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h \.d % Such ‘haoj: }é%$ e avw(- Azziv\e hne 96{.” N
‘, M= SLch$ Yxeé-5m}:mex
- T\’tcvz - \= & .
C fed
B _[:rom, M,.e_ we@,-. ow&evmb ?hvsu /Qe, we b\abe ,
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Exmas 2
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v MQ«HI\OCL o? (V\&\u}w‘om

Leb 0€Z. ound detine Loa=3SXel | x2a? . The mellod
of tnduckion con Be wed To prove stodemeents of e
Poem:  ¥xeZa - pla.
v bosed on  Peands reoven:
Thwm = Let oeZ. Then- | |

{)(.a‘) true ggp Vxela: PCK)
Vxela : C{;(X)::‘;P(x{-a))

Tkt‘s h«eorem Con Qe_ S\nouv\ via H«e weQQ-ov-JQh‘wé ?riv\ci()ﬁe_

g Me{:laoé, t To show VXG—Za, : P(X\) %vwa

o, Fovr X=a | show that Y)(x) 5 dewe |
®g9 As&umz Wnat gor X=kzo , P(k) 1S l‘t'ue
* 32 Show %ai’ P(K%Q {'Ne

ey 1b goQQows; Wiok VXGZ«:«. :PC&) bua

EXAMPLES

o) Show Haat i%if%f—--%h:w ,VMGN—%K

P(oa‘?




80

For n=1 : Lus <1
RS < mGar) _ 42 _y
9 92
Ihas He  sholement v tewe.

F@V’ wn =1 ¢ Ovistvme «I'Lw\-!c
14943 ¢~ ¢ K= k(&)
o
ror n=ktl | we Lu{u 5L\ow S“Ae&

149626 - (k) = (KO (Kt )
9.

vayoe:
14943+ oo (e = DLt I+ Clt ) =

= KOKed 4 (ki) = (k0 (/g 41
T q

= (ke Ke2 (e (ke)
2 : 9.

1t Cllows Wk YmelN-tok: L4963 -tne nnk) g
9.

@) S)Aow %0& VVIGLN H 2$ Ciq‘n" L)
Proof

For n=0 : 9.1"‘1=‘2.0—&ti—1*9:%'0=ﬁ> 72\9,%"&_
/Fov nzk:i: oSfume %\a}c %[ C?.Q’k-o_
For nekil: e WL diow J{Loc(: @{@.9‘(“0——0.



// /\

(4 = Jeel: 2 -1=%
= Jacl: % =% +]

81

O ael sud b 23 =%kt T follow dab:

quleH) _ - qakte | 91%. 4| = 4 (3at)-|=

=12at4-1 = 12a42 =22 (4attd)

9 30em: 20 1290 (for A-Yatlel)
5 3| (gl )
e conclude [ vi\r&ud\'ov\, Hok

1

2 A TC VI o



82

EXEACSES
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»

RELATIONS AND FUNCTIONS

,‘ V C&v‘-esmw “)V“DELL}
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colledion of fwo eloweuls o aud & sudy faak it
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)’Iowevex , n prqr}zce, we QMJ\ t{ move u)tQuQ Fo

*

oo e pnﬁfzomiw  shaewond

(a,8) ¢ AXxB &> ael \GeB.

s We “U?.so deline A% = Ax AL

1t s eaty fo sec thak

Dxh=6g
hx@=g



EKAHPLES -

@) bor A=11,2% and B=193) cvalusle AxB,
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Sihc.e,, . , _
(e e AxBuO & xehhyeBoG
& xehlh (BGB‘ V\ée @

O(xe AN y € BV (X;ek}\g e CJ
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A Show dnet; for sels }‘{J?,C: |
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=) Jael: CXEQA GA&X%#B&) o
= Jacl: [CXGGA%eAQA (x¢q V%Ef Ba, €
= 3act: (Cx%)e(:xAmA (xec fu e o
7 = Feel: (ke G ha A (x, )fQXBm

= Jeel: (*mé)c (Cx Aol - (QXBa)

2 g e U TCexhod - (axp) |
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EXERCSES
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6cl acl uet

@ SLWW h"“‘& s\or A,B se“)‘
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TR PR A lx),;(c,.kg),h&\é)%w - -
_ and AS‘-%V& $ :51(2“('3 and. T= {0\(&75; e
- A :2(1)@ < Ost&ui’0=?(,®'5 =g
but
 Hw=x Mo =\é=7¥(53=19( ) =5L¥d3§ S
- h@ev Al TR =205l = vy
B ICURGER PRNEATAER ) BN
_drom G(\ W and E“{(‘?—) S
Aot ot

L—" Proo? fvg(emwwgﬁacanﬁawmg challlon e

T shalemedt 200D =19 X0 o e True bor

| Some. haies .o,,z,,ﬁtT.‘umeQoﬂ)e for obher dsices .
e e Ogﬁfl' Caun 30w¥ml “allruate LWM),&( ST

dov whihh Ho ralement iy due?



118
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o $an = alo
D Y- =-fcs-1
b e wll Loer staw et Higse skalewzems con e

gire wed lg oddthounod Qﬁs“"’?{"ﬁ?"" °Q°“£ '9‘”'&
wbvoduced.

O LeJc -9 A-‘g Qe vevx MJ« Q{,‘L So. SuCL\ H/laé

; Vo.el §u.. C‘A bdtul 1 an i\qiex $e{ Slqow ‘ww;k
20 8) = U

oel éel

DEIGUEA TN RTEN
, - oet

u.EI



119

~ VOne-to-one ma??m%\s/ gm,chgsas .

L BB e g, e g ot

2 ,Ohe.f','\',‘)rb‘(l@.é’-b V ) ST 7 eA B (9’ (%9 ;,g(,xq.)‘,v—-? X :&9.) J ,

> Ve,“ﬂ, A_i,aav%m,, im,,\er'gkewo\n,: 1:4 o .Q»xe.-fmoue,

ma'gginwa,,, every ?Oiu“i m the mﬁa QU:) ,&ecelves;.,om%

one. incamlmé ByYow .

— fw

/ g {s one-to—oue

Sine pq = pAT, e megakion of fhe ollore debinition

 yeads:

| Q is NOT oue-do-oume,
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b He%oio@oa&&
To derive ;raLgM€W\LS 02 Hae ?MM A=B=> C=D we
we He o llowin yrogevjri@ o vea wumbers
N We wou add [cancel any nunder b Goth  sides
og oN e,c{uQ.HoV)'-
; AVu,x‘éeﬁz\i CX :5 & aiXx ==Q+g)
2 We can a.Quuwés add or wulki F% LR tﬂuajdows
V&,Q:‘xuéeﬁ{: (=4 Ax:g =5 atk :Qﬁg)
Va kb, x‘%EL?L‘-‘CowQ) A x=y = ox < by)
,3> We cow Vnwm:i?}ﬁ &Vzé number ~[’u Qo siie.s og

aw eﬂua}l““} K
N Voxy eR: (x=y = ax=ay
uowe\cer ¢ Cownvevie cLoeS vzoe work QM‘ o=0.

Ux‘ﬁn “«e Q“ES“KTCCJHDV\ &—%D we I/LMC
quéeﬁ: V&eﬂ?v-%o%: (x—: %i—*7;~a><=a55 }
L{) We caw vaise ,@eun \%

Sides of an eqmo}iow to m}ﬂ
i\niﬁ%&r power: -

- VX%GK: Yrnel- (X-z\é => XV‘:?\“)
1 general Me converse does mof work. Howery, if
we  fequire ,\n%o aud A(‘S{“iﬂzwiﬁ{n Betveen odd awd
even powers, Wwe have » , |
Vi eR: YomeZ o (A =ym™ s oy

Wy eR YnezZ-908: (X%:g?‘"éﬁ: X=g V X=*g>

5) Fo.(ékc& Cquation:

Yo,k eh: (ol -0 a=oV &=0)
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o Exmees

;, S;.\ Covsider +the Qumc}wm

VxeR-303 : Poor = XX

 Show ddk 0o 5 ¥ oveto-one.
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Assume an,Jc ,.aff/O. LQJC Xuxget?w%a'% Qe fbiveﬁ ,%_LH , ,
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Xi-o  Xg-a

= (ke lkg-a) XU L (ke (o) X2
X(-a , Xg -

-2 Nilxg-o) = Xolx-a) =D XXg —a¥[ = XXg-2Xg
= ey = —eXg %=> Y =Xg o

afo |
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Vxexg e lR-9a3 EIN =0 =5 X 0= X2)
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 we veed e a'sSuvneRouw,Q%Q“,wo{&lmube e
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o ald ¥—A-E@z 3\‘venavz0\Q££ oA oud T&A
S § — S‘now h,\afk _ S
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9 (Axes ho=y) A GreT: by
=y by A“ge D =
= gefnf (D,

) L e T e given, Then:
Yy 4¢3} (\QLT):?‘A e!@(g)_}\ ye éh)@ |

=3 %3%5:%@ =%
dveT g(\@'—i‘gf
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EXERUSES

@ Show  Hhat P Eoﬁﬂomvté gwr\f}t;@'f@ _are  one-to—oue.
o) Yxe®: Yo0=3x%+9

B Yxelopgoy: L= 9xt+s

&) V¥xel: ?—(zc}r— oxth with a;@&[Z A&%o

&) Yyxel: fo0= (253 %175

O VxeR-50%: L0a=alx  wik o,ctR/\a#o |

g) VXe@l—’EﬂéJc—??,gC&)——, QX+Q’ with ab,c LeR
) ; CXHL o ael.-@c 71-0
@ Show a{ gzvr V‘Xel& QOC? axq'{—ﬁx{-c but“a

o l.ceR omd ado s ot owe-to Zoue.
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’V?A-QX (,el: SL\ow ‘H’lQ{I
2 one- to-one = pr( ﬂ %tx) ﬂ £C$a>

ael el
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T shes M@ o B

e Led X“)(&_CB Ee» wven uhkr\ X <Xq..
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M e = Py Pk = Bra46)— (3xit9)=
=5 (Xg-%X
L Since  Xi4Xg = Xga-X| >0=>
D 3(xe-XA>0 =
Dy vo

2Py <P

o Thas s YxexgelRs Goy<xg = ?cmdaco) = Q,Z‘tR.,,
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$ 0 Jutow

et xixg€ (ita) Lo given with x<xq.
Then: |
AQ(x‘lng): Q(xq,)vgth)zLQX‘L __2x
Xg—1 X—wi
C Ixg (v =) =% (xe-D _
(x-1) (kg1
. Ixxg—9xe ~9I¥iXg +9X¢ -
(Xr-&.) (Xg.-* L)
o "9xe 49x _ 2(x\-¥e)

(x-0(xg-0)  (x-0lxg-v)

Since X(<Xxg => X(-Xq L0 .

x,e(l to) =2 x, YL = X -L>0
Xg €(A 4w) = Xa ¥ =) Xg9-170

| {’l’:ewepure AQ (x, xq) K0 = 9()(9_) f%)f(z(\) £0 =

=) 2 (x> g(}iq)

: T“\u& :

VXNXQGCLﬁb)‘- Cxl <.)(q_ =) Q—CKQ >2CXQ)>:’>
= 04 U4 o).

O Show Hat Py = xTtSx+6 s shictly
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Let X X9, e(";/@,'!@) - de 3;\/&/\ Cwith X1 4Xq
Lodhen
= erz‘“)(f') +9(ngXD: o
= C)(q,-fXQ(Xq_.{'Xt){'C?(XQ:\Lx) =
| L= (%% (xgtx49)
. Gince X, dXg = Xg-X >0 (VM
¥ €(-5/2 1) = X5 ~,—.SV!%.W§<_,¢> o
- Xxge(-%/g, tw)=> X9 > —5[9. R
=2 X(#Xe > ~9/2-5/9 = -5 = xit¥Xq+ G0 (@
From 0 and @:

A exa) Yo P -Pad o = R <P
¥ xaxee (-9(2, o) (xi<xg =7 8 < Rixa)) =5
L= P2 C-5/a, 4>

g

b For quedehc Pea-axt@xic, mooomich
i ,_chaufbes, ob Hhe ;_\,QN‘S,.\,;oQ,S%mﬂme{'rg; dt x=-0/20_
}—‘ In addition to te uswal grogerties, if 05 good

to kvow Yhe ?eﬁﬁowmg additional P roperke?:, I
) We can add two inequallitres il “ﬂé’g[mx\/e B

- We came divedion: e
| o\.>!2,;g.-.», atx > QJ;S S
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,.1) b)e, can m«ﬂtf% huo lwequ.a..asl’les 12 u’\e L\m o
e some  direcon  AND all sides ase P05‘TWE{,W_M
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NX>%>OWWWA

%) e tan raise an Ine uaﬁt}g o oSZI:t\re L

power :?’ Qo stdes of {l/\x_ mequ,qﬁxfém |

05!HV6 R

O«>Q>>O%~§o, >ePyo
pzo Y |

ey, a»Bro= {X>{T Yo e SV

4) We can  rvaise awm ‘"Q“é“&*}} Jo o e oiwe

 power R Qolln sides o the in equalin m |

Vos;l-'nve @w} Yhen kne A»lrﬁchom .BE .
 inequal: *‘3 is pevevsed . o - -

o>k zo0 % = O(O. < gV\

- wn<ko

63 ‘o.>Q>o~>> 0 < i 42) ;Qov n=-1.

o

Ue . ovn -“aesa pre«vhef l'\eoualg Pw “kﬂé \

_ S‘Av\“qe,{'!c md’koel_ Uc QQ—SO mﬂﬁL U/\L goﬂeowm% prcWOus%M
_en l’TOVleA— P?OPCV{'ICJ e
- 5) x<»é = Xtao 4\330..
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I" Sundhckie Mebod

- To S'now 'Hnﬂ.{' ?I B _©or QJ\)B ,
e et xixgeB Ge given wbHa Xf.(Xg o
%9 Use a Sequenice of &eéuchows {'s s[no«u {{«oi

X A Xg =2 e = P £ Lk

Kidxag =5 eer e L)Yl
hSlné H«r_ a@ove ?VO?CATQS op £ne;1uqﬂxhe—}
L3 Weg up He avgument.

EXAMPLES

o) For D=3 (1902 show ot PNGif2a0
S?thom_, SO S

Le’c X4 X9 € Cilﬁ h») Ee %(Veh Wlk"l x¢<><g TLLM
L% <KX= ~Ix P -Axg = -9 S L 2xg &
L=y 0<9x-1<9x%q-1 [becawse x73/2 qukilfl]
L U)

= (0002 < (xg- D2 (1maxd? < (-9x)*
L= = (=900 ¥ - (9% )% = 3-(1-2x)* >3- (4-92xg)?

o= o>k

 They: VX“XQGCUQ. tw) CX((XQ"??(){.Q}Q(}(QD)

= PN Qe e
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; ¥ Uemuﬂ—;pﬂé me«f(u.a.QJ‘é . wg}'q-—i {Oehsw-ek«a& B
A @oH« s‘:AG} [ .?osi Live_ Qe?‘*rﬁ %ofha QL\QOL‘(\ and

CxeeCGley S -1KX <o = 4y x>z 0 =2 {5 ()=

. Xq € C-,(¢;0)"""‘>,‘",="?,1‘“Xg?7>0 S ()

Squqﬂncb ‘ lL .

kg Here we ue x2=(-x)2

b Lt ohe solubion you deuld Ge olte ko

; L&an% w‘mc{'\ l‘heqka,ai('g 'l?vopsz'é 5 used
at every. de‘v., I

0 For P Bl 4R  show deat P JAL0)

Solubow

L Let wixg € (-t.0) Qe %wenSuLL\‘n\o:{ X %Xgq . ~%gx, :
LX LXg = Bx < DRg = Ix 4L L Bxg (1)
Lo X LXg = X > -%g920 ‘-=-=>("KL)‘)' ?(f'}(,z)q' =y \C;Q’>XZ" o
o= e oxg = AxE KA-xgd @

= I5xt= A-x2y0o 3

| From @, 03,0 , it Follows Wak

o< oxa<clox? sy Vicxg eVt @



133

. From (1) aud (5) ;o‘iimg bhe !MQWJJ'IGS S
Ll VA% 2 < Fxg b lVA-xE =
ot <o
T ¥xoxee (1,00 (xi<xg = Peca<fuxd)
. =2 ?—f(—l.p) e e e e s e e o

b Nk Bt feloe ve mie wa inequally

to  ang Power e have to euwsare/ check Hal

Qobin sides of %emecluaﬂJé areyon bve.
 Thes in Hae olove:
X <xg = XE<xo® is WRoNG
Smce X1<0 aud xg9<0. be ccw&pwe AN

L—’ Nole Hhat it was hecessam% to inlevrupt k""w

" main Live 0? Re argument:

,, ‘,!',9 show  thal &*X;?~>9 aud i#)&,,q?’} o. .
Nole the corelul wse of equakton faBely Yo
| lnlewug{: Cound restwrt our moin Ourav.me.n{:

. e) For g(’(l‘—' { S Sl’low 'h'mlt .?.J(-——m,-—ﬁ) .

- Xt
Solubion

Leb ¥ %9 € (*00, -V3.) be given wilh %, {Xg. .
Then
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CX(<Xg = =S -%Xa Yo = (- x;\1>£:xq_)3f:> x> x&
= Xt-2% xF-2

Mo mee that . :
X € (oo, ~12) = Xy <- E = - xpfi = C—~xa‘>~2.~> -
D xAve = X*=1>0. (@
¥ cu/lal. siyai Qw el -T1) = xF-9%0 (3).

. Frowm L‘ie),«aué—.“(?) s

XE-9S> XF-9%r0 = i < A = 20@ {0

R o S 21 A
Tk Polows Wt
,. V;,\x“xqie (o, -1%) = ( X K¥Xg =2 ,g,(x,») < g,Cx@)’
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EXERCISES

Use ‘[’{n( an al: L(c. er“nocl_ L ie‘e\rmimc -Hqg Wovs v\g‘d&é
, Og 'Rne_ Qo@owiuz} deiovz; ,
a) Q()O= 25+ 2 ow K
@) QOQ: S-Lt)( own W\
c) Loy - X*_xt6 on (-e0,9)
& Loy xtl on (-9.,i®)
Y49

Qe X8 o0 (o, -UD
2x

Diws=(249%3 on (w,-92"
.%3 EOO:: (x-0(9%+0  on (1,4 |

@ Use the sxzwsrhdw‘c. methed 1o &iéigvmimq fhe j}\/\omo{‘ov\icf}\é
02 e gv@owx‘u.% gumcgonﬁ '

o) g()‘f?: 5%-2  on K

é) $60=9-7¢  ou K

O Y= (2x192 +1 o (04

Py g(X): (2-50%-% ou (o LHeo)

&) Ypa= -2 on (04

| 9x*4%

9 ?(x): \)9-)(*& oy (1,4w)

0 0= 23T 0w (0,0
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W e -trafs- (02 ou M,~Q
1) %o = 2xt9 -h/xu | ou (0, te0)
P = (2-OVar L on (44

® Let Yoo--thk |, Vxeloo, 00040
&) Show that Q'I (-0,0) owd ?',f (o o0,
) Nom, show that the S{ﬂkmen% «QI (@ o) (o, 4e)
s FALSE!

L—> This exerchre Vvovée&ls &;.,wunkrexqm()& Lo the

,Qoﬁse Co«zSQ,CM -
Y2 A A0 2)s = ¥ 7 huhg e— Farces

UxelR-§-dl3: Pog= oxtl
cxed o
Q-AcL c{ag‘ine D’— Q&-@Q. Sme__'I'faoo{”
) >0 = (3 Lo, i) A L7 (e 4o0)
O D<o = (AN Codfd M (die o)

@ COVIEHLQY “Hne %mu%‘t‘on |

@ Lt ?A*l?\ with A&M,.@ﬂm gumc%’eﬂ. Show %aﬁ
a) g,? A = Q ovie —ho -oue | o
) ANA 5 ¥ one-toeome
(uiulzl Use praog ﬂ’é Covx%mch‘c]don),, |
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VAp,gdnm, o,mL ?Voper-he.s og mapyimés /—gumr}('ov‘ls

= To voper ACQMQ a Wioppivg oy gunc{iou g,‘ we hove
to JZQMQLAQ)«{L, e iomqin? %ciomd) 02 ) ond the
EX(Ivedsiov Q(X) | |
> Equaliby and yestricion of mappings
. Leé B‘BU Qe, '}wo mg{)eiu%s. We Saoa h,.ci
2:34—@ % d,om@) r—clam(é):A
| ¥xeh : J 0 :%(x)
o let \Q:,AAB le o Mo.pgivua and fet S A e
define dhe vesbricion NS ay follows:
i&om(.gl“gj“'ﬁ |
¥xes + ($DS)G0 - |
b Macbra of fundious L
e L&U fe F(A) and G F(B) (e i’uo real-valued Duncions
ond (et AeR . We debine -h?f" QQ, 2% as 2o ws:
3 dom (g{oe) :&ovv\@)ﬂ&om(a): Anp
Yxe AaB - (Qwa)(x) = QU<)+2()<)
ﬁzaxm OB dom (D= A
Yxek: (AD0) = Ao -
3 dom (‘?%): otom(‘g)nﬁlow(%) = Aﬂg
Vxe AOB:‘UB%)(X) :Q'OO%L\O |
+ Nole that (@ the dowotn oF Py 5 wel gven, Hen
Q% dedodl we ossume +he widest possille subset o4 R
S;ef whida 2oy can Qe e\fo.’lu.akei
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B 0dd and cuen guvxchovxs S
el oA o AR Ge o Dundion. e soy Mt
12 evenn & VX € A: C*X!&AA?@K):g(K)) o |
Cdodd © Yxed: Gxeabdew=-fw)

‘}\Sok \H/\al‘. in ovder Qw Q ‘}*0 v@Q R oV oé.eg-! a ,
. Vxecebscmé condifm 0 #{/mJC s dowain A 1/1&,) b ﬁe
Y m&v\aktc,, avouui %e On%m} 1.2 VXEA’- -X € A - B

lé H'\@ !;ovnaivx (s hoix Sg‘ﬂ\me{ﬂ‘c) ;Hae% ‘!’L)a zzmo{iow (o QQ

neither even wor odd o

> Bounded QumLHMS o .
oLt AR wilh AcR de agwojtiovz,, ond b

F upper Bounded on $ &0 TaeR: Yxes: fw<a
¥ lower Boauded. on See Jock: VXE,S‘- QCX)?'/@,

3 Q)ouw&ol. on 5‘,@ i ’9 Upper Qoun&e,ol oun S
2 Qﬂww ,QQ&L\A{.‘L On $

” A’ We will viow chow #ha o
Thw = ¢ Bounded on S &3 o\e(,ogm)lVXe%\Qi\é)\é oL

(=) Assume ot QQO(MA&GL on 9. Then.

i ouuded ow ?.v =) ?Qla\uev Bounbed on $ E :
5 JoueR: ¥xes - doaye

-g Qounded on % = 19 upger boandedl 0w 3
’ A dagelR: ¥xes : £60 Log -
Ut\oase &l,&Qe\?\ Such l/’m:ﬂk VXE§ . &b{g(’()ﬁ Q..
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Degme o =Wax Slla‘hiaatg, o
C We will show fhat Vxe$: [Pl <o
leb xes be zi\{cm, Then S
o Cog ¢ lagh Smoxd ol itegd = o Lo o W)
Lz z -lad 2 —woaxilal logd =~ 5lwz-a (@
Fom (O aud () - | |
~aétoo o= Wl o
and theelore Yxe ¢ ¢ \lealda
We have L‘aus showy qu.’c Jo ¢ Col,fca)‘-VXG$ % WL\O)«{,&.
(€ Assume Moot Joc o0 :¥xeS: Jwl Lo
Let wed fe given. Then P <l €a and
oz -eolz —a. 1E Bllows #ab
, 5[ VxeS : Q(}c) £a 373 g UWU»@O\W]AQJ* on ‘3 =
VX€$= ?Cx)?——f». Q lower Bownded. o S
= g Q\oum‘.ﬁi Oh % .8

*~—> T.v: a%uwvzenjrs, MVsQVimb a@mMe V‘Qﬂnes, we.  wge 1%\&

goﬁ@@u)im? P\foqerjcles“
Voclkh: —lalgoaglad
Vo lef: latdl <ladelgl
- Valbel: la-t| & lodslel
Yo, teR: labl = [o]l8]

Vaclh: YheR-10%: {%\:Jl%_ |
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 EXAMPLES

a) Given he gwac}iovss, ‘?(‘gq_GF(A) ook %u%ie*‘:(i@
$\nou %«m{ , _9 : 3
1&:99. )\ ), = 8o =P T1+9q, = tatdg
Solubign % & | 0 ?

Assume that -Ql:Qa.A%\f—%i. Thew

dem (I %%O = dow () N down Cg& - AnB =

 dom (22{'3@'- dom (‘QQ)“ down %9) = A[)E ,

= dowm (%‘c%x) = dowr CQ?J'%Q) . W

We will show: Yxeha® : (gl‘r D= @e.‘:gg) (.

et xeAn® fe §iren. We wole Jhat:

Y’& ‘49& =) 9& (x ‘Q«z 09 (9)
%ng, = %\ 9, ""'32,&7 (3)
 owud -Hrzeyc,Qore:

(f&%\) (%) = Pt (x) ‘r%&@ - [debinrhion)
= dacaegeto  [eq. (9,06
| = (otag) G0 [iegintkouj
I follous Hhet ” Yxe h0B 2 (Riag)60=Uang)00 -

‘F\“OW} ) and O‘D : 915'{"%\5‘p§,+‘33.

, L_) ‘TO SI"%J ‘HAQ% ‘Lluo ‘?‘U.VILHOV!S we eﬂl;g,ﬂ(t we \/to.\re_
‘!’9 G"ww Hmf :
- a) Thezy hore e same domam

) T‘Mg\no«va “ML doume gprmw’icu.
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B Let AB be lwe seds with A(\B%ﬂ Show  $nal :
- Yolke®:VIeFh: V%GF(B) (af) (by) = ca@c?g)
- Solubion
let o feh aud £€¥(A) vaL GF(@ be given. Then )
dom ((af) (@3)) dom (o) {lclovn (Qzﬁ &em&) N dom %)
| =ApB. o
and
dom (GB) () = dow (23) dom @)(lci.om%)’ Aog @
Fom (0 and (2): dom (M)U&éﬁ dow C(aﬁs)@%ﬂ ) |
Lt vehnB fe given. Then S
) (aéﬂ 9 - W6 - U = abio Byto -
ol Yol (LQ:(Q%)(\O-‘

| | AN %S]m |
w«i W, orcbore VXeAn@ HJ)( ﬂ@ [(uﬂa)(@gﬂ(&) ()

Foa (9) and @ (@D (8y) =Wy o
,,‘Q.vu;. kjc QOQ-Q,OUJH -1"'\{'. .

YoleR: ek VéeF(ﬁ) w)c@&) cem(?%)
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| ) Le} 22 . " %MML‘W_ sy‘ow .

g even

Codd = o odd
sOQl(!DDM % %

“ AS‘:MQ I’LLQ.JE ngV‘ew A

H D{_Qme . &om(e) - B &OM 8) | o
2 even == VXeA (—xecd A 52(:"&) g(ﬁ) Ly

| ;,,_%oi& = YxeR: (-XCBA%G-X)-« (x)) )
" Noke Ml dom(d ) &om@)(\&om%) = AOB
 let xeApng @e give. Then:

XeANB = xeh ‘XEE. ‘V MQQ'NL?M]

o9 -xekh N-xeB [Qvom,(t‘,(‘%}‘ |

ﬂ?how%w%x%imﬂﬁmlfgug@\\\

¥).

- ()

T Nl ok -
Vxehne: (lxeAaB/\H%%«)fw@yﬁﬂv S

iy
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&7 Define Wyl : Q(&): Ocing (cos(9)Fcos(z<))
Show %uz& ; 2 Qouw&a& w &

; Lek: XEW\ Be. %weu Then
2ol = 126y Leos(ax) %Co>@><71
= 9 lstny |- t cos (2 cos (3x)]

& Q\Cos(ix)%cos@xﬂ 4?.( Cos(%c) 1Co5@><)D o
<o en=929=-4= [fealgy.

'MMI%H?QQM hot |
Mxer: Hwlgy = Q Qouuiei h R

AG) Le{ QgeFU@ QQ. ‘L\.UD Quhd’lah‘: @ Hf? QOMA(’,CL oV

Define Qs ¢

YxeR: \a()Q E@C%ces@»%mU__smx)z -

Show “kr\q{ h s i‘mumiﬁi fn ?R
 Solkkion
,?’Qmuvxc\ei on [ \210«6(.04*09) Yxe(ﬁ Q(K) 4
, onu\mi%‘. on R = H Q;Q(O {-O:) \?Z,XEL{K <
’U/\oore o be(o,+) suds ’dnoi Vel Q%@Q <°‘~M:3@O

| Lok xed (e qiven. Then:

htol = [£60 @rand -g00 Uoswd? L

1260 (@reos) | £ lato (o som)?]
‘@Mll%—cosxl H%(\d(Q&—rsihx\??’

< alatcosxl F8 1A-smxl®
€ o (Ltlcosx]) 8 (A4 lsmxl)?
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| $al2t) +8 (4e4)* = 20+ 84
aud Jrkevt,?me

VxeR :(InGal € 2ar88) =
=) h Bounded ot K.

L-:, Ln a&:&ljriovx 'LQ Yro‘?er&’ies 09 Q—Qsoﬂuk \/o.Ques,
we a,QAo we.
UxeR: loimxt €1
Yxel : leosx| €1.

D ek ggéeFUﬁ) be two Dunchons thod ore upper Bouvided
on . Show Mt Q*% ave ugper Bounded on M.
Selubion | | | |

Q Lpper goun&z& on R =7g aclR: VXELK . 2()47 Lo ()

B % Upper QO&LHA.QOL on A ”—'Qg.get?x VXE A - 8()0 5@ (2)

Lebt xeln fe given . Then «

) @Jc%)&) = 2(&)&%(&0 [ dedinihion]
| ¢ atgbo L vie eq. 0]

| QL atld [via 2q.(0]
omd ;,{’\r\,mgore

Vyel: (hg)(x)éouﬂ |
=) ¥-+g u{)Fer @ouvuleot on tR -
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3} Le{ Q% QF(\ﬁ) Q&Q ‘l’\do Qumd—mns Show 'B‘Qi} ,
v A gle - ¥+3
Soiu.h‘aw ;

LSL chld’tocl-
1tg 2 ey« @ =
%M& = gLyl @
~ Frow (0 awd (9):
o Jré(m) £ ngq.)%%tXeD =
= (b (xn < g2
O Dollows Maek
VX‘LxﬁGR (XL<XQ = @'{—%)LXL)<(¥’:%>(K£)) 7
= 2+?fl?\ o
9«1& method : Let x. ¢X1€‘WL @e, vem wr“« X 4¥Xe . 'ﬂmq
Alx x)= (h%) (xa) — (4 )(‘éu)
,,—~H(xq)¥ (k)] = [%(&)%3(%‘)]
= [Pk - ﬁ(ml ‘r[gbcq_) é(‘m} >0

. @ecause

,-‘;‘Lc{_wxl.(xg,el& %ﬁ,,aiktn ) wihn X1 <Xg. Thew

ke o sl = da-todye

% LXg = %(.KQ <3(X‘L) =) SCX@" (x>0
U Foltews  Haad % (B49) (0 < (i), ad Horebore s

) Vx“x@_eﬂz (X;<X¢z, = (gfa)bsu) < C-?—*g) (Xq})
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EXgRCISES

@ Let AB fe tuwo sebs wite ANB4Y . Show Jhot

o) YIerEM : Yaet(®): C—-Q)C»«?)) = {

8) Yabek: YleF(D: VB&» eF(D): Caé&ﬂn)qg = a@%)’r AN
O Yae FO:¥heFe): ({-g=5 Fregthd

d) Wl% eE(A):Yhe (@ - CL% > - 31117

@ LCJC QL%EFCL?\) ge ‘&'uo Qm&ious,. Thow Hna.\t,:
a) ? even A% evenw = gfé even

0 ¢ even A 9 even = 23 even

) go&& A*} odd = Q'l’% odd

d) ) odd A%ool& = Q% even

e) QOJA,A 1(.%400) = QJ[PL
UH»:{; se. proo? '@‘3 Ca)cs) ,

DY wen A1 2lope = §\ (w0

@ Let ,?ZA-&W\ Be a?uﬁ‘c{'iow, Show aLﬁzoJL»
a) ¥JA =) Q ovzef{v»—e\ae,
) INA o ) one—tfoone

O ¥ even = ¥ not ove-to-ome

@ Show Haad J&e ;-?e@ou}ing gumckoms ‘are bounded in B
a) Vxeﬂ?\: guc)c Sinyg C Cosxt5inx) )
®) Yxeh: 200,: (L= sinx)* cosy +sinx
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O Yxelk: 900-: (4- cosx)C&~,sinx>,+ Sinx ; .

@ LQ,’{ %3_&1?(@ Qe. ,'[‘uzo Quuc{‘iom f:quuAevL o R
, Shew hao.jc {()GFCW ; &Q&MEGL as Qcﬂiows, is also
bounded in R,

o) VxelR = heo = Qm%(x) cosk |

L Yxe: hoo =000 (ising Jr%()«) Costx

O YxelR: hio = sinu) %%C}O cos (a0

B VxeR: oo L0 Lsinx 4400 cos (]

Lé’c QGFLE’\) le ‘&egtﬁe& e.s
Vxet: Qo= oxtilxic c |
Show -.\f\aa.{: . %‘-: Ql\ L‘&.(‘ij ; f:S QO&WJ&& v [’ Lij

Let § eFUR | @e o BMMQ Ps%w;maﬁ thm]sfou‘;
G[.e‘?'ineé, Qé no . . : o S
YxeR: L0 a: O X"

=

and Leb aQeB b gion wih all. Show fhck
%n gi\,{.&(ﬁ—l, s Bownded iw Lo 81
(Hint: For xeladT, finf dhow ot [xl macilat, (3
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|20 Le{ 9‘3‘,\'\6‘:(@ Be faver 'Q“M.C“‘kt‘OV\9¢ Show et

o)

\4:24,3% | = h lower bounded ou E.
2( Qower Q)oun&e& ou A

h=2%- o3 | |

2 Wper Qouvx&ec(. om A = h uﬂ)av ,@oun&ei ou K.
% ﬁouev Qoun&eci, oun [?\

h=ls

9 upper bowpded on R = S'l u?Pcw Bounded ou R.
VxeR: 0 <q0a<!

h

={ |
| Qogerﬁwwlzl on B = | lower bounded ou R.
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v Eu.n LL(O n Comr 0 stliom

* LG«& ?‘.A*‘ R aud Q- BB fe fwo R,.nu{fo\as,
We asume {lmzf P(A) nB %p’, Lek Al b e
suhyel of A whee eluments ave mafpci .Qné 3
inke Jee lnlevie cbHon ﬁ(/ﬂﬂ B. -“qU-S A( Iy 6:‘\10\ Qé

A'-ixeAl o eB?.
Ve wme ha?xe‘gov& Aeﬁme. the %l"ld’f‘)«'/’ , 0'23 A,——’t m—
e ?a Qﬂéws : 3 |

domﬁao?): %_Xé(iolm(g)t P(X) € cl.obn(%)} = A—l
Vyxcal: C%og)ixh 3(?(&))

. UQ— Vzol{ 'Haa.JC ‘Hﬁe Qeﬁohainé Coy\J.IHoV] -?or ao¥ s

x,e&omcaoh & % xe dom()
?—(x) € Aom (%)
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r" Pfopevhes o? mep\‘n& Comeosl«h‘om

o lel M.L be 3 woppings. They

(9‘05) o L\ = ¥0 Céoln) (assocfa.hve)
Proog

First we edulish Hadl the dowmains are ero‘uaﬂ

X € dom ((QO% Yoh) ©®

& xedowmlh) A h(x) € dom (—?oz, |
& xedowlb) A () e dom (37" A 5 (k) € dom(£))
& (xedowll) A h(x) edom( ) /\c moqeotam((z)
& xedom(aol) A (Boh)ﬁ?&e clom f)

& XEJOM(,QOC%OM))
Jclaererrc

d.ow; ((goa)o,n) dom ({0 (30“) A
el xed fe awen They,

[q)-o Yoh [0 = (9'0%)(L(X)) -?( (h(x)ﬂ jg,~)

IS c.bom] (x) = ¥((%ok)cx» < (%(L.(x)))

< &(Qotb%s‘n] (x) = [?0(3014)7 (x) ¥ xeA.
1t yoﬂows W, ad (po%)oh :Po(aoh), I
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* In %emef ikt hsuﬂﬁ%_ wot frue  fhat ’PO = 30\&,
,, GQWwB\a exce.ykons ayc pesst‘félz zw P ecéic, choices

4 By

= let Qt?f e fwo mogpiues. Then
FZQ Olﬁ&*jﬁ)“'eh@“ = -Po% 0%(’.49-#0\42- ,
-fo—oue
% one-i—oue

Jeuct

Lejc A:Aom Cg*’? L,ei ‘xuxqu Qe 5!\(9}4 kSucA(« thak
C?oz)(xd:cgog)(x‘z). Thew, o | o
(Bog) e = (fog) ) = PqCxcd =R gead  [definikion]

, = X(=Xq L [‘a ouz«.{o —oue)
and o} Qoﬁiows km{i . ,
. VX( sXQ.EA : (C'?O%)CKL) z QQ%)(-XQ @‘X(thb

=) '?mé one-'k*o -owne,

=) %(xd:g()‘,‘ﬂ , A [‘g oune —to fbmj o |



152

P\e-%.o&oﬁvﬁﬂ . » R
e, o J.z?:(j& o -?uw,c}r{om 1Q, we have 1o cLzinxe bothh e
&xpression 200 and the dowatn dom(d) og g, | |
*3 When e domain of o Qunchion s wel Yveu the
imggiz& dowmain 15 Jri«e widest Fossi@,@e sulset Og R gosr
whidh e Rnckion Qurvnuﬂ& P60 cau be evalualed . To

derive e Belowgin COnAJl'iW! eg.ﬂae dowmaln , we vl
fhat ¥

&) We caunst DVIPE BY 2ERo

) We cannot take the SauARE RooT oF A PEpAtlve
NUMBER .

°3 To giwi the domain of '-Q.oaz |
&) Fist we Had dom (D) and, e[pwz(a) |
) The Q&Qohﬁiw% Comé..t‘{fow Og ..,C{-vm C’?t?g) fs gi\ftw Qé
¥ € dom (SZoa)ée; 5{ x,e‘éoﬁ%iﬁa) PR
3(1() edom(d)
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EXAMPLE

) Given -20&):‘/—{:: aed 3(.)()-: 1—-7)24,, O[eglwi
the gumo{'iotas \mz og; o,.va, Lxg,:%bf.
Seolubion ) |
e Dowan of
Require d-xZ o0& x41 4 xe(00,4]
It Sollows Hat dow () = Geo 47,
'Domatn ni- %
 Thee are vio unimwxm{s ) }%mﬁ:r& &om(g) =K.
. Dag‘lv\d’l‘olﬂ o?' ‘m‘-‘ '?og,_ ‘ _ ,
X € dom (goa)z%s) 5[ X e&om(%)w & % X el ~
staredom® (A3 e Go 1]
& U elo lle {3l e-x<Soe
& XZo & ¥e lo o), .
aund M«ere?ore dom a°3>'-’- [JO Hr‘co). )
Yyelotw): Cgog) (x) = ?Lg()«?) =4 (430 /1- (1-3%)
“VI-1+3x =12

-Hnu-‘) VX 6[0 Lfosb : ngé) K= \B—;
‘De.?—\‘,w‘\"\‘on 02 Iﬂa‘geg.f | o o
“ ')((—:tlom Czegb S Sl XGCLO“‘!CQ') &) % X e (f'w( 1](;-_—7

| LHwedanly [ e

& %el-oph)

ond Htavelove s  dow (gof) = (-0, 171
| Vxe(—wd/j: (30¥)C}<)=— 2( Lzo)sgﬁm) = &—%m
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DL PRAR and g BRaR b b hnchios,

Sog.wsﬁoww . B e
 Assume ot INR aud ,%I{K R
Since dom (N =R aud &omg):—ﬁz, b Llows et
dom (og) =3 x edomlp [ g edamB¥=
Lek X (Xq eR fle gs‘vew lot‘k«, % <¥g. Thenw

B N LRSI [a1r] |
= (g x0) Pl ~[8@]

=D @0«%)(‘ ) >Cfog)()® [definibion]
Coad Hheefoes

Show MWab = INKR A% 18 = gog&» R

Prorg eR: (xcxe > (o)) > Bob)

= goé\&lwl.

Coalet BRaB and gRAR be bo Buchos,

Show Hab  oven A ) odd. :—r;grog evew.
Solubon

Kssume Jask D cen and g ol Since dom(D-R

| omd c‘.ovm(é):—w. , il QOQQOL% Dot
dowm (Jog) = § Xe domla) | g03e dowm (DT = o
e 3" 3
=§,xeﬁ7\\%b<) cR4%=R&

 whidh 13 9émmtjrric : VxeR: ~-xelk.

Lek xeR Lo given. Ten:
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('gog)(. x) = E(%( )c?) {A,Q?'wl'u‘oh'l
(“ (x)) odd )
—~?—( (xﬂ [? even |
, | -—C-J(o%)CX) [iegm owj
ond Uae,hchre_ VYxc®: (¥e37(~x) (:203)(\() (¢)
From (0 and (2):
YxeR: (-xek A (Hog)) - c?a%m)

-2 90} even .

) ek 18 R—R e o walwom Show ot
! odd A ¥ Lounded on Lo d—w} == 2 Qounded. o 1A
- Solubion
,Assume ‘Haa{ QQ&J\ and Q quwcLQJ\ pn [O +w) Stviee -
2@)0&4&6(- ou [0 tw) = d ot Cod-oo) VX 6[0,+oo> g()d <&, (0
~ Lel': Xelfh Le aiven. wﬁ &!Sl‘maw;{’t Ha& Qoﬂoww% Co.ses +
Cased + 1F xelobm , they  Prm (1) : ol <e
Case 2t I} xe(-o0) , dhen

Rl =1-twl= | o

g[“\()l o Lg ocu] :
4 e ‘[q.m awnd 'Xe&)d’wﬂ

It foflows Bk
(e [Foal <a) = ¥ Booned. o R
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EXeRUsEs

@ D?Qx‘vxe_ ‘}‘4&. gu.uckows EO% awi%cg ,Pmr Q{%
%\Yem @6 , o o o ,
e) .Qix) =2x+9 ta(x): %X150xc3

B Poae xtiy N 3&)# 2% |
K] QL‘Q:\]{'{"XQ‘; . %L\Q =Vi-x% ‘
&) 2(%):-_.3_(_{:_9:___. ,%(X): -t
Y —{ Xt3
, et Qt%khE«F(lﬂ) fe Yuee Lucktows. Show ek
o ng B_ = ;-‘3,0\'\; = %D\fl‘ o ,

@ Let fé cFIR e hoo funchions. Show ek
e) ‘g Qveln A cvent = 268 even ‘. .
/@ £ eé«i, A %,;t‘)io\.. =) Qe% ecu.
- Q ¥ even A odd o ,,u% ,,E,V,em; R
& £ 1n /\}]WR:——D Qo% IR

o dtrhgins P vk
DI Agiro zjm

D od A 2t loped = IR
;_m geve\q A 41’,? Codw) ==‘~>,'E )J}:Cdeom) o B
D Leven AL Counded on Toto) =1 Lowded on B



W va‘?,‘rse, happlues
0

o Lt L. A-B  aud 9 BoA b wlwo vmxppiua&.
We S -Hao.l:

% Qeglcw ihverse ol Pey Vxeh - Czog)ﬁx) =¥
3 H%u; waje og géﬂ? V)Ce B : Cpng)ﬁx)sx

* These c\.eQimLiom can fe abbierialed i wn*élm v {-ewns
o e iiew{:f}'\é \ma[}fi"?). its{,tiji A— A é\egﬁae‘i asy -
VYxeA: idIATOO = x.

Then, 8 Sllows ok for $:AB a.d %‘-BﬂA
% Qegi: imverse ol ! gbg =1d1A]
9 Habu: h/erse of f s oy = idie]
e We nole Had in %ey\eva,at
Poid[gl =319 ,
idfelod = IbixedomP| o e}
To dﬁwiho«lﬁ fe need Qw l"ts*‘rio{'ievzs ) QOV Q:AQE’;
we L\ave,‘-
Yoilfal=? |
] of < f

r—‘ Cetlerio 9—w exiskwcz 6? QeQ{: /H‘g\[né ihverye

Leb 0. Ap be o \ma?eim%. Recall Hiak e dedined
{'& ‘ma.N)ixA%S oy &)Q,Qowsl

157
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§ vme«io/wteéx—)\fxuxg_e A-( QCXL) =QCX¢.)~“$7 %y =Xg)
We wouw ivxlrroeinw_ Hhe Qnﬂowiuﬁ, Az&‘,’likom:
. ¥ ovto & g(A)zB ,V
2 @tSe_c(n‘on & Q outo A g oue —to —ue

; We will view sLow an{; , ;
Thw - et gAﬂB be a Y““P?t'@% Then -
o) F by o Ll t‘w/ewbe. g B-A & 4 one —bo —one
8 {ha o r;3ht inverSe B'-%*‘*A(:b ¥ onko
) (=) Asume dnat § has o {efd tnverse %:BAA.
LcL X Ko, cA Qe_ 5:\4‘3‘/1 wm« P(XL),:'{(KQ)., Then -
o <foa = o txa) = 3@0@) |
9 (3D =G [Dedibion]
= WA G0 = 108 0 - Loy Lefl imvere of J]
; =) X(=Xq I.Degtnfln‘au’l
I Sollows et B
\dx“xg,eA : (R o = xe=x2)
‘ ==v§3 oue— Yo -ouve . | ,
ﬁfﬁ‘- Assuwue. }‘nd& 2 s ahevjmvovze.
b DQQ‘MIL{DH OE 3 B—A | | o
Lel %QQCA) Qe%ivew. Stnce «ée?(k) =Jxeh- Quc)s%
we droose ev xeh amd cie,@me ,Mg)ﬂc cudh et
gﬁﬁk‘&. Cowsaﬂum%\é , we wm%, ,9(1(19'1"&0_ o W\&ﬂ)ihg ingﬂA)ﬂA
Sudq ek | |
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Vvéd?()\): P-(h(%)):\é o

DQ Wow &Q,&‘\q( gg"‘A ays

Vet - gﬁgﬁ*—%‘n(;}) , i wedw
YO ! %GB“JQ(A)
. Amgagis*. We vow show ) ,Qe?{: invevse of 9
Let xed e given. Deline 13:2%«22(,4) Qund- Xo"%t‘a).
Na[’( Ru_{: Il: is mo{‘ iéf.{i oﬂ:viOus ‘haa{: Xeo =X, Siuce

welth > dhyd =y [ ]

= Q,Qﬁ) , { Degivu';—z‘au]
omd. HQGVQQOVQ ,

ig(\«(\é\)z % = h C«é} =X (9)
g oue - {~o —oue ‘

on Saquem 1‘ /

(36 = U6 [Dehiliou]
= %Lé) V [Dezlntﬁoul

= | (ta‘) Llecause geQ(M] .
T X L Ect. @1
It Collows M.t

VXGA" ( QQ)CKB‘X )
- % Qe ¥l tnvene 02 -?

Q) (=) : Assumic hak %;-PaﬂA is a vi%\nL iwerse of £
By definckion, e know ot B, We claim that

EQQQA)_ Let %GB fe ?)ivevz- chivze X‘BL‘({PCA.-&:&VV-
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= 6)037 CZ) [Jﬁ&hi!—iowl R

W10 Ly v wee £01

; u Qﬁﬂoms ‘k\ﬂ}' R
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EXEACLSES

@ SL‘«L he oreceding Yooys o  [Nverse megpings,
aud Qe‘%xm )noi bo h?(lmiwt Jr?'xem N Eor ,Jr*ae. xoj’ﬁgow%xé
, \’m\fmem\’ﬁ‘- '
S
a) 2 ‘r\QS a Q&E*‘: nverie & ? one- ro—oue
07 he e ,r:g\& inverye & ! oubo
O%%c feft tnvense of ¥ = 9,=9,
e vaea\n%: vevse of !
D J hey an invene é-?)g QijQLHOY}
) { ﬂisedﬁon
| f%‘ pveoe of § =D =99
fa?‘invev&e 0;93 v
H 2:2'16_@ V)(eA‘v Vg eB: (gTSQLx)@ %Lg)ﬂ@

@ Let Q:Ad‘g §e a Qijeos'iow wc‘h AE—_IK Omot BeR.
Show Mt $NA = 274N B, .

@ let 3:8-C and o: A~ e Qi‘jecjriéui, Shew
that Cgoé)"& = %"‘02* . |

@ Lé[,?: B-‘-q and %'-AAB Qe hoo ‘MQW‘M?)&" Shew
ok Jor 2 A, ve hae (1og)(8)=$(o($))
o i" Thes Sl‘alc»nev\{‘ W ay wed [ ‘H/LQ. {)mo;? Lfna f“ll{

fnvevse mqwmg {$ umiqu. pmvt ;l:‘



170

t @ Lt‘: ?A"‘ﬁ QQ a mappive . Show }L\ai
SeTeh = ¥® eS’r%ﬂ.

@ et {. B-g leL 3 AAB @e J‘wo M&Pf{m%s‘
Show Hiat |
% 992 ow&o, = 2 \40{ Hue - Lo.ﬂome_
. % net onbe
(Jcim!: Exeviise 9% can !/ldp Slﬂoren e ??'0-92
gor LL\:S WYB c\/mﬂQu?)tmé anfzw}



171

¥ Cordimally

- (fivevt ‘LJO ?iw‘lt st A(g, I¥ {lae,l*— 5 O @ljec tom ?A«‘G»
Hen A and B hae to have fhe some nuwmber of demeds.

,,CQM‘O{ YV,OPO)C‘L, eXLMA"V‘g ‘m') oe)e\rvoﬁiow {O.Viwgl'w'tc Cd},
o.Cuov&iuB 'Lv HNQ Qoﬂcwiwb &a&m‘kom:

39_6%‘1 Lek A‘B be {“wo SQ¥S~ D& gQé Hnﬂf, 1
Aepe I etop(A,0) « { Bejeckion

- The sioi-?wgujt AvB P‘ewi& ”A‘B art Q\uzﬁaéem{”, ov
. "“Aoud O lLore {'LL Some Cﬁvéi«moﬂ:‘&\b“,
e P\ecoﬂ, H/\q, Aﬂ%v‘f(ﬁom
fnl- Txel* [w<n- 1083, 3
Ba;ec\. on k\a{ , Wwe fmirocl.ucg kn.( E\;ﬂowim% (_anmcj-eyi%m&om'-

A in\iLe Qj(,(#‘) A=§ZVQ3WE[N’F; A"’D’J)

A f\ng’imilﬁ sek e A not {Zilm'!;g 56% -

| o Adg N (Vnewr: A~
A cwvxjraﬁﬁe cejcé% 18eYWN) : ArB

A COUV\{’&O)% mgxw‘k ) A"’N |

A WCO@WM&L & A et Couh]mg&

. A 'chq,che cowmpavison o sebs i ferms of CML'V\QR‘L‘@ 0:
!;iv\i‘& < Coumklﬁvze,\<, Cownw%, ih?’h«dlﬂ <uwcouuL1Qerﬂl
} (Vt%‘m‘lﬁw




172

b should be dressed Hodd s B, NP oud
Vi e DnlePd
- ik Qo%w Jﬁnajf S

A, gimiie - A ,ccum(aﬂﬂe

, A ,Cou.msfaﬂ% imginile = A ,COQVILQQEL L
_ L\Owerev, j({,\g convev R S}ux-eh«emg) ,0(0 lﬂol- ,‘fwﬂf{z
B inkrpyeuioh sk Coumlrmf»%.imy%ﬂik Se{ Couditas m (‘ugiw‘k
- nanber ol eQm\zm{s ) howaer {Le exis e ,02 some Qx’lu You
- QiA-‘[N olllows 0y Lﬂ ﬁuuwerak, CML\ ef&meu{ 02 A QB
O\SSi%miuob, t b oa Luique aburad vnber dow V.
T ond Q o cudalle
- hecall B ;,
7Nl xelNy-90,41,9,-9,3,-%,
CQ=4(a/8) ] a,beZ k @40} -
Cwith T He Se}og culegm oud Q Mo sel o¥ rabiowal |
vumbes. The vemarkadly im;igu o Cantor is ok even Mougl.
L amé\ ‘Q,v Com[m‘h uMoH‘- huwgeﬂﬂ {LN& N;, (m “me Jeuse H‘a{
NcZca, y‘fowt fe shmhpoimjc ag,cava(}uaﬁ?‘\é . We @ show
Mk Tl ond BN Cqldadly , we con show Hd
5{1 COUV\L&Q\% i\anmi‘{E
. Q Cou\nj(zx@ﬂ,a wgiw‘j&
. R (s uncountable
. h)n‘“h,some aiii%‘obmﬂ ,Jdaeo
sl R o el wambers s
» i W\vis UwcomAaQ)QL
RPN

ve con show fhod He
31‘5 o fe Qaﬂowiw} slolemats



WL e Mok

173

o B 2o (T ool o)
o Lo el )

- [x)‘? &ng Hoe M-?()?W\‘g gl—*ﬂ\‘& sudr fhal
\‘{7«274 lia - %b( { ,sﬂ x>0

2% 4 wgo

110,00, (4,0, G4, (@8, G4, 35),63,8),... %
iu\r\\u\q iVch((fh‘s H«a{ Q‘\) o Ql GJ’OW To Prove ‘k\a{l we
thow Hal gn oue- o — ot uwi flat i ouk.

8 Qe - La owne S ‘E‘gu,.em[, Jm show ‘k«oi

Vx g€ (Q(x;) Vo) = =¥a)

R szﬁ Xka €l Qe %wew QWL assUma %Loi Q[KO Q(Kz}
l)e c&&maw% Betweon Hee oowiva  coses. |
- (ose 4 Assune k«a}n Q(\m* ~9x oud f(MJ— 3—2(2 Tinav:,

¥(m Pce) = -Qui= - 9xg => ¥i=¥e .

| Cme,i Assu(ﬂ.e %n{ :P(\c) Q&Q 1 ond g(m 9»)(9:& T[”U’i o

Q(\il\ 2(\‘?) =) QX‘ i = QX?,&. = K, = - 9¥g =) X (=Xg

Cascg ASSuw\f_ ‘H/\OJ; g(x;) »9-)(‘ { OvvCL E(K‘L)"*’QXi UAQW
31&) ?m) = % -1= —9xg = Ixit9xe =1

= 9 (xe =4 = xuxe=4to

, 1‘3 iy a Cou{vacl c‘now, Q)emu%
XX €L = Xivge L= X A i/z
; HNUQ&N& (o % Aoas \40£ Wza}evmﬁz{

F?DM k{ oﬁwre. Coies  (ve Couo@uie nlc\-—xl; X;Xq, aw«i

el

\/maez Qo Lo = xexd ()



174

e Budo: Sofficed o diow Jed v%ew I xel: Q(&):é.
Lt _\%QLQ&W%:_V’QM\,MHQW e divtsion Beorem we hove:
o AkeN: (gege Ve o
_~C\noom, O KE,{N such knoz{/!éi Qky\éf Qe OMFL

o Aisiiuﬁu{s\n,, aejrwcem H,-t f oﬂouiu%_, _CoSes.

- Cose | ASdeL Y.ab 16;9&1. Then: -
kel k7o = —klo = (0= 100 - tkay =
) o Ayez: b (Bor %=
oy & Assume #Lai:g:?uﬂ Thew:
ke = kzo = Wl po=
= Q(Kh) =kt <1 = fetl- L= Guid =W =
= dxex =,@h<1fé.,, (or x=wt1)

N From H\L eﬂ)ovt QW%\AM&%!C . &wma Casesy , weg\ul k«ﬁ£ o

(y u eN:Jxez i) :g) = Vg elN : Ye I =

) - 2w (9
o hem RO and G

: { VxexgeZ: (Poar= Yooy = wex) o5
TSANY

oo

9} onetooone > DTN Bijedon

5 TN ST comblly ke



175

o kb e Bboow

A Lijed s L. GelN com B consbeucked via Hhe
V,,,‘;[?YOC,-CH o3 o[io\., 0ma.gi %m%a'om,‘ Ov’izium,w | ?V"I"’“’-"{ Qu
- Cawhw. Ue. w(ﬁé(t&{;fl«im 41«&5 ?vocen Qiéqv& 'Hae oVeNg
~ arqunent tolormally, for dhe sokie of clarily e
. Sequence “nc VaLfomoﬂ mm!@erf» usiw% Hne Aio\%walf’&ivy
{m’dem f[z\oum in bre {okde ﬁeﬂow, mo\!ﬂiwb Sule {o

- SVIV %é nunBer; Pre—viow evxCﬁuthWA. mwean
tﬂui;Vonew{: gvachomaﬁ prfevrl’ﬂ:{:iom S
o [ [e]a [y |-
Lot LY V2 LM |-
9 1%« Ye e 2fa ] Y |-
9y 9 M M M | s
Y
9

oYy I\ My [Py 1Y 1
»"/5 R R S

N C@V‘»SC@\U_@\ASF%) e qaqwewce 'hoe/ VQIHOMQ,Q hu.w.av@v,
ee o al QoﬁQowS’- , ,
Co/b M ola 4s La,ol%, A, e, 4B,
ol Uy, B, WB, ALy, of5, sle.

b we bve odafineh ot sobted womberr b

&V?Cav, Qor“k\ﬁ ,fo)l' 4’?’1’?\,6 OMcL ‘Hnu) ave MOL ﬂe,{uw,
skippeé,, Ue, awn -um) J.CQM-C o @iSec},i‘on ? /X!




176

wi/hq Hne_ im‘Lx’J LRITY vx\me.wgf: - .
- H-o/g=0 L=zt lgy~a
- Em =4t = U =3 Eoadly
1a=41=2 {6 =yt

1oy = i/ {2(7) =%/2 ebe.

TL\C O.,Q?)OV\J{\AM ﬁor %CW&vo‘Ltws() H'\\') Qn‘jtc“(l'ow fi o)
. £0&0w52

ﬁor o= 0,4,2, %, 4,...
‘fnr (7:= 004, ¢4,...,x
le fl’ ('\0'3 \no{”, bCLuV\?c\, PV‘Q\/(OuS ’kle\/l Qc(.cL

bhe vumber (a-2)/(84+0 fo the sequence.
Lind. ¥0V

euel gor.

‘TO &LCounJC £0f V\Qémt‘{ve. koLiOMO,Q V\U.WL@Q!S, we

exlend e debinibion QLA Hie (»Qraovif-\nvu olove as Qo wi:
Vxelr = feo=-Fa

WP %at‘, COMA{;Q({%; Mae, ‘@ijec,sr‘\on ?Z"“@.St’-zwmg
hu.Wh@Ws U/\a}, OCC(.«\peAv ?Ve\/(ou)% ehjupes {‘L.o.l: 'g N
0V:€.~4‘o*ome.p{‘ i Qﬂxo Q/Qm.v {‘lno., mmé YQ.L\OIAOX Viu.thQY
will fe peadned Qa% U«‘n Qﬂ«bow‘{’\nm (uhun a £imrLQ

vanzers og— SL(PS, Lu‘/\ic\/\ ey <| i’n‘ljﬁ £]) OVAO- TL‘“-’)
Ik QO%M) l'\wL

Q’ L=Q ‘éiiCCL“O"l = @,’\/i [c[e,giurl'{m]

= QN Lvie ZA W]
= KR Gou\/llvhzﬂa 0



177

- EXAMPLE - APeLicATioN

| The Yollowia vobfann is oflso o wecwsons st
e ey Yoy bl R 6 ol
- SL’OM_ j(’no{ W\N (o) S

i SOQM‘"“DV! e L
3 Degim VxeK - grQQ,: WD «Wo) Ardonld.

e wilt dow et 1 RAl0D) B o ,Q«“j?éigw.”

e Oulo ¢ SuHliccd b oo EL Yyl @) - yelon)

S | - | V‘éeCoIOé ‘369(@

(=9 L Y Gg(i@, @QW%“VC% Thew

o 5el’(@=—~>3x€ﬁl Qbﬂ% S
Choose YoeR sudh ot h,»g(‘“)‘-’— % TThen,
-tfa. < ;Aw&@m%) <ple=

D aia < (D) AednCg <Aoo

=2 o< ()4 () Adonlxy < 4=
- o<ty <io o< 4<i= uelo)

H Ol fat Y eg(lﬂ): ,%G(OJ), B V.
_g%_)_ Lejclzg (0,00 ke 92@&0. Teeu , ,{M.Q,,,VIOLL {'La{;

Qm:vé e (D) hdamld=y &

O () Avdon(x) = 'é“ \oo

e Adanlo = n(y_1/2) I &Y
Wé‘ Qﬂ-ﬁo ‘HAQ{ ,

o ,\ae(o,l\:——) 0<g <y *27,*l/i<\é~lli_<i[2f“‘f7_,_,.,H o
=-n/a<n (ée‘/i}K /2. = au is dedined of n(gf‘l@.



178

~ Now we can dehe Yo =tan Cﬂﬁaf‘lm and_

conclude | |

Ar&w\ (ko) = Avdan aow (W C%*IZ)D;M%* \fe) ==
: ;agn%o):_gaixet?\:,gmrg -

(@)

= Y S

Cond e,
) V\ée (o) - Be?(ﬁﬂ @
Fon (9.9 oud BB .
_,i‘dge?(@):%é(otﬂ - Qu&).@(oa),@ @=6n

Vyelo: %e{hm L) el
mgowjro (@

S Ldu;_}g;“&)@g‘aé‘,ﬁ\ ,ﬁce ven ,.Q",\(L ,,ais.ume,,,llh?i ,,.g(m ?Y’(K“) . T‘A%
Hwo=tao o (s lUm Ardanliy = (UDF UM Avdan () =

= W) Arctan (x) = (ya) )LVLLM (x9) >
= Aerqn (cd = Aedonly » |
2 Lan (Arénv\ (xo)= Jtau ( Are&ow\ (xey)

=) X=¥%e¢.

and Jhoeloe we lawe o
VX‘ l\[\q,,ég\ : CQ(&IL‘ Q(XD =) XLZX‘Q

=) 2 OV"(’.‘.&rﬂ,—,OV‘,O—‘ (9

Rom By and Eq(9: R -
i g outo | :9,Q:,‘?‘A;COJ),,\,,&,que;{*on = R~lo0,

Jg‘ oue - XL‘) —oue



179

- EXERQASES

O LULV‘\/I ‘l’L\C Fyoo‘gs -?—o ‘kn& '\QaQP/OuJMeb S{\’x&fvvxe_v&s
a) 7[. i Couw‘-ouz L S

8 Qi coudtalle

@l A Bebo b Show B |
A countable /\?J Couhl'm@ﬂﬁ - AUB COum{‘ﬁ.@ﬂe o

® b Aa wilh ach Ge a ;e,rgomw | S!now et
@) (Yael:Aa binile) = l.imA(k counlalls

) USQ; av-l (o) ‘L: S&uow h\a{
(VaéN Aar~ Ny = U A
@ G\rem 5 Sd ABQ SLow {tc&/ Ho se} eq m\raj?mce |
. 5&{1 Q\ﬁS k'\l NQEQKW{ S%Wne{‘nc, Oud. {vaus: ire {)royef'}\‘ﬁ
a) A~A S
O AoB = B A S
A AeB ABMG = AGG

. Le\: a,ﬁo C, &CW\ wt“« u<@ QVML c<& QMA. co:«Sco(mr
He inbenads I
TadTl= §xeR | agxgd’



180

 (od]sixeRlecxed
- Com;{mo‘ o @xscc{ﬂon‘h Skow{‘m{l : [Q(%j_ ~ [Cl lD



181

i V er&va;‘h& wequaﬂms

!Q W v ..(LJMQ Q. Mappt‘wéu_ E A-B whids s oneto-ome
B et Yiﬁ,@(?}a\rf%m@w{o , then Bom an ibuitive Q{t,xm,o\??ih{? -
the Ohgﬁb, COMCQ‘Lsiom, Hari{: (o Qc,,fimwm is H\QL eiymr A;B ,
et og,,,"4?1‘491,Cav&im,am3q or B has %eukf Corclt'magi}é, |

tan A?',;, o viﬁﬁ\.@si‘m(&[ @é fhe jgnﬂowiwzgf%uket o

N B 5! onetooue
¥ ,V“’{ QVV{‘O

Comequedly , ve propoe die bllounas defiibons

 (A<B e TeHop (AD: P oneboone |
(A<Bes> A<B AANB |

Mok Wb il ecué o dow lat:
A~B ABel = ArC

 A<BAB4LCES A<C

w‘n‘da are ﬁeg]c ay s/\cmewmrk PYDQ)&JM S};rhug Qﬁm wCDU",;*"' ;o

JCL& &ﬂow,i'ﬂ .l’u)o vﬂa»}a.r ‘H«oneimj will 8¢ used Jw show
Cheh BAPW) and R uncoumbelle.



182

Contor's  Heeortm

[ For aug ook A, A<PWD |

Prool
De@me Q Aﬁ?(ﬂf) Sudn J(Lai VXEA g(‘d %1@ —n»elq
Yy, ue/% ($xd =1 = ¥i=%e) =
= Yy vq €hA- (Q(m g&m)amt \La
=2 gone«LOfome, - ;
- )EHRCH& (A Y(A) - Q oug - \(ofoue | [EDPQ ?>
ﬁA<7@ () o
T e Bk AL, aname ok ASTD. Ben
- AMTR) = :JECMO{)(A /Y(AD £ @ et}novz

 Choose an TeMap (A L) su