

D) Show that Puacon addition . defined on F(A)
Cwithh AeR s associahive.
 Solubion
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§.u?ﬁfaen£, ,,‘I,s S\nwf‘k’m& e
Ve FO s Ve h: (elannD00 = (B1adel) 60
‘ Lf;% . ;%;\n eF(A) omd xeA @egivch-“nﬂn e
Lh(%m)(x) =0 .Jr,_{g%h\v(}s)_,;.,ﬁ o
clwsatothoo=
= (s %)-Ha) ()
V9 e PO :Vxed « (Bagu)(0= (Big)th)Co =
=Y ‘%«AnieF(A);?..g &L%,&M = (gi_?ﬂa,,,; B
= Y4V ossociabive on FA).
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-~ Exemcioes

| @ Give e Aekrﬁe&ymgﬂmk(&q‘ s o vecor
Spoce witth resge.d'_.,,% vedor addition and swbar
- wmufbiplicaton | debaed ws:
(gt (xaga) = (kirxeyibda)
Ay = (g, Yaer

| @ Gie Yhe ,ticbs,;,qe.é..__,,.,.,.Fv.ogg,, hat B wila A c® 5 a
vector 9qsac.e.,,.wi,%, resperi;-vgumhowacmlﬁow aud.
scaflay wulbiplicabion, debined a5

\n'—gwé 4 Uxek: k(zc);?ix)t%{x) B

W= & ¥Yxeh: he=4fd.
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¥ Vedor sulspaces

pﬁg_‘ Let (V; *‘H; ) be o vedor space . We Seud Haat

Vo Subspace 4 Ve i VoV AV, 42
(Vo,fb;*q Is a \/QL‘&‘DY Spece

I—’ Sl foce Cvi‘lﬂ"‘ o

g‘l}—» Main su@spgce_cvflsffm o

Thw Ltjc (v,%;'j Qe ‘Q VVQ&DV ‘SF&CQ o.vm(. Q.u(‘.
Vo eV and VO’TL)CZ’UACM

Vo sulspace o5 YDe®:Y X eV, %Cxiféc—tvo Ay Ve )
of v _ - |

g@'_" Com&emeé\ $uQSpoce,v Cv(i-erion o

Thm = vLe{: (V,ﬂ-) @é avvv’e(}vr space and. Let
VooV and Vo%ﬂ~—ﬁ0€%:

Vo SLLQSPO.C{ og’ Ve VgcyeW\ 3 V.XuaéVéi'- ﬁX‘*t‘géVo |
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PYMQ I
(=) ASsume. -R\qjﬁ Vo S‘ugs poce o% V = -
= VQ&W\ VX;% eVo : X*'é Gvc Aﬁx &Vo) o

Lei ﬁ( GW\ o.wL XL%GVO QQ %Welq —U"ieh

’ACV\/\ero 'l Qxc'\ﬂ,%@ ?\xw%e'%,, |
c{ﬁ/\%evo = %CVO
1 Folllows  Yhok

e gl iy
} ASSumt_ 'H'\Ok

VdpeR: Vx%evo Cﬁxwécm) o
lek Ael e.ml xtxé@‘vo e given. Taevr«
&xu.ée Vo = Xty eVo
A x ’ro&é Vo = AxeVo
1& anfaws 'Hno_{f,

Y4 el : Vx% ) (Qero Améc\o)@
= Vo subspace 69 vy,

%}—" UhiL eﬂegg\\& ‘,@eﬁou% Es @e‘q ,,S,‘%Q;Ejpa,% |

Thw @ Let CV+ ) -Qa’u.vedvv gpo;.ce.w‘[,o’c“f\ﬁGV_ |

e watt efloment og e %Vo’\;,r (V, 4 sud
/Qeic V. <V and Ve 74/6 Then

Ve b AT > 0eT |
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Proo

Assume %ajc Vo b a SuQSp&ccoQV .St‘ﬁce Vo #g,

c‘aoase an X E-Va . o
Then: x€Vo = 0xeVo=>08cV, 0o

by T conbrapositoe sholomd 5.

D ¢V. = Vo NoT o subipace o V

s ooy 04 1 Btk o
bt Vis ot o sulbspoce od V.

(?—a Tforsechon of subspaces

'ﬂ«m * Lﬁ{? (V, e '7 ﬁ,e, e ,4,\/&4\07‘ .GFo.cc; Theta:

}LV‘ subspace o V o5 ViaVg subspace of V-
Vo subspace of V o

Assuw;e. -H/\Oi' Vt LVQ. ot Suﬁsches aE V.
-Uflevx'.%v “\‘Velﬁ.' VXIgE-V! : gxi—?éev( ‘
v Q‘T‘ el : Vx% e Vo - Q'X{f“é} e Vo




153 °

Let ﬁ clk uvzc‘. XL%EVLHV1 Qe. awevz ,T[r\elaf-,; o

%Ave , ﬁlﬁt!d?& % (vef}zx -
eV(an CoblxyeVe lyyeVy
97 ’Ax{utuécv /\ gx#yééva =
= Ay %GV{(\VQ_.

T 8o llows %m.(:

Ya. el : VxléeVlﬂVgL ﬁxw%evmvi >
= V;{)Vg_ su@spo.ce o? V. .o
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EXAMRLES

a) Le% V= Sz(&.( @E{K‘i‘liai%ﬁo: 9?5,‘ . SL?U,’ ‘Hm:':é
V i cxs_u.QvaVaCe_ of RL.
Soluhion 4

et gtt" elR “o-wi’ X, ey‘V be wevz

xeV=2danl eR : (x= (a4 A ﬁa;,,,%g,gx =0 )
eV=>TJay lgch: C.\éf;_(agl@a) A %a,+384-0)
Tt Bollows Haat

Mctpy = A0 bylag dd=
= (R, 20O+ (poq ,ybad <

= CQ\&L'},YC\.Q 3 rAQ),( ﬂlﬂvz.) = CC,u,Cz) =2
= 3 Cy = Q\G.t ‘\'Y‘Oui =
L C—i’-(:\@t o 'QQ

- 900, Fpragdt 3 (Alupbs) =

:ﬁ(iaﬁ%%ﬂi—r (2o,q_+3£9_3 =
1{_ QOMO_M), H‘Q*JC

= Qo tpo=0=> C\x%ygt (e c)eV
Y (\({—( el ¥ xtée"\f"z gx +tz

eV 'g“—‘:\? ‘V §u¢>pace of B2 1
| B+ Ve \éﬁ
b Noke Mok Moo Belongin

Comiil’t‘w; :?n?' T oo |
xeVe&e JabeRr: (x=0C ) A 2o +3¢ —0).
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@) leb V=17 €F‘C@} ? co&«sw%uous M{KZ .v‘,Sinow f‘ﬂa{ |
Vi a subspoce o FR.
Solubion

Let ﬁ(g eR aniglgé 'S Qeatvm Wew " B
QGV,=5 2 contivuous In & => Yxoel: Lim ‘Q(}Q = QCK@
%e\f =2 q couhinuous in Ry VxoelR: Lim o(x) = (%,
1k Mfzo:?é Wok: | X““’g d
Lim [ (0 fy 37_ ()] =Qw?‘°[ f?@(xﬂ_%%\ Y=

X-¥Xo X

X;“";Q[H“‘”I‘%(“ﬂ AS%TXO&KHY %‘,__:V,!xo%(@ =
= AP ow) 4 palxay = (ARG £ (pg) (ot =
= C%hr%‘)(xa y Ixoe®=> '

= /Ag *V% Continuous in R = AQW% eV.

T Sollows Yab: B

Vapek: W«; eV s Mw?fé V=

SV subspace of BR: g
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) let AeMalr) e an e walrix and G4

V-$Xe Mn(®]| AX=XA% _Show Yot V is a
GugSPO\CﬂUPQ. .
Soﬂu{'folf! R

LGJC ﬁctt ek and X YeEV al _« %(.‘VQ\,, Then @

XeV = A=A

eV = Av=YA.

‘S_{C QOQQowS .{'{'\O& B ‘ ,

ACKA YY) = A (0 + AGY = AA) +p (A0 =
= A0 +p (YA = (AXA + (p1A=
= CQX%? DA = .QXWY.,G,V -

and %evegove‘-, B o

VApel: ¥xYeV : Axspy eV =

= V Sugspace ,02 Ma (22,
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D Show Hat V=32eFII L ey & o subypacs
& FUR). Recalt fhal w{éagﬂem}(@ o

! cen & Yxeld: Q(:xhg(zc) I

Let ’/\x\(l,e,]gx ond. ?g eV fe qren.
eV ==>i¥ QM_LQS[hy)mf?»?.gé:x)fg(&).A W
,, . 4 even. b Vxe\?xg(—X)= e
let xeR Ge 6sv€wT\new B
(Miry%) (=) z(gg)(“@ﬂv?(*@: o
| - =Wheo (pgrla= Cﬁ\hgg)bo R
. ﬂ gomows R\Q}. e U
= M&y%em% A4y aeV
= V sulspace f FORO. -
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- KXERases

O S‘now ‘hao,jc _V' 71(&@&1&”%“?\9 O—% 5 a Suﬁspcme
| 02 e+
@ Show {"na.‘{. B
\= %Cxﬂé%)elﬁﬂx{-q-éi—iz o AX '6—3?; 01%
is o subspace of K3, .
Show $uat V= St(xt%)eﬁ’xq‘l ‘tx+\3=—ﬁ 0 NDT o
‘Suﬁs?ot(_a o RE. ,
29) Show Mot V= sl:YeFUK) go&s\.’; Ty ou Sw@space of* TO@.
Recall ot + § odd £ VxeR : g(ﬁc)",*g(?o o
Show Huct V=1 2eF(0 19 periodic] 1y o subspace of
FUR). Recatd #t
1 pe,raeAsf_é;u_,i‘.‘{fz,o; VxeR 3,9.(2(%1‘) Lo
Show Yt R
CV-2erm ] VoleR: 1@ -30) < kla-gl?
boa cubspace of , with kelo, ‘i®> o
(it : Vse the Qofﬁow- e;) ,PY’,O?&V,‘"\.E&. 0? QQW&R Va.gues
VYoleR: [od@) < laletep
| VYo leR: lapl=latgl T
@) Show et
V= ler | -?A’We»eu{vaﬁﬁe " @A?‘%?Q 0%

s o subspace of FR.

® @f @‘

@ |
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O Let APJE Mm(,ﬁ?ﬂ @Q jwo nxn. madrices  and Lot
V= ixeMulR)| AXtxB=0%.
S\nom Hna{ 'V s o Sugﬁpace og Hu(ﬁ)
@D Lt AeMul® e o now-sinaular uxn mq%ri\c
and fb V=iXeMal® | AxA-d =17
Show Hat V 15 NOT a suﬁ:&pace., , 09' Ma (R,

Let T e o vedor space and feb A.B be
 subspaces o V. We debive

Are = %'Méh:el\ A\éeB%
Show okt A4B & a Sug$P&CQ o? V
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 J Sulspaces Spo.wwei_@z& vedors

Lt (V,+,) Be o vedor space. owd Sk
K oXg, o ¥n €T Qe w vedovs of V.

Del = The set Vo sponck &y S$x,.a,., Xu3 s
o‘.c?—fue& Qs

vi

Vo spand xurxa, . xode§ T duve| Yadlud s o]

‘ai

o [Je ho‘e Rm% 'qu., Qer%%iV\% | ’;:awoh'éiow &,.,« ,.Vo reads:

Xe Spaw %Y;,Xgl...,XMKC’% 39\&;@&,.?- f&n e x= Z Qlot)(a_
a=|

s Ue Wtﬁﬁ Low sLéw H'\Q,'E Vo 1‘.3 VOL Sl&@}[}af_e O? V.

CThm A = %Xu}ag_,-.,, Xh} G‘—.Vj-—-—b Spam (/@ Su@spo_ce,
(.—V,‘f'") Véi{‘\Pf 3P,o.(.(', _ - og V.

‘ p\fooQ
Let QT el amd x,&é € spam (&) fe %x‘t/ti)z. |
1E @oﬁﬁows 'kt\oi‘. |



X € spavt (A= .Hf,t,pg_,_," ,,.[?,n,eiﬁf-,, X-T\ PaXa
=
w

%Cspaw(/\\-baclut“_) ,Qw&p\ g“ I. Cta_k

[+

eund. HA&GQM’C

| ﬁxirtw(\j A Il Po»’ﬂo; 1 \;7: Elo\.x& =

& =i

= ): (ﬁ?qﬂ:q&) Xa ? %ﬂtué € spaw (M.‘

Qa Qﬁows ‘{'Lla{.'

VA \:1 e R VX %c élf.)avz (A) ﬁx%yg & s{zamC/Q =
= Spav (L «;u@s?o_ce OQ V. | |

}—’ B?‘JC ng}crjri.e_s 02 ,,sp&nnecl., spoLes

leb AV ond BeV with .8 Lk 9&5..'&\2& o

> |A cspan(h)
Ac® = cpon (A) < s?aw(B)

Peoo?
Leeot
) To show A < Spav C/D

Leb A= Sxi,%g, 00, X0} “Le{' weA be gwm

Then uecA = Jaclw]l: u=Xa

161+
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Define Agg.ﬁ_%&m,;?‘ ah , .

o il ass

Then U= xa"—'.ﬂ;_x;_{.ﬁsixq_‘i -+ /z\u\m =7 WUe Spau (A)
U hows Hot Yueh - ue spav (A= A < span(A).
B To show AcB= span (A espan(®
 Ter A,'—*Fﬁ e shn LM&H A kvmﬁ, so_ e essume. wx%
e Loss o?— %e»emg% ok A#P and weilk |
A= ‘C{X,, Xg pn XF} and  B= %xl,xg, Xhl wijr‘a p<n.
‘ Lcsf Respan (A) @e aiven. Junce
wespan (A) = 3 A4, ,C\p eR:us Qxxl 4 QP*P
ﬂ'\e&eore; o
G g(x %gzxa+ +Q;x\<;> = B
= Aok g?_}@;f" +Q{:X{; + O Xpﬂ ‘1’ *QXM =
, IE ev&owi “'wi

Y uespan (4) -« u ¢ ‘sgaw (B) = S?ah W < Span o




Expueres

o) Defne Hae vechor spoce spovmed by Hoe  vecos
o= (120) oud Xo=(0,2,-D.
SO%QW

Be wole Mok
ax+byg = all 30)+4(0,2,-1) =
= (a,%0,0) + 00,98, -¢)
| = (a,%0420,-0)
* Slows uk |
V = Spon i th‘xqj = %&Xe’f@x%l a el?@—"-
=3 (o %atr2l, -0 l.o—@@e,—lﬂg., .

0) Show Hhat V-1(atd,2¢,6-3 |« 8ek3 i;
‘Qf‘,‘,UQC&"" Space-u
Solubion
We viole thak S
(ae, 26, 6-3> = Ca,0,-%a) + (4 94,42 =
=a(l.o,-32+8(01,4 1)
= ax +b S
with x=(1,0,-2) aud %:CL?-‘D. 1k Qoﬂzou» Haok
V= 2(&%% 9.4, d-%0) \&,Q; 6{(71} ;{Qx.i-gé \ o b C’R%
= Span SlXugﬁ = V Sugspu.co., of IRE =
——=-’>~CV,{—,') s o vechor Sponce.
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c) Degma .@q\ &e&crxp&‘xwt Pne vec%r guﬂ,spaca ef F{nl)
Sycmneci Qxé %Q gumc&vohs
L0 = Gax , Yxe®
gl = cosx , Vxe®.

: SOQMB o

Le%: o beld Qm& mle U«a\: B

Lq%@g} &) = (a¥D0O+ (B> = 0.9 6 %%%L\Q =
= A Simx t Q,cassc Vxe

1t g){’ﬁouﬂs Hoak L

= %MéFU‘A) Jo,8elR h~agi@é}
,«%th(L&) | Ja, Q,GR VXClﬁ thix)= CQQ&Q&)(K)Z
23he F® | Ta,geR: YxeR: hio = asime4 Geosx 5.

a) Shoto fak {"ae spawe &%m& &S
V= %geF[m{:}a BefR: Ve - Poo- Cﬁx’rQQSmx-i“CdK?’%@x’c@cmxg.,.
s a subspace of FOR)
Solrion |
feVer JabeR:VxeR:
Qba) = (ax +B)stnx + (ax’-&@x&@) Cosx = |
= ovxstuxt8sink + ax? cosx + @(XH) Cos
‘ ,_-o.(xs’w‘x +x‘1cosz<7 {'@Cémx + 04%0 cosK)
= a.g,00 tlay () = (ag0 (<) 4 (Bg9)(2 =
- Ca%i %Q%Q (<)




165

with Q9 ev&gtwe&ﬁ ——
Vxel: 0,00 = Xsinx e x2cosx

Vel - 93 )= sty (k¢Deosx

VeV e Ta e+ Yxeh: oo = (ag ibyd 00 &
& Tafel = §= aé@(@x%q_ o

4 &) ge span § s YNL: q_}
V= S[Jmsuéuéq}’%v 5&&@5??—,@2_,, ag FR).
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&) Cousider Me spece

V-

94c & -8 | |eBce®|
atbce %atb Po J |
Show el V is o sebspace of H3(R).

e wele Bat

.o t3c Yol %a| [o Ta % LO b 04 LI 0

Lo ol JO 60| ‘o9 4{ . .,
a]l0 o 0|40}l 2 4 -214c]i 0 o=
- Lie 9

B -Q_AH'@AQ.{'LA% o
ond il follows Hat
V- SahitbhstchslabceRE<
® s\mmi Aiv(,,,.A.q.,‘Asg. =V Suﬁspacz og Ha GID
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CRXERCISES

. Defive Ehe vecor space S Pomnes. @g

@ ¥ =01, 1.32) oud Xg=z ({(3,9) e

Q) w=(4,-1,2,9) and xg9=(9, Q s 35

) x=(02,2,9), xe=(4 -3,-4,9), and X3= (-94,3,-1)

. Stsow -hna{ 'H'e_ Quﬁﬁouuﬁ% 9:.{9 are vecfsov Spaces qu..
, ore :»u@s?o..ces oQ R ?vr Sowee W,

o) V=91(a426,6 90 labeRY

8) V=1(a-28+c,%6,c4%.,6 a!a Q cem

Q) V=%(2%-4, @{a,‘f@mﬁelﬁ?j R

D e?mg Q‘é AQSCY;P"OM -Hne. veclor 5{)“9‘:09 F(®) Spo.vwze-i Qé
Ou)ﬂz,}dxé‘ﬁ ..:,,?Lx);_e??_ o iVXelR fo=9% '
VxeR: %(x) e X Yxemr %()Q Xt i
Uxe®: fxy=xe* .
}VXG(& gba= e
Vie®: hx)=(x-1 )?‘\ x

D Slnow an‘f’, HA:‘: ‘Q‘B-@gowm% Qe)’s O Vec‘!’o? S‘Po\ces M
 atke Sugs aces of F(R).

2 Vs Sfeﬂm [JabeR : Vxei?\ Q(x).. xi(ax&@%
) V= %gc FC@ Ja,befR: VX&W\ ?(x} e,XCq,smx{@cosk)}
O V= e f) 1 a8 cel: YyeR: fu0 = xe* Cadilur)



168

- @ SL’W ) ‘hqq{yntgo,a@oumse{sme V?._c,{'QV pacey ) o

| hat are selspaces of Hu(® for sowe w.
o) V= % {o«k@ 3@]_4,0;,@&.1&%,“.,““. o

8) \f% { e 3l }-144,@,&_6@%“ .

o 9%l ac d 2
Qo H at9s 998 3¢ [, |
V=Y bt ote datc| | 0Bice ng ,,




169

V Lincar Independance

LE\E CV{;’)‘) QQ QV@L&OV'gpaﬁQQWA*GeE A=§.X,‘,,1(9,,,fefxw§.§V,,
Lo o set .QQ vedoes v VT,

D&Q s A .Qf u m&g &ﬂpem&in{@gxt%f: K xes?.aé (A._—.‘ %K3> ,
LA Qs‘vxem{!&g ivziapem&m{:é% A WoT &n_ﬁw@s , AQPEMAQ*\;{Z R

o Tt Polllows Hhat A s Linearly dependent ¥ af |
fem% one NJ‘DV xek @z_ﬁo:%s to Syﬁ.?- ,SU_@SP"&C@
ESM CA-D cbemem}eoi Qzéeﬁﬁ vechors tn A except
° 5%, he?}an‘wa Qﬁ& iﬂgmib‘m ag Linear ,,s.lz{aeh_&?n@l._ -

we can vewrile Mo definchion of (inear indopendence

as %lowws

A Gnealy indepentect & Yxe k- xé span CA-2) |

P L@xamdﬁﬁ’mﬁﬂﬂ of Q«‘meér | imﬁ%{!ﬁm@n@/&ﬂ?ﬁn&w&

Thm:| A inxea—v&é d&v?w&w’\% = o
e Cﬁult\q.t ,AH) eR” - (l)&x;ﬁg_,‘gw) +0 |
A L LQ\&.XL&Q&.X;%i:*.i"ﬁh“wt@
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Peood

(=) Asume Hat A Qimazﬁgé,__.. dependest.
Since A Q;neavﬁxé ,,&Qpeh&,?n{: =

= Ix ek Xespan (A-]).
Willout Do 0_9 ,, ,enemeQié‘g @ssume o eovdevi n% og
e eloments of A sud fak . |
Xn € span (A-Txnd) = Xu € span X0, Xg, .., XS
<> g g, PRt Xa = xibpgXg -t X,
It éafﬁot:as %f't o ;,Y‘ | ,P'“l
Xn r—thXL% Poxgt-- ¥ Ilv:*:_x,h—ii’%
= Y‘Xl + y«?,%?.'r—“# Pt Xin-f = Xn =0
Fov CQ“’A% A= (v( 12 ~eec funty -1) we hae

)l (_i\“%e,-.-, gh) + © o
Aot Qgxgt -+ haxu =0

TU&  concludes He av%u,h_aeu{:.
(’\L_‘-') : }rssuw\,e *}La}c :

:JOT PR WO T A i (hele, ... Q) # © |

At)é; +Vaxg +-- 1 Aw)ﬁvx =0

NO&Q %Q}C | . .
(A By dd) £ 0 C\L%OV&&%OV V.o
Assume  wilout  Loss og aewevo.ﬁi}\é’ Hat A #o.
T Collow, ok - |
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C\LXL* Noxat -t gnkn.‘-’» @ =
= Qixie=-Qexg = «-- ~ An)(n"’*‘*"\? o
= x(= ~Az. Xg + —43 Xy toe 4 - %y =
=2 Xy € Spon $xe XDy Xud =
= w e span (A-1x3) =2 A ,_,Qfmqvfaé degendent. n

B The wegobion of The provims Hrsorem ques e
Qo%wim% _e%uivaﬁm{: ,Sn_[,oekmw{?.

A QM&M% tndepevideat & | ‘
& Vi nd et 2 (A x + -+ hun=0<5 A1= e =0 =0)

* Nole Mk for A=fu} wilh wuelR” and ufo,
A s ﬂimgqvﬂé, lnciapevuien{? @efau)e‘
_A,!L*é- 0 = A=0Vu;9§$> A=0
wdo o
¢ For A-1{0] , A s aneqkﬁg, ; &(?,emieu& hecause
1®=0 aud 440

}—’ P\ro per{'tes, .OQ_H. Qin.e__qk‘ A{peu&‘d& / inie.?mimc_g__w

%}—’ [3 ek A B L n,e,mf%‘ _foi«pew‘LQh}E ==?,A_ chw’% Ae(ze.w;?n{'
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[ et A’-{Xu){i, XV}—S Qm-cL B-= {XuXL; ;X?%

with P <Ln (sémge.,,, Bokh).

Assume  that B s Qmea?fléécpewhné

Since : B Qineav% @peu&en{? =7

~ 3(‘1”?1,---%*?7%[?»?=i (fope,-pp) 70 @
1 Xitho¥gd -~ UpXo =0 ()

Degwm (o‘u,t\‘}-; -;’)m) C(*(F 7_} r,t»f-‘, 03.?() o

From (O: (dcle,. ., &£ 0. (9

Fur%e_rmore
A\t‘}(t ,;\akgir %Q“Xn- FIXH’“ ﬂ*ﬁ‘{:*OxPHf ~+0xn
= ?z L+t‘9.)(9.'i‘“ -t F?Xp = § {w

FTow; (_7)3 owml U‘Q . S
A=A om XS 0 Qinew% dependent. 0.

@——ﬁ i B C A =.—-..,'> R} ﬁtV\CC\VZ‘é .i"l.‘i-?—[)e\azi.ela&
LA Qi‘nto&v%,.v‘fh&apendgu{;

Pwo_g, ,

Assume that A 'Qimwﬂé Ih&puo\zd: amd BcA.
To show Mot B .Qmeav()xé fhé@pevx&en{, osqume  Haak
B ¢ NoT Qinea.vﬁxé in&epembujc‘ -
Sine: B NGT,QEnexxyﬁ% in&apemw{nm{ =
= B Qi naarﬁg, Aﬁzpeuieujc E;ﬁ
BcA
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= /5; liveas ﬁAé &egem&emfe—n COVI{-YQ.C(JC{’\DW wr%
. 'ﬂa othesy .
1t goﬁ@oxw, “H«a& E?A QI‘V‘QO-V‘[)‘A,,_ m&zpcvz&m{; D.

@?_—’ A Qinem@g o niﬂpem&zvxf}g =~ W espan (A
Avsus Qihmrﬁg; dependent

Peost

let A= %Xan_, S Xnb .

Assume that A is QM@G-V% _fﬂs;&pﬁmw%,,am& Aviui

Q,ercwg‘g A.e()eméw_mjc e

Since:  Aviud ;o_me.o.v% dependat =

= 3 \{Ao;%;}w,gvhe Rutl o i (%o;gu gh}:r{‘@ (y) |
,. 'Xqu’rﬁxxur ~tAnxn=® (@

(e claim Jf{aa.{. 9‘0 %0,
TO_ ,_ Shhow Haat go %9 | Qtsumae Jf{aoi: Qo:@
FVom (9) -
/}\LXL‘P ﬁq);(g,-% ‘[’Am)(n =@ , %:};
A=—%_X“Xe.,f--;_¥w‘s ﬁtmeo.rgné iue&zi}miech
:579“:5{9_—_—_,_-%4,0—:7 ,
=2 Cgu ...Lgﬂ) =0= CAO;Q}&),"') Ah) = @ & Conlra-
dickion .
U: QbQQows ‘R\RE ﬁs %—0, QVNL M,epbm gyom (9):

/Aeu, = "‘ff\dth “AiXQ_," e AV\Xw =y
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= we = (0D x0 = el ) g — oo = (Bu/l0) 0
=7 WE $pavt X\ Xg, ..., Xu}=>
= Wwe %Pam (A) .
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EXAMPLES

o Let Xué Ct?f’ with x= (3l9-) o.wi. \é- {.09.

Show Haat X“‘é ave ch&w% imdependent.
SOECL{T‘OVI

Let o bek fe given ord assume Heot exxi&(,r: @.
w("_ Mol-ﬂ ;‘L‘a.‘: ,

oxiby = © = o(3,4,2) wﬁ(&,o&) = Lo olo)‘—'—b
CZadb=0  (3(-aDig-0  (-(4+Q=0

"73 otib=0 = ia»l@ “53 o=-2L =

Qot36=0 . 4.(-98)¢34=0 ~k8434 =0

5b=0o | |
= a:-ﬂ_@ = i O“:"Q‘@ =) {0.:/0 =) a=0 =0,
g

-b=0 =0 b=o
Tt Sollows taat |
Vol elR: Cax}r@g"@ Soa-6-0) <
= \(u.é ineavﬁé M«:Lapewc‘ﬂn .

Lo Nole ot the skps dulen bo selve  axtby-o
ave valid in Both diredions -
Mxtly=069 - & . & a=beo |
{nowe/‘er‘ H«e A—ep'lhléwm oe Qmeo.!r mé.epekc{gmcg
cvz% bequires e = CLW‘ZC{"OV‘- |
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6) et X.\é,wtelﬁ‘? wilh x=0,2,9), S (3,004, aud
1= (- iﬁt_o) . S‘ﬂaw,;ﬂ&_a{:.ﬂ.xg%(_%,.x.‘s ﬁi_hea\r% ,
(:(.epemobzwﬁ-., o
Leb a bice. B. Nole bat | |
axtlyicz=0& a (4,2, (2, O+c(-43.0= (0,00
at2b -c=0  ((G2wU+34-c-=o
D

%o tb t3c=0 & V9(-96) bht3c=0 &
latbb=0 = la=-3¢g

tb-c=0o  § b-c=0
&5 34{@1‘@ fr%:o@i“% t2c=0 & % b-c=0 go
oe=-26 =~ a=-92¢ [ a=-324
& %\Cﬂ@ > (08D =(-26,0,8)=06(-2.4,1)
a=-16. o
Thuw: For (e, =25 D= L
=2 =9 4 rT =0 = ¥ g T _ﬁ«'neq"% O(Qpevx&mf:,

b Nofe Heat 1w SoQﬂ_ng,,, .oﬁdgré Fct=0 we..ow%

need  the &' divedion so we con dainr

Mhat - _CQ;%;;Q)? (-280) <> &K&@étC% =&,
‘Cow"taﬁ s remavk wn[‘Y'\ | HAQ ,.‘;P,'TQV“,O‘O , QKQW{JEL
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c) Let 2%6 FlR) wil Q )= Sin¥, Ve ank
Y= cosy ,VX_G-{?\- - Show  Hat Qcé oe
Eweqvﬁ«& !no\ﬁpeimo(-?m{‘/ e
Solublon
Let o beld e ,,%i,\rﬁn sudh fhat .QQ& @g =0 .
we \f\o&e 'kqa‘c , S B o
ag {-qu =0 = Vxch: O—Q(K) ‘l‘ﬂé(}() =0 =
= Vxel: asingthosk-o. (1)
Fown W, Sor x=0: |
asin0 thcoso =0 = o-0tB-L =<0 —->-?_Q_19__
From () ) Qo\f X:ﬂ/i-? |
asin(n/2) £B cos (n2)=p = a-1+6-0 =0 = a=o0
o go@ow) %\a{: B o ,
\f abel: C@Q#-Q»% =0 >oaxb=0) =
- Ql% Qiheav% M&pemﬁmt | Q_

) let Qub,é Eley wilh Qy)- 9x, ¥xel ond
’%(10:-\(9', VxelR. Show Hiak ficé Qc,vx,e.drl‘& fnc&epewém{»
S olution | |
let a.le@ Qe %iwm Sudy  that VqQ{—Q%,__@_
w{’_, ‘VaoLe M:
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a?&@g = @ => VXel?\ o,gf.z:) +5zé(‘&7 O =»
T = ¥xelR: aldx) flxr=0. .
Fom (0, v xel: 9atb =0 (9)

From O, for x=0: Lotll=0 (»
rvotm (_CL) ond ('5)

SzioA@ =0 s qu@ o,.. %m(«u@) =0 730@0

LYatdb=0 ‘taitb=0 atb=o0 atb=o0
= % Q=0 ____%fl Q=0 = o=6=0.
Oté=0 b=o

Yo leR: CCLQ%Q 0> a=0=0) =
== Q‘% Qinem’é ln&?PeMAQM[‘»

&) Leb €, {L,GF(IIO wtsr(«\ g(x) @sx,Ver\

{x) = me Co$9->< VXE—[K) Bud 'n()() SMXS‘MQK V)(EZ{R.,
gﬂou} foat ¥5 h ave Ql\aéayQAé AzpeuAemL
 Sofubion | |
,(ﬂe Vlo Hna{',

2(:0 = Cosx = Cos (Ax~X) = Cos Q.x CoyX + smiqux_

= g0 th(x), Vxelg == ?-= %{—L;"’? Qesvcwa%g L5
-’7 E % \n ﬁmeour% cb()emivm{.
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| @ Let _,.xlael?xz;;,,;,m“ﬂ,,,ﬂ..‘xn,.?,C&@ﬂ:@Q Q»A,;/%EC%T?(Q.
 Shew Yhat REY M&Qm&w’% independait,
(3D Let xyae® with x=(2412), y=(1,9,L-D,

and 2=00,9%,1) . Show Ml ry @ ae ﬁwew’..ﬁg
o cle(),emé;gn{,ﬁ,‘ o
20 Let fialc F(®) Be 3 fJunchious duel Gefong fo ot
~ the vecor space  E(R). Show ibntc}r ven fhe Qagﬁ

Ou/f“é o

&e?{m“ﬁom.,g‘%}n,,,,a;vs,*‘,,.Vﬂinagﬁ_ﬁ_..,,“inéep.e_\a,cieuﬂ o o

e ){ Vx eR ¥ K= %% @ XefKaQCK) = SinK
¥ xe@: .%b@} :xtq. ) VxeRk: ‘%,[,@_‘ = (5%
“YxeR: & =(x-0% [ VxeR: hixd= x

xeR:g=4ex
o W¥xeR-hoosdy:
@ Lt ,9‘«3;‘/\,,6 F(R) be 3 hwchows that @e@avzé to the
 veclor space FCLR)SL»MW&%MV:%Q Qalfowmg o
; éeQm«LOM 1 g%“n , &&aneavﬂgdepm&ené L

/VXG—*E& t.%b@): oy ,b‘uxe,%_“-,_gﬂ(xﬁ?: cosIx
¥YxelR: Wid=x-%x2  (YxelR: h=9—cos9x

a) }Vxeﬂb b= x4 0 (yxel:lxic aZx

) YxeR: ald= o5Tx  identihes ?yomp#ecaﬁ.cuﬁw)

) 3 vX ek: Q(‘Q: COSQX (.“*h{’Uic\aour‘i‘hawomejﬁfﬁ
(YyeBR: hed=sinix
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et ‘9‘,;3&(,,6.EC1?~), ot
O Wxer: P9t
% Yyer A
Fwer : hoa=e> o
Show | jrhsv{ff(gtk ,, uregmwita i ﬁmésqman&em{u,, :
CQM‘:&,/ 5"@(%%% with Vxeﬁ?,a,;;ﬂ,ex ‘rﬁcé‘% =0 ,
we can obhla addibonef ﬁ,_.me_%ug)i%i . @3 . o\x?{)foemi{‘m}'z v_xé
- dwie will vespect do x - Thew set ¥=0 Yo obkin o
%3 Sry}emag equakions for a,8,e)

6 Lt LaheF® b
Vel Y04
) ¥xem: 30 = e
Show Yhat . ‘Loregmeqvﬂéfh&&pewifkt o

Go) ket B0y hcF@ wih

@) For amy kmew], evaluole j&emh@ra@ B
- 1k.m'~ 5(‘1 QK(K)QW!(K)A»X// e

(ks Dubgeh bebvane fre coser kot omd kfm

, i av,.xés. use)uae u{m{vl\b e e e
, iSinoL,SinQ?;,,CQ‘a (a-%) - cos (ai'@ o
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8) Vse (@ do show fhat L 9 B ae hvzew%
mo\e_pemkenjt R
Q let o b, celo,9m) ws}(« a%ﬁ,%c%& . S(Aow et
a) siv (xted sivi (c- 8) +sin (x4 ginCa- ©) + sin (ke O stn (b - ,aJ =0
0 Let Pobh e PO wihh
Vxek - ?(&)‘ stn (xta)
VxeR : %DO- siv (x10)
VxecR : h ) = sin (%t -
Show Haal Q%\n are ,vaxeqvaé &epeniewt o
R3S S eV with YV o veder space. Show {(acu%
o) xté,{%,Lneaxi%m&pm&m% = xty, 42 2% Luady
. (nbepedant.
E ¥£\é7—‘ Q\heav% W\A.Qpev«keu{; )
= xtg 3 ,\3}2- I chemba ;»;A{Pem&m’c
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r-* &am@ Tndependence tn l&“ |

Tn dhe previous exqm,y,ﬁaé,,,u,e.,,.\rtave ued, the &Q&um% .

c{nwaclqi%ojﬁows &hre&ﬂ%. fo 954,@@2(5\0,91»2“ imizéew'iehce
ard lincer dependences

o tor A-“f‘ci)(n')(g.,-..‘\(_w} eV
a) A Qinem%, dependent & |
3000 he,.. A el % B de,., it o
B , ﬁlX;fQﬁiiﬂ.‘ii‘,",{"é"\xﬁ"" 0
&) A incw%‘ iwc[qewlenﬁ@,,,,, |
i (,Q\“[Ag( A(QWDCB\"' (ﬁmd—ﬁgxgﬁ ot =0 =
=> C%A;,-.-Ah}“—? o)
For the special cose of fhe vedor space [ =R% ) linear

cleymiehce aud iw«iepeh_iehcz cou Be cle,ievmlnu;. Vieo %z@
go.@owivub s?edaﬁi}eci. }!{qeorg:

Deg : ek A= iX;,Xg‘,..le};iR“ e o se og K n—ainensional
Vechors . e &Qine_ o coifres?omix‘wg makrix

M= Mk (A) = Y.Xi Xg =-° Xkl € an[gl) . _ . ,
oy an VXK mavax .w[mre. ch QGN wi{& { <o <k, the

O..Hq CoQ.uMVl 09 H COMSI)*}S OQ %e C@ml}oﬂw;f 92 &e. VEC&W A .
Th one.r (,Jon&st- v Ho.Q}" CXQ}& | | .
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. fg_g__ let HeMax(®) Be v nxg moivt\c ity k< (e
mote rows fran ,c«:Q«me We ,&e?'«fkne_, 1"‘06 Sz,{: Sub (M) °¥
, _SuQsMainc% 0? M as f}’qe Se,{i QQQQ ch-:L\r\CeS S GMKC@
OQl'nL\qu. QYOM M Qé JruQaLm% OMZ av(l‘{'rwté SeQecI\om

_,,,03— i~ Vows.
L Br @ square mabix el (B o V;@ wr e
deleled thevelore  Su@ (W)= M5,

e xom (530 and xg= (30,40 i Dllows Bad
| J2 3 7
M= HocE ({\c( ;X?fg) [X; X 2] =

i "N b
e

T\nW\ '-‘ Lﬁk A"ELXHXQ,I XK"SCQ\ , wig}'l. k<n. [hey

,A {in ewﬁg ndeperdent &9 J ﬂ eSuQ (Mot () = det Q) % 0
.Qme,oq/ﬁé L_q)em&.em{} & V H € SQQCHQJZ(/AA) O\f_{: (M) =0
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b B b ove kon s he alore fueon i
Le %LQ—QD&OWIWQSH”\{)/QQF gkogewe,& .

‘ Coro@a.q :olet A= %Xu xa,(anlf cB" . They
(@

(61 58 Lieoky iodaponlert &> dek (L xaT) 40
. {XL 3 oen ,Xw.z),_linen.v%, Clﬁemi%& é—'@OLC,{ C LXL."' Xy 1 >= @)

) T :
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CExAWPLES .

a) S‘nmu Jdmjc ﬁne Vec,govs Xy = C{ 0, Q) . Xg.= [{ 1,9
and ¥3=0(2,2 9) are Qmewhé AQ(;@;A@.%
SOQU-%‘QVL

C~t> ._ 1
j= 4
« 11

G¢>a CGoi o&)“

il

wmm

S 1,1
&e¥flxt,,xi.xﬂ)f 6 1
7 %

&'-~OO,~QS

=049 |-

i ‘L |
=9 (- L O)v‘ii[() > %X“Xgﬂ(%% )ﬁmemﬁg C(Qpebzi&‘—{(::

Q) SL\OM%O—& ) S (1{9-{17 0-‘4& KQ,‘;CQ,’}—/i) are
Qinew IMLQVQM&EIA'E
“?gQuB.ovz

R ER!
LG‘Z ,,%'—' {X; \LQ.I =

:»;Suz(s%“l a] [i 9\} {Q ~1M
D S - S B O S A A
SM\L 9 | = 4D -9-9=-1- %“*5%09

9 -1 ,,
= {Me SuQCB) A&O{) 7[0 “"? iXt&L@g Qmearﬂg miofem(ﬁu

o
et =R el
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O Show et xi= (200, xg=(2,1,3.2), aud
Xy = (2,2 2, 9#] ore. Q.Me.w% e‘.enwt{eu{:
gOQLc&-wW -

| i;,ejt B= Exx ‘)(Q_X$-.{='

142 2 |
21 0% 2 [
L1 2 2 1

K
2
B
- 21 -
4
9.
=

. % 9 1
=D Suk(B)= )| { 92
( 9 3

7.
-1

L

-

™
./

7&
v
n o
1}
"""I’-"“r““'

9
i 0
,i o

.

1 =0, detBs=102 2 J =0

G024 -Coe]



y
0

4l =

(
3
A
oLeLC&

and Raetei}of@ N

 YHe Sl ®) - eLeJc CH) o= -
= 2)(;‘)(9_(\&53 Q:mwﬂé&?eui@h{?

W >‘° f"" 3’*";

i i_ 9~ ]Mz A
j { 2 2 |d=+19 4 ‘Zg

0 3% 9 o 2 2 |
0
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DLk x=Gab ,y-(hAe), 2= (024658 . Frad
el ol quda Hhot X4z ove. Quazwﬂg olmcieu
509&\10»’! e

det(Tx 5 D= (% 1 s |d o

140 2 1

1.@,
0 oi?
0
ol

Q

1]

- m”« ars 2}:(?1_»24-&%-“(&3?)—*--.iua@ -

= ath .

e bt

X, % * Qt\neoxllé &peh&u{: =3 Aejc.(b( % i’*]) [0}

L eatl=0&&a0=-{
Tkwx

RTE ﬂx,v;,.eq_vl% degendait & @--V.



o su@(m-_-ﬁl
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e) \ek x:(%‘i(_\\)wnn&,%: (0,201, 4-%a) . Rud ol oek
suda Hhaak X QMewLé independeut .

2 a |

Let .?4=,i><,5] =8 9q-0 | =>

IR EC TS o

ST k]
5 9a-t ) L4 {321 L1 A% § |

= § ,H: 1&9.,, M?’}

ond- hgiﬂ‘l’efl&j( R

Y Za-i

OKE;kH{ =

- 34-2a)—1a=%-9% -a=3-{00.

11 4-3a
Aécﬂa: | 8 Ga.-1
1 4-%a
= -99%a tlo
I‘ , 90@0&43 Hmjt F B
x,.ué ﬁﬁ_zaxfﬁj ivxdepen&amf & VA & Sub UQ&QJG A 40 &

& det MiZo MdetMg #0 Adet s 40 &
& bo-% #0 A3~ti0f3.%10 A -929qa4 40 4o

© a9 Aad3zfio N afio/29

& a‘e;;ﬂ?\,izi/it,,B‘llo , dola3s.

= 9(4-%a) - Qo) = 3 - -Jo t+l=




190

O S‘now i‘lna& -Hne ?oQﬂoum?s Ve_c\ors are. ﬁmeoyﬂé miagenéch_
a) X= [i 2) aud '13" C’i L

) x=(34,0) aud %-CO,% 9)

L ¥x=024,05) , ¥=(133,0 mwk 2= C%cﬁﬂ) B
@ Show ‘-hanL Jf{w. _,,&ﬂou‘mob vecoys  @ave ,waem/% A.apem!.ev& ,

cal x=(3,9, ,5»0{‘ L cand 2=(5-2 ,.

£ x=(3,-37), 4= -(1,88), aud 2=(5-51)

9 x=(21,54) 4= (51,502, and 2= Cu L)

| @ et x=0,3,-L 4,_%:“_;(—&,; o), add 2=03,-9.6) Fnd

fae et of ol abel® sud Mok xtg,%weﬁm@av%
mo(e(zeméumjc on B3,
O Fond ol ae{Vx sud R\a&, X = C&.&JD 1 Y= C& Oy D , and .
2= la ) are Gveadu 1‘45{‘1?9-‘/“&2'4{; o Fﬁ
@ FM\A. all weB sudrt hak x=(3, 1, “LL€71%~(i&‘{KO
- muL =10 ,-%,2) are anwﬁg Aegw&QvA; om R
O Find dhe seb of ol (o 8)eB? sedn et x=(3,-4,-1.9,
Y= (10,2.4), oud. 2= .(L 3.a,68) avw gmw!#é &FM&ME .
o RE, L
O Show %at Hne ved-ors x= C& 2 S,y) 16- (0. %o, Sadﬁ

,ovxé\. ’k ( ‘Z “?)Q) 5@ Y‘) ove. Q.Qmoués l“’le&f% rle.pemiev&

on RY

O Le*: K= U.,am;ﬁ ‘éw(,& ﬂ@),o\vz& 1= C&,C,Q) ﬂnom 1(&.@&
¥x\3ﬁ: Qmewbé &Pem&m% & XK= %V 'é-%\/% =X.



191

V Basiy aud Aimcmipm og ‘,Uex}er,spacei, ;

Let (V.4 Be a vedor space and et B-%{x“...(xés eV,
We we e notation [Bl=u L@.V.&Cmok fhe

Cm{&iwa.g{ﬂ Oe 3.;‘.U,s“.f.,,}:\de‘,_M%,VKQ,.W ,0_2 elemonts in J(i,m ,
et 3)~ ;

DO—Q' : 1B ,Q?asis of V& %8 Qiuxemf@-é _fmhpemcbm%
V= span (B)

Thw As&w«.v,é. %L.cdc B iy o @&S(}, "J?f Y'H’!G Ved‘o““
Space V Then:

VeV + 2000 he, A e R s = At -+ e

(F‘?W ol ueV; %Lzert (g O w/_tﬁgue., (Au?\gﬁ:,...[/f\mv e lRY
sudy Ynat u= /z\{xi+...+ﬁhxm‘)‘
FYOO?

Assume that B s o Basts of V. Let weV de gi\fen.
B fass of V= V:Sv[)am, (& 75——=> ?«Les?aw(ﬁ)ﬁ?

| weV
< 7 C?\u’(\a,-..(é\n) e " : u:ALxL &—ﬁq,_}(g_%l-- + A Xy .
Te show %\q}. C%(),--{g\m) s ,uw‘q'uz,,,wsw&e_ ‘Hnai
;‘P 'S 1ok ‘U.inc"ua oud. %evveg\ore'.v |



192

3(.}14,{‘9_1-01?‘\4\)6{?& : il (?L,u.(t‘m):lé (?\1,:,.-.(@@
: {t;}ca'%.gf.g.Xa.{-—--i“Tlme: V)
?L‘efh .

A ' Vi
14
5«: {\AOJ‘ t‘a) Xo = :ﬁﬂ.xa. - I‘ ,t"ag_Xo,.= U-w=0 (0
=1 o=

(i)
-l

A€

oaund
B Gasis OQ V= XKiXgje-ng ¥Xu Q(‘we.o.fg% Mo(ef)eméﬁhﬁ. (2
F}om (L) aund (- | .
V&E[Vi] : !f\i&"t'.o..‘—“‘-é %.Vaeiwlz A¢=f«ia =7

= Cﬂt,'?te.;--.,aw ) Fcrizt‘&,--y 8%) e Cowémwiio%'z‘ﬂw
1¢ ,Qofﬁws Yoot CAUQQ,,,-«(OM.) {s h'\/\_\sﬁ’%e_.
N %ﬁwe@we |
FaoT I (ke And €8t u= B b - Baxin. 0

L" This  vesulb ghaw}_kna_ﬁ H‘te_ Q,asn. @ "qux(,{'?loms

U 05 o Coordinale Qg(igcm Cmf %{ae vedor space h

V owhedh allops evev\é:_ vecdor ueV L Qe weitten 6
W= AXot daXet -4 Anlen

tn @ um‘afue wa,cé The numbaers (‘Qk“h,n--,ﬁm?
ore Hhe coordinotes of the veckor u wilh

| ‘reipeci& !N) 'H,\e, Coawi‘s\na&e S%ﬁkm a@?’imco{, Q%
Bre basi, B,
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r—‘ Dimw&iom 69 vedbor spo.tev B

Let C\Tﬁ')f) Qo,e_, a Ve.,c%or%(?chmw&vﬁeﬁ A‘:%.X\;.‘-EX&J
SV oand Bridiwe, . ISV . We show Yoatk

?‘—“’ }B ﬁa&«s ®£ Vo A ngc@.v% AQPQMAQ‘A& L

Al>iBl

Prood

B Basig 02 V'V ”7 V ’sg.vavz C??v)- % = VQCCV\] Yo Cspom (®)
| vqe[“] XQG_V o L
=> Vﬂ—ef.h] :H_U’&m,;_,.-., exwxj (:[R _Xou= I Ha@%,@ €V

Le;C ({Ri:(\i] Vu) E{R’ i C\Vlt&- SOQL/‘Q .
z\i;\({.{- %g,%g_‘f‘ -4 &v» ¥n = 0& Z /\mXam
(L\ \n

- M[ X Ma%‘é@] Oéa E fLZ AQHOQ] Ug ~o ()

o= Q*!

Sivxcc Pb QDOS{? 02‘ V = \;%9_) a’iém ﬂtnewﬁg lV\A{PEU\é\QVL{/ 1‘@1
From (2) and @, b ;;ﬁ@ows K.

Z foMat =0, Thelml .

={
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gi'ﬂce (0 b « S\éskm og n \.E_%u.o;\'fom 'wa%. n
wilknowns end since VA (Bl = wem it ?0._@0!415

Hna.{' ,,,,, (Li) t‘?,,zd’{{\.er l\q,Co_hS.l‘);etn,'E Oy ,{nQS hoWh-rro
sodubons . Since,,' V’Qe[wz: ,gas-O Sa-§-5>pics Ut\., '

(b Oy Mook [0 5 nob intowsdfent aud Jrevefore
it hes & von-2eve  solubion (;5\:"}&9.( wmn /)wﬂ 0.
.TLﬁﬂfg;ﬂii - B

Cﬁatﬁa(...,&vﬁ% 0 =

AXXL'%%Q.XQ_‘%’;"“P AnXu =6

= k& lineovly  depevdent,

CED—" {Bi @mfs OQ s %:%} EBLK"-L%@J
| By basis of V

‘Yoo¥

Aisume  Haat By aud By are Basts of V.
Ts show Hrat [Btgt—fﬁﬁ, aswme Wik o Loss of
%e,mua,o,i:‘r\é J'{ao}c {QLL‘2U3€L{. Theu: -
§z.;951>192.{ = B Q.t‘m.q,v&g d_apemiszﬁ
| BQ bas i og T
= B NoT »Q.('vxéa&*ﬁaé .!'m&z,pemimﬁ =
= By NoT Bases of V 4— Gubradichon.
Similar o.vgu.men{ F IBd<(Bal, IE Qaﬂows Jr[a‘oi 13{[:(?321,
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, l———? , ,I'-,V,O_,m,, Auis _._,S&glime,.»fl}e we_ondude ‘{L\m{’- m\,é basis B
B e? a veder s?Q.KQV‘/lm‘H')e..S@MQ‘QuMQﬂ* n w? o
 oloments . We o Huis mumber, M dimension of T
o | OW&wﬁkc&imY‘;n o o
o }*ﬁ Let V' le o veder space with dimV=nelN
ST and feb S xg, e 28 e .,.._,.&om,.qwopev% @ it
{mmeéia% %Qﬁows ks

: F> CLM—V':?%SHXQ_, ,Kyg;ameoy% .&Qfeh.l!a ew{‘, ”

 The coqur@pos&we?{‘qkmen{ et

/,;_..,gxg,;xg,,-,., ,VXF’,%,“_Q,M@_Q?E?) m&zgem&aé-“?Pé&Mv o |

}—> let V e a veder space. and Lot @:.;,ge_ Ree
ot eloment og %e. aroup (v, 4 —ﬂnev/z t
J GJ {BB - Su@spatx o?‘v o
8 0% = spamiw®S
) Howerer, $0Y does ot have o basts Simce
o | SL@’% 0 .Qi\nedy% &epem&emjc,., o
) Covxseczuﬁmwﬁ?m% ¢ diimension og RACINCS cia??neé
Lﬂ uxs _[705,9{9:‘20. StOL\ah"e. VecgorSpams kaf\ o E‘m‘;{, :
seb Gast, B For oxample F(A, e sof of o
Dncionrs $: AR it AcR.
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}"’ .Dimemim aud cavonicall  Lagis ,09 [KM

> e é\e Qih@_ dhe wn &wemwmaﬁ ,, Vecﬁors o

L 4

- ev;-'(OLO O .. &,)

T‘neh i{ 29”0{,05 'HA-OLE

.&)B??Q;,;Qz: Qm; is ;Wgasss OC [R"’

?TQOQ

-~

0 o

cQ det ([m Cq - eml\) =106 i

| i..

0

M

deb (D) = A 4o =

o %B %e,,eq_, sz; is Linearfu
Qince B SB" = spen (B) e R,

(9)

H rs Su?’?‘«caeuk 'Le (Low -ﬂ"ﬂv{: R [ ”Spo.h («@
LC‘L X= (Xukqd ,«Xh) GKA\Q Qe zxvev: Then

X = (X“Ki, . th e .
(x,0 .. 0)+( 0, xa, -‘-,054—
\q(&o, o)+><?,f.0, yeeg©) k-

Bl

'cl

o ‘1' . (Ol O 10

;,,é@ -
)

miepeuiemé ,,»‘C\)“
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=X ﬁ__S_ysm,%Q,,eg.,, ,€n; =2 xespau(®. .
T R laws Mt YxeBY i xespan (B => R" € span (B). . @
B inz,eg\rﬁté EWAQVE.VIA'QM'& o .

3 5;7(“4('2:)?_-\?\,"‘ . => %BQMPAV% winq{gpeh&en{i =>
= B Qais o R?

DB bes d B :
b Vg snlar argumends i con Be shown et
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| t‘* _Bm!‘s,qg,,o,w,x.c.c,&c__,.,sgme with Known  dimension

elet Ve a vedor S?@%.‘_,_.‘wi% A V=v1 and fd
A= %xi I S szl eV . The ,prgﬁﬁem is o ex?f.ore,

wﬁnej%.er A is a Bosis OQ'V e
e We vole Jhat Qé delniton -

A ﬁmeafbé Aepewiom{_:iz Ak NoT @asxsogv | I |

hat happens ?Aﬁxﬁgipwimé

B> ACV ﬂmea.v% mle.pe,mAeu{ k==> A s Q;o.s&s og v ,

v@?

AéSume ‘“fxa{ AmV = QWL A {Ktzxal Xwg C‘V e - -
: Qmeavﬁg mé«zpcvzé.em{ e ,
o sulficedt o show Mk span (W SV A VE span (A).
(@) To Show Span A V- L
Since 5(/5& <V = Squ CA) c;"\f
o vec{or‘ Spate
(&) Te dnow YV ¢ Spam (M
Let weV fe %wf;n
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Caed H FJeeld:ivexa |
Then since  %a€ A %a; b= xkespw«a&) =
) A sspan (A)
= WE Spam (A) e |
Caye 2 - 1§ Yaelul: mzéxa o
Toen ) i ©llous ok B
BXat)(g,,-‘...f,,)(n,,_i&-g& il on i =
= %Xa Ke .. Xny ul ﬁmeqvﬁ%._,,c&e ﬂ.ewAen{g =
?,Xt XK (ae Kn} Qme«v‘f‘é: MAG{JE!G‘LGVL{; J
= ue s?omix(,.xh.,,._.“n,, =span (A
U Cllows dhat
VuweV « wespam(d) = Ve Span WO
IV) Q, {"97 Loyey QQ&‘I‘C we ?;mL ‘y)»aﬁ VC‘ S?OM(/Q
, U &ngws jﬂnaﬁ e
sqﬂCA)QV,, = % Ur) =
_ (A Qmea(%, !V*&zgew&m{ N A Lneav}% W)cl&l?ﬁvl‘l‘e"l{.‘ o
= A Casts cQ N :

L—? ?\cch,Q thal  we have shown PVQV\ou.SQAé Mot
Bﬁmuogv g = )& Qmecu% Aq)e\nien{ EUR
o lAls e o

RORA anws JAan

P dn Y = rme o} ©F Tnealy daperded

?X KR .. ,x{f‘} thew&,‘ tn&{)em&m\e =y ? ehvn—\‘f o , “
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a) Lek X ,_L@xm né-(m,.ov mﬂk = C\fz@
S‘/\Ou) kwi b= g‘éﬁé %; 1S a. QQ;IS 0‘2 83
Scﬁus‘tow e

an % ‘1 = 0% 4=
% 6 %1 1% 0 o

1y k (44 -(-03) =3 (443D = 1 40
= ixéﬂé Jlmemé,é,, M&gevz&nﬁg = ix%e:} Sty B2

"

l cLe}. ([X ’lé ’itD .

o,

dim B2 =

| -@ Lefc X‘ ”(i ‘{ o) g— (9. 0, Q auA- 2= (Q 2, ) . S(qow 'R«zk
%= %x‘ 35% ts Not Basis 0{)- w.
SoQu\'ww

e o m
&eJc (Ex \3 %D 4o 9 |d -
o {1

“o o »~
-
e

C?D ] (/2)0 =0

< (4L ‘ g - 1q
| Lol 1 9 19
= gx%ﬁ ﬂmewﬂﬁé CLQ?QMAILWE 7%&‘3;?:’3 NotT. fguils o? R




201

) Show Jhat B=%(a,atd, lart,ard} & o Bosis of B2
Qor QQQ aclk . |
OL/'%OV\
Dedine x= (a,0+) awd 4= (a+i, at2) . Tt Roﬁ@aw et
det ([x ‘QD atl | = olat2) - (at)? =
etl ot
- (02 +9a) - (02+%41) =
=alt%a—al-%o-1=-4{40 =
=\ 'Xg .szecw% lwo‘-e{:ewcleu{: (V. |
Abse 1= lixybl=9<dim R (»
From 3 Qvui (). B ﬂam OQ Rq‘.

& Lt B2 (Ba-1.0), (30,0405 . Find ol aclh cud H,’c
B is a Basis off RE
Solubion
Dtgiﬂe X = (%Q‘L,Q> Qnd '\és-‘-(ga. ,0:}!.). Thein
cLe]t"‘([X 151)-«— Za-1 %o [ = (%—L)(o}\)"gaq‘:
o ot §
= %2att%0-a-1-3%% = 4a-|.
Since 161=l§xu~33i =9 =dim R , il Kfows Hat
B .@a&t’s OQ W\Q‘ &S Xcé liheav i\niqyewiemé &
| & det ([x 1) Fo&
o %a- i#o & 2a 44 & a% /9
& aelR-14/49%.
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) Lot B=ixud Be o bosis of KL Leb u=xi%y and
V=9fx’é . Show Hhat B=%u V5 s aso o Basts of R

Solubion
B=%xu) bosis of R = Kk ﬂfmw% ludeperdent =
= Vo,lefR: (axfzé =9 = (a,8) =(0,6)) 0
Le{; Q,@GW\ @e 8ivev\ omi assuvng lﬁq{ aquQw=®.
e wole fhak
autdv = o (x t3 )fﬂ(%G%) = ax+3oy +2!@>><—JZ5:

= (a9l x+(3a—@)1é

and Tneelore | v
autby = O = (a498)x + (%a»@)wé= o — 5z€x+% =0 =

'300@?-0
-..:7[4 QiHQ];{b}
% -\ ¢ od

Y9 |24 (0-23=-1-6=-T+#0

2 -\

i} Cllows Yot a=b-0 = (0,4>=00,0),

Ne bhave Yaus showu Haak

Va,@eﬂ}\‘- (cmf@\/= O = (a,b)= Co‘oﬂ =

= w,v Livearly twdependent =

=7 9:%&6\/’% Qasfs OQ* W\Q‘ C%t'vxu; lf31=9_=¢4.im !RQD o

Stner
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EXERCHES

6D Show dhat Hae &aqujd%sm‘& fosis for B2

ol 6= Sl(i& 1 (o U}

) B8=3 (0,0) (0,8 w‘(‘(« a%%o

o B- %(cmﬁ sind) (~Sm9,a>59>% with 361& ,
) B= 3 CeosI- sind, 40&3 sind), (cosd  sind c053 smﬁ)g

, C) F;»».A QQQ Qu,eigx, S“ddknajt. Mze QOQQouma Se‘s ore a Qoms o

e

o) X=(a-1 %) a«nA Y= (vodxl 0-{~f7 S
D x=(o-, 0220k and y=(o, atd

@ Let B=8xys be o bosis of L Show Bt B'<Sugl
C with us 3x~é, maeL V= X#ié b obso o fosis og Rz

O Let = (24,0 }ze;CQ,i,ﬂ 2= (9,2,1). Show lhat
G- gxgé‘,:ﬁ is o Basi; of @3, S
@LQL X:C*Li,i),giﬂgﬂ-q‘,gj,Qn&% ﬁC"‘i/?,o.,D Fiud
ol e sec Huak .ezez.xwé,mm,@m of R’
.. @ Let BJK:Q&K fo a Basis of B%, and Lot u-= Qxié,
CVEE, W=tV L Show Mot Bzl vwd is ofso a
Gasts . R?.

Q Shou a{, 6 %Ké% V’S fs 0»@0(;4‘6 0‘2 W\L* w:%\ ,
x= AL ,u= (Lo 4,0, 2=Ud,0 0, owd w=(14,4,0)
Blx=(2,1,0 D u=(1,3,2,0,2=Cor 8,10, qMoL -
ow=(-2,4,2,42

c) X= U -4 ‘io)é (&{.9. 0) 2= C’%LO,O,D owiw (211{10)
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@ Let Bz%x(éti,\fé fe a Basis of RY et we X+, A
V=240, f=-X+24W, and q=w-g. Show fat B'=3uyp.q}
o aﬁ;o o Basis o? lK%,

Let V ke a vethey Space wx‘“/\ dimV =4 . Le£
XiiXe,X3,¥Xy e\T wt“hq X« X2 Xz L'WQO..V% tm&ep{h&m{;,
DEQ'MQ u:ﬁ‘x,qtﬂg_xq_i,ﬂgxz,q‘[z}wq ws‘\«';. A\{’Qifﬂ'yﬁ(}q?{’l.
Show Head Bf—imk-—)(( y W-Xe, U-Xg ,ur\(q’s s o basts 01? V.
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I—“' Dimewsion 0'? Sﬁoﬂl(B> o
e let ¥ g.&,, o. yector Space Qg{: B SL)H; Xm% v
Qpe o Set Q n ve&w; om& COb:Su;ser *kne, 9&,@5{?0.(.!2, eg ‘V

- %wen !@é Ve—s:'g)om £@ The {)mg&m DN {n cléjﬂfw-the -L(ne
,A.WY)QWS{DV\ thm-Vo

o g'é He  Lasis oteg«mtgon, IE QQQ,Qom twme_ekale% '}’{m.b

| B ﬁimm% i;\a&epehslav_ltf?> &Lm(ggan () =18l=wn

SO i‘fte Ozu‘%{'now f;ecowes winaﬁ 2 E i f,w-e.o,vfg AQpemc{Qu{

T\am . Lc{ V @e a W.ckov 5{79«4’. qwéx KUXQ! c¥n C_V
ome«Qak ?<YL Then

) %XH X?} Xmmﬁ.é M&epwolevz{} B §=——->

V‘U.ég)( 1t nﬁs SL’KH KF;'UL’% anf/é deh&m{
“">..%.XL} XFE Qm.s;s 0%’ Sgan SLXu :‘Xn's

CPed

Since %x‘, X 75“ §x&, xn% = | o
= Span &%Xu Xp%} = S{mvx(SL\ﬁu Xm%) O

i sufliced bo show Wt *
S(mv\(i‘éa, ;KnECSP&h(&U xp7S>
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?veﬁxmmqvg oy mwten{: | e
et oe N with | gagn-p. T‘aew B
= gxuxﬁ.? Xg) 3 Xpm% Jivicordn ACPPJ&Ath % =>

%Kt,\(e.‘, Xp% I.tme.avl..é miepzuo\emhm S
= Xp&a. GSFNA %Xl) ng =

=3 tA‘M +Pag e 7}1&(’ el x ?&«'—L?"mxi-{' --- 4 %’ &F_.XP.

Hu.uq uv%u\meué R

Lek e S?cm (%,X Xm—g) .Qe 31"&/1 T‘G@‘" R
4 {At ( [Ai; (Am cR: = 4/1 \<t+gq,¥q_+ +An'}(h
It geﬁowg -Haa:t

Cu= 2 (’\qu.. Z ,}SgX% + I Q%a X{H—& = B
“E\:‘“’l LEE{’] &6[!4473

=) gx + % o
{elp] m° 32[»,-?3 ?Jt {Qz;[o] Pt Q’}
I. IAQX + 0 [): («l ia,tla,%:’ Xy =
Al gety] boaglng]
- [Q@ 2 (i\?m.yo@] Xg =>
el eelpl o
=D U € span SLXL,XQ., ng U S
,»t goﬂows Jftao.E Sfcmﬁl\h; | ,
Vue,qu_n,ﬂ(ix‘,ﬂ, Nab) t e Sme{Ka, Xp?)) =7
=D ..MS.'{?C\VL,( 1%, yrmo s XV\Y}) Cs R (i Xiy---y Xp 3) (e
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howm Wowd .
Sfan @LX{‘, ;Xp’Q = Span ( %,XL) ;Xh’Q % =>

o % ) U ,X?% ) ‘Qme&vfgm&peni%ﬂg T
L == ixi,,.., [,X?Z ,,,Qs,,as}s, , ,og span (%,Ku .- :')Cv;g) O

I—," 'Eeﬁoyzg\ing,,,..,‘,gom_s.i,fkowﬂ, do span(B)
&—7¢

et Tospon (B). B B is shown bo fe o fasts of B, luew dhe
Eoﬁowtwé Vr.o?ps;hgm . %Aivgsﬁ o. . Qeavhgmg WCth.J«i lﬁ'ah,; '1» V', e

iiress %a&{km{‘- \?' BXSLWQM%A;pen&JC; hen J(f«,:e H\@&em
@eﬂﬁu?‘ wLQQ uo% worlk., B

Prop i 1§ Vrspon (8) qud B=3xixe,. xud be o besis of V.
e
X EV &5 X i%i,Xq, -~ Xn ﬁinewﬁ% elc?ewkeud;

(=) Assume xeV_ Then
xeV=> xespan 1xi,Xg, . Yub =
= %, %0, Ky ey Xn Lineasly depardedt.
(&) : Assume fuak X XKy B ,ﬂima.vﬁé ,,Aﬁyehétm\g. Thew
ﬁxlzs‘?——;---t\‘h Q’%ﬁ"ogv =
X R X Qim&b’%‘ dependent R o
abszxux‘)-;--an {ineart I.niapm&m{? ,,»\,,.Xeﬁpwixa,xg.[..-,Xm},
XiKiXe, .o Xn Qt‘weo.ﬁv,% Aape.vx&m{: | |
= xeV. ,
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Yg = (2,030 ,%3= (ti‘l ,,-‘7’4,9-) . Xq,,,?,(?,f&,,b‘ -0,

{‘"fvxi eLmV aud o

Sobbion

Sulficieat do fud Q_Qas

o Check  %Xixg,¥3.%¢ 1

et (In xe %5 xd)=

IR
0 -4 Y
6% -3
lo-5 ©

it

-1

-Q -
: ] )
-lo &

. Gn(kk XHXQ(Xa o
L oq -1 ]

Lel‘. Ai‘.’.% =1

L

=2 SuQ» (Atﬁ?)

1
%1

o
%
i
[
2
0

9
0
3

=0 = Xqu,)ﬁg,Xq ngeay'[é

‘X
2
0
5

92 "5; N
0
>

;r-*-\v o f)~9§

1 2 -1
) [ 20 9 |2

¥
PO

>
L

L9 -1

2L 2

L%

dependedt

03 -3

2 .

gegomamz Cow{tlfm gbr (a 8. d)eV.

-9 ¢
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Swe: v 1

Cdeb A e
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j
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o (Ttas
Sud (Am) =

Since

0
Ae{Aa;}a =192 o0 -9

o o3

=ommaa{&
RS

Jt a3zt )
detAia= 19 0 -2 =

€

QAR - o

st

2 o -9/
QN &) (3
= %Al?.‘i r Aiﬂ& - Aw.&- 2

| 20-2H]0 36 |,

M
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e
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e b
{1
w O o

l2i9=0

R

 %&)23
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L Lei Ala.: (i
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i
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Xio¥e X3 gmeor% clqyen&zu{; =

X, Xa, ¥q. Qmeqvfl‘é AQ_pe.\eryz£

= V= SY&MSLX; Ko X3, % § = Fpan g.xu‘{-ﬁ—%
and %e*erfe S
, ELV SV'&W%K lxi% = 51)4“)(9,75 gwxs 09 Vv =

L X Xa Qmear%ﬁniﬁpﬁh&enﬁ e .

| %XU‘M, Qmmvﬂa mclegemleu(f

* Beﬂowgm"\ cw«bl‘m xgwr v. -

Lt xs C«a Q[c.{eDe{R‘i, and. e{@,QM&
[taa]l

A=-L ?‘,s X?-X] = ‘lﬁ@ =

- N
I U B S N W
=S4(A=3120 £
o 03 ¢

% A“AQ{A%}W% L3 N
We cQﬁchaIe the sle,kvmmw:}s o A Aa,/lz,Aq :

11 2 a (-2
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- \ -4 - mzmm( 20300 = Ca-30 -k
e

| agd |
debhg- |

|

‘i @
3 { 4 .

&0 O

=(-0-4. ~{,“9&~9~,¢& l =-(-50-9(a- 9ﬂ~cD>=
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12 a 637

c 13 c

—

—
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3
-9
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15 -Batd |
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0% 4 4y ,61& e 3cza~

L la(esD- (9e]=-36-2c46d

-

e

- Maw awbuwc& R

xe V& xe s{)ay\%%“xa-ﬁ & S
& X ,Xe X -qme_oxh Aeoem.&wjﬁ &) R
b3VA€Su%([X1\<9.X]) Ae{A -0 & o
,%),n,ote{_A, o\ detAas o/(éei A3 =} Acl.e}cAQ =0

& ba f.qu,.—..;t,t_,c;:.QA,?—Q&SQ-Q&,?;OA:@Q,%SQ{’%;L o
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,mm&yﬁwwmmwwmwm
| Vx e\"e’\ %(x) = Smax o
VKG‘R h(.lQ‘CoS X

}mé\ qu dimension 09 V epa\ngg(% \4}

.. C‘neck fl% Xz\

. (Oe \noi'c ‘“m- o
 Yxe®: C %Hn)(x)— 5()0%00 = squ foost

ad=lo =
=2 ?— %*\-\4 = QESQM i% ks =2. gé}‘n ,Qmear% .sLepewlern{,
- o Clek gk

e wil Sme '}{OQ{: V%;Agelﬁ %/\9\14 =0 7gs. AQ. @>

Let gqué!p\ be 31\/\?‘4 ASSume Mna.é Aé‘cﬁgh =0 (@

ﬂnCVl

Vet - (A, %’c/\g}n) Cx) (ﬁ %)(‘é) +(ﬁg_w (\a\ ﬂgg(x)fgg(/\(\@
| - '\lsm x#ﬁacos < (» o
From () aud (%) : anﬁ Axstmgx%g\icosix o

v}:ef X=0 ﬂxSm?'O'*{XQ_CoS?‘O =0 = Oﬁ 4&?\9_-—0 = ga O
hr x=n/2: Aisint@/a) + Mg cos2af/2) =0 >iﬁ &Oﬁ\‘; o =>

. o ==')g\;. 0.
1 Pf.:wzw Mrat

Wu%acﬁl (g34f\ek o=, Aq_»eﬂ =
=7 %\a Qmen.f% m&pem&m{: Y. 7
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| va (1 cwz& (‘0 e
%2 b ﬁme«v%, viepewéew =
a ‘q ﬂme«v% m&e endent
e V= Spav. 32, 3 b3z span i‘a kg
e (@) end (8): o
SZV- span 3%1\03 = 33}3 ﬁq.w g V""">
°6 L Qmeaf% wi ewlewt L
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O b ws defiwe

Q @ D

H(aﬁ,()),\a}(_ et ¢ |
%% -%0i%c a-2c

tzmo\. ComSw‘e;r 'Hae Sejc o

V=3Kb0 | (a ko) emg -

SL‘now Hm-lt V o6 WQs{M—Cﬂ,og Haﬂ@) cmci o\akwnme |

oo dimension SimV.

Sog,ubom. .
We V;OL: Wajt
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O

Mool J[ot o
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N ‘HI ?oﬁﬂows -h-\a{ S
V= %H(a%c)\a@cemg“ |
= %G—AH-Q,A‘L{—CA?, \ al,c 61?\%
= Span % A;‘AQ.,A,.%.} oy
- Fvem (1) .\I— Sugsimca o? Hg_(\,@ -
. Uneck A“Aq. Ag &e?mé\cwce e
et a b, clr fe ;%wen Assuwza %‘c aAa%@A«;_%cAa
It Pemows ‘}\GQ{ o
fa ¢ < ] o o |
lgc a-3c . & 1= K4 G),.'-’_,;Q_A; *Qigjfi Azf (£
38 -38t%2c o-3c 1
= az0Ab=0 kc=0 = (0.4@ rb (Ooo)
~ We lave km&& Showi,
Va bocel: CQA;'\EQAQ,{CA% 0 —? C& 8, c:) (o 0£o7>“'>
= }q,Aa,A; vaeojfxé Mélflevxé.ohﬁ. (0
Fom (0 oud (- S B
il V- span 1A, Ag, Aazs =y
At,(Ae_iAa, Qmeqv% MA-’ZPQ,WA—QW.{:_ _ o
= 3./&\5}&%(.A"ﬁk'gw_.‘.,,“,Q?Q'Si‘S«._92”.;’,\({,,‘?’,“’>., o
= dimV = \%AU Aql,}tz’gl.",%
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JJ LC{ A H‘l 9.1 CMA ComS&cleT 'uqe. SPQ,(Q ~v 6“&‘1 Qé -
V-iXeNg () s Ax=xAl |
 Show l’ho&, Vi a SuQG[)O»CQ b? Hz GR) o.v;ak.

® Dekv‘mme V o
let X= { ] e wele Bak
c &

YeV 4 Xe §XeMal®): AX=XAY & Ax=XALD

el el de

=) ., ailc @*HJ = [G ‘3—&*@’] &
L e 4 Lc %ctd

 Yeatle=a  (%c=0 o

5 4 c-c %m ho%«l
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N 9(€V4‘3 aa @elﬂ X = &Al %gA9~4~3 XC syQM{A“AQZJ
and tocrefore V= spon 1A, Ag S
C Fon O V suBspece of Ko ().

e ek AepemAewca og Al A&;

Lejt a, @el& e givon . Assaume ’kna.-{: QAA*BAg,» -

{0» _% } = an 4'@/49_..”&,“%__ [O HQ] == a= Qz—O , |
L0y . kO o

,, T\au&

o ,/> A\;ﬂg. mea.@u mélomao(zzu{ C‘)-) B
 Fom () avd (-9—7

% Vespnih Ae} = S hiAed Bosis oV
LAk Uineorl i h&pw&njﬂ R
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& Gven x=(4,9,3%), u= Gr4,s), 2= (5,2, aud

W:(g‘\‘l, 133 . S\nom %qjt SV&W%X%‘% = 5()qn§'%,\,13.
Sofluio

ld A = {»‘ - :{ e Sul ([x &éﬂ =

% 4
Sdd A =14-CD-2=412:640 =
= ¥, Livear tndepended. (0
Lt Ai[“ %]ei@(h w]) =
8 9
= del Ag = C~1)-&—(-9)»‘t=-9&%= e £0=>
=) 2,W L’weav (‘mdepew&eu(: | (v
we, QQSO \no('e {'.
L s i-0(¢» (1 4 -5
Ae{([x%z]\)= 92 4 2 U =lo 6 19|=
3 5 4 o ¢ 6
i -t -5}
=6b-8-lo 1 9l =0 =
o |\ 9 :(

= X4z ﬁ:ww% dopendoat g => 2 eSpan 1xuF (@
X(\é f.imeo.v!lé l'wAepemdevn’; N

{ -\ 9 | (-9 (-2 1 -1 »9
del ({x x wl)=

9 4y (9| (= o ¢ -6
2 S5 |9

o 8 -%
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5—&‘5\

=6-%-J0 | 1| =20=>
c 1 -i

= X W linearly dependent k=-> we Spavifx,43. (W

X"é‘ ﬁthQVLé im«lepenie% o

From (3) ()

Wi2 € Span %x,té'é = Yaefh: (az+bw) € span SZX‘BS =

= spantzwi= 1azebw | o B ek ¢ span fxyl =

= span 12.W3 € Span ik} (s2 |

Fuv Wy evim ore - )

-5 3 (-9 (-® { -5 9

9 (9 «-}/} =10 |9 -b| =
{19 6 -© ,
{

i
det ([xz wl)= |2
%

0
1 -5 o
=b6-%-|o0 ‘,l~ij=0—"ﬁ>
o 9@ -1

=5 ‘)(""’2: (W giuéqvf/\é clapéﬁcl.ek{ i =5 Xé S?M i? (w’g (6) .
Ew ﬁineavfu fvz&epe.w&em[:

-l -% o9 |4 5 ‘4 -5 9
«id([\éz wD:|4 9 ‘i_j = | o -18 4
S |

{ 19 o -924 (Y

]
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-5 09
=6-8-] 0 -3 6|5~ 0=
o 5 8|
= ‘lé}l%‘\d Qihe.m% &epem&_v{l: %;.—) jes{;mh‘w} (#
Ew -Q‘{WCQV% l.Vl(l.QPQVuLQnE : ‘
Fom (O Lk (-
X(\ée Span S\% (WZ:. =y Vo-t.@ ¢ (o—x&gé) e s‘?w\%?:twvi ~
= spmixt«é‘):%oxw \d,ﬁé‘ﬂg Q.S{)ami’i-bw@ =)
= Spawm ?_zc;g;g spo 1Z,wl. (>

From (8) and (&:
5( 59@2?:,\:1% =1 Spon {Xué;( = spm{&:}fb = Spo.w{’t‘lwg.
§poun %%33 c spanizwh
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EXER CSES

et x= (48,20, y=(12,40), and 2= (14 -2 -9,
Fiud o boit awd e dtmension of V= spau fxy 25.
@ Lt x=(1,4,-9,9) oud y= (1,22.0), and &eane
V= Spon %)ﬂg%. sz?ﬂove w\«ekq-e\r = C@-A‘t,“?‘t, 1) Qezowas ’}v v,
@ let x=(2.1.0), \é‘—' C&,«L‘D, ond 2=0032,49), and iegx‘ne
V: s()om i)ﬂl‘é‘%’s. Show ‘pnq{: ‘
(k) eV&E da-U8-%c=0
63 Lk x=C14,0, y=(Ub,0) 22 (02,0, dund W= (302D
Shew Haal Span ix[éi = $pan 47 Wb
(.HML K Fivsg. we use theox A-leem&a\ace avid (hclepew&emce _
fo show Hrak z.We ;pomix%'? owm{. XLHGSPQW %ng.) |
@ [f x= Ci,‘L,‘L) ) %z(‘i‘h%},w& 2 =03,32,4) . Show
that 2 ecpom {X‘lég .
62 Find the dimension and a asis o the sulbspae FIR)
Svav;éiéi Qa'- :
) VxeR- Yexy = sinx cosx 8) iVxem: Q(\O'—' Stk x
5 Ve : %LK): Sin2x Yy er: %(K)f'cosisc

VxeR = ) = cosix [ VXE(K‘. h 0= 4 cosIx
;7 VXC'{K : ?C\Q = guly CL\) VXGR" ‘P(K) = )cex
VX&R'» %UQ = Cosa‘% VXE’@.‘— 0= )(i Ex

VXEIK: (O =cosIx Vxet?c- &)= X2e¥
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2¢ aif
V=1H(e )| 0. beR}
Show that YV is o sullcpace of Mo (R) aud Fud
o basts oud Hie dimeusion of V.
@ Lel atbsc  Gic m%j
Hlabc)=| a-bic cia Bic

eib-c  arb cio
and define V={M@,8.0) la,b,c e®3. Show Jhdh
'\f 5 a ;uQspaca 02 Hg_(lﬂ) aud Q;V.A Q Qasis avd

{"’m dimension o? V.

Let M(a @)= [7)61{@ 1a ] avd cLeRx'uer
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LIN7: Vector Spaces — Theory Questions
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~ TREORY QUESTIoNs oN VECToR SPACES

¥ Lol cpercbiows
O ek e definition of an operakion?
@ What \S;\Ae &egumz'wh Ol‘f on nbgvial

OPEV{G.;:(Q n ? s

. @ et % e an m\tmsicpero}wm on a s A%ﬁ
Stk he necessary oud sullicient condibion for

de ,&Mpwimz stalemente

&) % IS asociabve
Q) » is commatnbve

QA e is a wnit e lewent Og' (A,éﬂ .
4 % i NOT essociabive

@) % {5 NoT covmulative o
D) e is NOoT a umb element of (ALY

| @ Lef: ¥ Qe . Qm i"i"ﬁw’lal , Q[Ze,ro}?'mq, .6h /3z ,u&h uuié'—

elewent ech . 1F a0l e A wrik e neceran.
and. §u22i __C,xenl.b COW?L{;HOV:”,‘,_.,&( k&e . Sl\aleme.n{? ,

Q(,&(. 6re S.l(axm,nae‘i'vi_cf, o

(3) Show et if & s o tabenaal operabion i A wilh

e a ,u.m:L,,,, e,szLwJC , ‘lf\v\evx.;.:!’f/_m,jc _&Lv.u‘,zl _‘,,_.tQamem{'-k (s .,um{,qufz, o |

Shole aud prove M _;covrespev:ifmam mothematical
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| Shew %Q{T 12 X Is ,u,mwe,sso,ciakve_ .iwlevvza»q , ,
o .o[)evou,i'm.vz Y A w\“ao. wmit eﬂgme»& eck ; he\em
&‘713 eQ_w«zu{: .O»EA, ,Ccuua{ : Lwe_ ‘more kaam ohe
, siavnme.l-vi,g eQevneu'!: U,!l.! EAS{‘QL\'_QWCL ?VDVQ %Q
co(respovw\im.% Ma\’gf\zmo‘hwﬁsﬁw«m{: .
@ L x Do an inlermal ,,.OF?JBA“IW\ ou. A and. 9@{ ALS‘ A
B o subset of A . When do o Soq ot “HU s
, cQosecL ,,F,.On 4‘/12,, Set AL? -
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O LaE * Qe an MXQ\MQQ OQQ(O}IOV] on U EMA. ﬁz/@
6oV ke ,m_,,,,sug). dof V. Gie tne debnbos

93 (G' ’\0 > & %vou o
L) (6,%) s om uﬂeean %\rou?

D L&% X @e awn m&t!va “ ey;p.gﬂom ow U (UAJ\ M
GcU be o subsed og D Cﬂve, Yo Wporem S%}mé
H,,Q Su%c‘&«l: Comi.(%ows gw slnou,uwé "Hta}: CG—; ic)

WS CL%}OULF

. Lei CG;%} Q;e o %ve chQy% Q.CG- QW,M
s%mmeﬂfnc demadt  of o . Prove dhak-
@ Yede Gt C&w\:@’ Ak o
) YeeG: a’26  (nole: Ca’)’ ), L
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fV, \]ec\#*’ Spaes

@ Wead s R defiakion of an edemal operation 2
@ Whdk & e definkion of o real vedor space?

O Show el 12 (V, 4+, 3 s a \-mQ VQJcov sPocQ
J(‘Ao,w C\r +) is an ebeliav %\rouf

@\.@Jt (,V+>Q>QQVQJ~0YSQLQ QMELQR}—Q@Q
e wnd element o} e %mup CV +). Show that:
o) YAeR: Ao = @ | | |
2) \dxev Dy =6



230

References
The following references were consulted during the preparation of these lecture notes.

(1) A. Pistofides (1992), “Algebra IV", unpublished lecture notes.
(2) K. Gkatzoulis and M. Karamavrou (1988), “Linear Algebra", Ekdoseis ZHTH.
(3) T.M. Apostol (1969), “Calculus, Vol. 2", Wiley.

Lecture notes by Pistofides are available for download at

http://www.math.utpa.edu/If/OGS/pistofides.html



	LIN1: Brief introduction to Logic and Sets
	LIN2: Brief introduction to Proofs
	LIN3: Basic Linear Algebra
	LIN4: Determinants and Linear Systems
	LIN5: Eigenvalues and Eigenvectors
	LIN6: Vector Spaces
	LIN7: Vector Spaces – Theory Questions

