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GODE 01: Introduction to ODEs



INTRODUCTION To OADINARY DIFFERENTIAL EQUATIONS
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GODE 02: First-order ODEs
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Homework: First-order ODEs
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Homework 01: First-order ODEs

1. The logistic population model is intended to model population growth under finite resources. If y(t) is the population
at time t, A is the population growth rate, and N is the carrying capacity, then according to the logistic model, y(t) is

governed by
dy _
ar Ay(N —y)
(a) Using the initial condition y(0) = yo, show that
Nyo
(1) ;

" Yo+ (N —yo) exp(—ANE)
Show the validity of this result regardless of whether or not yy is a fixed point.

(b) Show that y(t) has an inflection point at y = N /2, using directly the differential equation instead of the explicit
solution.

(c) Assuming initialization at yp € (0, N/2), find the time t at which the solution reaches the inflection point
2. Consider an ordinary differential equation of the form
M(x,y) + N(x,y)y' =0
such that

J M(Ax, Ay) = A"M(x,y)
VA € (O, +00) : { N(Ax,/\y) _ A“N(x,y)
with a € R. Show that the substitution u = y/x reduces this differential equation to the separable form

1 + N(l’u) % —
x  M(1,u)+uN(l,u)dx

3. Consider the initial value problem

{ y —2xy=1
y(0) = o

Show that its unique solution is given by
T
y(x) = exp(x?) [ erf(x) + yo

with erf(x) the error function, defined as
erf(x) = 2 /x exp(—t%) dt
— = o p

4. A Bernoulli ordinary differential equation is an equation of the form

¥ +px)y =q(x)y"
with n € IN.

(a) Show that the substitution u = yl

the form
w4+ (1= nm)p(x)u = (1—n)q(x)
(b) Use this substitution to solve the following Bernoulli initial value problem:

{ Y +xy=xy?
y(0) = yo

~" reduces the Bernoulli equation to a linear ordinary differential equation of
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GODE 03: Linear Differential Equations
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, | Pu Pula

[

[ ]

L
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¥ Fumlr‘wu agero&uls cuuL ghm@.o_-\r“ o?em%ﬁ

. \.e‘c AC—.W\ Q)ﬁ awvn M‘tr\m,q. Df_ é.c’?ime ‘Hne Q,oﬂowima ‘gumc{'{ov;
‘ spotes via szﬁm%lu} COVlolkaVlS ay ,,\Qaﬂaws:
0:) Spw..e_ °€ ,(o-ll'iwueu) quzc"ious »CD(A\:

eCh) & 52 . A=R
g 3 CoWl’iszou) on A
¢) Space o -limes (‘owliuuouxfta differentinble ‘Quuc{'fouS C"(A).
%:A*R |
Vl-{iimes (&i‘%@tu‘!‘coﬁﬂq ow A
p

(in)
c) Space og mg:’m.‘% it@mmlda% Q-MJ‘I‘OVIS Cooo()
'%QC“’(A)@ Vel : «éeC"‘(A)

\56 "N e 3

(om{imuous on A

v (iven Jf‘ae binear A&muhaﬂ. equation ?row; EQ.M) e
de?'iv\e. ‘Hn?. \Mawiu L- C“(A)*‘COU‘) such H«Q{Z
V EC\“(A): L[‘é = ]é(m{(lh-‘ ('h‘l)‘{"“f-}al%l "'Qo‘a Lg)
| T%-evz, l’\ne Qtvxew Mfmwt'loi cviuo;(‘z'om
‘3(“‘ (04 Q- 0 A0 00 4 -4 & (2 !0+ 0, 40 = o)
Can be H:qui@ v aj:
L%\: ‘ or olso: Lt(r» .
NO{{ J({'\QJ? Q’g Quaﬁoz‘é 'Hne. -o?emiv L 5 ¥‘° Q QLW‘OEM
ge C"‘(A) w‘,.q{ o \mc&ﬁx A 101 ‘Lo Sowme Ve(jﬂv‘ Xe [R“.
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e The opeva&r L Sehed % Eq.(2) cadishies  fhe Qn%w:ué’,
‘ ’ ieg’mihm ag o Q{meof ogemimr ‘ . I
_P_gg,__'- Comsider oun o‘;erﬂw L: C(A) - CoD). e say ok
Liv o Qiﬂe&r GQQ(&%Y‘ (Q aud- OWQJé 1“? ok qu)gt\ﬁ Hae
; ‘Qo%wiufb (ovxcM'iom: o ‘ o
o) ¥ “QGCW(A)’- L{gru)= Luo+Llyg
) \f&éet;\é: \f%c C(A): L%Qé) = &Liﬁ la

_&_‘;?__ LQE L: C"(Mq CG(M @2 o in;qr b(trulwsf.;nnevl:
, QW(Y et&:\e‘\éu%,ﬁ C1(A) - L(ﬂg(wg@:’,\L(%\wugz)_,; |
L AypeR Qm&%gl Lo CHOR Be given Thew
L(A P +Mq) = L(égl) L(pya)
| - AU%‘HFLC%‘J‘
T Dfeows Mt | - | f,
VA‘Y'GW\: Vuﬂlh%iecf (h: L(Sg‘%ygdz /,\L(‘aaqugz). o

o Ve ek e dehuibion o
L%’" %(M\ +0~m~l (W‘l){*“'%'&ﬂé“f“ 0.0‘3 -
) %ivevx in kwé 02 fundion aﬁzeﬂm, l.e Qumfw‘ﬂm
aé.&a‘[ﬁm/l, aud %M(}fom Mquyfeo-tmjﬁw~ Lq ‘kWn) og Veauﬁﬁk
Qﬂ%&@m, we write: | | |
Yeh- CLLQ 6 = éw(x)% O (! écwa&) «L"-’rﬂ‘ﬁdg( (00 o (! 3(1().
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V HOMo%meous gjmeav‘ Afﬂ)ﬂw{f& quua}‘iOMS

e @eeaiw Qé pre)eutin e #aeo needed Qpr soﬂuivz
lﬁowoameous Qimealr if‘?&rc»fbnﬁ rgeliquf"ohs oy 'H'\Q Qﬂ%'h/l

L"3= o %iva a Qiuear“ oyemjmr L: O (A)-C° (D).

() Sbﬁukﬂi/l Se_sr og fhe ‘/’l,omo?}eheous oD&

e @C%in Qa-.b sjtsc"lu% Some ‘neeiei Jc&milions. Tlneuz we
}{"a.l( -“ae main vesqﬂ, wijr‘noujf, FVOOQ,

-—Q—g—g—-‘—: Le’{: 1 4L z v € (_O(A) be ‘quu{{o%‘ e sa ‘Haai
. ‘éﬂf et 3
161 “5?.}"-1 ?\n lnemﬁu& MAQV ﬁhe(-lli;(:ﬁ

o Y e, . An elh: (’(\13&---*%3” 6=y .= hez - <Au=0)

L” wz Mo‘-e that %u‘; Aegiml{on s va.o-aaoui 40 ﬁae_ ﬂx‘umr
i"‘k??eu&me o] vedon au B9 Howerer, he stolomed
Qt\zﬁ“---} Am\énf— 1)

{y equ‘wa,am{, to {he o.%e@mfc_ g[alfmem{
Vee ks Ay G0+ deyalir bt Aulu(K) = ©.

_I_)g_g__\\g{ ‘2"‘3*’1""‘3“6(0(@' We defive {he Space spavmecf.
Q"é e Eam}tons ‘3\;---,‘5:4 as
SVavxj)_\A”%h,.. Yo 8= ) 3L5l+ﬁ\$5£+~--+ﬁnéu I, Je,..., A elBS
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| L The COYN)(‘MCLWB Q)éﬂomwwg Comi:twn ,’TQA}‘? I

’k . QS‘?QW% Ly 1;»-»,11’54“‘:) ‘ ; -
5 <==9§I'.\%‘A%q,,---,%meﬁa %:Q%&ﬂ%u---ﬂwém U

_ng?‘f Leja | Lf’C“ (A= Co(h) Be an opemlror. We &Qg\‘ne %Q |
. space og Loas: o . |
wall (L) = %wAeC“(AH Ll3> ot

| L" T\nus, JAﬂQ V\ro@@mq og Sonimg *qu ‘Aomoge\aeou) Q:neqr ,
Aieeekew\’?oﬁ eclua%OW L%:U’ B) equs&ﬂUu{ jco \qna ’Hw@ﬁﬂw
09; ]Qx‘vu&iua %\no_ wall 7[7quz, wqﬁl(L) oy wume opemLOY L

:&m__: Let Q,o,a,,...‘aw,,ECo(A) Qw some  {ulerval AQ{P\ and |
Aegime g,ne, opem}w Lf C“(A)-*U’(_‘A)“ sudn ‘H/xﬁt ,
VueC': Ly= ™ tan- @y O+t au +oon \
TEQ»\ tnere egxisf? %‘,.éq_(‘%flgne (A gsuc\q Jrléa{: J(Le\a

50155213 wewoﬂﬁow‘m\z ,Cohiiho‘ﬂi . N ,
(a) Ui e Yo OR ineavfﬁé fhiepeuich -
Bl ()= spuntyeYa, e Yl

1, & QDQQOu’} Qré)vn ‘1"\?7 \qneorem ot Jhe amemﬁ solubon
49 ‘Hne. inzear &i%{remjdoﬁ-, Gf{uc\%‘on L =0 Jalcei {’LQ g(lrm
\ﬁxeA'-; \6(&)=,¢\a t(xﬂ—gq“(\q_(x)jr--w‘;\mém(@p o |
luL»em ((Qt,..., émEW\ ate ComLow{ coe?&ct&b qu
3“3%:--‘1% Qe ﬁimew% 3»144()9\/!({2%10 Q'umut’iow., N
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@ The inbiol yeue problom

Tn an ivitiad value Fro-@fam we consider e ‘/loudegev?waﬁ
Q{.ﬂeqr AJ{Z?&Q\A‘T‘QQ eotunl-io-/\ L%‘*‘@ Whee we (miro&uce
J(;Ae, N}Lﬁ(}iom o : . .
oyl aa Ayl oyt - agh- Ayldtee) =
Givey 3&1 %ewe\foﬁ SQLHM
40 = g Gk Bage b4 4 dapu 0
Uqa COQWMMB g,AL,--.,{(\n caq Be umioluelté SontcL @‘3
the QOMbwiu S'éskwx ag- equakoms:
Q‘%*(KG)‘L q_léq,(xg+~-~4 ,An\ém()(g =~ Qo
A‘éftﬁgf{‘lq%_ﬁgﬂ--n+ C\ugv‘. K= a

Qdé((”"d(xg + Aq.gé“”‘)(xg% ~ 1 A, a&'"b (Q= an-1
whih  can be rewrillea in e o madrice) @ &Hou;;
, \é‘(xg *Aq.(xg--" g“(xg T4 |
\éz()&l 371&:3 - - “éyibg ﬁ‘q_ = 0:1

l N a
: 1 \ ) ..

(n-1) (m -t

L ‘él Og) gq_ (xo)'”

g,&u-()(}(g 1L /\\ri A QVJ—!

The Aelefmiv;q\»{ o¥ -hu quaj(r':): is (:ﬁﬁz{ Jt’\/tc’, Urovzgf(iq»q
au& we wQQQ ?’VM aq,ier 'Hna{? i’{: {y uown-2%r¥o . I{ »&ffmﬁj
’ﬁm:L Sogs/{u:b wi”a ke)gec{' l’o JFLQ Cae@fc‘eu{ts C\‘,AIL,..,Q@

wiﬁ?, %i\n& o. uulo\ue §oQqu.



- @ The Wronslkian avd {t} Progeriies

D Lok Wi Y € C“"CA),QOV some iulervall A clR . e

| A?ghae: B R .

@) The walviy W[‘b.,-,‘.\éw_j(\() as: —

| Yu0d  Ug k) - lém(x)
Vyceh w[\éxf»--“zu}b(): %:(K) \éqf(@ 3;}.(“)

;‘af;‘md(x) 3(;‘;0(@”' 3‘9;;-0()0’\

@5 —th {Dvansk@ kmk{\él,---,‘énl(\() m
Yxeh: w [\6""”'\3“] ()= det W 1\3;,...,\3‘4] (x)

We wow s\mw j(\,qajc M Dvomkiau 54;‘59‘0 {’Le. Qoaow:b% Fyoperkvﬁ

%——a Nomwo Wyouski au 'tm?ﬂres Qinwr iwAepewlch

: Ih_"!‘__.‘ Lﬁ'(: gu\ég;-.-(‘én C’;CM;( @) Ldf‘hﬂ AQW\ awn '{V:LCVVQ,Q_T‘M\»:
(Tyeh w[lal,--..téﬂ(x) fo)=> o
= ‘3” \aqﬂ‘.‘., \3‘“ Qimavqlé ih&()emAﬂn{l

ASS\WJQ %mi: dxeA - w[%‘,,..,gﬂ(x) #0 . (hoose ou xoeA.
sudy thal wi‘al,..-,%d (k)40 . Lt iy su\%um’c bo show Vhat |
V&uﬁm‘.u,ﬁnelﬁ: (.Q\%t{f&i%q}-"{'gngu’ﬁ:—?? Ai‘ﬂ‘t: - F Au 103
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Let A;Aq_,..., dnck  De %;ven and asswne  fhal
0 Aglagas adn < O = |
© = YaeAs Aoy 04 Daga O+ Hdugu G =0
Dx %veutiakw i wihn Y\es?ecL ¥o X 8{\:95 {’L\a ecluou{-iws:
Vxch: ')»\\3‘ b<)+?\m\3é&)+-~-+qh%.f Q=0
Vyek: /’\“ﬁ‘" 66)4—%,\3?‘—’&)+-.- + Ay 60 =0

Vyeh: ’A('\é?‘“" (x)+ﬁggé“‘”"(x)+~-«+ ’luég"o(x): 0
These equak@ms ore equi\/aﬁewt ‘(o {he Ma{rix ecrufahow
;, ﬁé\(x\ Yald oo Yald Tac T ToT
gf&) \3{&) -y oo /(\1 0
B0 Y ol by |=]0 | VxeA

i

L]
i )

N B‘(\&“nb{) 37(‘ -vl)(x) _—. n s g‘gh'l)[x) JL gv‘“ s 9] ]

(»)o, o\eglna A:: UI\”((\Q_)_,,I/A;J a\“{ H{e majﬂ'ix Gﬂ{ua{’ffm i3
Wlgede, - yal GOA= 0, Yxeh.
For x:=xo , We have. -
w[‘én--—«%"’lb‘d N=0
M w[‘é(,-. :‘au} [¥o) = h)[‘ét,n—“ém} (Xo) 7[0
= A=0= [&J&,,..,ﬁ.&: (0,0,...0
o Al a0
Ue ‘ﬂwt ‘Hm) S‘nowv, 'f’\z\all’,

:m?

VA A, A e B (hogus Raypp ot C\ungﬂ Y O PR

=> 51‘51“,,,%“ ﬁim.wha {mo(epemAQu g

D)
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| 2 Liwmvﬂa iu&epemiewjf, Soﬁu{ioms ‘9{2 o Qimar’ Aippem.foag

@%m"'am, %l‘ve Q. hou-yo UVOV!S[C{OM

ﬂnb ?reviou«s [?Yoperx\g oA Q)Q wed Jt\') [h,ove' ,’l’lfmjt Q )elc CX

| gumc\—iws are lineavfﬂé imi{zpzmhuf, S[ the COUf)(ZOlAAl‘Ma

' wvomkiom i howiero 9o‘v uk,feas.{ one Poiwf.,,—nae cownverye
stalemedt, s nok olays tue. However e Wil oty show Inat
2 some Qu\AAious Yogeee solie he SAME Linear Ai,pﬁrefakaﬁ

t‘.’tluq,‘-'iom OMA- ore Qmear im&pew,Aﬂi,, jf‘/\evl f“ﬂé w‘,ﬂ %v?—
a wiovwro (Jyov;skialn, Qof‘éaﬂa- {)J(n{s( ' (8

| T - Define dhe 5perajcvr L+ A = CO(A) | for some inlerval

AQR, sudy' that -

1 V¥xeA: L%bc)=?("“(x)+0£".Z\3(““"&>+---+a‘(x)\é,‘oof Gofay 00 |

| e assume  tha

a) “%?«,(""\é‘“ e C(A) are ineav@é )'lnchPQMAM{L
£) Vel L\ékg\‘:ﬁ 0 '

TLQVI, i{ Qoﬁfow‘ Hﬂw& |

o) VxeA: w’[%‘,...,,\év.] (¥ + an- K w {‘31,..-,15,“1 (x) =0
9 FOV“ Sowe Cg,&,z

VC,X € A . w[‘éuu-,%h] 6() = w{%t‘,«--,‘éh’(&) QK\? (" g év,_,‘ (Hc&)

[c) Vice w{a,l,..-,%w](x)éo |
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oot
,03 Degmc_ ‘Hne_ Vec(‘nf -~ Vaﬂuci. Q\mcl'io‘a %iAq{Y\M lﬂ}llfn

: 13: (5”%‘2-1'“:‘5\0 . Sivice
(VK@(M] - L‘égg =9) a)(VKé[ﬂ: %&a) = ~:§§j &?g[g») -

N 7 17
=y = {;7;0 0-‘72 ()

Nole Hhat \é@ (s a vedor-ydued Qwhov, wheress ap b
O §c9—0~ar *Qlwwkou, H. ‘Yoaﬂou)s Jdnq‘,
(&/&x)wt%”..-, %u“](x)f;~~(&/o(x7 det (\Alé‘,%",-_- 1 \é("“% =

: -20 (v =
=dak Ly, gy

wn O O L

=‘L€L(‘a)3":-w3( 4, - ?}oa?\é ) -
n-1

= FZ;O A&C‘ézgl e g("\‘9~)’ “ayg(ﬂ> _

wv-1

= 2; O“(JA?'{ ((é;’éi) --‘Jg(m’z), é('?)) =

o2 (2NN (1)
- Y];a?o\o% (%""‘B ey )+

-0

- -4
(v 9.)l (u t)

a det (‘3>-'-f13 4

= 0= fun-, w[%} =" Q- w[g‘l =)
S Yxe k. w! &3] (0 4 o (LT -0
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| 6) Df‘QMa %Lécim({’cbmliwg Qucj‘or N
Vxek: b= eq(. ,g*aw, [0de)

| Qan mo&ﬁ \Hna{ |

Vxeh - ) = () exp u\(am [fc)&) =

. exy( g*,am-l &)Aé) _cL_SX aoi(B)dk -

o\)(

| = W - )
We \m% wow solve e AT@{WEK‘OE Q\i“uo}l‘olﬂ SoJa‘st& 85
, ‘f\ﬂ. Wyonskian s Q'Dﬂows ; .

' (4169 +@u- 60 Wyl =0 4= |

= Wyl 016 + b)) an- O WY1 =0 &

& W1 b+ wigle Wk -0 &

& (ddx) iw[@ hwl-06e w[\g [;C)Ll(k) = Co

L x)= _GCo _ (oe - -t ,

‘63 w[«gﬁt) el C ‘?( gca C%)e&)
Fo\r X =C =  w[%1(0)= Co'X = (o aud HvzreQ%e
Vxeh : wly160 - Wl exp(- o, , (B2

A Fowm @ we see JflneJ; f{; i Sh%‘dchjc **o shrow fhot ,
Jcek: w[‘él(d fo . To show a coubvodichon, we assume
Hhe o()(:osil{, ‘ lemeij : Vc 6)‘ g \M[\g ()= 0. (hoose some
ceh ond Consider HAQ Qineo.r Sﬁb}cm, gg— equa’ You's
| N[‘A](C)}\ =0 with A- (A(LAQV‘-(Q\GBE!&”- It Qoaows Heat
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ulyl (0=0 = d& WyT(d=0 = T hecR-%05- WigIh=8
Choose  some A‘- (qhﬁt,,((\m)emm*§03 such k«ak W[‘é][C)A’;() ,
 omd Aegz‘wz e Lundion 3 A+ with -
Wxeh - g(x) = ’(\(161&) t Aa\az()cﬁ ---+ /r\ugm(x)
I fellows ek ) o, |
| Lg = L(I’\fr\wao = Z;:L(gném) = E:‘ ﬂ\w. L%u’

K=

= i AK"O =0 = £e'nm9fl (D_,
=)

[ﬂe OQ)o ‘(mow "Hnd’, “ o " ‘ ,
Vpesotolu-il: 0007 byl @ = 2. (W10 M -
=l k=1

i o= W[g]&))\]f o |
Ue mi@? now claiwm Hne& %irem ‘Hne_ miLich COmcL‘l-{ov.
do=f'w-0"@=-..c R 000
J(’ne Qumh‘zm Q‘ miﬂ Su{'x‘rgé \}xeA—:-P(K)%(}_ To shhow Ek\i), we
erilt Hse. equa{'iolﬂ Qs a S«a)‘em 02 lirﬂ»'ar&er ODEs @3
A@i{mivx% |
Yrelul: ¥xeh - K(K)J(M) (0 .
The OCE L??G cov Be  tewriben o3

BI(X) = 45(x)
%;u) = 33(@
3\:4-;(’() = %y\(x)

1

%V,()() = - E ﬂk-l(k) 3“()()
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aud. qu Co rmpovxiim%_ initisd  coudibion s
| ﬂ&(x):%i(x)z = qula=o B | o
e easy Lo see fat o8 devivatives %{(‘()l %{Uﬂ),.-- ‘%,,‘, x)
are %&m‘,,’b@m,,,, 0\44& fh?rﬁQom,,Qﬂ,@»nc}iom %‘, -, %M wil
Cwmau ,COwSJ(QMt oud le EQqu’N 2o for ol XEA. This
ovey JE‘AO- daim . From ‘“ﬂé loim  we have:
(ehFw=-0) = P-05 hydyy i+ by =0 O
Bé L\,\éf‘o"'\nz&b, we dlso khom; é\«ui .
‘é“léq_l-,.(\gh ,;Qimeavfbé_ imo(eyeuo\m{: (9)
Fow 9.0 oud €q.(2):
Ne=da=--=du=0 = A=0
This @5 a Coﬂ‘f&&l;(}ﬁ()w , Stnce Q\é c_aushuo{'fo'ﬂ /\ Sajﬁ)gt@)
Aelv -3e}. I{ 529&0(95 'S‘\Aodl« o
Jeek- w[%l(c) 0 B |
b o ceh such hal mig](c) F0. They, grou (6), it
Qt‘»ﬂods 4“/\&{’- »
VxeA: m[‘gl&): M[\A'S () exp («X va\_l{’c)&> o
c

| Qecause deﬂ\: exp(xc)>o, This  condludo ‘h&fnoo, A
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® Snguiw% Llomb%femwu) inmar &‘Wﬂ@t&& Qq.uc.kohs

To solve @ liomoaemneous Qivsear &Wﬂeu{{qﬁ es,_uoiz‘ on
h‘é(“)(‘(){'qw‘l()() ‘““‘)(x)+~-+m(x)%lw)’rooﬁd (x)=0
we. VleedL Lo givx {’\mz Qilnwd% YMAGFQWA&\»;{' 505?.& you)
'ér(’d;%?,()‘),.--,‘éuk) “"Q‘iv?\”m Hhe 8eneraﬂ. so Jution

Y= 81960+ Ag g4+ Al
Thee b o aemml Me‘hno(L ‘gor p'iwcl“wé Jdne Quu}iom \é,(x),..‘,
\A,,(x). Howevcr, an exmjr so.Qui—z‘M 05 Fossi@().c gof te gomwfva

aws.

%)—-—’I Cawg{qujf c,ce&{deu{ cose

Consider the Linear ODE
\é(h\ (X)‘F Qn-y gth’t) (X) +---+ O;'él()o 4 QQE(K) =0
b oty eyt eR g coutuds. Lk L be

‘qu CO!&)Vowi;ua OPEYG!“OY'.

SOLA"HM WH’.HA:;
o Ttud the charaderishic Qoﬂlbnowia.ﬁ P(&):
L(e¥) = (894 an 8"+ Foybtoo)e™
- P(B) e b+
o Leb Ou(Pe e Pi eC e e 2erers o£ Hae
(,[Aﬁt‘&(.tfré?}’ft po%wom’a’@ P. Theq:
Q,) %oo‘a Siw(ﬁ)ge tero ?K com}ri@ule; o 5091:}7'0%

b“(X) = exp (p, 2
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@) Ea(i/\ ’i-evou?K w.‘“« Wuﬂn‘ffl‘cx'% wm ((‘,Q. P(@) L»05
o ?O&“W (X—?k)w) coujrvi%u}es e ﬁvuowiwg
,Ql‘vleavﬂ/a imé.qu&yu% So,QukDMS’
4y, () = exp (pucx)

Y g U0 = X 0Xp ORI
éuw_(f): X exp (i)

()= x"! prr(f?xx) |

-

4 We Nri&t.l’hf;;,fi}ev\ﬂ.mﬂ SGQMJﬂ'O” and. QW% J{\Q "m‘/"ﬂﬁ

£y

“coudibiom 3@?&1‘; -

L“" gemwk - COW{?Q?X Feroes a(z(/ear oS Compﬂex (ovzju a)@ ,
Vali} ?k‘:‘ﬂ‘ﬁ‘iw omi ?kﬂ :Efiw, ﬁecqum M« Loapér
«)g H'Q (,L\ak&c‘-?ﬂsjr?c g%uowo e Ireq,Q muu,Q.US. we use

‘el ea g

the De Hoivm LA_W{,‘
VUel - 6{3 < CosY4 Lsind |
owy& laole ’H/»QI( 4"/\2 @ne;gowl?u 90&41"'0'4) Qoq[’f)% :
\éK(K) = €xP ({)k)() = QXP ((5 Hlw) )3 = exp (BX +fw><) <
< exp(§«) ex{)(iwx) = e ( coslw) +isin(wr)
léw(x) = exp (th@ - g (C6~iw)y) = exp (xx« W) =
= exp (yx) exp(-iux) = el (cos (- ) + istn (L)) =
= 0% (cos(wx)—isin W) |
1 Q:QQW, H\o£ (1,42 int&r Cow@iwo}v‘l)w 012 %K (x! n_ui,;%uﬁ()c)

con be yewn‘gm as -
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Qm\éu(\d{?{(\ ek %uﬂ,(ﬂ = . V
= 8 Cos ot i) + duer e (cos(wr) - isin (wid) =
- el [(gx& Nert) cosluny + 1 Ak=Rued siu (wx)l =

o= (ﬁnﬂf\m)[d" Cos(ux)]Jr L‘[Qu*qnfa[f"{x gi"’(“’Kﬂ
= Py el cos (i) + Vi gV Sin(wx)

with " . ,, o
AR A

Sl 12T iriu}
G
)[/z\wﬁ} li *L t;lu;kl

4 {4 -13[}%]6—)
-1 -1 -1 | furd

& D= “':f““\f"ﬁ”f ¢ Yuntifu )
-1 2
A Qki—l = 'iVKH’“ﬂ - “PV»H”VK
-% | ‘1’L
1{ ?o@ows ;hmjc aun eOLuimglu«L/ SC," og 5016.:{')'0‘05 Qe
2 (x) = el cos(wo
i (Q = e cinlwy) | |
In (bewemﬂ: %i\ffw co»n(;an (omju,ol{ LRy 644':» ame
o with muﬂf()ﬂfo‘ m it 15 Bosk prochice £ Tuse Hae
Jﬂaw}m} S(’i o‘g RI‘WQD.V (‘VKAK(?EMCLQW(: Soﬂu(‘iowsz '
wék[x): e\f’(cos(wx) , b"‘*’Z:X JXCOS[(,JQ .
5‘&‘(@ e e sinlwx) % v =X e sin(wo
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lék{"iwl*ﬂ (x) = XWI*l Q\éx CO§(LJ><)

Jitqmt () = X" f* gin (.

EXAMPLE

a) {L}ﬁk J(\nc aememg Sopu "“‘ISn jtb \émv(X) *i\a‘ () =0.
Solufion
De?iwg L\é(lé) =y (x) —-Qé‘ (x) o.wl- \no(ﬂ h«q{
L (e?x) - (ef’*‘a)"’w 0.(e8) = gPebx_ggotx -
- (0320 % - Q8% 9) e = §(6-TR)(0HE et
-[\ne C‘Aavac\fﬁgl’ic Po%ﬂomiaﬁ- V(g); @ (Q~&)(g+ﬁ) Loé
teoer: O, V%,-02 aud Hurclre
\é[x) - e’y M@;ﬁ’,‘ “",A'Z; E':ﬁ'x =
= Mt g 0By A, X8

@)) Soflue Hne ivtdic& uapm, Vvoﬂfmm

El 'é“ () - Sg'(x) t {G%(x) O

3(o)= LA 5'(o)=%

Soﬂuﬁ&w
Degme. La o = \3" (x)- 8 '(x)‘l'[()é(x) aud  wole Hm{
L(e®) = (ebx)—8(e) +l(eb -

= @QQQ’K—- 20e 1 (b = (@‘L—QQHGSQ‘ZX

| - (@“q)ieﬁx A ,
The (\nam(jwif{-tc pOquomia,Q PB) = (6-4)* Lias 2res: @ .4
aud Hnerelbre -
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%(x Noety /z\q_xe
“ f‘é -I’\ae. im{’bﬂ wm&%ow we mo!{ k\ﬂf,
%(x)~ V™) &4y (xe ‘lgtat""rlz\g(e £ Yy e ™)
- (4 ede) e 4 ‘t%xe
omd ﬁu‘ego:e. |
57\5(0)4 ~ i N e’ i\éﬁé%——-i (o jlﬁdoilz:&
5‘(0) % (4244 2)e® £ 4Dg-0e° = 3 44t g =3
@Diax:& & iglri Sla‘.r{
Lti-l—ﬁz ‘1 5-4 /f\q_r-i
Lo llows M the solakion 15
300 < e -xe™ - (L-x)e .

c) Lmecw Osm%kr {Jrogﬁem
ane ’Hne m;{w-ﬁ VQQJM ?rogﬁv.m
}l \A“(xnw’- K=o
(0) = Yo A\é (o) = ‘é‘
Solution
Degme. L {X)”‘ U 4w (0  awd uote that
Lebd) = (%) Tunebr £ g2 obey it obr = (824007) o
- (B4i0)(B-jw) e b
The C\Aara(kns‘nk ge%momiqﬁ, P) = (B+iw)(Q-1w) has zeroes
{'lu) - -ﬂ &Mows a%
%(x)~ IAUP, Cos(UJK)‘{‘IAQ.C stmlwx) =
N cos (wx) 4 Nasinfwx)
To u‘)?ﬂ% hna mt¥mQ (,onzi l’mvxsl we Cdmﬁaj&
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13‘ (= A0 (~wsinw) + Ja (weos ()=
- —wdcsinlw) + wig coslww)
ond. Yhorebre
{ la(o) Yo 4o i (\\ Cu)O—@,(\g,SiVIO = go L=
\é‘(o): g, -wle,\;sivnQ {—wAa&CosO;lél

& ;,,;’A4+09\9.‘\§ Yo & ﬂi?%o &
%'O%-\'Wﬁi:gl , iwe{quéx

é—y% A=Y

Re= ‘é(/w o

U: Q\GQQ%J; J&Q]t “H'LQ s}o@A{ov\ 5
‘ADO = Yoo )+ Uﬁ‘ J0) sinlwx).
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Cquidimenional cose (Sulbr- Guda_oquolion)
Comsider Hae linear ope:

Y UMY+ B x“"g(""t),(x)%—--+atx "0+ ooUl=0
iy Q0@ 0e,.., au- €R  given comshounts. Leb L Be He
Coy1es _omo\im% operotov N
Sofution .mej&o& , | ‘ | | |
v e QVQQM&L: km‘.‘cl'\a\r&(ﬂ‘trbk& PO%W“’WU‘OQ P )Qrow:
L(Xﬁ’) = Y(@xa | | |

*q La{ ?‘ [PQ,.‘-,FV,E@ .sz ;{AQ v 0es 02, P(ﬁ) . Thew

(o) {§ Pu v @ swubﬁc, 1ev0, it COW‘T;«@\JQS o 5 ollubion

_ P
, k(x)_-xe )

(¢) [2 P b o %ro Witk ,thﬂ:IPQl‘dx\a W, i{, COM{?EQMI{} fe
?oﬂouivt% Q(‘vwo\fﬂ)b imlepev.ém{ 50,&;,{‘3' ows .
M () & xfw | |
pon () = x ™ fnx
‘émz(@ - XWU‘"‘"‘]Q

Bk&m;l&) = xfu uﬂ"]mﬂ |
(Q Given @ complex mmjuaa}e pair P =yt wd P =i,
?rowl (@) we oblin (see remark 8el ow) Hie &Mow:u%
Dim_m{!l} iVliLQPEV\&Qu(Z soflubious:
IRCE 8 cos (W )
00 = xT sin (10
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(§) Given o complex conpu de pair p =Yt and
f}k-.—.{-(w, of Muﬂ\‘?ﬂid‘% w QYO\MP (ﬁ§l we oblaiv ‘hne
geﬂowiu% Qiugm/ﬁ:é im&yem&uk Soﬁu[ioms-,
(0= x¥ cos (i fax)
13u+\(’0 = xBsin (m’(ux)‘
RCE x§ cos (1 fux ) duny.
%W{-%OO_:XXCOSG‘JKMXBQMK

0= 18 coslotoo ™
gm-?.m-i(‘d XY cos x| mx |
Uit Qm«tm = X\{" S Gufux)uvoclm"

"’5 UC wn‘&e ’{\u %éheroﬁ— Sohsﬁm auiung Hﬂc i\%:L:Q,Q

coudibons | i given.

‘L__,. %emm\( ¢ Fer ‘h,\q_ e 02 a Sfm%l ?o}( o"? Cowr)glx

-

(Ou&u%a\t Feroes =Y+w QvuL 0 -lw , We (/\o.\rf. .kle.
'?OQQOM;KQ Cow{vi @u&f{. USDLJ.“KOMS: f(‘ 6
= XQK qf» ><\6‘H"‘J = pr((ﬁiw)ﬂwx) = X ( ﬂv\x) ex ( Emc) =
4 L
5K - xf[c%(_wﬁux)ﬂsim(wg_mx)] Y U
QA(L ‘.»'kMip\D.'%:
Bwh (x) = x O < I ‘6[‘(:05 (wlux) - 15 (W de]
, VEOL av arzu.meu{ Sinf,Qov' %o ‘P/\Q,‘E og Caye {'/ we OQ‘[@JM ‘UMZ
-qu,QOuJiw3 OJHQIV\QXQ_ inxe&[‘% MA&P@M(LPA{: Sbﬂukoms: :
20 = X8 cosw e |
zm(b(): X\( 5'{\4 ((;JQMX)
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X AROLES

o) Solve the (m;L«a,Q vale Y( oB fom
‘ 3 Y"%”(XHX%‘(KH H%(x) -0

=p Ay'tel =
Degine, L‘él)ﬁh x‘? ”(x)lr)(%,‘(\d %Lt%,&), U ¥oQQom$ ﬂmjc

L(xB) = w2 (B4 x (b)Y € 4yb =
< kL0 kB px b 4 b
~ 5000 x84 B84 Gk - [B8-0 b+ ]ih -
= (L% Q?‘('L{'LQX = (@"-H)x@ (B r9)(-2) xb
w‘q\'c\n Bi\m‘ the havackrishe Yo%holmiag
PO = (6+2)(L-%)
\m}r\/\ Levoes P( 9. ami f)q, -4 1 20@000] ‘H\al(? ‘A«e aeumg
SOLL‘OOV\ V‘eafls ,
0 = A eos (0) + g sin (‘l fnx)
jé) H«A e L:q9~ couclcsr:om (ve uo(e Kml',
‘a(‘l)—  cos (20n9) {—/A%m(ifn
aud
13 (0 = do LC«)SUQM)] g Lsin @lux] =
<4 [ sin (3] ] (3fu) " + g [ cos (Qqu)] (24’ =
= (ﬁ_/xﬂ_ :lcSM &ﬁw& +& Cos (‘lemc)l
(@)= (D]~ s (Lud) $ha cos (‘Uiua)] =
=~ dosin(Alug) +£\9, cos (20n2)
and ot Joflows thalk:
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V ‘gm . ¢ 4:,_3 % A Loj(éfmw‘f‘.)w%Aﬂ.&im(iﬁu‘i) =9 (_@
é'(‘l.) =q “Al Sin (44n9) JrAéLCO) (:Q.Qm‘i/} ““0\ o

= [@s (20n9) stw(aﬁn‘h)Hﬁx X S [1’} &
S -sin(20ud) o (2l)iL d) Lg
= Yc\‘ X = \COS(_QZMQ—) sm(‘iﬁuq/)X“‘ [ F}
Ae - Sl (‘ith-) (o5 (21u) q o
= { l(o) (2ud) —tin (QQM‘L)} K P
cos(2hnD) 4sin? (20D [ s (2@ cos(20u) 4
s X pos (940n2) - qsim (Qﬂsﬂ)‘& ©@
o ! PSM (20.2) ¢ Ci(os (20ue)
& 51 f,\(: p cos (af2) - C\SM (90D
| gq;—1 Psih (QKM‘L)Jf q tos (el
,T{ous. “‘e SoLxBnh heaiﬁ o ; ; o ;
lz(x) - h cos (20u2) - qsia (@10 cos (2fux)+ [?Siw (22} +q cos (‘ifn‘l)]siu(‘lw
- f? i(o; (2u2) cos (@ fux) +Siu (20u2)sin (QQWA)VJ +
+q I - 5t (20n2) cos (20w + sin (2ux) cos (QQm‘Lﬂ =
<P Cos (‘Ulux - Qﬁu‘t) $ q sin C‘me -—‘1@4@

i
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8) Solve  the wikisd yolue Frogﬂew
% LTXQ"}“(K) + BXg( 9] 4»5()0 =0
| %(’5):? A‘%((%):cf
S Jubion o ,A
Oegiwe L o = thi,éu x) + %K&é[ x) {'3[2() _H, &Qﬁew Hmt
L(x8) = UxeGB)" x (x4 b=
- 4xB(8-1) x&2 5 8 x84 x4
- qR(e- 0% +80x% +x8 = [UR(G-D+88 41 ] xb -
= (404404 4)x b = (4hrrues0 Kb = (904 X8
; w‘:\ic\,\ %‘wes ‘hne ,c\navac&e(b\':‘c, [)oﬂlauow{{)Q. , V@)"C%H)Q uf)‘q
o double Zero = “C{Q. T‘Aus . \qae, Qw@fai Soﬁukm rEmLS:
\Q(K) = g(x'l[q”r qu,x;llqﬁu\xz Aitila %‘X
Vx

To o[)ng Hee Iv\zL‘wQ Cowiil{om‘ we vxoj& Yoot
%(’5): , /’\‘+,{\‘1—f‘“‘3

Iz
OWL [ f
gE(X) = (Qtjr((\‘lﬂwx) J;( — (Q({"A‘LQ\AX} C‘Fé ) _
(%)%
A X%"i— x - A{{—QCLL«\S I -
* X 9.Jx

:*LXA‘L& __Q&'Atﬂl«)(];

oL x ox

= l I le - ({A‘+Qiﬂh)<)l: (?,Hq;gt) JAaﬂux
i Lxix
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- Bz (‘]A 9~ N - A Ju? _ "Al + (‘I.-— Qv?))a’l.
9.37% T
(mel. ngore

S am-p o § Ad b= pl? o
}lél(?) 1 )% ’:\;4*(%%)%.- (Dcl(@

“ | i‘iamﬂ M@]

© [Q(’K: P Q‘A% }”1[173 ] =
ﬁq, -1 Q'Qm’ﬁ Lc‘\l—?
( iz bz L3 || pT3 ]:
(“L ) + L3 { &:\B
RS L) p\Fé Gqﬁfzmg]
FJ@ +Q E
?@ow ‘H""‘é SOLAWM 4‘9 H'IQ t\al: VQﬂ.D& ProMm [s:

\ébc //\ el i

F
I(i Qv{ﬂy\ﬁ quﬂ& +CF@+Q0\Q)JZM}
b}@ (9. w3 +nx) 4 erﬁ (fng. - QMZ)J

m

‘1&
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Q) Soﬁvt ‘HAQ ;hijdoﬂ. vaﬂw, Proﬁgtm
3 xq’\é)‘“(ﬂ - X\é'(x) ~%a(x)=0
w%it) oA «3‘({):—- 0 Bg“(n =P

- Se S
chiwe Lé(x) = Kzgu (x) - Xléi x) —-35&) 1 ?Oﬂom {qu,
LGk = %2 (xB) —x (xB) ~3x4 =

2 L00-0Uh-9) xb3 x (40 - 3,8 -

< bUb-0b-0) b - 438 -5 (4A-08-1) - 8-2] -
=[085 42) - 05Tt - (43-30% 498 -8 -3 )"

- (07302 4 4-5) x4

avid. jf\v\o_rb?e:t the. C&madubkc Pe womial 13t -

P(0) = 7342 +B-%= 42 (4-+ (69~ (h-3(4H+0 |

Ui&’(v\ Leroel ?1-;3 , ?9__:'—;, ,QWL e%z'z" Tlnus‘ H'Q %emrcﬁ
Sofution is  given @3‘.

}{X} = gq Xz ¥ %9. cos (fn) + /r\’bSin (qu)

To o Hae imiL‘aﬁ (omiti—,‘om, we l/zolt %mj&

\3(0 = d- 1? .Jf &9. cos (Q\AO + A‘; Sin(thx =

= At t(r\eLCOSG t ((\352710 = Aﬂc gq_
aud .
\A‘ x) = %[ALXCL 4 gi[,(os (va\ll % Ab {Sin &h\c)}[ =

<2\t + \a. {«sim (th)] (fu)’ + A?, LCOS (}me)] (Qu)c)l
= Nxt + - A sin (Lux) + A3 05 (fu) =
X

- ,g( ) = 9)((\[4_9\ L “Aq_Sin (Q.MD;' Q3(o)@uo -
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= 31\1* Qg‘&ho ’Jra?, 050 =55u - 0A9:’r A’b .

wd

““(K)‘ éﬁlx 1 A & $IV\(QMX)T/A 4 4 fc«» QMK) ’( %
o\X ch( L X J

- (Gx)ﬁ‘ v [(SMUZW)) x= sia ()60’ ] 4,

&

 Leos (] ' - cos(Bnd60" 4,

X”l

(60 + ~Leorllwd ' x - sin (80 ] 9,

Xi

e SM(QM)(QWQ X — coS(Qw Az -

X?.

X% x%

()04 o)~ sl By g sim(lod-cosllod dg

5 410 L) - oA~ [sia D s 0] B =

= Ch 4 [smO 056 Ny - (50 + ces0) ﬂz:

o hade:

, ’(A( ,A‘:L Ag

,3_,@1}_33 .0 &% 04|47l ]
G&t'(MﬁAa??w e taldlNd (el

& ol 111 0]

\ ! 0 o o

B
-1 -4
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: " D .-‘3?
D 10

— T i mAs

ke PO poslle) sl

(0 (o (0

(R s ) Bl
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- ® %@Qﬂwg iv;\/xoweqamgous Liveay éi%@ﬁsz{&f)\ Qqum[fom
G O v

| We wi@Q View cew\s;chr Une. (})ebzem’l FNMUYI 0£ H};e Qt‘weqr,, ,

;iw}nomo%meo@ inear A!?PW%«QQ equui’t‘ow OIQ ,H\L IQOWW e

,, VXEA . %(”‘)(K) s (K)g[‘“”‘) 0+ -4a %{ mmp(xné&z:f&o (1)
it Qo 0, Qg ;... , Ray } e C°LR. The %EMMQ mefhod 15w
1) Given oo solubions %u-w‘ﬁn of e Iﬂomo%\gheou} equaéw‘m“
ovd o lia owe solubipn \é(, of fe {V\Lovuo%fmgou; {)q,ua,L;‘M
we show fhal vuruc gemmﬂ solubion o E.‘.I.C() (s:
%M :%‘él(x)% } 1;‘39. o+ "*'{’ghgm()(?‘i’ %V(K) ; ‘
2) Give 'ﬂw}%‘ﬂv-fﬂw fhere fbewemﬂ resulk Haod ams
the solubon “é?’ | o
Te,vmiquog%: Tlne, }WW’) ﬁk%t+-,--+gu%w,ar& kla {nu»na%em,ou)
solubion  aud Yp are te ?wjn‘cuﬂar sofution 1o
We now %irc M Aénifs DQ bhe 1[{060%-1

Thw : Covisider dhe incar o(),em?w L:CP =R ,—?ar Some
miemi AQW\ sadh ot L\éﬂ(m«mw-té&”’o+~-~+&kéz40\oé wiJr‘n
Ao, ... an e ClA). Let QGCC’(A), ad assame b
1) el (L) = syaﬁ%“ @,-..,%yf% with Yig, Y € CHA).
(8) an?rg . ' S -
Lﬂaevza L%'-:gév 3((\“{«\1,...,%6% %z%vlrgtga‘f(f\z%a*'--ngmém
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Pmi

+ Assume  thot Lu g Thea it 19%0:3 ot

tha Lu1%n~£2 0= (y-t)e enadl(L) =

aunesoonuuo- i*‘)
gt g <3

=2 ;”)1/1\9 ‘lmeﬁ]\ !k"{n—- \'& -t(kll)\q—} %&\N.m

<

= gg /;\‘I &V&Eﬁ "'{ uakﬁl“\l*giqﬁ* ) h}\é’m

[é‘b ASSume Jdga.l: }A 31 Q\U\CR 7%“ ‘ Uc JrAM TA‘LW’] 4’5\"-%14

Wm Hl: Qoﬂow: {'\mﬁ:

e L(u +T A%@ Lu e L[IA =9y I L(./lnbéw)f-

g-’rlgk.(hlx) 2%1&&9 —?&95{- 0

k=1 : k=t

TWL&LNMGWM%M%MMwL%QmW

Otha,l-Of A.ag’lv:e&. Qy *

VueC"(A) Lus ub 4 qu. 1u("’ DL tay! ooy

w;¥h Qo Ay,- ‘ Qi eC"(&) awd et ?6 C“(A) }sssum?_ ﬁani

Viuﬂ,u—L SP‘M” S.Uh b\‘i ng ﬂaevz 1%12 M({?_gmotagmeoqé ODE

Lu 2 Lun a DN"}“I(.MQOY Sogp}zow GCV’(/O steda H’lﬂ-{; L%f’:g

§ %ivfm @%
VxeA: y )= ( G(x.{;)gtfc)éi
of jA
with  Vxdek: Gl P- Z B (t) Yula i xzd
l ) ) £¥ x£ 6

where B4 QHL&) L Balt) fhe uaique sefubion bf the "Suskm

WYY, ] (5)(B,(4), By ), . B ()= (o,0,...,0.)
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?\Qv\aw‘ﬁ :

oﬂ T‘ne OYoo£ 2 jr)nu {me [ Iw.ml- Ou a\en(,v-n,Q@cA\ Quwgkous

and stf Q:e %wew Qa‘rer

@ A\n o.ﬂema'hye Orvoz is ‘La Sufx{ l‘uk ‘Un?. Soﬂu%om % e (R lo
][L\e Cquajnon Luﬁé? Oqu (nugﬂm {La{ 'I‘(AR_ SOLtJﬂOm Sa{'ls‘ng

’B!L Q{M‘ﬂl}_ﬂgﬂ_ﬂi i kmmu a$ “\Iaho.}wu a¥ pammd{n

Q) T‘ne Qumc‘ﬂon G(XA:) 5 Coﬂe& hae, Gnem 'aum}mm 1{ (ao}ures

lhe Bk L Hhe value of U Qorum D ndion 2 of 1 4o the

Soﬂ: {"IOM 13(, o.‘c X T\ne_ G’&QMS gl(j‘lﬂvx i WD'!: umqu{ g}u{' av

QQ ers&. \umauc. l‘Q we m{voiqoz %\Q O.SSQM%OVI %t&t

G()C,{;)» Qov X<'L T‘ms is <uoww as %9. Cm&gij mGSiumg{'ion

Jd,,oéc “‘Hna %,-Lluf_ \mme PG:) S(aoufc{. Sao!? qu\re aun ef] 0% ou

the P“"SL QOQM}R‘!NA \g‘%(x)".

%—" Opecial  case : Jnd - oddor lirear 0DE ou A=[c, 4l

Cowmsider Hie  9nd - order Qinear ODE g e Qorwz

u“&)fro..(x)u (x)+aob<m(\<) Voo, will 00,0, Y (oK)

W(r(uem ‘}wo Q(ma*ﬁl« iwé&mwo(ﬂw{'- SO.Qu'mes ‘bt ((3) eC'i(A)

sah Haat

( u”@c)lfou(m (mmm Q=0

a: () + 04 () %9_60 +0,00Y ?_Oa =Q
[+ 8 rorreSDomé-m 90~f‘LCMQQ\r foﬂul'wn l&p € CQ{A) {s qm&k g*(

TN £ U O O (1) 4
at * . wh *) wlh

with w() = u. () q%afc) Y, U;)u&u')
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P{oo?

’Hag Cret‘.vn '?umho.n {s mv(’vx QM

bk =S 9,({)'\h(x)+89(é)uth> i xst

0 1 lg x<t

wt§\'\ B, Bgu:) Q\\ttm qu ,
Wiy, qu) (B (b), By W) - {o D&

/-—-'\ i 1& (Q "2\}1&)—] rB,({) 1 - ()-‘1 L)
m CRN0O Bl L1

o | 8. ’Qﬁ%&mm%%m T4l .

XTI SIIRIC) B N
i { Y® -ydiio]|-

u, (0) q‘.(a w! (Qua® [-u'()  u @& {L4
- ¢ ¢ (1 aJ'

= U{ ! “‘éq © | =
W) L V\\Gﬂ hhhhhh
o B0 A'pw- wl
W) wib

and. Jr‘ne&c&ow Q {)o.v"lcwoar sofyhiovt (3- -

AOE 3 4 gplwdb- ("L&(amawq(em?_hqﬂG)cUc=

-C - '(

X

B ludl y (o( B, bt =

-u(x)(
At

J¢

_u b X By ‘LH‘};»L(X)( Q(Jc)a CR

‘ JAC | wih) ;(.

| . NOk 'HA{ {’L\m Qawek Q.Mui -0 Can ﬁt r;plo;uc!- wk% ahd

CovlSSmu(Z .. T\MM qu_ (—00 C) qu‘mﬁ) mves (% Cow{‘rfowﬁow

H,LL - Q,:; okt A, o U L.owwqaem zouS SOQU-{‘OW .
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EXAMPLES

Q) S ﬂve ‘Hne. \Vu \mﬁue, WoﬁﬁEm

- u”(o ‘L{‘(KMQ[K)“ C%xmk

uUﬂ vioAu‘CO) 3

OQ.U“'\OVI

Deivte VueC‘LG?D LudA h 1Y, aud vele %Lq

LQ‘Q:{_ (Q‘QX)U i(e@x%{ Q@K Qﬁ. Qx Q‘@eﬁx‘_}

(02944 V)e® o (B-) ePx

B -“42_ c\aavac\e\m!ua 9091MAOVVHO.Q P(&)“‘ (Q; DQ‘ (nos) O &Ougﬁﬂ

oo =1, Bodore nllQ)= e plouh

de&‘ Uh(uc) ex/\%q;tx)zxe )

T‘n& Cofresaam&wm wmwﬁ[&(a“ S

wlb= | Yl Jc) M‘&)l = % (k) MG&) lglUc ug (b =
’(9 M (i) o

= p¥% Cxe“)’ (E’)‘){ (xe")* e¥ (e +xgx) eX xe

= e2X g xe¥* o< - o ¥

ouaé. o, bo.ri’l ';‘U-Qodr SoQuijh is:

CHOEELAS (*ferys® gt 4y (x)j fw W

Jo wH) F) wih
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Homework 02: Linear Differential Equations

1. Consider a general linear differential equation of the form
Vi e Ay (x) +a(x)y () + b(x)y(x) =0
for some interval A C R with a,b € C°(A). Assume that y; € C?>(A) is a solution, and define y, € C?(A) as:

Vx € A ya(x) _yl(x)/cx[;i(:))]z dt

with ¢ € A and with Q(t) given by

Vie A:Q(t) = exp (— /a(t) dt)

(a) Show that y,(x) is also a solution.

(b) Show that y;,y, are linearly independent.

Remark: An immediate consequence of (a) and (b) this is that if we define an operator L : C?(A) — C°(A) with Ly = 0,
then it follows that its null space is given by

null(A) = span{yy, 12}

The corresponding general solution of the equation Ly = 0 is given by
Vx e A:y(x) = Ayr(x) + Aya(x)

Remark: This exercise shows that if we can guess one solution of the second order linear ODE Ly = 0, we have an
equation that can be used to find a second linearly independent solution. Then, given the aforementioned theorems,
we have the null space and the general solution.

2. Find all solutions of the form Vx € R : y;(x) = e for the linear ODE
Vx € R:y"(x) +2ay' (x) + a®y(x) = 0

with a2 € R. Use the previous exercise to find the second linearly independent solution and write the corresponding
general solution.

3. Show that the initial value problem

{ Y(x) —2(p+a)y (x
y(0)=0 A y'(0) =

with a, p € (0, +o0) has solution

)+ pPy(x) =0
1

exp(A(p, a)x) — exp(B(p, a)x)
2y/a(2p +a)

y(xla,p) =
with
A(p,a)=p+a++/a2p+a)
B(p,a) =p+a—/a(2p +a)
without substituting the solution to the ODE. Then, show that:

I ,p) = xeb*
Tim y(xla, p) = xe
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Remark: This result shows that when considering a second order linear differential equation, in which the two distinct
zeroes of the corresponding characteristic polynomial approach each other, the solution obtained using the initial
condition y(0) =0 A y'(0) = 1 converges continuously to the “screwball” y(x) = xe?! solution that we find when the
two zeros of the characteristic polynomial are exactly equal to each other. Note that this argument does not establish a
solution for the case where the zeros coincide; it only shows that the transition into that case does not exhibit any
discontinuities.

. Show that the linear differential equation
ax®y"" (x) + (b +3a)x%y" (x) + (a + b+ c)xy' (x) +dy(x) =0
with a,b,¢,d € R has characteristic polynomial

p(x) = ax® + bx* +cx +d.

Remark: This solves the inverse problem of constructing an equidimensional linear differential equation that has a
desired characteristic polynomial.

. Solve the general damped oscillator problem, which is defined as the following initial value problem:

{ v/ (x) + By (x) + w?y(x) = f(x)
y(0) =yo A ¥ (x)(0) =y

with B, w € (0,+o0) and yo,y1 € R. Distinguish between the following cases:

(a) Case 1: B < 2w (underdamped oscillator)
(b) Case 2: B = 2w (critically damped oscillator)
(c) Case 3: B > 2w (overdamped oscillator)

Remark: 1t is easier to solve the combined case § # 2w, allowing the use of exponentials of complex numbers for
the underdamped subcase. This gives a common solution form for both cases § < 2w and 8 > 2w, but for the
underdamped case, additional work is then needed to convert the exponentials involving complex numbers into
trigonometric functions. This approach will be more economical than attempting to handle the underdamped case
from scratch.
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GODE 04: Series Solution of Linear Differential Equations
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Homework: Series solution of linear differential equations
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Homework 03: Series solution of linear differential equations

1. Derive the complete series expansion for the following functions around the indicated points and find the correspond-
ing convergence radius

(@) f(x)=e*sinx, around x = xg
(b) f(x) =e*In(1+ x), around x = xq

2. The binomial series is given by

Vr e (=1,1): (1+x)" = +2°° <”>x"
with

(a) :1anan€]N*:<a> =
0 n

(a) Show that:

Va € (1,400) : Vn € N* : (12&) = (_1)n7m

»
Il =
—_

=

(b) For the special case a = —2, show that

. [(—1/2 L, (2n — 1)
mens (7)< cap @D

with the double factorial n!! defined via:

ol=1A1l=1

n n
Ve N*: 2n)lt=]]2k A @n+1D)t =]](2k+1)
k=1 k=1

3. Find all terms of the unique power series solution to the following initial value problem:

{ Yy (x) = 2xy (x) +2y(x) =
y(0) =1Ay'(0)=0

4. Use the Frobenius method to show that the general homogeneous solution for the equation
4xy" (x) + 2y (x) +y(x) =0
is given by
Vx € (0,+00) : y(x) = Ay cos(v/x) + Ay sin(v/x)
5. Use the Frobenius method to show that the general homogeneous solution for the equation

x(1=x)y"(x) + (1= 5x)y'(x) — 4y(x) =

is given by
y(x) = My1(x) + Aaya(x)
with
—+o0
y1(x) = Z (1+ n)zx”
n=0

y2(x) = y1(x) In x| — Z (n+1)x
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GODE 05: Asymptotic Methods



110
Asymptotic methods for ODEs
We distinguish between the following methods:
1. Local analysis: provide an approximate solution which is accurate only in a local region
2. Global methods: provide an approximate solution valid of the entire domain.

(a) Boundary layer theory
(b) Multiple scale analysis

1 Asymptotic relations

Asymptotic methods are centered around the concepts of asymptotic equations and asymptotic
inequalities, given by the following definition:

Definition 1.1. Let f, g be two functions and ler o be an accumulation point for both functions.

We say that:
f(x) < gx), asx » 0 & lim ZACY =0
x—0 g(X)
f(x)>gx), asx D0 & gx) K f(x), asx - o
Fx) ~ g(x), asx o o e Tim 192 =

x—o g(x) -

e The statement f(x) < g(x) reads: “f(x) is much smaller than g(x) as x — o”
e The statement f(x) ~ g(x) reads: “f(x) is asymptotically equal to g(x)”

e A function cannot be asymptotically equal to zero.

¢ An immediate consequence of the definitions is that:

fx) <gx), asx =0 = f(x) +8(x) ~g(x), asx = o
¢ Both relations satisfy the transitive property, which allows intuitive multi-step calculations:

{g((j:)):i((j))’ :SS))CC:g :f(x)~h(x), asx —> o

= f(x) < h(x), asx - o

{ f(x) < gx), asx = o

g(x) < h(x), asx - o

e The following results are immediate consequences of the definition and useful in calculations:

Va,beR:(a< b= x* < x" asx > +x

1
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b

Ya,beR:(a<b= x> x" asx - 07

Ya € (0,400) : Inx < x% asx — +o0

a

Ya € (0,+00) :Inx < x™% asx — 0F

Ya € (0,40) : x* < exp(x), as x — +oo

2 Asymptotic power series

Linear ordinary differential equations at an irregular singular point could be solved by using
asymptotic power series, although doing so is very cumbersome.

Definition 2.1. Let y be a function. We say that y has an asymptotic power series

+00
y(x) ~ Z an(x = x0)"", asx — xg
n=0
if and only if
N
YN e N—-{0}: y(x) — Z an(x — x0)"" < (x — x0)”N, asx — xo
n=0

e An asymptotic series is not necessarily convergent, however, when truncated, it provides
approximations to the function y(x) that are asymptotically valid in the limit x — x.
e An asymptotic series will be convergent if and only if

+00

e If a function y(x) has an asymptotic series of the form

+00

y(x) ~ Z an(x — x0)”", asx — xg
n=0

then the coefficients a, are uniquely determined by the following equations:

ap = lim y(x)

X—X0
ooy —ao
a; = lim ———
X—X0 (x — x0)7
n—1
y(x) = ) ax(x = x0)"*

k=0

a, = lim ,Vn € N*

T xSk (x — xg)""
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This ensures that, given y, the asymptotic power series expansion of a function y(x), if it exists,
is unique. However, not every function has an asymptotic power series expansion. In order for a
function to have an asymptotic power series expansion, it is necessary that all of the above limit
calculations converge.

e Although every function y(x) can only have a unique asymptotic expansion, if one exists, each
asymptotic power series expansion is asymptotic to many functions.

3 Properties of asymptotic expansions

e The following theorem shows that we can add, multiply, and divide functions with asymptotic
power series expansions and obtain new functions that also have asymptotic power series
expansions.

Theorem 3.1. Let f, g be two functions with

f(x) ~ Z a,(x —xp)"", as x — xg

neN

g(x) ~ Z by(x — x0)”", as x — x
neN

Then, we have:

1. Every linear combination of f and g has an asymptotic series

YA p e R Af() + ug(x) ~ ) (Aay + uby)(x = x0)", as x = xo
neN

2. The product f(x)g(x) has an asymptotic series
F)8(x) ~ Y ealx = x0)", as x = xo,
neN

with ¢, given by

n

VneN:c, = Zakbn—k
k=0

3. The ratio f(x)/g(x) has an asymptotic series

% ~ %a’n(x —x0)"", as x = xo,
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with d,, given by

Vn e N* 1 dy = (1/bo) |an — X2 dibus |
do = ao/bo

e The following theorem shows that if a function has an asymptotic power series expansion,
then the integral of that function also has an asymptotic power series expansion:

Theorem 3.2. Let f be a function. Then, we have:

f(x) ~ Z an(x —x0)"", asx = xg =

x a.(x — x yn+1
:f f(t)dt~2 n 0) , as X — Xo
X0 v yn + 1

e Differentiation of asymptotic series expansions does not always work. There is a complicated
collection of theorems called Tauberian theorems that can be used to justify differentiation. For
the local analysis of ODE:s, the following result can be used:

Theorem 3.3. If y(x) is a solution to a linear ODE of the form

Y 4 puct ()Y 44 pr(x)y + po(x)y =0
given by

y(x) ~ > an(x = x0)", as x - xo
neN

and the functions py(x) are asymptotic to power series of the form

Yk e{0,1,...,n}: pr(x) ~ Z bk (x — x0)”", as x = xg
neN

then y(x) can be differentiated term-by-term n times, with

Vk e {1,2,...,n}: y®(x) ~ Z an(d/dx)*(x — x0)"", asx — xg
neN

4 Method of dominant balance

e There is no general theory for solving linear ODEs near an irregular singular point. However,
there is an ad hoc asymptotic method known as the method of dominant balance.



114

e Suppose that the linear ODE y” (x) + p(x)y’(x) + g(x)y(x) = 0 has an irregular singular point
xo. We are expecting to find general solutions of the form:

() ~ €(x) D an(x = x0)", as x = xo
neN

where £(x) is the leading-order factor of the solution, which is expected to have an essential
singularity at x = xg, that involves £(x) having a factor

Lo(x) = expla(x — x¢)"? with b > 0

By contrast, for regular singular points x = xo, we have seen that the leading-order factor of the
solution typically takes the form £(x) = |x — xo|*, which does not have an essential singularity.
e To find the leading-order factor £(x), we work as follows:

1. Define S(x) such that y(x) = exp(S§(x)). Then, we have:

Y (x) = §'(x) exp(S(x)) = §'(x)y(x)
Y (x) = 87(x)y(x) + S'(x)y'(x) = 8" (x)y(x) + 8" (X)[S'(x)y(x)]
= [S”(x) + [S"()*Iy(x)

and the linear ODE is equivalently

¥ (x) + p(x)y (x) + g(x)y(x) =0
= [S7(x) + [S'(0)]* + p(x)S'(x) + q(x)]y(x) = 0
= S"(x) + [S'(0)]* + p(x)S'(x) + qg(x) =0

2. If x¢ is an irregular singular point of the equation, then we can guess that perhaps
S”(x) < [S'(x)]% as x — xo. If we assume so, then we obtain the following asymptotic
differential equation:

[S"(0)]* + p(x)S'(x) ~ —q(x), as x — xg

3. To solve this equation, we assume that there is dominant balance between two out of three
terms, meaning that the third term is subdominant, and use that to solve for S(x). Then, we
check whether the solution satisfies the subdominance assumption, and if it doesn’t then it
is inconsistent and another combination should be attempted. For example:

(a) We can assume that [S'(x)]*> < p(x)S’(x), asx — xo and solve the equation
p(x)S’(x) ~ —g(x), as x — xo.
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(b) We can assume that [S'(x)]> > p(x)S’(x), asx — xo and solve the equation
[S'(x)]* ~ —q(x), as x — Xxo.

. When a self-consistent solution is found, we confirm that it also satisfies the assumption
S”(x) < [S"(x)]% as x — xq

. Let So(x) be the resulting leading contribution to S(x). To find the next-order contribution,
write S(x) = So(x) + C(x) and substitute to the exact governing equation for S(x), to
obtain an exact governing equation for C(x).

. Assume that C(x) < Sp(x), asx — xg, and try to solve for C(x) by using some self-
consistent dominant balance between two terms of the resulting asymptotic equation.
Some simplifications could be introduced as a consequence of the assumption C(x) <
So(x), as x — Xxy.

. This process is repeated recursively to obtain S(x) ~ So(x) + S;(x)+---, as x — xo until
we encounter a logarithmic term a In |x — x¢|, which is the weakest possible singularity, for
a leading factor that contains an essential singularity.

e The assumption S”(x) <« [S'(x)]%, as x — xp,isa consequence of the expectation that the
solution of a linear ODE near an irregular singular point is likely to have an essential singularity.
To show that, assume that

y(x) = expla(x — xo)_b with b > 0

Then, we have:

S(x) = Iny(x) = a(x - x0) ™" = §'(x) = —ab(x - xp) """
{ S”(x) = ab(b + 1)(x — xo) 2
(8'(x))? = (ab)*(x — xo)~ @0+
{ S”(x) = ab(b + 1)(x — x¢)~+2
(8"(x))? = (ab)?(x — x¢)~ 0+
. S”(x) ~ab(b+ 1)(x — x¢)~ 0+
=, (SO am (ab)2(x — x0)-"

b+1
_ 27 lim (x — x0)? =0
ab X—X0

— §”(x) < [S'(x)]?, asx — xq

therefore the assumption is satisfied.
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e Furthermore, we can argue that if the point x = x is regular singular, then the same assumption
is not satisfied. To show that, assume that

y(x) = |x — xo|*

Then, we have:

S(x)=Iny(x) = Aln|x — xo]| = S'(x) =

X — X0
-A

(x — xo%2
’ 2 _
(S0 = s

= [S"(x)]® ~ =18 (x), asx — xg

S”(X) —
—

therefore the assumption is not satisfied.

Example 4.1. Find the leading order solutions to the equation
Y'(x) + (2/x)y (x) = (1/x*)y =0, asx — 0

Solution. Let y(x) = exp(S(x)). Then, we have y’(x) = §'(x)y(x) and y”(x) = [§”(x) +
(5”(x))?]y(x) and it follows that

V() +2x Y () —x Tty =0e= (X)) + (X)) +2x7 S (x) —x* =0
Assume that §”(x) < (5’(x))%, as x — 0 and consider the asymptotic equation

(S (x)*+2x718"(x) ~ x4, asx — 0
e We investigate the assumption that (S’(x))? < 2x~15’(x), as x — 0. Then, we have

2x7 18 (x) ~x7* asx > 0= S (x) ~ (1/2)x73, asx >0

e S(x) ~ (=1/4)x7% asx >0
To check for consistency, we note that
(S (x))> ~ (1/H)x7 0 ~ 2xH(1/8)x2 > 2x H(1/2)x3 ~ 2x718(x), asx - 0

which contradicts with the assumption (S"(x))? < 2x718(x), as x — 0. Therefore, this is not
the dominant balance.
e We investigate the assumption that (2/x)S’(x) < (S’(x))?. Then, we have

(S'(x)> ~x% asx > 0= §(x) ~+x2 asx — 0

7
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<=>S(x)~ifx_2dx~$x_l, asx — 0

To check for consistency, we note that

/ -2 (8'(x))* ~ x7*
S(x) ~xx"", asx—> 0= { 2318 (x) ~ +2x73 asx — 0

— 2x 18 (x) < (8 (x))% asx — 0
which confirms the consistency.
e To confirm the main underlying assumption, we note that

{ $”(x) ~ F2x7

(S () ~ x4  BF 0= 50 < (8'(x))% asx — 0
We have thus shown that the dominant balance is consistent and the leading order term is
S(x) ~ £x7".

e Subleading contribution: Define S(x) = +x~ !+ C(x) and assume that C(x) < +x~!

, as x —
0. Then, we have:

S'(x) = Fx 2+ C'(x)
S”(x) = £2x77 + C”(x)
[S'() = (7272 + C'(x))* = [C'(0)]* F2x7°C/(x) + x~*
and it follows that

S"(x) + [ ()P +2x71S(x) = x4 =0

S22+ O+ [COP F2x7 2 +x N+ 2x (" +Cx) = x4 =0
= 1207+ C7 () +[C(O)P F2x72C(x) £2x2 +2x71C(x) =0

> C"(xX)+ [C'(O)P F2x72C"(x) + 2x7'C(x) = F2x 3 72472

Since x72 < x73, as x — 0, it follows that C(x) satisfies the following asymptotic equation:

C"(x) +[C"()P> F2x72C (x) + 2x7'C(x) ~ 72x73, asx > 0

This equation can be further simplified because

Cx)<+x !, asx>0=C(x)<Fx 2% asx >0

— [C'(x)]? = C'(x)C'(x) < x2C'(x), asx — 0
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resulting in the simplification:
C”(x) F2x72C'(x) +2x'C(x) ~ F2x7°, asx — 0

If C(x) follows a power law or logarithmic dependence on x, then we may expect both
C’(x) and C”(x) to follow power law dependence on x, from which we would expect that
C”(x) ~ x~1C’(x), as x — 0. Consequently, we assume that C”(x) < 2x72C’(x), as x — 0.
This simplifies the asymptotic equation to:

F2x72C (%) +2x7'C(x) ~ F2x73, asx 5 0 = FC'(x) + xC(x) ~ Fx !, asx —> 0

To find the appropriate dominant balance, we distinguish between the following cases:
e Case 1: Assume that: C'(x) < xC(x), as x — 0. Then, we have:

1 2

xXC(x)~Fx", asx > 0= Cx)~Fx 4 asx—0

which is inconsistent because

() ~ + — 253
e R

We conclude that this case is inconsistent.
e Case 2: Assume that: xC(x) < C’(x), as x — 0. Then, we have:

1 1

FC'(x)~Fx ', asx >0 Cx)~x", asx >0 C(x) ~Inl|x|, asx — 0

To check for consistency, we note that:

c 1 1 -1 —x2
T B O PN S P S

x—0 C’'(x) x50 x1 x—0 x 2 x—0-=2x"3 x>0 2
— xC(x) < C'(x), asx —>0

therefore this case is consistent.
Furthermore, we confirm the remaining dominant balance assumptions by noting that

Cx)~In|x| < +x7!, asx >0

and

C'(x) ~ x~!

C(x) ~ —x2 asx — 0

C(x) ~1In|x|, asx—>0=>{

=2 -3
x“C'(x) ~x
— { C”(x) N —_x_2 , aS X — 0
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— C"(x) < x 2C'(x), asx — 0

We have thus confirmed all assumptions needed for consistency and conclude that

S(x) ~ +1/x +1In]x|, asx = 0 => y(x) ~ exp(1/x +In|x|) ~ |x|e*!/*, asx — 0

Thus, the leading order term of the solution is

y(x) ~ |x|et!*, asx — 0

Example 4.2. Find the leading order solutions to the equation
Xy (x) = y(x)

Solution. Let y(x) = exp(S(x)). Then, we have y'(x) = S’(x)y(x) and y"(x) = [§"(x) +
(5"(x))?1y(x) and it follows that

¥y"(x) = y &= 28" (x) + (§'(0)) Iy(x) = y(x) &= §(x) + (§'(x))* = 27

e Assume that S”(x) < (§’(x))% as x — 0.Then, we have:

(S'(x))> ~x73, asx > 0= §"(x) ~+x% asx >0

K172
— S(x) ~ + ~F2x7 12 asx - 0

)

e To check for consistency we note that

S”(x) = (S8'(x)) ~ (£x7?)Y = 73/2)x>? < x3 ~ (5 (%)% asx =0

= §”(x) < (§'(x))?, asx — 0

We conclude that the dominant balance is consistent.
e Subleading solution: Now consider the subleading contribution

S(x) = F2x V2 + C(x) with C(x) < x™ %, asx - 0
Then, we have:

S'(x) = F2(=1/2)x3? + C'(x) = +x 37 + C'(x)
S”(x) = F(3/2)x2 + C"(x)
(S(x))? = [C'(x) £ x3P = (C'(x)? £ 2x732C" (%) + x73

10
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and it follows that
S"(xX) + (S’ (x)? =17 =
— F3/2)x7P+C"(x) + (C'(x)? £ 2x732C' () +x 3 =73
= C"(x) + (C'(x))? £ 2x732C" (x) = £(3/2)x7>"?

e To construct a dominant balance we note that:

1/2 3/2

Cx)y<x ' asx>0=C'(x) <xx7%, asx—0

— (C'(x))> < x32C'(x), asx >0
and we assume that C”(x) < 2x73/2C’(x), as x — 0. Then, we have the following dominant
balance

+2x2C (x) ~ £(3/2)x7%, asx —» 0 &= C'(x) ~ (3/4)x7!, asx — 0
— C(x)~@3/4In|x|, asx >0
e To check for consistency we note that
2x732C" (x) ~ 2x73 (314 x 7 ~ (3/2)x 7 > —(3/H) x> ~ C"(x), asx — 0
= C"(x) < 2x72C’(x), asx — 0
We conclude that the dominant balance is consistent and therefore:

S(x) ~ £2x Y2+ (3/4)In x|, asx = 0 => y(x) ~ |x|*/*exp(F2/vx), asx — 0

5 General n'"-order Schrodinger equation

The previous example is a special case of the more general n'"-order Schrodinger equation
problem, for which a very general solution can be established for an asymptotic solution around
an irregular singular point.

Theorem 5.1. Consider the equation y™ (x) = Q(x)y(x) and assume that
0'(x) < Q) asx > o

with o = 0* or o = +o0. Then, the leading solutions of the equation are:

{ y(x) ~ Q) exp (w [ Q"(x) dx), asx — o

1-n

,U— nz

with w one of the n' the roots of unity, such that w" = 1.

11
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Remark 1. The condition Q’(x) < Q(x)!/"*1, as x — o follows from assuming that there is
an irregular singular point at x — o. For example, consider the case Q(x) = x“ and define A
such that Q’(x)/Q'"*1(x) ~ ax®, as x — o. Then, we have:

A=@-1)—a(l/n+1)=a-1-a/n—-a=-1—-a/n=—-(a+n)/n
and therefore
Q'(x) < 0" l(x), asx 50t = A>0e=a+n<0c=a<-n

We have thus shown that this condition is indeed equivalent to the necessary and sufficient
condition for the equation y(x) — x*y(x) = 0 having an irregular singular point at x = 0.

Proof. Define S(x) such that y(x) = exp(S(x)). To find the leading term, we assume that
S”(x) < (§'(x))? as x — o. We shall use proof by induction to show that it follows that:
Yn e N—{0,1} : y"(x) ~ [S'(x)]"y(x)

e For n = 2, we have:

Y'(x) = (exp(S(x)))" = §'(x) exp(S(x)) = §'(x)y(x)

and therefore,

Y'(x) = (§'(x0)y(x)) = 8" (x)y(x) + 8 (x)y (x)
= 8"(x)y(x) + ()" (x)y(x)]
= [8”(x) + (8'(x))*1y(x)
~ (') y(x), asx - o [ via $”(x) < (8(x))’]
e For n = k, we assume that y®) (x) ~ (§'(x))*y(x), asx — o.

e For n = k + 1, we will show that y**1(x) ~ (§'(x))**!y(x), as x — o. from the induction
hypothesis, we have:

yED ) ~ [ ) y (o
~ (8" Ty () + (87 (x)*y (%)
~ k(8" () IS () y (x) + (8" () IS (%) y(x)]
~ RS () 18" (x) + (8'(x)F 1]
~ (S )y (O[K(S” (x)/(S'(x))%) + 1]
~ (S () y(x), asx - o [ via $”(x) < (8'(x))?]

12
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We have thus shown, by induction, that y* (x) ~ (8’(x))"y(x), as x — o, for all n € N with
n > 2. From the resulting dominant balance on the governing equation y (x) = Q(x)y(x), we
obtain:

(S'(x)"'y(x) ~Q(x)y(x), asx - 0 < (§'(x))" ~Q(x), asx —> o

= §'(x) ~ w0 (x), asx > o
— S(x) ~ wal/”(x) dx, asx > o

To confirm the dominant balance assumption S”(x) < (8’(x))%, asx — o, we argue as
follows:

S”(x) ~ w(Q"(x)) ~ wQ"" 1 (x)Q'(x)
< w?Q"" ()" (x) [via Q'(x) < Q""" (x)]
~ W Q" (x) ~ [wQ"(X)]* ~ (§'(x))% asx — o

= §”(x) < (8'(x))?, asx > o

e To obtain the subleading contribution, we write
mm:am+waWunu

assuming that
Clx) < wal/”(x) dx, asx > o

and we derive a dominant balance asymptotic equation for C(x). Instead of working with the
exact governing equation for C(x), which is very cumbersome to write explicitly, we can begin
with an asymptotic equation for C(x), as long as enough terms are included for canceling out
the leading contributions and capturing the leading behavior of C(x). We use as a starting point

YD (x) ~ (S y(x), asx - o
and write

Y () ~ [ )" y(x) + (8'(x)" 18 (x)y(x)
~[(n = D(S(x)" 28" (x) + (S"(x)"]y(x), asx = o

From the governing equation, we have:

Y (x) = Q(0)y(x) &= (n = 1)(S'(x))"28"(x) ~ Q(x) — (§'(x))", asx — o

13
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For the LHS, we have:

S(x) =C(x) +w f 0'"(x) dx ~ w f 0'"(x)dx, asx — o
— §'(x) ~ w0 (x), asx > o
= 8" (x) ~ w(1/n)Q"" 1 (x)Q'(x) ~ (1/M[wQ""()][Q'(x)/Q(x)], asx — o
= (n— D(S"(x))"728"(x) ~ (n = D[wQ"" ()" 2(1/n)[wQ""()][Q’(x)/Q(x)]

" 0 P I QI as x — o

~

n
Likewise, for the RHS, we have:

Q(x) - [S'(0)]" = Q(x) — [C(x) + wQ""(x)]"
= Q(x) - [Q(x) + nC"(x)(@Q""(x))""" + O((C'(x))™)]
~ =nC’ () [wO"" ()], asx - o
The dominant balance between the LHS and RHS gives:

(n = 1)(S'(x))" 28" (x) ~ Q(x) = [S' )", asx = &

n-—1
=

[wQ"" O I Q)T ~ -nC' (W@ (", asx — o

1—-n

n

— C'(x) ~ ——[In 10(X)|], asx — o
n
l1—-n

— C(x) ~ 2

In|Q(x)|, asx —» o

To confirm that C(x) is a subleading contribution, we use the hypothesis Q’(x) <« Q"1 (x) to
argue that:

1-n , 1-nQ® _ 0" ()
SO ~ —= 5 < o

Uniy), asx - o

C'(x) ~ 0'"(x), asx - o
= C'(x) < w0
— C(x) < wal/"(x) dx, asx —» o
We conclude that

y(x) = exp(S(x)) ~ exp (

1-n

In|Q(x)| + w f Q' (x) dx)

n2
~ IQ()C)I(I_”)/”2 exp (a) f Ql/”(x) dx), asx — o
This concludes the argument. O

14
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Example 5.2. Find the leading solution to the equation y”(x) = y/x> as x — 0.
Solution. For n = 2 and Q(x) = x°, we confirm that

Q/(X) ~ (x—S)/ ~ _5x—6 B —5X_12/2
Ql/n+l(x) o (x—5)1/2+1 o (x—5)3/2 T x-1572

— tim -2 (-5 =0 = Q'(x) < Q(x)!/"*1 asx - 0*
X—0* Ql/n+1(x) X—0*

= —5x%?

so the required assumption is satisfied. Since,
le/"(x) dx = f(x—s)l/z dx = fx‘s/z - x—3/2 _ 2
-3/2  3xyx
and

l-n _1-2 -1

n? 22 4

it follows that the leading term of the asymptotic solution is given by

(&) ~ el exp (w f 0" (x) dx)

-2 -2
~clx73714 exp (_a)) ~ cxl exp( d ), as x — 0F

3xvx 3xvVx

O
Example 5.3. Find the leading order solution of the Airy equation y”(x) = xy(x) as x — +oo.

Solution. This is a special case of y" (x) = Q(x)y(x) with n = 2 and Q(x) = x. We confirm
that

QX _ ) 1 po Q@ 1
1/n+1 - 1/2+1 ~— ,3/2 — x_1>r+noo 1/n+1 - x_lffoo 3/2
o (x) (%) x o (x) x

= 0'(x) < Q""" 1(x), asx — +oo

It follows that since

3/2
le/"(x) dx:fxl/2 dx~§7~(2/3)x3/2, as x — 400
I-n_ (1-2) -1

n? 22 4

15
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It follows that the leading order term of the solution is given by

y(x) ~ €O (x) exp (w f 0'/"(x) dx)

~ Cx MV exp(w(2/3)x*'%)
2x312

~ Cx_1/4exp (i ), as x — +oo

16
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GODE 06: Introduction to autonomous dynamical systems
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Hiws e have exislewce At not Mquehess.
Nole Yool ?00: ?75<‘LB iy covitinuous  bub et
Ligan{La Continuous .
% 1 The sollaion x(b=0
is VERY wursto 8L
@emust 'hne $ﬁo‘7e o‘g
» X Hae Qw-cka\a ?(K)‘;%X?‘r"
(5 inlimile at x=o0.
, This Ms{-‘a.@im\é mwi?«s&
in {fae exisf-emq ag o Secomi sc&»{—ioml suclh a3
K(‘t)={3 ({Mt’.re (s fo gad an ‘”\%m'lt set 0¥ sudh
sofubinns). Fom o P(’.Dsimﬁ 9}ounipoiu{, x@ =0 is He
sofubon ove would ez(pecjc 12 we lm'l'Io.Qibcé wt}h X[0)=0.
T‘rzdﬁygad,« 02 uniquehess ihc\icoclfg ot e Saﬁklﬂ) coufd
S?oh‘l’ﬂmeOusQ/a équ ih{‘o ‘I’&e Secoui sofution y({\‘«’{?’
ol time {0 il lhee s oen an MP—intlesiwA c‘a/;"c}v‘w
{v ‘k/\e_ tutl-iaﬁ conis‘lﬁw ,HM; g;\f?nz o 2 d. sofm}w‘omz
x(&\;§ 2 il t»o
O ) t? t<o A
Yool comBives e pravious lwo softions. “‘No[e Haat
J{hts spam&m\news Qreo.k Can 3\1.51[ oy Wweld occu.f ojﬁ
me oi&mr -!—!ww. ‘l.o, CSGQ [AOMewgvl(?.
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V Fixed ?Oinls and $4aaift% |

* Consider %e uujrono,mowﬁ,,,sgskm X ‘X(K), ‘U(‘u‘l‘
iy R” | Ue say thal
Xo 1S o CiK,ecL QOML’ < s"(Xo) = ©

« |f Xo is a_ ?txei FOM'L , “nen, ,&:9()(7 with ivxz‘ll‘aﬂ
condition x(to)=¥o has selubion xt) = xo.
Thas if we slark &JLQ, Cexced roin{i , we will st
ab Hhe fixed pomt- The question of S{-qﬂfﬂ;‘l—é

. concerns what happens when we dart wilh an
l'h”’u‘aﬂ. comih[«'on near « cx‘er. PO!‘P\{.

® S&O.Qiﬂl‘h% 02 Qt‘xetL j"o{v:jrs

Let 20ei” Qe a fixed Foin{' OIQ )'(z?(x)-

@ Xo ;Llaogpunov stafle <
¥evo :A8>0 3(")(({0)*')(()”‘(8:37
= (V> Lot Ix (D ~xoll<E)
@ Xo a.hrac,h\n &S "
3%8%0 : (UxUo) ~xo) <8 = gim x() =% )
{0
Ljn o LBQ(’LWIOV stoldle $ixed POM{:;SOQuju‘om
UML{‘ ‘Eﬁr{* vieor the ?ixe& '701'-4{? Ufﬂ ?"@5 hear -i’he.
fixed PoiwL In an Q.Hmc}iw% thed. floih{: ) goﬂw('t‘onj
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Aot slark vear the fixed poit will crohially
Conver%e—mio‘kaa Y iwed ?o(vz{: . S

b Noke hudh ik 5 posmible Sor a fixed pot
) lo be alivadive wiliond ggmgbza_punov .
 ctable | as in Yue Lollowin éexampﬂe o

This occurs when Haere are hajectories that
start near M fixed {wim‘{, Hew wavder
¥qr,.;qug.é;§row\, A{rhgu,?i.gei,,yoin{t @:eport ,rejrumm,éu, )

bock +o Yhe ptxgi,_ eer nt foro.pmaﬂ. ap,)rmck.
This remarik molivales Hae Fnﬂowma_
additionad defincdions . -

@ x. Q&Wéﬁmmﬁg@ ixo Lyopunor stalle

stok Xo ;Q\H,v;ac{iyla,

@ Xo 'neuMM} 4—)% Xo ;L'avqpﬂumo,\;r stafBle | .
' 5l‘ov@)Q€. Xo wot q{{,vq‘d'l'y’lé

@ Xe ‘;A‘V’l)'l'ﬂgge. & % Xon“t L opunov S‘}Q-@Qe | |
Xo Vlo{‘ %

oftvack mg i
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}* Exqmpﬁes, of de?lwihom

%{

m53mp¥o¥nc | - ﬁeu{mﬁ% stalle,
stafle .
\\\\ s
unstodfe (source) wnsto 8l ddle Pom{)

Tl'\e, Alsjﬁnd;on Q)dfwzen Cources amL sm‘LuC
Poua\'S lu('ﬂ ﬂ,& QXpﬂafneoL Lxlﬂ‘.

@ Xo 15 exponemta.@q S{‘_QM& i‘g and. ohﬁ:} il
&) Xo (5 O-S%M \Lo%u»@(é stoble AND
Q) Jo b Vel : Clixdo) - xo\\<&‘~>
= (¥ ket BB —xoll € ove & ix Chey xon))
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V L!z.‘lgu.mov &Vl&‘ion}

lel x=%00 be ow mu%wa»ib@ s-aslcm with
S’»: lﬂ"-—» Wt" QMOL Qel? Xo Q(’.ta. ?1)<€<l POM{ such
tHiat ¢ WXo) = O.

Def . We say thal o fundion V: Ao R wilh
AcBY an open set iy a _l:_%o.guMov function
it il sadislies e Qomowiwﬁ_ cond rHouns:

o) V*(Xo)= 6] ‘ |

R) Vix) >0, ¥xecA-9xo3%

Qv Cow‘-ivzuous in A ‘

o) xt) oA => ¥, VIx(E) € VIx(ke))

. T‘\e domaiq A og {he ,L\ba()qmo,\/ -S‘umc,hom is Caﬁ@el
o ka.ppmq reoion a‘c Hie qu-‘owt?mo'ﬁ:s Sgs'iem.
L v d i . :

Thm : (sl L4 apuvov Theorem)
1¢ ”

a) 9()(0)‘-’—-0

2) There t5 a Léa‘?uhov ?uwc-[;oé\ V:AalR wflfh
'VCXO)‘?—O :

Then x=%o is Lgmpunov SJroJ»fe_ \
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Taw = (Qud Lua puvoy Theoraw)

12 B
o) Pixo)=0 with xocA. |
@) There is a ‘qupanov Cunclion V:A-R wilh
Vike)=0o |
$) x)eA=> ¥YEvto s V(xt) <VIxGs) (1)
Thenn x=Xo 15 a$5.mﬂc_o‘hcaﬂ3 stod fe .
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GODE 07: 1D autonomous dynamical systems
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1D AUToNoMOUS SYSTEMS

|| SM;‘QI\E szajg\usi} Yor 14 s'aslems

e e reca.QQ gvom o.vso.&ésis S“’\r@ma o‘-iggqmw‘:iaﬁiﬂilé:
__D_e:g_'_i let AR Lo o Qu.m}{ﬁm with AcR. e SmA
{L\ak y- s shoual cli?‘?ereml'im@Qz ai'» Xo €A ig ovie Om%
ig kaext is o ftuncbon a:A-BR Suda "'Lo,{',

% Vier: Poo=Food ¢ (x-xodPlixed+ ’ixl%uc)

Q.t'm_' %(X):: 0

X< Xo

FVOE : Lel. Q‘. A%W\ -@e_ o ?u.-nc'h‘ou w-:;‘q AQE‘( Qe -QE(: ¥e QA_.
| g A.;Q?e,e_vx’ﬁo.@& ot Xo é=§> 2 S\tvowbﬂg éu%twl'mﬁtﬂ ot Xo

-Qr( COanuom oi Xo

® The AJ»Q‘LE o¥ 1l nuf-ono»qous J-a.,;amu_o.ﬂ S%S.ium}
is delermined via e Qvo ﬂow}ﬂ% Yreorem .

J_\ﬁ\ﬂ'l__,‘ Cousider Me  sadem >.( “"Q(X) wtl’h %"’Y""‘g o~

Ynchion  whidy s S?Yombl} c\,zﬂ){yenl%ogﬁh on R Let

xo€lh be a Pixed poik “wilts (xo)=s Then:

Q) «?‘ ko) <0 =% Xo nsém()kkmﬁfg sta Qo

'y 2‘ ()20 = %, hta'Sk,QQrL.

}—9 The %eorem ts M\-QVFK:,[«L acoonling {-o ‘Iﬁt&%&owima
y\nqse. Por!-rmtks A .



142

' / |
“— s ?
Xo\ /{0

Xo asam?k‘l'un% slmQ,Qe_ | Yo umskoQ;Qp_

Prood
Degiv\e 13(:(:) = x(b) —-xo =2 xBy = ulL) +xo ~>
= :3 =X = 9()0: Q (K"J‘é) =¥(xo) +%?’I(Ko>+l\3l%(8) =
:gilég‘(xa H%’\%Lg) . ‘%‘ I
wi tm alq)= {nce o THevevm v
W, %Ao%} o, S i c(’)j'é revihof e
Xo . i ?‘5@0@5 ok '
Ve?o : §S>° 3 \} xe(«&lo)\!&)‘%): lgléﬂ(é
Lek £= (L19) ”?‘ (xol O.vu;.’ 0t g?O Qe e Correspohcliwa
& sudh dab Yye (S,0)003) - [%L N <e, We see Hal:
\«'awlzg'(x'o)l = \l%\%té)h \%Ug%}l < l\&l €= hél (/)
= () [ud "= o |
= 15-ul ol < D lu'xal =
- - Cth)lz?‘(xsﬂ < Gou flxan < CI/Q)I%QIO%)} -~
= «%i‘cx.o) - (o) Iyl | < 4 < bl + (/D) 1y P ool
Fint, |

we wnole +Hhak:
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A W oylvo = 4> ublte) - (1) lyt ol =
=y b - w«z)%?‘m) =
< (W) w57 > (sl (e
ML) x&%‘(xo) <o =
- 13 < 139‘ (ko) + (a2 [g?‘(.zco)\ :‘égl(Ko)‘” (l/2d %Qt (xo)
= (Uyb = 4 < cugmé?‘cxo).
De have Heuws shown  tuab by ue GWIVICAVE
‘g¥‘ (xo)>0 =7 1’3>(¢1@7«5¥f (o)
ub e <o = § < WY P G
We now Atshubulslﬂ Lebwernn the Po@awima cases -
Case § ¢ Assame dhol Hxodzo. Thew for
1643 e Y= \3¥‘tx<o)>o = %? (L[@)ﬂag‘(xa)>o -
=2 'é(lf) fmcrtusima.
Ye(Se) = y¥ xa<o = i < Uyt o) <o =
= %(9 decreosiug, . |
\£ Qeﬁf.ouaj R;o& He gimcL poiuﬁ Xo I _'umMQz:
' <~ . — - e  — s X
’ % ' Xo
Case 4 - Aésume ot 9¥xo) <0 . Then ?M
lac..&sm = 39‘&«.) <0 = ‘A < (1/9.)139‘&93<o =
= léU:) é.ec«:om‘mé = Lsz(mov sto b
Sivxce.%;o s o Doved ?éiu{:‘ ok Bollsws Mook i we
toihialize of thedellio) ylrelo ) | theae y¥»o
oud- erhmmom ‘ACO)QXP CU/‘?D?(G&QL) ?’BU:I?/O -7
= Lim EU:)‘:—O = S"c‘x:d. ‘70}\4'{" I's O.Hﬂxchma

ta 4o
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Likw%ﬁ( QOV

e ($0) = g?‘uc.»c = 4> (119,)3?’%) S0
= g{,@ v creasivsb, = Lwam?uhov smiﬁvﬂ

and simila we cau  shew fhak
| %(o)exy( (W) P ) Sy So=> fiw y@ ~o->

= Yixed Pﬂh& ts  odtr ‘ué_ Eadeo
— e y 4 , 5
0 \é Xo

In Qogﬁ cases fmrbnﬂt'z;tma at 3(9)6 (»S‘O)U@‘%)
lb\&c&s Qméﬂ, Léapuna\/ S&Q‘gj}é ond the QHrox,Jﬁq
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EXANPLES

o) i X =ax wilh Yo (Expcwenkuﬁ %vouﬁ“’l
% [6) =Xo model) |

Lg Exa(} SeQ\c\-\‘OVI x () = Xotzq)(o.b

> Fryed Poim‘s.

Lek P = ax. The

X Qixe&. Fotm{"—é:) f(x:)zo & ox=p & ¥X<o

> SMEQ:F\&, |

= (ox)' = a |
AL -0 ?‘(o) =a%0 = X=o {5 om umstable &'K&‘L
X Poiut. |

4

Q(X) zax

[

8) 5{3( = (o/B)x (8-x) with 650 aud £%o
X(6Y = Xo . CLOB“A"{G HO&.CQ)

Here o= Cb\rawhq \roi-e
b= C&.rr%iu% Ca[)"acfl‘é.

> Fixed ?ow&s.

Let Qm = (/) ¥ (R -%).
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% Yixed ?oiw£ & Y= 06 (x (B =0 &
e x(x)=0 & x=0Vx=4
» SRQML‘%
Qlaye oo 4 xl)=a & (Byx-xD-
dx 6 dx

L)
B .:‘_E__(-@-—i)dr- a — 9‘“')(
¢ 4

Fov X=0 * ?‘(o)‘: a7o = KX=0 wasjrﬁﬁﬁe.
Tor x=0: $'@=a- 9‘2@ = a-%2a =-o <o =5

N

== w=0 mamp}‘ohﬁq% sﬁ@ﬁe.

' %

0 ,@,\!}

}”* The sla@{.ﬁt}\a theovew given abbove waod il ot
a Dixed poin(: X=xo we ove th,\ﬁiﬂ‘—:O-AVL
aﬂcma&lm Me;Hnoc;. Qwov* A&;ﬂ'miminé Qi};e.c& I?D‘hj[ SM&QJ;}
ux?u.ﬁ v suda sthuations s fhe congtracHow of o

$ifzh Mﬁe *



) X = 9.)<(x—t§£(><—9.)77

> Ff'xeL f?omk
Lot Y00 = Ix (k-2 (x-2Y . They,
X Eme«L poivtf: & g-(K)mo & Ix Cx—»OQCX«?J% =0 &

ey =0 V(x-D%=0 V x-22%=0 &
& x=o\V ><=L\l><=i.
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> S(-u@.‘ﬁr‘\é,
X | 0 1 9
4y - Sy |+ {4
0% | + | v gt |
(x-)>| — — ~ &4
Lo + - @ ~ ¢+t
- |+~ |« | —
Shal. sl unst.

Tf/tu.s X =0 (3 OLSBmmekmgﬂg SJ\’»Q«QQ ounol.
Cx=l and X=2 are km{*a.@éz_.
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¥ Polentiaf and {d st{ems

Cousiie_r a 3d auwlonowrous s%skm i:QLx)
wilh ? combiviwons in . Then we vmug ie?(ne

a YOLQVAIJ “uh dion

c
V(X}: LQ &) dt =y f(x):._iy_‘i‘.). = .."\Tllx),
dx
It coﬂows Ihat
oA V0.
dt

e let x( e a solution of the autovonous szslew\.
e De will show thet Y(x() decreases wilts fime,
Hfm.i ' *kn.e. $'651Cb1 Qvaves ‘[owanls Bower Yo)-tw{iag}.

FO,YWIM% %

<ty = Vx> Vix cm)l .

Prood

4 vixwn =Y/’ (xa))_ézs_(}l_ = V‘(x(m? (<)) =
at dt

Ve -V ] - TV ]t o

te
= Vix(t)) -V (x 4y) = [ [_.EL..V (x (| dt =
b, Lt
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tg
~ [V'(x(’c)\]ic{‘c <0 =

\

o VixUN >VE). a

Bemarks

o) Fl‘xe«l Poim{‘s oCcuy ml. -qu, wmin(max poivAS
09 e YOl-Cn-lio.ﬂ funchion V().
@) Stabfe f;xe& Fain(‘s oCcur u{ Yo win fo:‘m‘s

| of Vi
A Unstalle fixed yoinls occuyr m{ fhe max Pth{S

o T )
| }—7 No ?en’och'(., 5"60&{1‘0%}

B A LL Ou“onamous Ské_skm )‘(?;S-\(x) nerer "/\9&5 :
any Periotli,c sodution Hao.{ is Vot COMS‘_"&M{

for oft Yime.
Proo!

leb x(B) Be o solufion of x=fx) such Hiat
x(®=x(t+D ,¥teR. (O | |
Lebt Vx) Be 4'«& po kn\liag. ¥uh(‘l'i0n_ Then
M= Vi@ Vte) , ¥Yieclr =
> J“T [VieeN]2de =0 , YleR =
L |
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=< Vit -0 |, Vteu.uﬂ , VieR=
> Vixt)=0 , Ytep
=) AX({)/CU:' =0 , V{:eﬂ‘=> )((—{) COnj\louq{i n.

s
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VLoch Bifurcodions with 1d 9534«'.»15

d lh %ene.mﬂ, fourcaltons faﬂ under *jwo gene.mﬁ
ch%ories
(@) Vocal Bifurcations
(8) GloBal 3E¥ur€a—l—:‘on5

Howerer 1d sxéslms odmit on[‘é eomﬁ ﬁfpurralion&

/

® Comieler %c ioLquscohomous Sg‘zkm )'<=g(x,p :
will, \AER o Para,me,ler. A locad Ql‘curcm[ion occavy
when the nuwber of Pixe&f?m‘n'ls 'clnav)ﬁes as
we vo.nb e value of the poarameler . The
‘H\uc, moA- (omwmon -l:apes o ro.w@ l; urcockons
are =

%) Saio‘.ac-—-hom(e. gi“urm—koh ~—> j).( ='-Y~A)(9~”

TWO ‘foeet.-poinh ut‘“q owzosik 9%«’21“’2 «?v*,,")er%ics~
(o@(o\& inloe a souiiﬁe, Foivz{‘ which  then Vﬁm{(LCS:
A )'( a ).(
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vw | y 1\\{/
v /T ’ R

(Bi ?wca{ibé Aa‘uéram)

1—*A Lifurcalion J»m.zro.m shows the wmotion of
e fixed-poinds ow the x-oxis a3 a Punclion
6\0. e Fwwmelek K. We we o solid live 4o
Jenol-e He vnoliov\ 02 oL sjrqzﬂ,g ?iv.e&-pafh{:mnd
Q &o’decl—th_ -}o sLow J-Lc_ Vnokon 09— an uks-\mﬁﬂe |
%X ed- P oiet .

) ?—v Transcritical fifurcadion e—s|x = ]"X“Xi

Two ;‘ixe& ?otnss w{%\ owost}c shﬁ:‘ﬂ%& proyerhes
 wllide ivle a saddle—point whidh breaks wp iubo
two fixed popats again i o pposite d’ag{ﬁl‘%
Ftofevhe: &A og)o wih,. Hne:‘r sl—n,@fgiﬁ Proper 'es
e.xc\ncmzei, One ccqu pocnb fs .‘mo(ep(mdﬂn‘: 02 t,‘
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 Bifurakion d:’agmm‘.

%)——» Pilehfork bifurcation o3 [% - x|

Tn @ prkhork Bfucabion , o fixed-potnt fieaks i
3 Dixed-poinfs. The inner fixed-point has opposile

EINANYS ro'w.r“ with .ms,ped,;h,fi"u origival
gt‘xei-:éin{. L%l oa‘er, pxxeclf'?oin;s L\OJE 4

sSaw e s"o.ﬂifx"né l’lro,‘ver, oy e Ori%ivnqﬂ ¥t‘xc4~foiui.
Ve all Hnl’s gikrccd-ion a rt'l,c,'npnrk _Qcpurw.‘f‘iowd

ﬂ:ecausg,{ht Qicurcal‘ion,,diqayam Pe)emaﬂﬂs [

fé‘ld« fork. The 1nner ?ttei-—poml- s ihAQ'?eVuLa"f{:
ot the pqrqmeler M.



154

P>o

}—’ To.vz%e ncy cowAz‘h‘on
U g T

Froh ~}‘Le, ex&mPﬁes aﬁmre we See Hna.k Q(?qtmll"msi
oCcur Q,Qu}wéS when e %ta(?[a of Yo o ,M%QA
l:o Hne X —aX(s, Tt ?oﬂows Hnoté Camo(icla.;t Foin{S

(Xo,ro) gor ﬂ)l'%qu{:‘Oh erunis Coun Qt Qooaleol QS -
SOO_HV\% ~H.e, Sﬁskm 0? equq}t'ons: -

3 f(xo‘,po)*-—-o {

‘EX (.Xo(v()) =6

Bifurwotion cha%mm




~ The suQ

Mere, fue sebscrighs reprosent parkiol dertalies,
o<
- }—* Sum(cl eh{ Covzglnttons e

[

One we idenkify o candidake for o Bifurakon

event ot (xo yo) it ocom Be clossified @3, B

, COhQiIMIMé.‘.“AQ,COrRS‘m vw(ivzq ‘ ng‘?cOe"lé' COWOL‘J"O"‘}
¥

wnstdered  oflove ove:

1Saddle-vode| |Tramsarihicol | [Pildiforck |
| ‘-Qvi‘gflfc,@“?n 1| Qi,eurcql‘tonw @ug—urtu}toh .
} (xo.‘\xo) =0 g(Xo.;!(Ko)?,Q | g(xo,\;o):o )
Qx (xm\lo)r—o | .¥xcx°¢o) =0 QxCxe,yQ:o
o ? t;,(x,o(yo),% o fy (Xmi‘*’)’*"- fv,(xmya):«b_} B
1 xx (xo ‘V°)¥O . ng(XolPo)¥(7 1oxx ‘(.Xo;.va);()
, , ~ -} 'gx r,,‘,()(g 'c\“‘o) ‘7é 0 ?xr (Xo(}lo)%ow I D

, ; —1 Fxxx (%o (,yo),,,%(ﬂ_ o

Y
cient condilions Yor Jue {ifurcalions
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r') Proceduwre

To t‘d@lnlf% ahd cﬁasﬁﬂ} Qaicur(_u_-‘{fon eveuls (Xo;[‘o)
we work os Yollows:

*, SOQ\R/ *he- C-:luu.ll'ovaf )
‘PCX,LI‘() =0 g
g‘( (x‘v):o |
to iichlrie‘} (;ahob'c{.a‘[-cf (x°£ Y°)'
*y Colewlode £Y Cxe, ko). .
012 ?r (%o o) 40 ¢ Hren check that Fxy(xo po) #o.
1¢ So, j_hneh (xo. ko) <— SQAA-QQ—MOC{C Qi?urcq*ion'
9) ¢ Qt‘ (xm[AJ =0 ,' Hen chek Hat g"t‘(“‘t‘f’) 7‘[0~
Tkwx ‘ f? d '
a) ?xx (XNPO) #!0 «— {,ra,v:crfju’caﬂ gt'paral{'l'op,
) ?xx (xﬁlro) =0 ¢t then check
thet PXxx C¥°t[“;>7 74 0 <« Pl{ c(n‘gork ,
8iburcation.

©, For a saddle-node &ifurcation we hare % Pixed Pocv;
o) FOV F> VO ‘ 'C *ig)(’( (Koct’o) 'r? 6(9‘(,VO) <o v |
Q‘ FOY r <-110 ) \c gx()( CXogVO) Q‘l CXOL{:‘O\) >0

(see exercise )
*y For a Pi‘c'r\g'orl‘\ pruywc{’iow we Inavt 3 (t\t')(eot Potvf(‘s
o) For 1‘>V° | if mex (Ko‘flo) ;‘x‘l (Xo ‘V") <o

) Fov t-'(i-'o I Sc ¥K)<)< C)Sozﬂo) SI\K‘A Cxo:Vo) >0
Gee exercise 11). |
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EXAMPLES

@) Soddle-Node Bifurcalion: x - P""’x,“e:x
LLL g (X;\l): \A~)(-Q,_X = !{\\((K;t'):- "5.'\,—3-)‘ .

$l?(x“n:o @% p-x-e¥=0 & 3\'—)@&'}“0 S
fx (k. ) =0 -1+e¥=0 e X<y

@ar‘““f"w@ fH-doeSyet

X-zo ; X=0 X=0o
’Htus Poﬁsigge -Q‘?‘Jrfﬁt'[’;ﬂh Q’!; (Ko‘_Po):‘-(Oli)
?f' xq)=1= ?\4 (xo o)=L <40 (©

Pxx ey = —e X =5 Py (ko po) = € %= -4 4o (@
Frown () aund (2) : Sa&AQefhode ;,anu.r(,qkon ot
. (Kmk‘o) = (o,%)
Since gxx (xol?o)g\t (Xol‘t‘o) = i'(”i) = A <0
= lwo fixed Pom&s yor Y>l oud
no Yixeol poimh Cor y<l.

@) lTVomscri-}ic:J.’ B‘quca}{on . X t.f.mx-} X1

Lek Q(X.tﬂ = \;me XL = ‘Fx(*t}ﬂ a_f)%_,”_

i ?(mv)ao © vﬂhx tx-1=p & %—-xﬂvnw, ¥-1{=p0

gx Cxut()::o Y‘/X +h =0 = —-¥% '

~ Let :2()(7 = ~xdnux $x-4 . Nole e o@vious so fulion
x=1 amce %(DL*&RML*&-J. = -0+0=0. We Wow

Slﬂow ‘I’L\e S'oQU‘LiOVI (s um‘c‘ue,., ‘
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3’(:()2 “(X)(fnx-q(fﬂn)()/4—l=~£w\<~x..if +1 =
=-—1VIY\~L41£ *an
Tt Yollows Hal %[(o,&) omd %-\a (&gq;)

huas  ¥velo M (1, tee) ¢ %(x)<o_ :
Ue cmq(lutie %a‘:; Hie Soﬁu"ﬁ'on X=L 13 um‘ﬂue

qno( -kqere?ore O -Q(Qur(a‘i‘{ovl ma,a ocCcur wl\en
(xo('l‘o)‘- Ci,"i)_ Nol{_ ‘an'c
g‘x (ch‘)'—' lux = S‘t. A -D= lul=o
- 4 ,
er (X,t()t .._lx_. = ‘;xr (,-= —— L4o

Sax = ¥ P (0= 2L (L do
X4 1%

1{' Qouows -k'\Ql theve is o ‘l‘rmh$?nl:‘co.{ Q{fjurca—h‘om'
ot CX"!P"): a-N.

A Pikeh fork Bifurcation : x ?*X’r[‘)‘w\’lx o

L'—t g(xl\t)-:. ~X*t4‘f‘aw"lx =
» Fxapr=-1+p -tanh?x)

%gtxtt‘) =0 & 3 “)(-!'[‘ll‘am‘nx:;o &

SxGopeo L~ Liy (1o borh®0) <o
& 5 Ylumb\x =X &)
*1-l~r;~ (r{'&h!n)() ’:Oml«)(:ﬂ
o { e bavihx < x & % planhx <x o
..1+'4_x{-<mlﬂx -0 Y:Hx{-auhx
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& % (1¢x banhix) tavhyx <x (1)
pe L ixtonh x

Since {ah‘nO‘:‘—O ; X=© 1y Qn vaiou) 5owa'on op (1?.
De wvowshiow Haal Jhir solubion is umique
Let %(ﬂ = (Lixtauhy) tauhyx - X =
= lo.mt\x *‘XtQML"K -X =
(6 « U= LowhZ3) + lonth?x + x (Ltanh) (1-teuh®)-1
2 1- bauh?x+ l;m_h_\nax + Ixtonhx~ Ix tanh®x -1
= 9y tauhx - Ixtonh?x =
=9y taunhx (1-+tanh?xD
Note Hat -L<lanhyx <L = |- Ltaxh®fx >0 thws

*:.73

x 0
9% - 4
%qu‘nx "'. +
i—l:'nv:lnzx + +
%‘(x) + ? +
7 {

% (x)

Since }] (-0,0) ond 21 (o.+o) and }(0):0,
i} Follows Mt X=0 5 & uhique solution of

x1=0.

For x=0= = {+0tomko =L Hus thee is
Q thpurcoliov\ ot ch,Ho)z- (0, \).
NOUJ, we \nok ‘hﬁa{‘:
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er LXN“) = lavhx = ytl (0.) = fomho <o
bp O < A= banh®x = ey (0,0 = A~ tauh®o = 1-0<1 40
?xx ()(Ltl)‘: ~f4 2 Luv\qu'x =
X
=-2p tanh x - (1 =lanh®x) =
= fexloD=-~2-4-0-(1-0) =~ o
rule out 4ravns<n'4'ico,€-
y-xxx (x,‘ﬂ = ._)3___ [~2txlanl’n( -l—Qr {amlna"x} =
X
= =4p (1= tanh2x) + fp bnh?x (- tanh?x)
=4p (A- lknh2X) [~ L+ 2 boanh2x ] =
=3 Pxxx (o,4) = 2-1- (L-0) [-1+%-0] =
=49.4-1- (-'D - -2 4o.
1@ % ﬂows %a{' (meo) =(0,|7 oL r)t(-clnpoyk
al‘purcm[ion. Since
Yyxx (0,1) gxr (o 7= (-2)-4=-9<0 =
= there ar 3 ficed ?Ol'n{’ﬁ for B> 1.

, thas we
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, V Mot ov\swm\cxewL COhfL!lDVl} ﬁxratgurcmkon P.ren§$ B

e will wow derive e sulliaert oudibions for

- dessifying bifurabion evedds. The graofs ave Bosed
Con Yhe ,im‘?le’l SJundion Heorem.

| }“; lmpﬁmjc{\umcjnowl'hwmm

B TONTY TR THNCRIE PRV
Tt vmplicl fanchion e seles
in + Assame Hook the funchion £:AE il

A< BRE cabisfies
o) § (Xu‘éo) =p

OBy ey 4o

Q) '?x‘?(é Conl'fm;ou-s Ot.{ ) B((Xm%o),,i)_ _— | o
, T‘n,e\n , ‘[“AE!'- 5 oL ulmg ue Qunc{zoh, 3 S,hdr\, 'hno.‘l
*"(ng) GB((xol‘éo),E) : ? (x L%(\O) =06

Nole ol wudibion (8) con le weakened 1o |
3% (xo,}ao)qg(}. Thev, combined with €O g follow
el Hee is an = Por whidr ol @) avd (0
are sodishied . |
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?——} SQOMQQ —node Q;‘pwmfiow com:uiong

lel ws assume thaal
chott‘o) =0 Cl)
EX (¥o Ll“O) =0 (2)
914 (Xoltlo)fo (3) -
PXX (.Xolt—lo) 2)@- (v) (Lt) ‘Ahaﬁ\ﬁr)iS
‘ ‘n\t "t}y\cal Qi?urwawn Jl o.%Vam -Por o Sa.o(.owe;—l/)ocie
/X gurcol-l o 5 Showun below:

X 4 We see el we have
l’v show }'/-OC’; 'H»:QW- I
a uV!lun 9(.(14(.11'0'/) ’A(X)
Xot _ (. _______ Sudr el

| f(x,vcx)):o,xfxe(xo—a,xota)

?Y wil\q ;
'xa)= 4 ¢ (xo) = &

SRS

e =2 ) f0
. ,

Tl’te Comic‘}n‘ov; P[(Xo) =0 ehsuyes H«uf He churcmlt‘ovr
curve i jmhgemé to P:VO' The condition P"[Ko)fo.
ehsures hnou{: Xo ($ @ minNivmum or WmeXinim 6o Hno
‘HnQ Q)I'CUVCQHOVI carve }l(K) Femains ov ~H1'e Same. |
hat? ~(lowme defi ned Glé p=Heo - |
o Conslruchion : Since ?(xo.%;,)»o omd 914 (Koctlo) Ho,

| .l'L %Oﬂows ot e “M.PL'C({‘ ?Lunr)r?om
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. {\aeonm (\ﬂlﬁuu ou/ml ‘ha{l-e?obe l‘lnertli&wm‘t‘ugr B
o guwcsnoh M « such Wob#

Yx e (xo-£, Xote) :.;;.Q*,,,;(x*ty\.(,)s)). =0 ()

 Thes b0 s hereby comshucked.

e Proo? - Ue wild mow _s,,\n,qm.m.,Jhaiw_'af_(xg)y:-:-,..o, and.

o }n“(xo);éo,

Diferabtabing (52 wika wespeck do x give:

& ,(,x,;ﬂg (S92 [x,y(x))y‘[xl—': o (&
Fer X = Xe: P

, Bx L,Xb, ‘L(xo)) ::.Px ( xo tflo? =0 ond

Qr CXo g" (Xo)) = ?r.q ,,(Xo,‘tlo), 316 o
bhos :

o Dabond o @

Dl',nertn!'iajribk () one moye &um{ hﬂ‘h\ ﬁﬁpcc{, 4 o X
. oiyesS: R

o gxx{'?x f‘._a“'_,-lf Cgi“"}?t‘t‘ ’)V'+¥\4 »,,,y,"]‘-,o =
2 §ux 4—(9},‘ -l-?”,-,;‘)rl-} ,r‘_,-r':’;.?_(‘.) B
evalualed ot (x,y(x’)). For Xx=xo ! Pl(xdﬁ”— 0,

and Jherefore: | |

B (o i) + Py (xo o) -2 = 0 o
Since Pxx (Xoxt{o) 4o and ?,F (ko o) fo, it
p (xe)= v (ko o) 40.

2" (xo. lr(o)
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. » SL‘.LQLQ\L& . e wb(l ow show J‘aa.‘l lhe Jwo

[/

YfYQRL—VOfM‘l‘? ‘h’la{ QMehaQ, one owe oE
“»te, )nuo ‘nwf,g-flames o(egince( 2 P:PO o -“«\e.

£if wecation csl;agam hare ofpesi shof) iﬂ,rl—%_
From (6) : |
’Py (X{ylx)) = -Br (x ,WK)) p’bf) ] ,Vxe (Xo"itxo-i £)

~ Since g.t\(Xogt‘o)‘?ZO; we can choege €70 suedl
ﬂmovﬂah so thal

Yxe (xo-£ Xo+e) * Q‘.Cxc,;t'(x))alc
Thas ??;Cx.tucxﬂ mu,im'iou‘ns f{s Sf%\a in XGCXo'i,Xofo.
Since Y”C\Co) %D and y‘(xo) =0, we e:ac[;e(:‘ Mot

F(C)(o') C‘aoua%es Q«'S\o ?rom x € (xo-€,%s) {o

X€ (xo ,%ot4¢?. Thusl So oloes fg Cx,,v (YY) oeurd :
i{’ ?oﬁﬂows Bot e two gz‘xechJOin;ir W hese '}L-eg exl’i‘f,
have opposfle s*qgiﬂu"-a-
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(e.i}—» > Transctlicall Bifurcabon condibions

Lelc ws assube ot
R (ngt‘o):’-o B & )
- epdze @
o QXXCXo(r.Q 3L€> (“‘) S
o gXV(Xo‘Vo)¥0 B - T

 The -\3;;:.01 ;_ @t&nqiiowdm%mm Sor a.%ransc rchca,Q —

a’lgurca,“on NI sLowuﬁe,Qaw L

T

__ Xe

. 'Amvaﬂééis : ‘ln)e. S€e Jrhqjc %etc ore fng_,,Qi?urcodioh —_—
o , cuvve;sw(?assiué_,l"lqto,u?(a (xo q.lo)f,:, ,

a) The Qine (@): x=¥%,. Cfn«lepena‘eh{ o? Hee
rqramd-cr ) - : :

8) The ive (L) p= p) F"-“""é Lrom ohe Lmﬁﬁpﬂmg

lo the other, Scpq.\rdeoL 6u w=po, with Ho=p (Xo).
T4 Collows Hhat : 3 B f
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Pror=0 , ¥pelpre,, greo
P (x, ¢ (x =0, ¥xe (xo-€g,¥Xottg)
Nbl—g, %a:L ,40 %e!z &wo d“sJEchr curves ()ass -I’C\rou%‘ﬁ
CXoQM) iL is hecess«mé '}b Vfaﬁqk H.a lmpﬁd{-
: guhC\”on quokem. Since YCXo(yo)=o, to violole e
lheorem we Pe(tut're. Heat fr (xmt«o):o, |
LCL ws how dcpine ,
F(x,f)zﬁ $(x7p/(\(—xoy , X4 %o
6P, X=Xo
Tt follows Hhak  Flxqo = (e-xo) Flx,gp) , Haus we
assUhe 'kacu{? X=<¥o 15 mﬂu‘gurm}«‘on wrve. e odso
nole fhat F(x) retoins Coh’;\'wai'{—; Be cause

. L'Boa(rijm.e
Aim F(x(p: in; 9(“‘1’) &—, livm S;’Cb‘t\‘) =
X Xp X—2Xo X—- Xo ¥~a¥o i"’O
<im B Oqpr= By Cro) = Flxorp).

YaXo

Nele Hiat L‘Uosle o.ﬂ;ltes Smee
R,( = S\'(. o )=0 . -
im o) = § Crouy |
We will now show Heat F(x,v) hos o
wnm(ue, cuvie PQ”'"Z ‘quough (Xo:.[‘o)-

and.  across p=po. |

* Conslru(;hom H Ue, VloLe ‘kﬂa{?
F(\(oltyo) = gx (xouyo) =0 and
Fy (XO(T0)=¥X1& (%o, 4e) £0




 bherelore the implicik funchion Hueovewm applies.
Tt ‘I:nﬂomf'n\otjt{heh l‘smMmq». e pumc‘l'lour{x’) R

such Hat F'(xl}*‘(x?) =0 for all x wvear xo.

L X=p x) 75 o bifurcotion curve stnee 000
g(XLPLXI)‘;- ) (\C ~¥07 F(erlx))f-(xf‘)(o)'o =0
o ?r.o °¥ U&w;uhow S"lowhamjc{heCuvaxf—y(\O

-~ Passes  accvoss =[40T°w40 "‘Laclt s
wflicient Yo show Hat ,.‘_PN‘,.(yz;o)“_,ﬁ%oﬂ, o

. Since Fx ,,_v.(x,?)_,;:c‘?).w R

= Fy ,()s_‘,y.wcm)vi-;,ﬁ,F,\g.(x v},y\x_/tx))%;‘f()(),<‘-O.;-> B
o pllxor s ZFx (orp(xod) _ —fux (Korplxad

- Fulxepxod  Fxpleo pted
Since  Ixx (,xo{,txo);ﬂp oamd .{x\“_)(o,‘mtlo) 40,
P o) 05 well-defined and p'lxo)do.

T ?o.ﬂ,ows hat x:f'()‘7"‘ does ol  have o Min}or‘ ,

‘maX a{‘ X=Xo , ,f“rms ll'h:tﬂ.%oacoros;‘“n o

Qine. r:t&o e

¢ S%&QJIQ?{LL . We will viow show thal Qo“n | ﬂiCurcq{ion ,
| | U Qines (R): x=Xo aud (0g)- X:-[cO() ,'c_kqv-.%e..
slok@;iﬂ;l—ué Upon  Crossing Hoe  point (xo,yo).
o) For '“’,\(. lme ,(L\?\(:Ka . . B
~¥x‘ (,xolv-): ¥x (,Xo‘\lo) +JP ¥x\‘,(Xo,,m)dm_=; o
e _[-‘o .
-..-.J gxtl (Xolh’!')d-mv
Vo
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Since 9)(\4 (xoji0) Lo =
= devo0: ¥ r € (Y‘°“E‘\‘°+Q : I;KV (xo(r) 40
Thus gx\a LXNH) waiutains its Sl'gm jn (tlo-'fl lxo'lﬂ
Herefore  $x (xo () chquze) Sféh, Crem t4‘>[4° o
B <r40 ] | |
Q) For the live (o) : x= 1:()0

e o 2 [ x-xo Flxpeon] =
MEERTY __j_;_[(x xo) F (x \4(\0]

= F(x(\x(_xﬂ + (x-xe) Fx (‘(cfﬂkﬂ
= (x-xo) Fx (,XL\“LX)>
Here we have used Fx ‘\‘0(7) =0.
M w=xo: Fx Cxol‘a(\coﬁ = §xx C)(o(“l(_s(o)) =
= fyy CXMVO) 4o =
> Icvo: ¥xe(Xo-£, Xote): Fx(x, ny)) 4o

Thus Fx CK;}{CH) ()Loes ho{‘ C‘n(\\a%c si%ln in
¥€(Ko-£(xo+¢,) QME X-¥Xo olnes dnauge '?rom

he%mjcive & positive. Tt follows ek G (xpr00)

CLaMbcs Sign 0CCyes9 K =Xo S

From (o) and (@) obove we conclude fuat Since

gor Qo{t\ curre s gx C\nawaes ngn oLCLYy O5% 'Hﬂc |
‘?oin’C (Xo,tao), ‘l’hg S{’n,@’fﬁl')'\a (:ar .@ol’t\ curves

qaso , cl’tcun.aes -
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, -—-{ Pildafork Qifuvealion condibions

| Lcl L7\ stu.mc{ho& R
o .?\(x‘o"q&g)“,\= o (1)
o gx, (Koh.,m\e!mo) =0 @

e lxepdze 9

. ¥"'V‘ ..(Xo.{_.tl.o) 740 B €-) B

f xxx (Xo, \{9) 740 ;, (O

~ The ,-\Nzicw( %«‘furcaliomolmﬁmmgof  °- Qtl‘n\'\gorli, , |

Gic.utca.l'.iou i ‘SL.Owla -@eﬁow. o
X ¢

{
'
X
1
t
L}

. ® AW,&-Qésis : The Munah'on&'a%ram hes dwe fines-
() The line (00: X=Xo whida is tndependent of B
(8) The cuwrve (l;.):fl'-‘- y(x) ld(m’cln s 4aweb£n{’ o J'ke_
bive (0)- B=po. It follows hal p muwsl gdrs%f
B2 =6 and r"(Xo)iLD. | o
Both ﬁt‘ncs inlersedt b Cxo:r'o).

A%am, in ovder o hare dwo curves passiué M’“’"ﬁ‘”
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(x‘)uyo) il is v:ece%aré fo ,vfoQa.(re the t‘mpﬁicc‘% gumhﬂlﬂv
~ {lheorem. Since Q(xo,\to)vo ) il (s lLu} mcessrxvg

lo lhoue Q\‘ (xo o) =0.
. A%ou‘n, ILL s dc?ivle

F(X;\(}t% ¥(‘L,F7/(X~Ko} ! ‘p xilXo
fx (% g, il x=xo

S(miﬂar% with our *l’\rmlnfcv:‘“(-aoq Ei@urca’n‘on
nr%uhnem , l‘l: ?o@o,ws h\a{i
f o) = (x-Xo) F (¥up)
f‘_\":'( ,, F ) = Flxou).
Thas (2)-%=%o I3 83 delinilion a Bifurcation
Qine.
e Constyuction : We vio ke Hhat
Flxo po) = fx(xopo) =0
Fu (‘Loctjo\ = Qx\; (%o to? +6
Tt Collows Hal Hee impﬂfc«‘[' Funclron %Le,ovem qppﬁlef’
Quo( thas H\e)c s oo lmique gund-r'oh tl(x) such Hat
Flx qex) = 0. 11 &llows Heat
“"Li’“"): (x—xo)F(x,,l.oo)-: (x-x0)-0 < 6
TThas p(d has feew conslrucled . |
,‘?roog : We will now show Mot PICXO):O avd y‘I(Xo)rfO»
Um‘vub oL caﬁc,uf,a.l—ion Ct,mc'la.r {'0 *Hne. one




o

171

we did cmmwze.oac,poe ik follows

, {ha{:

g o —Fx Goe) - ¥x()<“o)_o

‘ Ft& ()(o (vo) g)(\a (Knnt!o)
, @eccwsc. Stxx (xo (Ho) =O
Ounel J'hﬁ&gere N

t‘u (Xe)= ~ Fxx (xotyo) _ “Cx,(x(xo.vo)%-o .

~ Fy (x“y») 9"# Cquae)
ee cause  Sxwx (thto) iLO

(o4

I gtch- Follﬂ" Cqu es. 9']‘0-@!11‘
 the om{ (Yo po) . We will olso show the )
‘ bu!-er gt)CedL Pom{; &.ﬁ.—e" 'Hﬂ& PI'LC("QW - occuts,
howe e same shabile +3 with eadh mu-\{r as
well oy witlh the inner ?xxe elyomi BEFoRE
lhe fixed point. This 15 ol showu in Jue
J,uxgro.m .ﬂe!nw ,

X %
+ /_ T+

\ |

—3 P

Stabilihy - e will now ow fhat the nemer
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0) FQV‘ ‘hl\& 1\’K( X =Xeg:
Y :
¥X (Xo,,n: ¥X (Xo(!lo)-"J s:xr (Xo,m)o[m-;

\ o
= { ¥¥Y (Xo,""l) A.Wl
po

SiVICC ng (Xo.,‘Jo)ﬂéo -

t’?‘r‘xr(Xo,M) does not C’nomét. Slzn aCCros? m:[.(,,
= fy (x.p) c{aambes si4n accross [t< po

= The Y—ixeoL ")om{ on the Line x=xo c,lnakacs

S"aQu'Q,t‘«lfg' |
§) For dne Line =g x2

fx (x ¢ P = o [ (x-xo) F(x(\u\o)] <
| Ix

= F(X.rlxﬂ 4—‘(\<—xo) Fx (x(@ (¥))
< (X -Xo) Fx (x, \J(Kﬁt e oo
= (e-xo) [~ Fp (k) g (1§
Heve we wused the l'olgv:{!:‘%
Fx (xcr G + Fp (xp ) w0 =0
wc Vlok *‘Mo} O Ccros§ X=Xo !
X-%Xo changes si%h ; ol |
F‘(Xo):-o owmed ‘1”({9)%0 =) y‘(xo) clnauaes Sian
and Ft& (Ko, Y (ko)) = Ft« (xo, VO) = 'h‘t‘ CXO(VO) %Oc?
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=7 Ff‘ (X, pan) does nt cbo.mge. sc'%vl- :
Tuus  §x (Xp k) dloes ot chaug e Sn'ata-ﬂ followss iuat
u'f_ {wo Ou‘er gl‘xei fol'vtb have "‘(ﬂ’- same S“'dit't\é.
<) We wow Compare the 94‘\9»:'1#5 oc -H.,; ou"er r('x
[70|'n¥s Ul““n 'Hae jhner yl‘xel po-'ni. Flemﬂ H‘dz ?x for
these fixed points is: B |
inher POIn{i ’PXCXo,p):J sx!; (Xo,hﬁdm
o g
ouler [’oin‘s : ?x (x,v(_t) =~ r‘ (X)C\(’_XO)FHCX‘F‘K))
We ossume , wikh wo doss of eaeweraﬁdg , ot pt xe) >0. |
This I'w\(}/Q(es Hal k) has @ Mikingum af X<Xo, '
5o the 3 pr‘xei ?oua’S occur when H>t’u We V"ag H-us
aA5%5ume “nq-( E>ﬁo.1£ odso poﬂmus, JI'L(J: l,dl'llh X {9
hear Yo, p'(x) is (ncveasing , and -Mdere_pore:
X=Xo <0 =9 r‘(x)<o
X “Xo >0 =2 t«'(x) > o |
Thas: u'((x-xo0) >0 when X 5 hear Xo. =
Il‘ Qoﬂow: ‘Had: : ,
| fx(x,g[x)) oploos:“e S%"‘a’ Ft‘ Q“VCX))‘
: sarhe s‘i(bn as F(’ ()‘olflo) Cx near xo)
Same 9idbh as ?x(« (Xo o)
S ame Gitbu as gxt: (xo,m1) (m near (“")
SQAme S‘i%h as gl“?xﬁlxom)o(ms g:c(xo‘b,) ‘
- Po Cuse p>p.).
Thus- fx CK;H(xﬂ has op{;oft'ée, ‘iian prowv. ;‘K(Xot(ﬂ,
| '}"Iu') oul—er amJ. inner Vot'hti lf\are, OV{T‘o‘n'l‘e_ sfmgiln(\a(
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GODE 08: Linear autonomous systems
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LINEAR AUToNOMOUS SYSTEMS

. A .Qimwu' aw"ahowou> S $k\m 19 & 516){‘(”') og
orclm:mg Aimes—enlio& equa.l:om of Hac ¥0vm
x = Ax
wilh xecBY a vedor aud A&Mn(R) ow uxw
anhtx.. n ée—\cdﬁi

%< Auxi + Algxgt -+ Awmxn
ilz Ae.tX;+A9.2X9,+~-+ Agn Xn

*
-

)‘(n‘- Atn(\([ t AMQ.XQ. t-- + A Xn

¥ Exadt solulions

bt A\n exact sofuhoh c(aw Be wrtUen in 'i*érm;: 09 ‘
qu. Ma&nx expoﬂen‘iaa.‘

Foo - |
Def : |exp(M= 2 AL | (with A°=1)

n=-o “L

> Properiey + o AB=DPA =>£xp(A+5§=exp(A7exp(B)
| « LexpD)]™ 2 = exp (- A)
o d exp(tp)= Aexp (LA) =
dt ’-P-XPQ-A)A
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¢ The solulion c? X= Ax with x(0)Y=¥%o is

x{) = exp CEM x(od

[ Ei%envagues Quad eigemvec\ovs
£

| De¥ : Nel is an euaemmﬁue of AeMwn (R
with ei%envedov xe @~ (g aund onﬂ‘a (2
Ax=2x . | |
> hol’ofdiou : 3 (A) = -llqe. ;se% o? ol e%evwaﬂne;

| N | ol A. "
Thm : |2€dh) &= del (A-21) =0

e Ve nole Haat p(d) = delt (A-21) 15 a poﬂ_;évxamiaﬂ
cauei qu C\naraderisl'('c. PoLéMoW\mi op A
o Assume Jhat A has wn dushind cigeunvalues
A e A wih Corres;?owdiné ;eigemecjmrs -
ViVe, ...  Vn € A" Then, |
a) The ej%emqﬂues“vul(q_,,..,vn are Line
independent . Thasy ang XelRY can Be
writlken as:
X=¢/y 4 CaVq +--F CnuVyy
C with ¢ ,<g ..., tn constant.
Q) For P=[vivg-—-vnl, A con Be wrillen as
A= Pdmg(f\“ﬂg,.,.l A P11,
with |
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’A;_ 6 »-- 0‘\
dzq%(ﬂl,’(\&,.,-,ﬂn):—. (‘) gﬂ, s ‘?

-

- -

L O D et An]

) 1} he inikial condilion of x =Ax sobisties
X(®)=Cyv, +caVg +---+ CuUn
Fhen
x () = C,leil‘\‘,E Vit Cq e’t‘\g‘{' Vg +---4+Cn eﬂﬂe\fn.
Proo!

x(1) = exp (¢4 x (o) = exp UDLcv +cavg + -4 cwVu |

n s,oo
5; Coexp (R va = L. Ca (uo}
k*o Kt
v too ‘
t. Ca __t‘f_ (/\KVOJ]
a=( k o Kkl
v &
= Z CQ_X' t ﬁqlqu,‘\( =
={ k=o k!
n K
I ch ¥ A qu-f_cq by o
=1 K=o i<!

We Ssee haa{’. wheu %4& et‘g@muaﬂues ore ol cln‘sl'incl’_,
we can S;\-tqu the exact %ﬁujcion ,wi%ml?
e chaakim‘é the qu{vix txpomechiaa-
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® Malnx Expommlt‘aﬂ -~ 2x9. case

Lel Ac—Mq‘(lﬁ) e o 2x2 malrix with Ql‘%gw«qﬁues
A.9%,.
Q) If A 9, thew

exp (L) - et dget ¢ At

/t\("gi (Arcqg

A

TR D<0,=0  then

exp(4A) = e M (1-AD1 4—4:{1(“/&’
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| L‘émguuov Cunclion for x=Ax

o Cownsjder —Hae. Qineqy qu}oho\rnous GgSkM X ::Ax.
12 del A L0, then Ax=0<9x=0 . Thas x=0
ls '“ae, 'umiclue fixeot poin{. 1{’5 540.&‘04'}% (ol
e inve sh%ajrec[ Q% Cohﬁi‘,?uc{ilq% av arprorr:'qk

Ltaq puunov uwc{iom

r‘) Delinclion of Vx)

Let X.éé@w with %= CK&,Xg, et Xm)  omd
'\é-. (13‘ Y-, ‘%VD Ve deline Hie inner Froa\.qd :

Cxly> =Xy + X Yo +-4 Xn Yy,

We VIOL’— Hnaul:
| <x l%> |Z - (Xl%><%lx>-
For the mabrix A= T Aat] we defive fhe Hermition

mateiy A“*—*—[I—ﬂg&] .1 con Hien B shown
that

The Qar (eq. X ) represents fhe compllex ycﬁgh&d«zso.&.

<><IA%> = <AHxly»
<Axly> = Qx| Aty ,
Let Vo Qe e etgenvq,?,ues ol A w_t_{'n__ etgenvéc\’vﬁ |
Ua Jov Qe%l.ﬁ-,%---,"%.:&&o, Cet Ao Qe Yhe
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C(‘aelﬂVG.QueS og AH tut‘hn é’itéevwedoks Va. .

We clegme 1'|4e, L'aqpunov gumkon VX)) as:

V)= o | <volx>2

Heve Qm,>0 are qv@rlm% Fos;‘Live LoMS‘\oh‘s.
The Sumi rans Sromm o=14,2,%,....n
B‘é o\.CYEm“;ww, il s eosy 1o see Jat

V=0 |

X400 = VY()¥o.

P-é StaQ«Qt;’é er.:orem |

Re(ﬁa) <o }VQ.'-—?? X=0 |s L‘a“?““"" staffe
Re (AaY<0 ,¥a = x=0 us«ém‘v*olimﬂg stalle |

Proot
We vioke Hat
Vel Ax> = < Aby |x> = <§;valx>:
= Ya <valx>
and |
<A lvay = <x 1AM va> = <x1Aa Vo> =
= Aa xS

T Gllws ot -
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dv o 4 3 b )<l <
dt  dt o

o 4 T o <valx><xlvad =
dt o

. 2} [ B ( "i% | {Vql)‘>> {xlVay+ ga(\mlx>(.:—& (Xl\kx))]

. Y Lol <valAx><xlVa> + <valx> < AxWa>] =
a.

= 9 Q,q [ A&< Vn»,h(»‘()d\la» +'<V0.\X> (Z\—; <)<1Vq>)]

c Y 8ol fatia) <Vale><x Va¥ =
= Y 900 Re (80 | Vol >

For X%O, l<VQ\X>]l>O, and. 9 ,Je?:m‘how boy0
for afl a. Becall Hal Vie)=0 aud V(>0 Qor x#o
Q1§ Rel) <0 = dV/dt <o =
| = X=0 L%a?utrwv stalle.
Q) 1! Re(Aa) <0 = dV/dE <o =
= X0 asqmphtic stoble . B

L" 44 qulux A w‘no‘)t efae?\vcvféuej afkgrt's

Re (Qoﬂ<0 ,Va, is called hsan{ive— e m:le

A5>umih¢3 Ae Ha (IR) |, i} can ﬁg shown tat

A nebg{ive—d.e?inile. = ¥YxeR: <x1Ax> <o
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V The X9 ﬂivtecw tLu.'lOnolmouﬁ 59(51‘4’.510

Consider lhe 2x2 [{ivear awdouwomous S%skm-.

%il=ax,+ﬁxz & é_{x.]:[a— l]{x;]

)Zg’-C.)(;%dXz dt Xq ¢ 4 X2

Let A:XV ] The etac‘\nuaueues /A“Qg o¥ A o
c d

souncl_ ﬁ‘é Soﬁ\nmg '\'{ﬂt equqJIOn:

det (A-AD =0 © (0 A(d--bc =0 &
& AL~ (a+dA+(ad-bc) =0
& N _-<A+D:=o
!oilh T T= 4r.A -~ o4d= A;%Ag‘
D= detrA=ad-be = ﬂ.ﬂq_
The solution reads :

Agg= T £Vz2-44

92
_“ne_ caehe,tal soﬂu{’wn oc -qu. S'askm H’.acls

At |
XL‘L) = QA‘{: Vl + Ci_ﬁ 2 V&

wah« V. Vq th e;%gnvcc{brs Corveseovm\ na 'l'w ‘I"ae
ewberﬂmﬂues g“ag
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e wole Jhat awu euaevwaﬂua A dhal  saldisfies

o) Re(d) <0 —

Gives o contriBulion Weat vakt‘)Lq

{hu) Qpproablu{ua L‘M’- gixe:ln?o‘\at.

8) Re(W) >0 — Guwes o coulriBution Hat oLtv(’vae)

Q Re (M=o —

o) Im (Q);lo —

&) Im(A) =0 —

B Qieo\ oy h«a{ ‘

as Qo.uowst

away Peow Hhe fixed-point.

Gives a contribdion dhal neither
Qe()roo.ches vor d_lveracs {rom the
{ived-pount.

Gives o coutribubion at Spfraﬂs
q,VOLLVlC( -kat?lxel ?oin{’.

Gives a coutri Bution fal does hoé
spral avound the fixed point.

we cQaSsiQ\é He (o,0) Sixed potnt

r—) CQqssiY—im{ion ol 9{xed—goinls m 44

1) Saddle wode

Vg, .
:\é///&.,v, « -0 (omiih‘om:

- Ei«aenva&:e. (Ow‘iu‘liow *

| ) ////: D<o
? / i Uhﬁagle, :
_nne slnapc og‘ \"n SotJ-owc Vler (s (o\;njrmﬂeo(— Gg
the et%evwec"ws vV, Vg .
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9) Sink -

e

e &i envaﬂu.e (omlul’tom

A.,'Aielﬂ A <o NAg<0

s ¢-0 COV!AJ{IOVD
D>o A t2-uD»o A e <o
* Expowc&laﬂ% sla e

(v, sdow, Vg fast : lﬂ;!(lﬂﬂ.l)

37 Souvce :

K

(v; $ost , Vg sdow :

4) Cenler :

s f’.t e.nmfue_ c,oml 1115\’)"
IA“'Ag_EIPl A A 70 A[(\qjo

et-D condibion :
Dyo A12-4D >0 A x)o
s Vustalle
.Q; >a¢,> O)
. E.%evwa&m condition
% Re(A) =Re(Qg) =0 .
Im (Al) i‘ 0 A Tw (.ﬁg) %0

e -0 condition

Dyo At=0
* Neu{ Oﬂ&é s{auc

(ie. L‘aapunov stafle But

viot q,H;\rachmb)
¢ Noke that D>0 A T=0 = A<O
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L) S{aﬂ,fe, spiraﬁ : . Eizeumﬂur_ condilton
? Be (A0 <o A Re(Ag) <0
Tm(2) 40 A Tm (2) #o

s ¢-D Cohch{iov:
DYoAx2-yp <o\ r<o
| . Exponem{'ial’ﬁ% stogLle
6) Dnstelle Spiraﬁ: . E:genvaluﬁ coudilion
ERC QA0 ¥o N Ge(AD »o
Im(3) #oA Tm(Ag) 4o

e T-D counditiown
Dyo Nt2-4D<o A~yo

}—‘) Sumwwuré 09- Tv-D conditions

T 4
o Source
Sowlcwc uvsialle S.pivaﬂ
node - » D ew Cenler

stalble sPiqu.

sink

D‘<0 . Sowldqe Poivrk
Dyo : ©=0 : ceunter
T2-4D >0 * Seurce (v>0), sink (< <o)
- 4D <o : spiral |, stalle (z4o) or
unstalle (T >0)
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r—‘ B’or&evgmc. nodes

Bov&erﬂ:‘n{ IaoAcs occur w‘rle.v\ at’ﬂﬁ wlaida ocCcurs
when 2-4D=0. Lt Eg=4veR*| Av=Av§ &e
e cigenspace associaled with He ez’cbem/q,@ue
ﬁ\=ﬁ. ’-Qg,. Le ,Jtﬁ{ila%uis[a Qefween lwo coses:
dimEpa=1 or dimEg=2.

#) Slous

L
A=2q <0 Ny=Ag >0
dimey =% dimEa =2

- 8) Deaemekalﬁ nod es
v

A 940 Av=4->0
dimEy =1 dimEg=1.
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EXAMPLES

o) 3 X1= ¥+ Xg <=.:>_cl__[x, ]:[1 1“x‘)
Rir—‘ix.“ixi dt Xa. 4 -4} Xe.
-9 L ‘:
y -2-A
= (A-M-2-2)-4=-2-3+29+]%2 -4 =
=A% 0 -F= (D42)(Q-D =02=-3V4=-2 .
Since 5 Adg e = (o is a saddle—wode.
d.2g <0 | |

e To draw o ?lao.sc. par{rou“: e %,5zecl Hie eiaewedﬂys.
In 3enerq€', for eigeniva lue ,’;\ ‘
o)
0

P = det (A-01) -

9
Av-=1v & (A~§\I)v=o4=7[i——(f\ A Hx]:

4 -2-Q P
tot' A‘:i,:

[t Hx] H@ §xege0 & U=x
4 -2-21 g ©J L\X“-Lqéfo
& (x,gB = (xkx)=x0 D f

‘“MAS V.; (l,‘.),
Foi‘ gg_'-"—-“z:

KH@ 1 “x]:{o]éﬁ“’“‘é“@
4 -9-(-3%) Y o 4xig=o0

- bg_‘ix © (ay)=(x, )= x (4 -4
thus ve= (A ~4)
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1<12
v!':‘ ( l(‘)
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Xg =2X (- %4 2 -1

ﬂ) f X, = Xr9.)<2_ «— A- [ i ’2]

Lo
—

p(ﬁ):dcl:CA~AI):li—ﬂ -2

9 -1
c(A-NE-D pu=-4-A+42192 14 =
%120 A=+if3

o It Hllows Wat (0,00 t5 o ceuler.

b Cfockwhe Or Couw’trcgnckwi)e?

The cl(‘;-e;l-ion og e orﬁdﬁ can be plel:rmined. Gg
| Caﬂchmliw% Ax with X a unit vedor:

r g g 1 X2
1 ~ﬂ{i ) 1] g (3,23

lf'
192 -cJLo] |2 ‘@ > X¢

I ~alfo]-T
,»i "la iq =

; {‘—) wlnen a Qineqf 93$km hos o cenkr, Lhe Slaa(?c
o?’ lhe orbils can Qe derived @3 v.‘o{;'na Hiat
V(x) = ax2+bx.xq + CXg

with afpro[)t'imk’_ cholce 09 a f.c vemains

Cohslan{ aQowg {"ne orﬁﬂs urouh; (0,0).

This Vix2 iy e L%Q‘)unav ;‘uhc’l’om.

“
]
}
’o
[ SOSS——{

For Hais Proﬂﬁem:
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V)= oxtibyx,xgtcxg =
=2 J.V(X)/ou = 1»0«)(1)2, -l-zg()‘(o KQJ'X,).(Q) {—icx‘g{(z =

= 9ax: (%1-9x9) + 6L (x,-9x2) ) Xz 41 (9 X221+ 9cxa (9x 1~xq)
=9axl-Yox,xg +Bx xg- 2B x4 +24x? ”QXQXQ_"‘L&CXIXQ“QCX?_
= (20420 x2 ¥ (4o +h-B 14 xxg -2(84+D x5 =

= 2(atB)xF + 4 (c-0) X Xg - (84D x g

Fséctuihe:

, ol =0 C-c=o0 '
)c-az0 ©Jo=-c © %ar-c & labd~cli1, D
Biec=o0 =-C @=-c

Choose: (a b.c)= (4,-1,8) , thus
Vo= xftoxxg +xs. |
Cenler orlils have equation:

(9): X?‘—ch‘2+)<29'= G
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C)%).(L:.*XL*XL «— A:[“L “1]
)29_5-3)(1 2 0

V(g) = det(A‘gl) =

-1 =) [-.-_ “A-1-AY-G0-32

3 -4
=0490243 - A4 Q42=0 %g? Q= SERTIT
A<i-y2--4y0 2

Since "\ug,, ave Cow\p!?x omd ?\Q;(ﬁ()zke(gi)<0,
il follows Haal (0,0) s stalife sprwaf

Since

2k SR % B IE O O O |
| [ 3 oHo] {3} Iﬁ
the direction is L\L

Couukrcﬂockwise.

\\;JJZ kﬁ

b\)%)'(.:‘-ix‘——)ﬂq. yA— A:‘-IH ‘L)
Xg = =X +Uxg “L oy

p(M:de{(AvM):,’l—wﬂ . l:(xq-:\)i-s
4

-~

=16-80+02%2-1 - A%_8l 15 gu,q%: srg [
A< 64-4-15 = Cu-bo =4 r b3
thas (0,0 Iy o Souvce.

’ Ef%envaﬂdes:
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For Az%:
Ax=%x & 5) by, -xe=2%X < 52 Xi-X2zo0 &
“Kitlxg=3%xq ~X14Xg=0
£ Xi-X2:0 © X =x2© ko xy= (3 1),
Choose v, = (4,4).
For A5:6: |
Ax= (7)¢ & % ((,Xn-,Xq,-'- 9)(( &) i“xv')(,_:o &)
~¥X 4+ 4xg= Sxg
& X, =-%9 & (x, x)=(C1 )%,
Choose Vg = (-L,D).
fash vg

"‘X(“XZ::-O

1 v, (slow)
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GODE 09: Nonlinear autonomous systems
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NONLINEAR AUTONOMOUS <YSTEMS

¥locol amaﬂésis of Sixed poivﬂ-s

(onsidey }ue wnonlivear autonomous s slems
%=90) with xRV aud F:RM—RY.
lel %o eliv Qe a ggxul. oln‘l‘. wi th '?CXo) o .
Lel xo(B=¥%Xo Ge o Soﬁul-ton w:lh {he Qmec(. Yom‘l’
as tm&-:oﬂ Covul '}10\0 ,
To examive kae, shﬁiﬂf% o£ Xo, We cou.s;‘o\er
the 9oﬂowimré Ferl-ur,@,a-hov‘ around Xo *
Cx(®) = Xelh) + £x (1) +0(E2)
with 0<g<<4i. 1t follows dhal :
X =%o +eX (030D = ex M 4+0LeD)
g(X\* Q(Xoﬂxo ?(Xo) + Ces ) D?(Kcﬂ)(r‘- 0(8")
= e Moo x +0(eD)
Eﬂuﬁ‘fmg the ¢ Jerms %?m e Linearizahion

)21(.{) = D? (Xo) Xl(.{:)

here DP 15 e JocoBiaw malvix %Wt‘ﬂ 03

(091 = 2fa
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_D_gg_ . We Sa.a Hal Hhe ftxecL poh«zf Xo s a
_lf_é'perﬂwl:‘c ,Pot'vn(t i‘? and- Ohﬁé c¥

YAeA (D (xo) : Re(A) o

e Tt con fe shown {hat i¥ Xo 15 @ L\Myerf)an'c
c:‘xed-pomf, lhen e local Behovior of Moe
vonlinear €3'>l'dm5 is “‘O‘VO‘QO‘BI( . equivaﬂeui
{o H.e roqﬂ ﬁ»e\da\n'oar o? J'he ‘incavt'tei
equahoh x=Df(xadx.

d I{“ yoﬂows ‘“«a.(f 'napgy@ogic ?l‘XéA*Pofh‘b can

@e CQaQSiQ}eJ. OLC(oroUm? 'Lo '“qc en‘oaenvqﬁues
o Me Socobion vnqu,rix D¥ (xo) .

EXAMPLE

% )’(5_ = X (?:-X;*-X$)
Xg = Xg.(X,~ 1)

e Fixed 9oin¥5=

%x. (3-x~x =0 & % X (3-x)=0 V Sli-(3~i-xz):o
Xg (Xt-’i) =0 X9 =0 Xi=1
&) % ¥ =0 v% X1=% V% Xg=2

Xg=0 Xg=o0 tx, =1 |
Lhus  sed of fixed floimls.: 5 (00, (3,02,(4,27%.
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d jaCOQi&Vt

D¥| =1 (3-)(;*)(6.) txi(-4) = Dy -xq
X

R L —x,

3)(9_

D%"L = Xq
X1

._?_%?:_..z Xr-l
%g,
lbus D?(x; (Xq)= [ 321‘/3)(; Dgt/?>‘-1 A‘ =
| 2% /9% 23a9/0xs
T%—-ixw)(q_ =X ]
. Xgq_ X =4

o

e At (o0,0)

D?(o(o)f-[’b*o-—o o ];(3 0:)
0 o-l o -tJ

&f(ben\/all.MS ﬂ( =% wl“’l’\ Vi (l,o)
Ag=-1 welh vg= o0
l:lqus (_0‘07 'y a Souslo(ﬂ& Polné.

AL (1,2

Df(i,i):[’b*ﬂ-i*i ~11,[~1 —1]
| 2 i-1 9 ©
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p(A) = oleL(Di?u,tLvM):l -1-4 - [:
9 . -9
CL-DED-EO2= AA+O 19 =
421049 ,g.z;.,, d,,--4210F
A=1%_4.1-2=-F 7 >
Nole Maat

[ -1 -—1]‘1];[-1] ol

| 9 ollo 2 \
[ <1 -—\] .0]: [‘l] ,
L 2. oLl o |

Thus (l,‘l) 'y Q Couukrcﬁockw!‘% S-‘uﬂ»Qe sqiro&.

-
-
-

-~

« Al (Zto)
| D¥(3¢0)=[3~‘la%*0 *":],_[“6 -3}
(o) ” 3| o 9,’ -
y(i\): det CD£(3,0)*A1)= -3-4 -3 l:
o 2-A] |

| = (3-D@-N-(-3).0= (A2 (A-VD =0«
& A;=-3 eor Ag‘*?\.‘%—- (%.0) is o saddle point.
¢ 9e nyectors:
031:0\' ,Au’--’%:
AX“"%X.é‘J '3X¢*%X$=’3X1 < 3 “3)(9_'-'-0 &
2x9=-%xq Sxg=0
S Xe=0 © CXNXQ):’—(i,O) XV = (_IIO)‘ |
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g) FOV gﬁ':.?\ :

AX =9x & % "%XP%XQ_‘;QM & “le ~~3)(g'—‘—04::)
Q.XQ_:. QX.Q‘ ;
& Xg9= 7% x4 (x x= Ci‘ =2 )X
% o)
H,\us Clnooie Vg\:. (%,*9),

e Pho.se ?orjrmi{:

(0,0) saddle yoich with A1=%, vi= (4’7,6)(;19,:/1 , Vg = (0,
(1,9-) Couv;lercgo,ckwtse $,¥aQQe. S’p:‘m,p.
- (3.0) saddle point with By=-3,viz(1), Ag=1,vp=(%,-%)

‘
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¥ Nonlinear Ceunlers

Sy

b Fixeti foihl's lu'nl‘c'n‘, qccovohug +o .roq,Q .a,lmo.r

av\qﬂgglg , appear Lo Le ceulers ave NoT

‘n\éPU"BO-Q"C« 1': -Qoﬂows -Haou]c l’lqe oru‘aivxa}

nonlivear S%ﬁ-ﬂn meé or Vhaué Vwi -al'. L 8 Cenkv.

To delevmine whelrer o fixed potm': with
INeAC08xo) : Re(A)=0

s or {5 not a ceuler , we Veﬂg ou the

¥o£€ou}iw§ wme l'fn,oJS .

%}——‘ Cowiversion 1o poﬂar coord.ivales

A lwo-dimensienal oulonomous ﬁa«,km 02 knc
Porm |
3 it = 2 (X, (%g)
)21 2‘-% (X 1X2) " .
Can be vewn‘H% iv Fogar COoroll‘Vlan} Chﬁ) w}”"’l

)(,=Y(.o$3’ ond Xg.‘:-’fYSimb' hsimb ‘HGC Luowiua
!olenh{iesz

b o XiXidXakg é = X1¥Xq —XiXe
r r%
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kg =vA st HrLsidtd = ¢ (cos®d sin 3) =y?
= QKX txg¥y = 2vF =2 ¥ = XaX ;Xixi
Since 31 Xy = Vcosﬁ?%il Xi = ¥ cosd ~r.§ stad =
)(2_=V5ivz3 ).<q.=\;‘sih3fra cosd)
= X1¥g ~XiXg= (rcosd) (¥ sind Frdcesd) - (¥ o9 ~v53in3) Crstad)
= Vv Cva%SmS +V"3 cosid - Y\(cesgsms {—v9-3 sin
= 290529 +¢?9 sinld = V9-9 (cos23 Hfh’%? Vq-ﬁ =

= ‘ﬁ X1 Xg ~XiXg
i

EXAMPLE

SL' = -Xg4 ax. (xT+xd) = 2 PR
Xq = X1+ 0Xg (Kg ‘l’ngi') = Qg. CX( .,X¢,>
Sofubion
08viows 9‘ xed ?oiu& of (x.xo)=(0,9)
Jocolliam

'39-1 = 5(15( '5“0»)(2‘
7\((

_____'32—( = ~14+%oxxe ==
IxXqg.

_.._____ng‘ - 1t %exXe
?KL

Wi exPidaxd
“Ixa
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= Dgr(xu)Cq):[Zo.x?‘-l—aXZ' "'11'9-&3(:)(1 :\:;)

1490x,x4 ox & t3aXg
= D‘}(0,0):[O —~L]--.>
i o

< p(dy= det (DF (0.0 -AD) = l -4 -1]

A - ED e A2eL o
> N(DE o, oM = §4+1 ,-15e— a ceuler ?
e Convert }o PoQo,r Cooro(VIOJ'(S
Fr = X(X, -I-Xngu
=xy 1 - x1‘+ax,(xi ‘rxz-)] + Xg[X taxg (xZ X ﬂ

= -X:Xq +OXZEVr2 + Xi¥%g taxg ¥ =
axtvr®4 axf‘v"- = ar?*(xZrxd) = or =y

-
—

<7 rF=ar? R OWIA

Y = XiXg ~ % Xa = '
= X [x‘ }axg (x?%k%ﬂ [‘Xz oy (Ka’rngﬂ)(e."f
= x®taxxg rt Hxgd - oxxer? =
xEexgd=r2 = D=} |

—
o~

Thus %\'rzar'é .

=1
For a=0 = ¥ =0 and 9 =1 = (0.0) is o ceuler.
Fer oN%o0 ¢ r>o oud D=1
= (o0 13 unsiod le cwmkrcﬂoc’&wue,

spwoﬁ
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Fory a<o: *<0 aud 0=4L=
=, (0,0) 15 a couwkrcﬂod(wi?e S{'a@e. f,pira.a.

GI)——» Conservative sustems

Coms\c\er a euevo,Q o.uicovnomous 9551@:; )'cz-?(.x)
wilh  xeB® ond §: R — R4,
Deg : (e say fhat Hhe s%skm is cthe_rValive
it and ou% if | ‘
o) there is a Sundion VT:R"—R sudy Hiat
(d/d) Vix @D =0
) YA cR»: CA op en set = YV vion-coustaut in A).

_P_e__?_* Xo €Y is an isoﬂal«L §-:Keo\~poim{
if and ou% R\
a) fixo)=0
8) Tevo:VYxetn: (o< ix-xoll<e = Fa#0d.

De?: x({) s a cQose.i or@it Ig aund OMQa i‘?
Vivo:I~%o0: x(ttr)=x(b.

Thw = Assuwe bhat
a) XoeBV is au isolaled Sixei—({gim{
8) § s coxn{i\nuousﬂ% J.igf:et-chjciou!elé in R¥

A the suslem i9 wnscvvuhve wtha

(N V(x(E)) =0
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GD Xo 1Y & ﬁocaﬂ wun or WmaX Oy Y ().
Then, .
Jevo: (lixo)-xoll<s = x(8) is o closed orBit).

| Prog W ox=Fe0 s convervalive Hien it has wo

Q,Hrouc-‘ri\ttﬁ ga‘x ed pom\s.
Proo

Lel Xo clB Le an o.{ka.cl-imz Qixei Foinjc. Lel A
Be He LBasim 02 o-“va.c;"lovx of Xo st M«a{
V\aeA : (X(O)*:B‘*) lim 'x(é):xa)
Eatoo ‘ '
Lel \éeA be given ond choose X(o) = 4. Thes,
| V(l&) = VxCo))= V(xt) N ¥i>o0 = ,
o Vi< lim VW) <V (Gim x () Vi), Vych

Ltoo Eatoo "
=) V Camshhk in A e———cOm-‘rq&{c{"on; -
Thus  Xo Comm{" fe on a‘(’}vac{ih% ?rtxe& poin‘:, g

1—’ T"N) -lo show hnq( a 9\3&‘0&\ ts NoT Cowswajci'fe
EL 19 Suuimen% ']o show %a{ il has owv
qhmdimé (ixed point.

. Cons"'fl&(.‘;lné Y &) ty ea.g(é -var $(é$“£\ms OQ
the Qoﬂowmg Qovms - |
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Form 4 - %ii =%g la— X ={ 0
1 )zg_. 1?(&&) -

(owsider: |
Nk 4XgXg = XX +Xq F (D= X+ %, Fixny <
= X, (;x(+§"(\c;)7==-7
= "'g(}(t)ig + x,_iq‘ =0 <« fasiﬁé iﬂk%f&kcl '\-v
%&?ﬁcl V().

EXAMPLE

%'Xt‘: - Xg9-Xg
L Xg= Xy

e Fixed poinls

SI"XQ_'*X;::O & 32?(9_(1'”(2) =0 & |

&) %Xq:o 4 Sl“"zzo & ) Xi=o
X4=0 Xi=0 Xq9=0

&y (xy %o =(0,0)

* Local Ulinear avaly sis
. [

D! (xy1,%g) = [DYJBM DQ&/DXQ,] =
329./9)(& 321[3xi



205

- [ 0 "1-3)(%:{:» Dg(o,&';}:o —‘i]:—.\,
{ o}

i1 o
= pM=det (Do, -AD)=| -3 -4
{ -4
N = FAED-6D1 = A%4 L =
=7 A(Dgéoloﬂ = % 41 ,-'i% =5 (0,06) s a Qiviear cewler.
> However we shfl have o prove ot ttis a

‘nohgt'heqr Cevz‘ev.

=

o Nouwlinear ceuler.

Let :
. P _ (__‘ _ 3) _
XnX:‘FXq_Xg_—-XL Xq - Xg + Xo % =
- X.Xg ~ XiK2 4+ XiKg = “X(Xg =
= 9((')(;1“" CXQ-Q- Xq?))zi:(?f-ﬁ?

4t Q 9. Y

= O

= IxE24xF txg'=c )

For V(x.xg) = 9x*+9xLt+ qu we have V(o,0) =0
Q.V‘A \/(X“k,_)>o ) v (X“XQ) E lRQ."% (0¢_O)g ! hﬂd}
(e10) {5 a /roa,Q minomum. 14 Qvuow:w 'h«q_{;

(0.0) 'S Q \/loM»Ql'vaeow c@m!er. T!ne c@oseiv*métchr}es
are given -9:9 (.
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Form 4. - 321 =$Lxﬂgilxg

‘ A9 = FOoma, x| -

Conesider:
dv el %, o 4 Xg =
ot STCTY § (x9)
- 920 ong, (Xg) - 2:0x0) § (xg) %g(m =
¢ (x0 F(xq>

= ‘}10‘1) 9, (x2) -q,(x223,(x0D= O

which can then 4e eq.sc‘ﬂg fn‘-eéroho( to B;eﬁol
e L%a‘:uhov Q—und—v‘omﬁ |

EXAMPLE

% i! = X(-—X;)‘a
‘ iﬁ,: "Xi“’)‘tﬁ‘i

* Frxed poin{s

% X{-X{Xg=0 & 3 Xt(l"Xe.) =0
~Xg ¥+ XXaqa=0 ngKl-Dzo
| @-_73 ¥ =0 V Xg= 1 =
xq(O-1)=0 {-(x-\V)=o
& 5i Xi=0 y =1 (_.F:'xei potmls:
Xe:0 xe=4  G(o.,(1, 05
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* Locol (Qivear o.vzaf,-pis
U

)

DE (x, ixa) [ % /ox 2Blax, } -
2Walox 2 /3xs

= X»&“)(z "X( l
Xgq X~ t

« At (o0,0): |
O (0, 0) = [ L o I = 3 0of (0,00 = 544 ~1% =
o -1
< (09 iy a saddle point.
- AL (L0 |
Dg(l,l):{ﬂ '-11&7
L o
> p(2) = det (v?u,ud\x):{ﬂ -421 ]
5.. —

2 (DA~ 1. V= A241 o

S ASA N =§+i,-13 = LY & a Livear ceer.
e Nonlinear ceuler. |

We now show MAC\{' "(’&,l) is a mhg«'near ‘ce\quﬂ’..
(Olasl-vu(’c Qa Lléq()unov' Qumdx‘om:

Nele {'hai:

X, = X (1-%9)

322‘-’- Xq_[xr-(.)

5o we deline:
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v | xe-d g, d-xs g

—
-_—

d t X Xg, .
= X1 x (i- )(9_)*.._{_'__5?:_. Xz('i(n -1) =
X Xq.

= (x-D-%g) - (h-xI(x -1) =0 =
—-’7({.‘ x#({.- ))Ez‘-"-or--‘);
2 .
= _d [ %, - lnx, +xq- QWXQ_:}:O =

dt
S XitxXg - (xixe) = ¢ « sL.qp’é, of Yrayectories.

We vow show Hat (L) 5 an exl:mum .Qg
Co.chQQ‘:m “:Ine. He%lﬂm
et §(x, xa) = X 4xg - dn(xiXe). Then
.A Vg'()(,t)(g) (3?/2)&(,32/?@)-
= C4-4/xy, A-Mxg) =
= Vi, 0= G-, L 1) (0,03,
Stnce -
a%{ -.=..__..,(i-.1__ -4
Ix & Dx

22 (1-L)-

X 9?- }XQ'

o2 . (1_
. gXx QXl 9)(4

lhe lesstan veads:
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A(Xu)(g_.)‘:. .Bi? Big ._.I }QQ i-:.
e IxE  Loxaxg |

L 4 Lt _o%-( L )9‘=>

| X?‘ Xg?‘ X¢Xg,
<~ A D =Lyo ’%27
MO .t _1vo
BX{LL 19'

= (l,l) 5 a -QOCO,(Q min og -
c (X”Kq,) = X(¥Xg-~- QVI (K:Xf)

Tt follows that (L,1) is & vonlivear cenler.

I‘—) RC(O‘?}. 'an& _cor ;
A 2t 2 ~l 324 F

Ix > Qxf X (Ixq
we hare the poquivI'é Sukw{(ieuk (.omclinl-yionsz
a) A(xo) »o gﬁb Xo €R% is o ronﬂ. Wih
92 (x0)/3x2 >0 ) - | |
@) A(Xxo)>o ‘gc7 *o Glﬂz is a roal oaX .
M (xa/3x <0 |
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o (?_4 Reversible sysbews

o Comsider dhe sgslem %=500 wilh CRISRY

Dl ¢ Lk sag thot o wappiva PLRMIRT s
o ivwvo lution R QVWLQW%VY o

Yxe®Rn: P(P(xND=x.

Def i Wesay duat tue syshem x=foo s

K\fﬁt&i@.ﬂ&..ig omoLancétg theye is ann o
inve lution P such that ,,

d P =-F(PxY
o N veversible s,«afsl-em is invariamt under the
bravis Cormodion
B A i 7
o e delive Hie suwmelrq  sedion o e
involution P O.S?V | 0 .
Fix (P = ixe® | Pa=-x}

%il =P xe) is
| . | o )29;—'.— 3 (% (X2
reversible undev Yae iwwolution P. Theu, if

Xo € Fix 28 %—.-.» Xo houlivear ceuler.
Xo ﬁimeav cehkr |

Thm - As&@ma Jﬂ-.‘a,’t’ »Ha}e_. ‘a'%sl-'-m
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We COW&nc ouy aHewl'low o e two- dimemsionad

Sg)km . |

%x.-—-?u(,m) (1
).Ci‘-‘-%()(s()(q:)

| ﬂegzadion around X-oxis

ASSum{ Wk

g(x;,-)<9_7 = "'?»(XL,-H(Q.) ) ’v‘x;,xgelﬁ

%Lxx.—)(17*— %CX&,XQJ ) ¥X1(X1€lﬂ
T\nen, Hoe S\éskm (v o rcrersizh under the
involulion (x1,~-x2) =P (x3, xa)
T X2 We nole Hal e S%mlmelva.
‘ sechion is
v Xy  Fix(P)=4(xo) | xe RS,

[
\

Prool

Let X“,CXthJ and F(X)T—C?‘(Ku)(q,),%(XL,Xq_)).
Then - | |
d oPeo= _d (xg,~xed= (X¢,~%Xg) =
olt olk
= (¢ (xy,%x9), ~%st,><e:a7=
= (-P(xy,-x97, -3(’(1,-3(9.7) =
T - (?(X&., ~Xe), %(X;,-Xq_)): - F (P(’C)) o
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» Rellechion around w-oxiS

o

q(-x, xgd == (xiyg), VxuxgelR

 then (V) is reversible under e iwvolitiow

PO xiixg)= (-xy,x2)

T,  sekion 5 o
Fix (P =3 (o, ;3);.\ Y R

S

b P\e,g Qgc}ig, n  eround X-oxis qud N-O0Xi

Assume  tak o |
| Y C-xii-%2) = Pixiaxe) , VX, xgel®R
o 3(:)((, -X9) = A%CX,L,Xa) ) YX(, Xq € w
then () §s peversibfe under e invelution
Plx,.xe) = C-xu,-x0> |
4 Xq  We wok Hhat ue sémmlrg

seckion 1s:

/] 5 xy  Eix(P) ——-5L(0,éﬂ . |

txa ewoke Huat He symecdry
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EXAMPLE

3 X = Xg_—Xc? - CQa)sigl‘conlioh oQ
)Eﬁ:—x"x% ?—l'xei ]’iol’h“:.
P\(oog

Let $(xix9) = Xa-Xs7 aud %(Xh)(q) = X -Xg.

o Fl‘xexl !?oivlls:
59()(“)(@) =0 & % Xg-Xg =0 & ng (A-x2d(txed=0

A

%(x.,x,o:o ~X | -XZ=0 Xy=-—Xg
& %X&:O V?{X&:-—i v%xi:-i
XQ:O Xq_:i Xq': ~—i

L jQCo@i&h
D?» (x( ;X0 = | O i*gxg:]
| -1 —2x4
‘\ At (xix9) = (0.9

Df0.0) = [ 0 1125
-1 o
= p(D = det (DPo,)-41) :{ -1 1 l: AZ_ (1=
-1 -
=A%+ = A (0f (0,0)) = gﬁ"-;',itg =
= (0,0) s a Civear ceuler.
Since Y’(X'prq) = (-xg)- C-Xq,)zz ~ Cx.y_-)(q?):
= =P (x, x |

ool
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(X -xD = —xi - (-x? = -x(~%F = 9 %2
i% Ywﬂows Hat fhe Sésk.,\ is revevafdfe. Tawy, since
(0,0) is a ivear ceuf-er .g:-;. ﬁo,,o\ s o ln,ot«Qineqv ce.,}cv.
(0.0) eFix (P) =§(x.0)| xR}
o M (ix=CGLD

D?‘(‘Ll‘-\-ﬂ[o i“%’ig‘l = }"O '9—1 ->
| -1 -%1 -1 -9

< p(8) = det (VP (1,0)-41D = ‘—‘A -4 |-
| -4 -4-a i
= CNEL-D-C0ED = AGeD -2.=4299 -9
A=92-44.CD=44+8=49-4-2=5> A 4 = *9—5‘-9‘953 --1503
=D Q(Dg («l,&)} = if-l—ﬁ,-—&-hﬁ)% = C—&,D i e scu{o(Qe Po}h{‘/.
e M ix = (1D

DQC-L,«L)=[O &—3(«01K=Ko 1—3}:[6 *2]-@
| <L -2(-1) -1 2 -1 2

Fp@) = dek (08¢ -3 = )-Q -9 \.__ (D (D) - (-2

-1 -d+42
=2%.9% -9 |
Az GO YA () =48 =122 UD =5 N, g -~CDE2B_ {473
= A1) = $4403, A-B S = *
= (-4, -L) 5 a soddle Foiu{;.
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5[ Xt = Lcosxu +(oIX9 ¢ Show  that ,Sgskm rs

Xo= FcosxgtCosx,  veversible But wot

o ,.(,ghs,g.,r,.vgi:,i‘!ﬁ,_ L

e Revevsa Bilitw.

let fxixa) =%cosx tcoskg Ond

KYCOR VA Qcosxg+ cosxy.
Smee-
?(-—xl 1=%9) = 2cC os (-xD) + Cos(~x3)=
| = 9cosX +CosXg = £ Ix, ¥
%(~X;,-XQD = Qcos(-Xg) +Cos (-x )=
= 7-(05.)(;9‘:}7 CoSX = % (x ;,,)(9,) R
thas  the stkm iv vevevsible wilh ke)pcc{’, o

o We tnveludion Plxixg) = (-xiixed

e Not (ovz‘zevva{x,vle)_

Tto selficient Yo show Haab lue syslem has au
a{hac’rin% Sixed point, o
U,Q- in‘al{ gt’wd ‘H'»C gtxed, Poin“s O?’ H,‘( 5‘33.{{“”:"

%q.(:o SX | 4 CoSxq. =0 é__.)[‘l i]l CosXy I-_- [o ]é‘)
Qcosxg 4 cosx; =0 1 91| cosxgq o |
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& i Cosx (=0 é-_)gK,IA€~7LI%X\: Ketd /g
(05X 9=0 Xg= Auin/z
The jo«-Co@ion oe e Snaskwn }'QQASI

Dg (X, xg) = [“iSihX: *wa)(ta,}
L —Sinx; - LsinXq.
AL (x.,%x9)=(n/2 n/2):

D?(n/a,nlqu[-a -1] -

-4 -2
= p(M = det CDP(nfa,mfe)-A1) = l—fpa A l
| -1 -2-9
= (-2-2%2 - CO*= (A+)? -1 =0 & :
o (A2 1o A192=v1© V=941~ 4.,

Ihas  A(DY (nI2 ,n/2)) = §-3 ~L% <>

= (/e n/2) » o sink= x
= (n/2,0/2) is os Yn?{"o-l—u‘(.u% sloble =

= Cﬂ/?. . ﬂ/Q.) 19 o tlmd--hg = : |

= H‘ne 938’-@“ 15 lnoL Coh}ehro.l:ive,
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Y Tndex l:h;eon;r; |

Tudex bneory @5 globel wmetiod el provides
%lo‘@aﬂ iuformation about the phose portvait

oe a cho—climemionaﬁ Mlohoh@uss«asl{w\.

@ Definition of Hne index | -

Cousider e two—dimensiovial oulonomous; séslcm

%il "-"g' (‘Kt 1X9-),,,, .
ig_ngx,l.xq.) S
Ve nole Hat al (xiixg) , the asiag_fe‘ ¢ of Hie

vector Cil ,259) s fiven Qé B

qleexad = Archan ( ?E*n x2)
XeiXg)

el C: e a 5i,m,p1e. .(losea[w Cnrve we.ol-ag the ,
bhe index 1(A) of ¢ as: |

1(C)=§ oLp(x.,xg_)J
¢ 9m |

o Explicit form of Pae_ ma\e_i | il}xka&qﬁ, |

We \do‘t "huq.f :
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de = d (Arclan (a/0)) = & ol 2 -
! 9 i#(talsf)i ( )

1 ;tleévécl? _
i’rialf)q‘ §x
¥A—R ‘K‘is\ =
§1+2

= 1((): iff—:ﬁ %l%—%o\?
| Jetn Jcqq(54 %i)

-

let C: Pf,{)el?ﬂ- ,tefoal be o yaro\mdev;%&d—)on
of MWie cuwe C. Then |, e difereutials of ond

dg are given 63:3

df = Lo -Vipnldt
da = 1§ 1. Valpunldt

D: &Q@ows hr\a[:f

1(d) = % ¥0{3,~?}d(“ | ‘_:
N f2+q1
J db FleunValpt)-¢(H)- 3(g(a)VF(9(e)L§(a
o 10 (14 Gpun + 92 (i) ]

= }10& 3.)(,()'[ ¥(9Lm‘Vq\(p(m 3(}[%)) V?(@lk))]
o | 2a [$2(p Lu)lrg‘icgu»] |
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® Properties of M index

@ 1(Q) G‘Il_l (ie. T(Q) is am tvxkgg}.

preog

. G’ointz arcund k«e curve C, foth initial aud
final value o? ¢ ;,poinl" in the same dt‘rec"t‘ovx,
heelore Hae variation Atf,o_?' e ounale,
must Qe a mulbiple of 2n. It follows Jaal

A(f“§ o[\?:-_.?.lsﬂ ) with x%e”/L =
C

= S(C) = ___L_, § tLY - 1 . (.9.1«1) = K €7L [»]
n C 1n 1

@ Assume Hiot lhere are wo Cixed po:nb
in H‘e. tnLcrior oQ, a simrlc, cﬂoserl Cufve C}.
Thenw IO =0. o

Pr00¥ ,
- e divide e inkervier of |
c AT Me curve C iule o wmesh |
| / 1= ——/ of N fosed si.\mplc curves
&:/ / D’K with ke INT. We asrume
P that  the loops Y. @re Swmell
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Qnou%h so-hna{ “\e. hnaxthuwounzfe Vanaleq

- aveund yi does nol exceed mfa. This fs possible

onbé because theve are o Fixed ,p,oimls in
e inkepor of any ,,KK,;,(,see,;,;?;%,_z)

T follows et

\fu«e[g]j:%agf:o o

and  Herelore

@ Ihvan‘anca wilhm,,‘con{faur dzapoimo.{iph :

R [S” #Qtf}: o a

Det ¢ el €,y Be dwo simple closed cureswith

G:ol)em?, telof] end
Ca: o thelr?, teCodd.

U sag ot o ook only f hoe i @
moapping o+ o 12— R suck b

o) Yielonl: Co(dod=p (B Aplt)= yq.(k))
- 8) p combiwous at foa1% |



221

A Y a)elo 1% : pltad ot o Fixed point.

e 4 Cn"’C‘L Wmeoany kqo:l: C. (onn Q»e cwl'muowagw o

ale,corhzi l\a“O C?. w:k-ou-[ (VO$S£M3 Oké
;:)(erl Ponh‘l:) ,

‘onogk , - ;De?mc o
- Cae ‘,Pmll« from ﬂ 40 <
- Cad : Vaya ?vow alod

Cag : counler cﬂockw!Sc ya“:h;

‘.ng.: , éou-akr(:ﬁod«dex _ Poqu R

- from Q4o 0

C(,d, : CoumerQoCkwlse FoHn
Svom b 4.

colc_ : Couln)-erCrokwnc pa‘d« s‘vom o’. -[o c. |

- We olse et -C \re{n-esevxl: 1he pa{l«. C w:ﬂ' l(s

All-cc‘-mm }cvetsetl (e tz "‘CQQ vsS. C@a) .

Now consioler e .pa“ns T and Tg o\epmeei as:
Cad UCdc UG-CaHUCCap)

‘9. Clc, U Ccdu (- Caddu( = Cea) ,

. There  are no f;xeci Fomh in “"ﬂd_, f\f\kﬂor} o¥

Toand Ty, terefore T(M)=0 and 1(1y) =0,
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wC MOLC, ‘Hﬂq{' ,

; 2n1(m=§4tﬁj4$ i.gohf ,,J de=-

g AL‘, g do - {eu,,,.(agf o

 oud

90 10y .-.ji‘f % de ( i {.g do =

“Che  7Cd 7-Cod =-Cgq

:jOLTJ‘J o~ { (f jahf (‘L),,
Coc 7Ccd /Cad Cga
| Atl,oh‘ng () and (2) gives: the th,c.gﬂfaJiohs.:, Coes CQQL, |

jﬁ,‘ln [I(E)‘:I(&ﬂ J A&f +[ { oh(,-. -
o Ced Cd CQ,Q

“-=2>I(C) I(CQ_) 1(]’;)%-1(@,5 oto=0 =
o Tl = Ich_) o
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@ Index of closed orfils

e |1l C 5 o closed 0@t of e Sté;lem
thew T1C(QY =1

Proof . l?; Cis a closed orlil of
the Sxaslem, thew L o5 eacla,*"o
see that e vedor (x;.xg)
(s ,{Gm-:behch o G for ol poik‘l;S -
0?. C . Thus, Hie 4otad CL\OU-'zc
in Ma@,om%ﬂe_ ¢ is A(r =2n. |
]‘: goﬂlo‘us -an‘l’. ,

ltc):._t_jgohf: Ae _9n _ 4 pn
2 Jc L

[t 2n

| ® .ihotéx o? oL ?(XQOL _Poivnl:

Def - Lel xoeR? Be a Pixed point. Lel C Be
- & counlercdlockwise cuvye U[’\QSC nleyior ,C,Oh&vu‘uy
LL.Q Cixai poim’: Xo g\&l o ol’her pixec‘. ?oiw}s .

,we Aeptme, l'lne .l'vxcle,x 1(1(0) og' H«g px’xes‘. polu{: Xo
L as lxo =100

. I-—a Ue, hol( '“4:&' pram pwperk& 3 uzove, I,(Xo) ,
s intle.pemcle:q[: oc ouly Clv\os'fe. 0?-‘ C;' $ugj€.¢‘l: ’
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to lne staled Com)irmm}s_

~ Thm - let xo elR% e o fixed y..m‘m{: suchh Haal
;'ll't?.ajt’—c.{’o)‘k’,—sw ,I'T,Qe,(ll,'ﬁ}'ﬁw ftom or. flp,wnro\s Xo
in all diveddions. Then Tlxo) =41,

 Proef

 Comsicker a smoll ewough loop C arowsd xo
Comg!vuclea[; So ‘hnq.’: 11 s perPeho[t cu.ﬂqr ‘1'0 R
, @vev'} ,hqseclorg it inderseds . The,, {’l,nt, '}o{nﬁ B

. CL\mm%e in e q\,.al(., around C is A(g:in R
1{ s\o ﬂo,ws, H\Q,L PR o

Texo=1(D= 4 [ do- A9 _3n_ _4 o

La Jc 2a %n

LI Rty Ml e Bllowing Siced ponds
have T(xe)= & :

a) $o‘u1ce> , c’S’rw@&,SPtmﬁi __e) eleac.melmk; hoo,[e,)‘.,

8) sinks  dunstakle spivalr £ sbars. |
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- Thm : LcJ:‘ Xo€lA? Be o saddle weode . They
1(!(0)'—'-'.‘1.- :

p!!o o?

let C fe o swmall Zoop around 1he saddfe

. VIoO\e, Xo.- T‘"Q anz‘qe_ vavies cfsckwue GfoumA

0 wilh Ag =-2n (see. ?%7 1t follows Haat

Tlxed= 1)« A §A - <f _ <% _4{ o
A

® Tudex 09 a ;Curvc_,Surwuhi;“'hg ‘pg‘xei. pm'm[;-

Thw : Lel C @e.”q Simp ﬂe. cfagal curve

Com"ouvniag’ {'ine, (-\txecl 170%\4(’5 )(“)(1' Xy,-
Then ;

" |
‘ I(C)"'Z_ I(XOJ
a=(
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PVOO‘Y We A.econh Cah-\iwumﬁ C
indo & covve T ~C such ot
T coumsists of small Loops
XQ_ around the fixed Foivdﬁ
Xa aund (amme({luz @h’ol%es |
Yoo Conmeding xa to Xg
as shoum in lhe gz‘%ure.

We purﬂac«f ajjume ;Jt‘(aq‘:
the yap Belween §=£ Yo joa lends to 2ero.

- That iwn[zxies ok b’,o.e.:ﬁﬂ’& and B"L e
closed . T follows {Lat

| 1(c>=1£r)'=-_}___§ dg -
,. in Jr

_ , et n
:Li§iT+% JAL‘» +Z[<Lf ]
fa La=tJy, o Yoat 0=y art o
rw n- ; n-{ S ‘
‘-‘-._é:__..t. J«ri—):[cl-«r*-):ljd.cf }
fn Lot ¥ & Haanr = Myaian
v n
-t [ 4 dy - _i___,§ -
In [uwéva‘f] a=I { 9n i*f]
< I-I.(Xq) | ; n

o=
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| Loroﬁ@qré_ . Llet C 8o o closed a.[,tej_,ec{o,va -
. emcﬂpsiw%ﬂ {he uc{zg,ed.m ,‘Apomfs ,
- X ‘Xq_,_--,,,‘,x,n . Them

T Td =41
Q={

Since G is o cloed brajecdory, Fom poperky

4, we have TCO)=41, Thus, froun the Weotem:

L Ilxad=I)=4y o
a=1
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EXAMPLES

Ca) Show Haat Hhe Séslf'ﬁ,mw
%i‘leﬁa X~ 9xa)

Xg = X9 (%~ %~ Xe)

oloe.s V\o{ "\aV( wmz (ﬂgst. —lrnj(’.cl"onej

SOQJ‘%IOVI

It can ﬂ»t‘_ S\noww “"Aq{ 'an Sgskm laqs -“nc,
. gouow«Wg ?ck@.«‘. Polhts

o= (o,,o) | um}aﬂﬁa ,‘ ho,t,l.,c =A‘;.“,I,Lq.):wim,
= (9,2) stalle vicde =71(8)=1
c= (3,00 slable viode =21(0) =1
d=(11) soddfe vode = 1(d) =-\.

e let Ci e a cuvve

(_% , Q,Cln » ;Ch(,aosuaé Vio ? KCC( ?‘“"B. o

6 S Then

f” } I(ch=o0fi=y

= (, v\o{'. o {YOJCCLOVS N

w4
S

-
C .

o let Cq Qe om auve. {L.a{» emﬂasc; ouﬁg |
Hae szei ()own’; i Cl l) TL&« .
ICCQ_) =T =-1 £ 4‘1. -~ Qg \a,o{Z a Lra)jedvna
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o Lel Cs fLe Qlﬂé,,, tuype Cnceo}{mb aor & orc )
o ow_té combmation of Hrese lhree fixed ,poiu’ri.
Thew, Csq, will :'wlcn,e,c‘r al leost H«e Xy-axis
or the xg-axis Cor Both) . Since Solh He
Xi-axiy and e xq-axiry are tr ,,,',ecl*ones 7 omd

: {fo.jf.C“’Qtlei cannob ,Ai«ml-ewrs,.e.c,{w, it foltows Hiat
o ,C?; 1S Vloll Q._'(rq.gedoké... T » | .

- 1——* Uz, See -hm{— erjedtnes y««l cavmot Gﬁe‘_;..\k'u!?o{,out' |
83 mdex #ﬂ@orté,, can fe ,,,elt‘uniualccl«, somebtimes,
03 e constraint thal fwo 4@5&&“&5.. A |

Carnot ,ivxk.‘fsg.c{,. .
@) S‘r\ow. %’c u\esykm
%k| = X(, e.’x‘

‘)‘(q,_:i“-)(l-i-x:: S o
AD&S ha,l", have ﬁ,b\,‘a,cﬂpse&,,.&rqu(clrvrie)". R

Sogu{iaw. |

Fixed Pofh"?: .

% xe =0 & % X(=0 | @%Xﬁ-o :
L ix+ )(9?","‘"",0w 1,‘|'X1+')<7%f”0 o hifxii‘-'—'-O

 Stnce A4 x,q?,‘,"(); s ihcou'sisft.mf,,,;,%.&re ek o
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- Fixed Poim}s. |
~ Now, let ¢ Ce ang closed ~curve. Then
I =041 9 C wviel a }raj’e,cjrorg.
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GODE 10: Center manifold reduction
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Vieke Monibold Beduckion

Thes Lcc‘f\hietua_ is  based sh.d%e;_go,@owiwé theorewr

Theorem CQWS?&G‘". k.,,e__ . &Q@wawg Skédfv/l og Nniwm
Q_réuivz : AP‘?‘?{PEMBQJZ ..equa,ﬁwsr -
3‘ x=Ax+ 3(&_57 , wﬂ\n%g(aﬁ o Aplel=0

4 =By~ 4ley) %,(o)-:e/_\h_?g(o}?@
w%é (x,‘éﬁ e BrxR" §.RMMogn car B S R

Heee , A 1y ou Vi mabrix, B is ow wmxm wmedriv , wilh
| il FAed: Re(M=0
VacAm®@) s Re() <o o |
Then tuere  exishs a cen}txrma%i&fz& € %ixr.cn ,.@xé
Qe=1 (X%} e R Xi?\."‘;“‘l\é: (s
with bt B~ , Qnd hie) =0 aud hle) =0 suds
3&40{ | ,}c%t solufion of H/le—. ‘homﬁfﬂmr SZS}CM f.CcV\\fe,vr%eS, |
ko wc 0y tio l?* i.hik&,ﬁi}e& Near emou%‘a,,,... fél,e
Qixe& ?om{: 0. | o

The hfseorem con e uyed {‘0 Quﬁﬁéf&@_ an'[ﬂg?ﬂ@qffc
Qix@«& FQM% w‘neh’. OQ? ,.kﬂ,e., ‘et?)_envaﬁues o?h,ﬂo‘e,‘ ; L ,
Cnrrespa\n&ivua Tacobian mabr% as,-g/e.{iﬂaer tro Oy weaqé»‘re.
The method ~conn@l 8o a,(zplzz{é, 2 ot Jeost one ez‘afvw e
(s posshve Ctn e kool gart Re(d
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I—” HQ%O&OQD?}% |

Let & =g(x) w;\h 2‘-,@“,%@“ Qe ou ,aukmomow
é»a\na\mfcaﬁ. séslem. Lef Xo € [R" R e a gf)ceé. ?oiﬂjﬁ Lot%

gtxo)=@,, Ua os5ume. %ak Xo s a ,hovx,.-faaycr@oﬁfc {f‘%ﬂ{
?Om% suda 'k«ajt Sowie 69 ) y«ﬁe_ _eikgemm@uzs og DQ (ko) have

Zexo rea garjc and  vione o? %e_ eizem/a@xes hare o sirric%é
positive el park. Tu oller words, we asume Hoat

g 30e008xeN : Re(A) =0 -

LYRe Al (xm: Re(D <0 |

The  conler m,am?gﬂﬁé_,re,chckon ,\Lednn.i;{uc comsishs of

e ?«:ﬁ@om‘wg 3 G{eys: |
5-\) P)eciucfl S‘YS‘ifwz io Cewo,vu‘cai.v garm,,
%) Awﬁé j’{ae Cqu’f rmam&ﬁ& %eorem.

777 Dekym%ne Series e;c(}mastcm ?gr \;napy}vzé_ ‘/L

® Reluchion b cavontcal form

OX{JQ lineavize the autoromous S%.‘z[ﬁm oaourd Xo aud
v e -
x = DY (ot 6O | |
lHee G ,Cap}‘mkes kxe, nowlinear ;-ﬂh/hs of %e S%S]tm.
*q Assume %0«{? D? (xo) Lms d»fskm,% Q}zeﬁifnﬂu@ :
A0 (xo)) = § A (V'Aq_,q..-, [c\wg |
il Covresd)oué.ivx% ei‘gmvednr; ViVg, .- In .
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e bungodie M By Aoy
P_': [Vx Vg, - ,‘Vn] L %

QmoL wn‘%wr}a : : . e
D} (xoy = ?Axaa (A(&[Aq,l...‘,/‘\m\)?ﬂ .
Nole H«o}& DI com Re diagonalined eren when -
R\Q eiﬁe,va\/a.QMQ ore vzoj( c.l-t‘jﬁﬂd_, i,w;\o o Blodk- imgeuaﬁ
malrix . o ; o
®3 De?:m -hqe ,c{nnv.z%e o{g' voriadles _,\a.r-P,ﬂx .
Tt ?oﬁ@ouz;. et x =P, and Hoelore
\'3: Pix = P (0P (xadx § 6(x)) = P! (Df(xo)PBJrG(?‘b))
<[P g (Xo),?_]'\é,,'{’ GCPB),: S N .
=[P Pding (Acde, . A PPy 4 6Py =
= &iaz (gilaq_r.,,g‘v&é*‘@(?é} - .
h.:inide\ ireiuc.ej ;0 'H«e . Rvﬁ@awlqg As.bs[tmu_,o¥ ODEs -

( éi = ﬁi%l + %a (é“éqﬂ“"t%“) o
e GR
;

.y, = g%‘én f%n (2: L%@,-,..,,ghD ,

. Del‘m‘iﬂ?vzé fhe :cmkr_ma.mqufle( ,’ -

Lejﬁ hy now  Buume \bfnai | Q.,e (-ga)“’- 0 I’V &GEK] vws‘& | ;
Re (da)< © ] V&e Y.h—_(‘"tkﬂj . Then, a_cwr&t‘«zg_,, Lo Ha{’_ ,C,thu | ~
WM(&LL Ha,eorcm, u}e ,,Qérsz: k .,&%Mo»h‘m)_. &W ‘é“éii‘“fgk B
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Jv{ve ihe &éhm;'w og e}ht SbSlem awd ,k\z ,,ojt‘aer h-K
¢qua ‘ons  6ve é»,i’iv,m Q‘é ! ‘:Q,o.vimx,?rmcipﬁes 5;’\/ tr 993
‘3““‘ = ‘Ai(%l‘ge'i‘ 1.3“) R ,
‘émg_: “z(‘gg« ‘211"‘ r%k.)
i |

13“ = Llrz-—l( (31132-{-“‘1 ‘éi")

Lel ws Aeeivxe_ w= (1 " q,,,..‘,.,g,),., amd V= [ IETIL 12 ey i
and i-ewn&e Lfae, a@?ve %Saslcm‘éo«i V=hw , éz‘}'a Lgxr [ﬂK4Iﬂ3h'k
Mso, feb (uo Vo) =Yo = P7'xo B e Pixed yoim@.
Thev; acering Lo Hae‘ Cenkr mh_:@oﬁ& ,H«.eorcm,, {n .L\a.;
to s«.l—is?é: |
i h(uo) = ©
DL\(WQ =D N v ,

Now ert s h?&m’k 1“«:. ori‘b{mag sgskm o? _@DE5 ?w lé:(u (V)
65 ) :Qoﬁgowﬁ". o , o

!1 = AU. + @l(u[v)

v="0yi Gg (u,V)

il A= diog (R &0 ok B = diog (it e, B
and G Gy ae %fven Qné ,

G'l = (3; ‘BQ""’ %{g)

Gy = C k) Jkte 7 0 13@ |
To wrtkg %Gv’%ﬂnihz POLEs Qgr [n, we uwié utfnajl
Veh(w = V= Dh(Wk = Dh(d [ Aut G (u W] =
< Dhe f Aut 6ol hw)]
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aud o
v=08viGaluw)= Bhi +6alubw)

and fl ,?o,ﬁfows.,., -Rla{ R o o
Dhiwy {. Aut 6, (u h [u)ﬂ = Bhw) + 6-9_,‘.;(11 J« Ud)
Now, Qr:i Wy J.,e.gx‘he -Ha?. Opeml&ov_ I

(W0 (1) = D LA 464 ity ] = (BG4 60Cot o]

Then, b o quen &y Hoe solubon of lhe ltowing
ihfL\‘o«Q- volue ;?roQQewz 1 B

\/l(uo> =0 |

3\@%}(&3 :_OV»A -
| D\n(ho)'—@

No\ﬁi_:jd/la{ tv Livw ;oy .ca.u_«p.owe-ﬂgs[ [NL} ,(,u) :(‘S 8ivev1 ﬁg |

N . o 1 (5 N
(N)a (W E&imgb%*%@%)}aﬁ;i{ (Axsah 3**“‘(2)>

® The spc&vaﬁ..%ag theorem

_ﬂne, Mamima L\ taun Qp& o(.z(-ermimée‘- via a. ,P,OW.{K-'SQ.YRS

&cﬁmzﬂ’ue Based on He Qoﬂ’.owlmb ;_sngzcw‘ Yoy -pf«eow.m,.’
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Theorem - Leb an w&{va\r'é .ly‘z.!ﬁk*lﬁh‘“ B¢ aiven
with \Y(Lt{)*-@, oud. Dl{) (o) = ® . Thew, uvder e Lt

U—lo , Wwe can drow J(LQ'L B o
HCPL . CN\P) (W) = 0 (Hu-uol?) = Na(w - \{:(u)u= Ollu-uol?)

1 ?OQ@M; -km’t,pcu.ef—&eries _,lferjamiques cau Be wsed fo
am?ro‘zima‘f %e, Ceuler ,wam_igoQJs,,_.Lo o«ué, Aezme of
aP?roxivn,&Hom 2’3 Soﬂv{mta fue  equabion [ML{?)CM} =®
to e came &e%m o? aggrexim_a#vw,, as shown iuv

%e. ez(qmg_Qes _@e,(}fo@., ;
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EXAWPLES

o) 3 >< =xty-x®  Analyze frxed ponds.
é = -,\2,1— xh . _
A‘\DO&LHOVI,

* ~ice& Foivz{s . aud jaCOQ';IM,-
Leb gmg),——,x?té -x5  owd %Lzs% = -t xr, |
| ()hé? gz‘x,ccl ?oia{:@ig(\it?‘o@i Xq‘_é”xg =0 &=

| | - %Lx%)%ow _,—“54:_\49“‘-,—,,0 .

o) XQ“C - 3)-:‘-0 = = ?

& Y-x @3)40 v%x IS
xé:x‘l. 7 wa-.—.x‘i- ‘ %:xe.

& §X=o V% X?-x%2=0 & i‘&;ﬂ V i o(x —1=0
%=o 13-:%9- g,:o =x%

& 5 X =o \q X=0 vi x=1 45 (xepe 0,9, (4D}

%:o \é«.—.o ,%"‘ri

DF(mg):[?QDX 39/93] = Eﬂxé——gx“ | x""l
’}cb/ax 33/}73, 9x -1 1
’For C%a%)'-: C’&,D T .
DF(4,4) = [2—9 a] . ['3 &Z——b

| 92 -1 9 -1
.;»,p(m;&wm:a,n..ma -3-4 4 ‘ =
o 9 -1l
= (5N -9= Q)Q)-2= 42140 +2-2
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= A2 1441
Az L2 bac-= L{‘Lqu (b - ﬁt«te.*tt% =

RN FY) ST R ) %MW
N 2%

by ACOPOLO) =5-9-F,-2455 > (L s o
oty sink.

® FOY (.th> (,0 0> o
DE (0,0) = [ l - NRoo)= §0,-17=>
4

= (0,0) {s a vww«l't pen@oQic %xa«i pomf; o
LCQV){r-HaonQJ. Qvt%hs wz ho ‘}:Lo.% X is ‘I”Ae
mo.skr eua}zo»\ cm& i %Q SQo.vc e;:tm»\lww PL?- S%)L’va
-Q?_wl \-eaché wn;H-eh i CQVIOVH(.O«Q. ?ﬁfm So¢ XQL W
COVS{&Q( 16 ) Wity hoY=0 aud L'(e)=0. T goffnujs
thet
\3 heox =hitalxey-x5] < b! [0 Ixthe -5 }

< -yt = ~hoaye x% |
= (N G= | (x)[xik(@ xﬂ‘rk(x) ><2
Leb hi(x)= ax2ebx? £ OO = W)= Yax £38xL4 OCx3>
and : Lﬁﬁows -H«ajc |
(NG = [2ox +20x24 0 Cx3)] Ix"-(oxbc Q x3+ 0 (x‘*\) ~x5]

+axtebsde o) -xE= ’
= XL (Qox +306x2 ) (axt $4x3) +O{¥.‘3> Ks [ia)(’r??%x +OO@)]
Faxt4fx3+0(xt)-x2-
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= x%(9.02 X2 1908 xY +30Bx44208%,5) < Lax® 3L xF tox®+ € —xZ L0LY)
la-DxTeb® PO, o

ond  terebe:

(MY ) = 0+ olx) & (a-Dx2{8:3 + 0(1) = 0 () &

& i&”L«'—O é‘%% o=
d=0 b=o

1 Rollows Mk LGd= x24 0.
Then % = x4 —x* = x*h) —x& = x2[x2+ 009] &
= x4 £ 0(<%) |
ad We ceuler-manifbld reducbon (s:
% % = x440(x5) «— masher equahon ) |
U= X240 (x4) «— slave  equabion .
From %z masfer equa«’fow e sec. aqnm!? , %L»e,. (o) %‘xei— P°4’V?f;
is wnsk@le.

L’ Nole dhat AlpFlo o)) =10 -15 | %’L\us iijmmv sh@(ﬂﬁa
Qwa%st; MIZU: Se éeﬂ‘: Yaal (o) & ,La&gumov stalle, wnd
w He abeuse o pos%‘ve - ei‘gwc&ue»%’nm is mo it

09- t‘ms\”nﬂu'h‘}\a, O %L sy’!@' !ne\p,&,”ﬂae_cause.’ v (OLO) s ot
h\(}pz{Q,QQec_, o Diveor sw:fb% mb%sis_ fs vst %mmbui‘ezi

o @e, accumﬁz, owmd cwxler Wzamigeﬂ,& Qma%sif S\nauJS Qafﬂg

be (000) Txed potd ts i todk woskalle. :
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I‘* Nele Mot %e@whwwm&/@ Cemsures foad
Converg.emce ig ; H«e, kel mw&;‘kam 15 close 4\» j&ve o
cevley Vh&.\nlgoﬂ&,wii will _,Cah\lerae ‘Lﬁ {{!,& Ceuilev 'mam*ovﬁci o
Ve & can olso iwes%iaojewqﬂoﬁaQ Convergence  i.c. whefhrr
or vot ALl tnchad ,Cmnott}ion:, Cowerae &auqf&e Cenler
Vnmf‘?oﬁi via e &ﬂﬁqwimg ,mz\,{meqtz S
Since He Cen;ﬁf m,amieoﬁi s %:‘ x24 0(x4) ;. Wwe ctﬁgine‘
Uy = Csésx"v)q‘- —
JL Su@ic!em{ fo show ot U(X\%) <o.
) (k) = (d/b) ,{(tg— x)2] = i,c\é%.xﬁ’>.C.% —9xx ) =

< i(éex%)(»z%xﬁ—ix(x% -x%))=

== 2(y-xD?% - Gy (y-xD(x?y -x%)

=-—9.(\2~,X7'>1‘“.‘ "l,(!ér)(&)(x?‘a -%6) -

=~9~(L5v..x"f}iw,‘{( X?S?- +X‘_’é - xs%_lr,xe) =

=~ 9.(y-x)? ~Ux8 + tx? (oyx®ex®
Fa‘vsjri_}mo ;‘ﬁms are ,ne«zq(rivﬁ,, Wird Lo is  undear (mea&’n‘rﬁ
or Yyoéljcivé\). Let w ossum&w%aé‘%:xq‘{fﬁ Wit & Swall

T‘nen, ({., Qﬂﬂwa lﬂa .

4y Bc«yxux?);&x?cxm)c}xi- e4x20®=

o =ux e (k-
s Uy P x5kt rex?-ch) o
s 4xB e (- ) =
=1 (e = - i_(\afx?’)?‘ “UxBilx®y hex3 (@ -x2- =
= *-.‘?LCu); W) % 4 Gex® (x3-x2-e)
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= -0 e —xD 143 (x?-xT-g)

= —9s% § Yexb _ Yex5- 4e2y3

==t Ut x? 10N = -2 (4+ 4P +0 (x4 . <0
iv H\a Lomit X+0, Siace gor small . Lr9x% >0 .
H goﬂws }[,}a{— we do ho‘t ‘kqve,,_. 3%@& .Co_wef:jqnce
fowards e comler wawifold
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@)% X '-'—X\é {____ F“WL QQ?_ que& | ?om*s awc(
gf-*g-ng ) cﬁass.ika_ wilh .m;z.ec{: o Sz[o.ﬁtﬂx“?é.

» Tiged poiuls.
Lel QQQ}): x{ }.\4%6&..3: ".%“ﬁx._q-, . o
()Q? gx‘xe& ?o‘m_ & i Ch%)‘—,oé,) i*%zo =)
| %Cx,,\é)%o | —%-‘Xq““o
& 3X(~X“>=o o % X=0 4o % X=0 & (x4)= (0.
Yt Ly=-x2 LY=o
. bjacc@fmﬂ o
Leb Flew) = (Pl qley) |
DFlxey)= X'Dglbx ‘)9/9‘61 = P Xl_e; -
'ézlax '88/22 -Ix -t |
= DF(o,0) = Xo O] = ACoF (o)) = {O,» &3 =
o -l B |
=) [010) vou — per@ogic gz‘acesL Poinjc‘
B CehLY*Havz{ go\ VG‘M(.BOM-
Séskm (s Gﬁvm&e in  covonical ?ﬂrm with >'<”~*Kvé
‘l’he m gster €qua 5N ond g:-a-)&% {'(ne, SQave eﬂtuak,&?"l.f
Thw , in he Liwct X0, {et us &c@in(’,
%: W) = x4 4x3 ¢ cyledy St Ox6)
¢ o
\'3 s =h' (W Xy = W) xh(d) = stOL‘GO
§ o= -y-xF = b - x*
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hebore, feb o5 debe

N(x)= x‘o(x)‘a((x) - { hx) —x2]= x[nisc w(x)% %(KDH(Q

= x (ax2+Q x %4 CXH-%A.X(;)[QQK 138x% £ Yex? £ 5dx) + O(x'D)
f lax2elux?iextedys) +0(x0) + x% =

= (a3 Hx™ 4 x5 +dx6)(dax £340x% $4ex 2+ 9&;&*) ¥
taxt48x®4 x4 $dxS + x2 40 (x6) =

= 3ot k1 +30bx7 £ %abx® 4 0(x6) + ox® 4 bxPoxtidS 1x> 0 (x6)

= (ar)x® 4B 4 (c49aD) x4 (Sab +d)x® +0(x8)

‘H %Q@owﬁ MQ% : T ) .
NGO = 0 (e (asx® +8x +(ct2ad) x4+ (Saltdlo+ 0LKb) =0
g a+l=0 \ a=-%{ { a=-1
é@’l@:o (= L l=0 - Ab=0
c49a2=0 | c=-2 c=-%
Sbtd=0  ld=-%a8 L d=0

avd  Jaerefore in(zc)-» -xF-9xY 40 (k8.
Thuy, X = =Ky = xhG) = w(-x2-9.440 (xé)) =
= -x?-9%%+ 0 (x¥)
= —-x2_9x" +0(x8) )
amL H'\C. Ceaniev’wxomxgnﬂ re{,odmwv y—eQAﬁ
X=-x3-9%%40F)
ﬁl x2-9x4+00xe) -
H* &%m a% CO 0) s Sf“uﬂﬁz SMUL kne ;?ﬂxe&‘
?am‘c Xco of x =-x%-9x5 +0{3§7>,, ts stable.
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‘L—‘ L"(oﬂ- Vs . qJOM Converatu(e

let ws  omsider Jhe  Agt-ovder a@gre&iwajﬂ‘m «
'\é: X2+ 0 (x)
of e couler mantold  aud Jl\e}e,gbm define
Vi) = (yrxBH%
1 %ae%ims ﬁfc |
U (x Y = Z(é%xi) Cg{- Ixx) =9 {éf D~ 4 X2 4+9x(xy)) =
= ‘)ig’%x‘?«) C-*g—'x“’— Jrix"_—é) y
<—2%+x°~)1+ fo@gﬁﬂémi)
Nole j(fma!f e At len s !neaaHve fut e 9nd lerm
an @e lr}ese;-}re, or h@aq&vﬁ. (hoose ja“—-xﬁfﬁ W’é% € SW@@,
Then ,
'f)‘(\c%) = <9 (-x2+¢ + x0T} G (x4 ) (-xTe D)
= 262+ Yex® (oxtie) = -4 - Gex P 4

—

= ~lext 3962 (2 -0 = 26> (92-1) § 0(xY)

Fm’ §Maﬂ 'Qvioua%n &, ‘O(X%)<9 ) ;"M&S we Lwtri‘. ,Qewvg
Q)WL v o{? %Lﬂaﬁ Lol] V‘dfefbth e



246

® Lvcdusion D¥ ,Lim.mv% Ums{\'x@& ;, Dt’rtd;ioﬁs

‘Tlne_ Ctzvlkr mamfgo@- ouvalysls 1S Sl'xfz@ {;,QL@»QQQ evewn 1?
i }4,.2 camnanti cal) QOrmtho»s.‘wn 02 e eri\am‘ﬂ OPE S%SM
Some e%enm&t& tnm\rﬁ RQ(A>>G
» Constder %e Saskm y comonical &;vm

%= Axtficy @
%13~ %3443% 4,2)
2=Cathlxyr) o
will, (x(éiz)clﬁ“xiﬁﬁxlﬁc e
YAed) « Re(B)=0
3 7A@ : Ge<o
TRedle): Re() >0
avd_ |
¢ $tor-p A Co) o M(o) 0
)ULQL@) o AU (@)= @}\DEC@) 1) o

(ie. B 15 o ém& Powu oud_ £¢%(n C&F}\Are. ombé( ‘H”e
\ASVIQW}QO\I MS} v , .

- Thew e Cwlch&m%ﬁ& iy %wen ﬁ |
We=%0x o 2) € R H’\qu?\cl\a L) Az= M.w% o
il W (0)=@ Maa(0d=0 AD(0)=0 A Dhyle) =0
"To (}\QX'(VMWiQ \n and &e. te ho ‘kaa& .

’é Dhik = Dh(CXJI.AX'{’g(%L 2Hl=
= Dby () LAx # 2 (x (e G0, hq.oo)]
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*é = bu +o J(:%ﬂ:) = 8L (9 +3 Cx &n m %i(zcﬁ
% = Dhg (% = Dhe (O [ Axt P Cxy 2=
= Dha (O [ Ax + ¥ (x, he0o, %gcx))l
i=Ca2thly,® = Ched +thix v, Lz@f
H’ 90%@5 HAO«% De &e%ne
(e G a6 = DLJX)IAxHQCx b L»gm] Bhuxz-a(%m&) ’th);
(g (e h ) 6= Dh g 60 LAk 4 20x, b 60, ha G ]~ Clhgod (., Luck) Jhg e
then W (hihe)0) =0 A (Mg Ui b)) =0 . .
Cowscciueyzw;é he aud hg are e solubons f Hhe Qe.@swm%
Msﬁo& value ?m@ﬁzm :
Nl D=0
(Mo G b ) =08
ho=0 A D=0
he()=0@ A Dho(x)=@
Eru’cjn cau Si‘)ﬂ fe Sone& Vioe FowePSé’stQS eruaoeis
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EXAMPLES

) Auclyze e shBldy o Hue Poxed pornt (2= (00,9
v *}4’7& SBSltm

X = Xz
«; = -yix?
z = T-xY

U‘sévx? CQ%I‘C\(—— !mam&m . t‘&lu(}im’l
S oli How

Debiwe Fig, 2= x2 A g g @)= - uix® A ml%iz%z—xg,
and  F=(fq W) U Mm%aﬁg ]

b ox 93/93 22/92 2 0 x|
DF[xug,%ﬁz- ?oa.bx. ,331?3 '93[92 = o |

Ix -1 =
Ohlox 'Qh/?‘é oh/3 4 x4 ‘{
L & o o}
=2 DF&) o0 =l o -l G} =% QCDF&(G!@) = %@,1( fS
© o |\

= (0&{@ fs a naw«hg,@erOL‘c_ %X@L gsiw’t-

b Cenky H;m(ggi ona%ﬁ;. .

De wnole Mot %=x2 s the masker eq‘ua{iovz_'fhw L&
13*: heGO and 1= he (). U &ﬂews et

{aﬂnf(x)i =i G0 1z = Xh W ha
\“a=-%+x9-=vsm(x)i—x9f . |

Hherelore, we deline N, ()()'-”-—Xlni (x}kg_LK7~L~IM(,@%x9-I
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Likewise,
2= \aq.(@x kg,(x) X% = XL:;. (x) Lt%(X)
F= - Xy = ho () —xh 0O
foerefore | we Ac?me o
Ng () = x\ne..(x) he 6O — [hg.(&) —ch (?‘)],
For hio=oex*e8x®40(x0
ha (0= cx®dx?+0(x0)
e Vm& .
N ) = x b (x)\oQ(x) +L bo x9—~ |
- (2ax 4300 CexLedy®)4 0(x8) + 0XE 48P = X% 4 00
= (a-0x4b®+ 0(x
No(x) = X \nq{ (xﬂne_{x) -—‘ng(x) + ,xlru(x)
= % (2ex +3dx®) Cox2edi? ) + Qx®) - cx2-d®+ 00D
+x(ox® 1857 ) + Ox5)
= - x2-d®ta® + O =~ cx? ¢ (0~ K K+ 0 (kv
11\‘ ?ogfows %QJC , ‘ .
3\Nt(}(): (a- DXQ’-—PQX;{* OC‘K‘Q O(K“) =
Ne ()= - ex? 4 (a-d)xZ4+0(x® = 0%

a-l=0  \ o=}l o={
& b=o &> $=0 = { =0
~Cc=0 C=0 C=o
a-d=6 d-a d=1

and hoelre GO = x2LOGKD dud hat)= x mm)
i 20%0\03 %9/{7 )uﬂ. master eqw}wn Peads ‘
%=Xt = Xhoala= x(xﬂo(x%‘ﬁw X(HL@(}&)Q
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The couler- mantdoll  reduckion neav e (00,0 Bixel
Vox‘az} is iven By ; o
X = X405 e— lhus (000) & unshBle source.

w = xZ+ O

2= X2+ 0y



251

EXERCISES

@ S‘;uéé —}(’\e iévxavntcs 02 k«e&fﬁomwg Saskms lneav %f'qe
ovigtn CX%) =(0,0) Via Ceuler —wounil L Qmaﬁlé\iS, v e

LN

gcﬁ&:winé mA‘mo.mous.. ééwamko.@ s%s\ems R
@ % k= oxbyt D) SL kex-gy o i %<-fuadurg?
3 = - Snx L B*: ,)ﬂté,Hﬁ.L‘. L g‘-' QXeaing x2

e) % X = - %4y
A g = f-,eX%e.“xff?.x
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@ Aﬁp{)ﬂfmﬁon_, o{f ’Cenl{r, Hﬁm.yﬂﬂ«i% LocaQ B ?\ch. Jons |

CThe ceufer momdold %cbhquc cau Qe uwsed fo ivtVe.sh‘zage
focof ,@xQ\ch'Hons Qor multidimeusionol Qut\‘bmowxous
clzvmvnfcﬂ saskms, w\hwu{, an eg?ﬁidé delermiviadion of
the roaﬂ Q%xeA | gai_w!p ;28 tn te @Z&,win% Q:co.mpﬁo_a

EXAMPLE

fO thes{'icz)a{e %ne ‘?oSﬁQQL ,.,@f&r@!n‘oﬁ , &_jc Y' =0 Eav *Hae
‘?oﬁ@ ou}img Sa?‘fm ' wim a.() C‘eﬂiﬁ'-WQwiQG QA. Y“GI:LL L{‘? ov |
3 X = s -x® 1y ,,

.. % 3
’é R ‘.“vg‘,*é X
goauﬁon ,

& Fixed point: There is an obviows Pred yoivi ot ﬁh%ﬁ(o(c},
v Liveavization | -
Deline - g(xeé) = px -x? Hé and. 8’“‘9): —5%1—,)&

and F(X»é) = Cg(xgé),,a(}té)), Then-
DF (x> /9 3‘2/93] N [ p-Bxtey ] -

>3/3\< ‘95/93 L —%x 412
= DF(0,0) = [ poo :{ > (e %(DF(otoD%%Y(d?% |
o - |

= (0.(07 9*‘0«@& Q’sr Y‘O., uw.swﬁe 1?07.‘. =0 .
Noif_ ‘kf\a.{ S{ﬂgcﬂ(‘l’\g is uwlaaowvx 'Eor t&=©.
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b Cevz“rev- How]qoﬁot ; Qm@%sis,t . ,.‘Nolﬁ, , #nﬂi A.Ceqkf vvzomgé.ﬂ. ;
he&uckov\ , C‘avmol‘. {e Qwﬂeeé{ o ;,f’?‘w %iven, ) _Aaémaw\icoﬂ,
s@m LA Bhe. qﬁimsc ; og. ‘_&emf.ei;(\)emm.fues, ,Howmﬁ,
we cou M c,‘a.eajc N Qu,, '}umiﬂo\, M in(\? Q. vq,rio,.@ig_ oud
Mmré}-jnb. %2 >6S§eméo§?,_ °

% = px P exy

Wsoyhyroxt

-

Devae 'Q(Xué‘to = VX ‘Xz tra 8(3&,34‘) z -éié?‘ —Xi, aud
b (yl\g,xx) =0 , aud ofss o(.e%%ne o | |

Fleoa ) = (9()«.5‘}4), 2 (%, u .,..,,),La,[?l... ,y)j |
1t 90@23:54“«:&. A é

[ 52 ox ‘9,?_!23.99/3;4;? o
DF(}LL%‘P=— 95/%, '95/33 95[?’4 =
L_'Plr\/bx. ’9%/93 ’DH/BrJ__ B
t»—?x"--&é X x !

= -9 *1*9».,,3 o | =

e | o o0 J

[ © 0 O} , .
= DFlop0)=| © —t o | = J(0F(o,0,0)) =f0 15
L6 O od ; .
- (@o(@. i mkou«hzs)crﬂoﬂfc Lﬁm& ?ofﬂ\(«.

Urike dne Biwearized equebions avamd (g pi=loo)
Qg QD,‘@OUSS? : R
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X = Ox + Ciux—ﬂ + K4
g = *é 4 (57— -x%)

o e bk & and b oave fhe mader equabions aud
'% s 'H'\Q SQQVQ_ chua}zom hﬂ({l'egﬂ& Qe. us w\nLQ é~‘&(xtr>
A/ m

RS P t; M x~—qﬂx«>{5h&5) 2

—(xxgxtx%(xl S)QH, o
y i >

&vlc[_
+( —x‘i)—,-H(xlF)+ H(xt@ifx‘l-
ﬁm é é AGQ’MQ -
N("{O (yx Xgﬂ&(ﬁyﬂ ?H +H(><¢tx> H(K;td&-gki

I%

U\aé.ef Jﬁae_ .me{ X0 Covxng«zr k«{ erammmA
b ( g = oy @(t«‘) ¥% & O(x‘*)%_?.“?_(’_‘_t) 9lp1x £3b4xt+ O(x?)
T % llows ok
NG, \Q E X -x? {-X(o.(. )x‘l—-i'Qqﬂ X3+O ()(“37]{_9-0‘(#)% 1‘3&{4)}(140[)(’5)’(
¢ {aty)xi 18403 +0(x‘*)] Lo+ 0@ 000 ]* 13 =
<Lpago)xt +3p8aa x> +0(x) +al) D ) FO) -0lxt) + x2 =
[opat F el +(Ixt & [3pbg0edin s £ 00
{(fit&() U2+ g Cztﬁtt) x4 0(x%)
avd  Jhevlore : (? we. Nsxfncjr {x Le rA e(~il? &[3) we_ Y/(ave
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Nlx = 06 %(ivfﬂr&y) 1120 ¢9 i agy= !
 LkpGprd=0 Lhgheo MY
aud %e;egore B o o
LICE =x* foxe)
peC
1{ Qoﬁé)ows ﬂna{w)e xvnaslcv equa[f% reads: ‘
X = px =B %y = px - EYLICHDES y,x-xgﬂc[ - 1‘0()(“)] .

——— ey

- B Tyt )
= px-%7— i x> ¢ ._O,FCx_‘,t):,txux«_(H 4 >x3+0(x‘f)
S S o A

| Qptl

and COWSCC{ueh%a,‘ %eam{w ,.mmi%ﬁ&,,,&féudion reads: |

maslr equalios

X = px — 22 3L O
2yt |

| V =0 ) T
}: -x* +00xO. E,Sﬁ@veweqwﬁw
Gutl

b LOCO.Q gf@&rcaho.".‘,., a{ . V=OQMJ~CXL\8)=(’0¢@) v o

We (an amaﬁak ., kne Lx,oﬁ ) ﬁ( R{rcax'?'m oe _QC%) =(o Lo)

ot w=o ¢ By studyine Rxe ;_maf,kk Kd ;,_ua}'iﬂn.ﬂ,,k , ,i'/ﬁiea&’
N 4 8 3 ‘ft

o? J&e oviéinaf,_ %of‘,,imeﬂiiomoﬁ sustem .

Define GCx,.p,-.,yx-.Ztitf%_xﬂo&‘i). -
Iptt
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Ve hok h\a{

Glo,0)= O
G = - if‘”? (3x2) + 0P = Gxloo) = 0
2yt
G (X; Y= x— x? 3 2yt2 10 &Y Gulo, =0
p (rey ? ("J—W ) ¢
Gux (xop) = O — _J:___.(exnowb = Gxe(0,0)= 0
o Rt
o Ceg= 2 [y LUkt (38 1063
B Aptl
= &-— (3x9) 3 (ir*i) £ 00 =
‘it«}l

= Gxp (0,9 =1-0 —1740
G xxx CX y? = -(‘ifx'f?.) L4000 =
Iyt o
%‘,ngxx (Olo)= :_g.?.i@,é +o = -4 7!0-
' ot

To  summarite: ‘
{G(o o) = Gx(0,0) = G}‘ (0,0) = Gxx (0 o\ -
va (0‘0) &-}éO . _ =p
@xx\c (o, N=-lo.Fo
< M p-o, Hee (’xué() =(0,0) g;xezi Fo.u{ uméeygo@;
o, 137( c\n Qork Qf‘gwcal'\‘ovz '
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8) Avmg%?:c 11".4@. Qi.gmcmiiou ot kae ,on%\'n. g%f, Hae Ls:;frﬂaz B
eciua}u‘ows , %fvav\ Qaﬁow,,”usima,%‘oﬁ , ,c,omjfnmauig:ﬂi _
veduckion wnethod |

% )‘(*-'—46'(\57-&) S ,
'g..: px-n-xz wth  Bro o020, and pzo.

L 3= —@z«wé o
SOQLA\.DV\ .

We wiole J{f«ci :(Kné‘%) = CQLO;O),HH w obvious P?xei poivﬂf.

b Dived .ijecm‘%ahon S R , ,

Define ,19.(&.3,%): o (\3—@ ) %(x¢é,%),'—,= Px,%ﬂc%,,,nm& o

Mx;é!?\,=~g%+x Moo detive e

Fleog ) = (Fiey 20, ¢ ley, 2, b (x g 2))

T Sollows Mot )

198 [ oty Mozl -5 wa o]
)

PF C}&L%‘?ﬂ’- 7:61%( ?’Blbé 25['32, = p-® ol Y S
D% 2% Phlog  duz) B |
-6~ o o0}
?DF(OLO,D):\ ¢ -l o =
L 0O 0 -0

o ke Corlay 3= |

)Y I
4 vi~9.!u;
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D [CoDEAD gl =
(4D @ D) o]
Ce-D A2+ (6408 45 - Qr} =

() (A2 (et DA e (1-00) o
L—a Nole %A,\_?o,r»ﬁ.o,—,(&—@ 40, Hhe zeroes Q{QQ_O? He
Cluac;ralﬁc. gocjw N0t e _Ci,s,@ will 50}15% AL(AQ%O
Comequenifbé Vione 69 _%_\Q, e enmfues_ is %o ound ..J&uegore,
we. anact oﬂ)fb an‘.,_czni-er ,mam&ﬂ mej&ool On -%;e o)&er
howd Qw p= 1, we hae

P = - (A8 (2 4 (5+0A) = ~Q (BB (D45 4) =
= QCDFCOLOLB)): i*@ P It O O% =
= (o{oﬁcﬂ WO?!%\G&?&Y@OQJC, 19,‘)(.2& Pofn{l.

"

H

p Cenler HOM*?DM- )reéuﬁj!ien , ; o
To wmake Cemif.\r \mawrQo.QoL _kefl.uc)n‘,on a?pﬁtco.lug ; we Jn,\m 9 ,
5‘4}? o & varioble %uy&me&_;’@ . fz.: o mz%x. M,}-—,aﬁ cawép\‘ifw.
?-‘—/’L (ak t=0) . To cemler?%e 4p Qyed po.iv_fc,,jro be
Oh‘cbx‘-n , We debine p= ?—L and vewrile [&eLDm\% ,equa;ﬂ‘oné
>.< = G‘%—x} v

| %z pix-y-xe
| é:-—@%ﬂg.,
Tis  exended 40 S'cb,skm hes  an o8viows Drxed ys‘t‘wjf_ of
(xcj(h@:@@‘oéo)_ o |



259

Ve Aegiy\e g(xt.ﬁl}‘v) :.W(é—x) ,
3(&\5{2@ = pxEX-4-xE,
| Ll-(?‘e‘é&e\‘)“—? ~ Q:z‘:%&é o
MA Q,Q,o we Ae.%ue , ,
Flxy ‘%l@ e S t:),_a(x %‘Lt.p ,‘m (x%‘%‘ t,ﬁ

’F(xgén(%br): _.CQ,,(;.%,L{#), c ng‘»é;i‘t-), h ey 2,40, 0)
It Sllows et g

[k diay 2oz
Df (‘&5(%({7: 9}(?\4 | ?%193 e [>2
o Lok Plley Oz

I

-

t‘“"% -l -x | =

L x -6
r
o -0 0 © ,
= DF(O'O!O‘_O): i -1 Ol

- 0 0 ‘.'2 . ‘ : !
whida 15 Jhe same @ e previous SocoBion matrix with
?: i p QMA. k’le&e{)r‘ci -

ACDF (0,0, 5,0)) = ; o0,-8-1, a5

tt

L"’ NO)Q, Hﬂe& i’}' 05 W@% V)Q,Co.ssmfé %b u\n}t '{"49. QA.UL Socob ton

$or Mo 4vy s%slem emﬁm‘ug sine ibs Jocolion hes o Block
g—io.%mawq- S‘l’ruc}ure.

DX (o0,00) = | DFlo900) & I
O o)
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Q'TO Axaboma.ﬁz'& *k\e_ S%ﬂem we -QmA 'P’le COVrESPOmCL?né

Q}%envecjmvs R ; ,
1“‘& Laasezﬁemlcd\ar , \iL-—CO,O,Q
Qo= 0 .‘nq>__0_s€>za,vecbr Vo =(d10)

Qg = —le+0 hay elaé!:medor Vg= _(:c",, 1.0)

Comcéluemulz ; ve deh

o 1
(P: Sl:‘\/{ 1Vq» \[9;12

L o
Qe &cgm e

o 1

i

wvie

= P i = L

ot

(wyv,w) =P~ C"L"Aa*)@("‘éz) P(uvw)

iqm\/mﬁen‘r% , We wn}t. ‘

X= V-ow  { U=
1,3-— v+ W &
2-:-1./\. , W

F3

(x4 6'3)/ (o+O

(- x4

U/CM 0

Naw e \rawn}e ‘kne Lovenl ecpa.hom {an {-erm; n?

'Hne new anmgfes W, Vv,

{1

W -

=3 =-Q24x Xy = —Qu+ (V-crw)(vw)

<t

o1

. o (u-xipx $X-y-x2)

vas 2

0+

- clv-ow)(p-w
AR

o (px=xz) _

Xtod o o(y-x) tom(pix-y-ya) _

ox (p=2) -

o+

o+i
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L]

i 37X (pebxopa)-oly )

_ (pro) x - ("'*05& x% _ (o4 0(x-u) +(px-xz) _
| oI o+
= (x- \3)+ x =) _
o+l
= (v-owd = (vewd + WWV)(V“Q -

o+l

= - (40w + (f““‘)c""’ﬂ’) |
- 0t

Tb Sumimarize; ‘[‘.%2 AJQ%OMQ’Q—‘}C& ;,,Qt}uq}‘;ons ?‘QQCL’-

o= <8+ G
i v = Ov + olv-ocw)( -u)/(zr-fi)
tﬁr = -~ (o+Ow + (txeu)u —ow)/ (40
p=or .
We see  Hhal V‘]-l ot ‘,LQ, mmiev variaffes oud
w,w ore the slave varisBles. Leb w wrile Merefore :

’LL*?CV) omd W= 3&)

w% ‘Ao}-e_ %Q& R
R S [ o op o HF v
vt Gl v Dt
2 che-ew@aw 3 o (v-eg) (p-t o)
v o414 v 41
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us-bu t(v-ow)(viw) = —@gc\r);(v—o-'au,\)(wamﬂ

WS 2% v + 2% Bt‘ - }?’t oV
v ot dp 9t 'Bv ?{7 |
_ 2y olv-swdpw) _ s o lv- a*a(v))(g_—-gérﬁ
LA 5 L SR N
w=-(ctOw+ (prodl-ow) _ _ (,MDB(V’) + ¥ (v-og)
o+l o+l

consequently | e e o
No(v= 28 o lv-ogp=bed & 000~ (v-cq () (rHg)

ov o+t

q

00w (v-sa)| 2 o=t (a1
. % 7[ ov 6+l V*ZLV j

Ny (W= 2% a(v_,s—gm)(b.&zf(ﬂ) *(ﬁ%mv (p-4) (v-090) _
v Oo+4 o+Hi

,_(e—mz(m (\;_G—BWD('B% &(trslgtvﬂ ﬂ p-?(v) ]

. Lov ol ol
= /(‘CS;{'\) W + (v_o'g(v))(?-—g (W\) 6 "33 -1
a 0+ v

«Use Mne expansions o
= 0, (Ve +a2 (V3 L0 > 23w =a v iBa,) V)
%(\h = -—@L%‘>V9‘+ »@zﬁtﬂv? JrO(V“)”?93/9%/’:3@{([:)»'%%9,[[1)\/‘+O(‘V3)
owh& t% QVQQows 'H/13£ Mu(ﬂ auvd  Nw (v ore %ivew Q!é -
Nulv) = K& W AN D)+ )

wt‘Hn
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N E) (v) = Qg ) 1-25 ( Q@ VQ"PQQ,VZ‘{' O(V“D =
= baiv? +Bagy? L 6 (V)

NG () = (V—c‘%tvﬁ 2! 0"(!‘“%”3 -
' oV o+ |

-0 (v-olivislbsv?) (20,0 43 o;gv’fBC,yfa;v%aav3> +0 (%)
o 1

- 0 (2a* 130,07~ 200biv2 ) p-anwag®) tolvY)
o+

= o (Zapv2)4 O(v*) [ Nole: [ drop pv? whaeds
| o+l , U | S - W %.%,OYOLQV}
Nf)(v)—« - (v- o*g(vﬂ( _V+3(.V53 = o ,
== ( \/‘“T@;Vawo’gg_\/?’)CV’}QNQ—%QQV;) 4—0(\/’*)
= - (y* 4825204004 =
<-v2-b® rebivii oW

ovid %ew?orc | | .
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