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CAO0: Review of Intermediate Algebra
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BEIEF REVIEW oF SEFS
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& Ac® : The oloments of A ol oo ﬁeQOV%Jco.B.

® Set operatiovs
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A Q) Unton : CG= AUB
C hosw oL e eg.ev‘neuh o¥ A and ot Hie
eﬁeu\emh v oy B .

) Pierence: G= A-B
C hos afl Yhe eloments of A eme(i; forv aw
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EXAMPLE

For A=%212,2,5.9, 0% ond B= 134,540,143,

Cevaluake  Au®, ACB, A-B, B-A, (A-B)N B-A

S ofution

CAUB=%1,2,%,5,8,108U%3,4,5, 10,44}

= 41.2.2,4,8,5, 0, 113
AB= $1,2,3,6,9,630 13, 4,5, (0, 44§

:33‘9,1,0%
A-B= 11835, 9,03- 2,4, 5, 00,117
o= §1,9, 9%
B-A- 124,510 1088-%4,2,3,5, 5,17
= 34, 143

(h-B)n (B-A)= $1.2,8T iy 14l = &,
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EXERCISES

@ 1&@4@—1‘% He ?o@owfmb S}bkml«h os TRue or FALSE:

o 3 € 1,24 )2 ¢ R D 2867 < G957
§ Sefes .t Pladyg D ger
) 2¢ {1,379 4 Tcef ) Be R
d) SR | Wilestctiass) O Rey

@ Evaluale the sefs A{WB, AUB, A-—B, ound B'A,
wilh e sek A and 8 A&QMQ&L as QO-ZQOuS:

a) A=34.22,5% and B=%9 4,63

) A=12,3.5,23 aud B= 12,63

c) A-§2,5‘2’§ od- B=29.L‘tz.53

d) A= & aud B=1{1,377

&) A< and B=R

N A-R and B=R

3\ A‘sfﬂ" and B=g .

@ Evaluote the st p=(Anp)-C  wilh the sebs
AB, oud C olelined as- o |
o) A=§13,807 , B=323,4.8%, and C=$(,3.4}
0 A<1234.5%, B= 145,27, aud C=145.63
A A=34923,4%, 81040, auk C=%{,,3]
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| @ Evaluote e set D= AU(B"C) wCJrfr\ ‘kﬂt sels

AB,and C o\egtne& as:
@) A-74,9} ,8-12,2.53, aud C=114,37
£ A=193.4%, B=13.4,57, aud C=171,9,5]
A A=193.7%, B=fg , aud C=%1,9]
D) A=g, B=19.4%, and C=%45}
e) A~Ul, B=12,53F, aud C-¢of.



CA2: Equations and Inequalities

15



16

EQuATioNs AND INEQUALITLES
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set S=R . Ci-e. the equotion 5 always hue -pw
ofl veal wviumbens kelﬂB. ) ,

« An equakion ?—Lx)»g(x) is tnconstiled il b5 sofubion
set 1 S:,@’ Cice. the eq'qu-\‘Oh )] O«Qujo/qs Qo.ﬂ;e
Cor oll ved wumbers wel . OR equfvdm%,o%c
eq_lxo‘l"tom 7S never frue Qor Q-Vlé rea. lqu.mﬂ%r Xeﬁ)

> eme\?fes

o) The e(qul'iom (x+ )2 - x24+94f 5 an l‘llemé'i‘}a_

8) The e,clua.h‘om xLey =0 fhwhsfskv\lz. |

(Lecawse X244 > 04y=Gro for oll Xe@A
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¥ Bosic Loa\.‘c. No tatioh

b A FT'eAI‘QOLL( F(ﬁ 5 a Sfo&emem{‘ Q.@oo& X whid
s either true o Folse o\e,penifvx% on the Volue of x.
b emm?h 2 An,é equchOV\ is af.so o PNOL‘COLLC.

For ;exampﬂe ?()C\: Axti< 2% 5 e
?N(Lt\(ﬁu‘*ﬁ.

I—‘? Lo%fcaﬁV or/and / l’m.gﬂltca{:foﬁs |

p(x)/\c[(x) opla j‘.‘i"——;é_.,‘lb‘) ore doth true.

P(K)Vcr(x) o A} feast oue of P()c) ;__o_r__‘q(xﬁ is Yeue

| Cp(x) OP\,q(Xﬁ. | D o

?Cx)r—-*?th) ___l___?___ pixy g true | {;fn___é:g: o((x) is e W

F(xﬁ(rbcfb() g F(x) 5 tree i¥ ond omﬁg_ (')Q qC) is Hue.
Cie. if 90 s Hrue Yaen Uc{CK) ¢ frue AMD
if qux) s hue Hen POO;t‘s 1Lvue>. |

' 4 EKmm?Qec
o) XY9 = x>r4 TRALE
L) ¥sA = xva FALSE

A X>L&e x>l FALLE
4) Iv=92 & %X =4 TRUE .
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¥ Basic properties of  equadions.

£

2)

L)

Let x,%,o.elﬁ, Then

X“é. & Xtoo= %%o.

(f.e.: we cawn Qo(ol o. number WLD @o{‘h 93&35 °'E
an equation).

X+&=%é—=’3 Xa%«a

(t.e.: We Can wore oL {-e.vm ov ~“4Q. other stde

of He Qquq}u‘m bot we lmuS{ CLWée its S(gm,)

Lel Xl-.étaem and aysume Hhat of0 . Then

X=y & ox=ay.

(i.e.: we canm vvqul-;FLé o hoh-2ro Wumﬂer o ﬁoﬂ'\

sides 02 an equql-fom)

> Neiﬁ '{'E\is onper ’e“l&}*il’eﬁ 'kr,q{ &%Q—‘— U' | =

Let x%em. They _
Xy=0&D X =0 Vy=0
(te. A PV‘OO(.-H.J x4 s wero n@ auek otan 3
X=0 ©ovr '8:0).
Le{‘ X;‘éeﬁ. Theu :
Xt=yt e x=yg Vx--—-«é
(ie. x%t=q2 if aud ou!&& £ x=3 or x:-g).
b Nole Hhat |
X=y = x2 .—,gi is TRUE , dut
xiy%"— = Y=g FaLSE !
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6) L@{', XL‘éelR- “nen
x‘lhéj‘isoéﬁv X=0 Até=0

y Solving  ow equqkoh
2 U

To GOQV‘C ‘QV\ ec[uoL HOM Q(ﬂ\:é(‘ﬂ) ' e uje -Ké_
&@ovt Pi‘oPthes i-— 6 fo Cong (rud' an QV%_\AVV!QM{
Oe ’HA(’_ -eovwr.

Lo =900 & §it) =g, (0 &
© =40
&
£ x=xy Vx=xg Voo Vx=xn

1% Qoﬁaows ‘h/\aa{ Hie soﬁuHow se& s
g:thXQ_, -.-,)(v\‘g

o 1t ¢ \/ev‘g iw\pors'o\w{ Haat EVERY ¢kp fw the
Qrfaumem£ ww.nl 8e \ra.ﬂio( in BRoTH Acrec{'ioms
(ie. & inskad 02 o = or & )

¢ [Dhen =» ¥ails (ﬂ»u{‘ Lo wovkﬁv - EV&V; nummber gou
find is a solubion Gul You wia have wove solukions
oul Here Yaat 1aou have Qmﬂeol. to &‘vul |

¢ When < farls (Bubt = works): AL of Your sodubions
are omone He numbers You found , Bul some of Your
Mumﬂvers Mn::) \no’c sonJ\A k«e e,qual-iows (C)&Vaheow

“$0ﬂMl'iom<,“ ]
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A PoQ%vtonan eq\ual-aaw 9 am eq_ua*m\a og ‘Rae

, anx“Jr Qan-) X“ l“' ‘i' oLWwtoee=0 L

. ® W= Ae%;e,e. oQ -Hne. eq'ua.{'\am,

) ,,Li.heﬁf.r“,W,iqu.@lzt,ws e |oxtb=0 |

Soﬁu}w n:

__® 040 = unique Soﬁd‘sow ) x-—,«,-—@/a.

020 BG40 =» incomsistent ($=¢)

s acohbBeow idenkby  Cg=BD.

CEXAMPLES

RS S T S T

>t 6

) ex S "*‘}6'127”“‘*‘)

2

& Ux-D -3V =4-3x

O v-U4-%3%x-3=-4-Zx &
e (9-342)x= 443+l
O 8o x=4 «— §-= iQ'E
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b)) XA oy axt? e 9 (k4D =Ux -(Ix NS

.

& 9Ix49 = ix-9%x -2 (1-4+rVYx=-23 &

& 0x=-5 eincowsisku{——p'g:@’ L

& 3-%x_8B8tlox=-Lx t+t4+3x-bL-2&s
& (-9410t Y- 9)>< --3+<ax—u~6-’5e=y

O Sonc "lne equahouj

o) S5x-2(%-x)=-6- %(~x D

@ -3ra(sru) = 6-B(4-2)

6 Y
) 2x o %x-3 gy x+l

—

: = i

3 3

P x5 4
9 4 9
%) x+2 9 . 2x-F

6

-

+

B
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® Compleled  square equations

laxtb2? = CJ |

. Cﬂ ¢ cvo, tuen

(_oa(k.@) = C & o-)u-z J—E,Vax+@--ﬂ
) & . -.
O R w0, ben
(oxt@) ¥ =0 & oxth=o0 é--)
O 1R cco, then

(O%f@\)q'—(, s (nconns[{m{' in l?\

EXAMPLES

) (9¢-%-S5=0 & (9x-0%=6 &
& Ix-1=Ve Vix-1=-JC &
& 9%=11+J8 Viv=-4-{c &
S X;,i“’E VX:__L‘:_J___;__
Q y 3

Q) UB3xeN =20 & Bx+r2 =06 %x=-1& ""'*%—‘

) (6xt2)24+9 =0 & (6x+3)%=-92 <o
Ums Amcoms‘t;ffu{' IR



@ Solve Yo equations

. a)

Q-

D

%)

(x+dt=6
(2xt2)t -F=6

(3x-D*+9=5

23
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@ Quneim.lic &{ua}ions_'—* a_.x’-+ Q»x-} C=o
w\“a a-ﬂa;c eR
avd afo.

o Calculale e discriminaut
A= $8t-Yac
°qy ))i;l«'vaaaisl« amowz e Poﬂowihg cases :

o) A¥o = Two sollulions ‘
X, = -“Q—l’if V x": "‘@"B
Lo Lo
@7 A:.O = One Soﬂujrion )(*':_L =Xy =¥Xg

Lo

¢) A<o =5 Equation is consistent in K.
ond kes 4 soludions in €1 %y g= EE17X) /%0
1? e quu\mic_ lLas {uo soﬂ«diom}

% ana. %Xq ©Or oue doub fe Sooeuhon
(W"\U’l A=o0 = X(=Xg = -Qv[ﬁt)t)
they %eg sa.jl;s(?‘é:
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Proo)
X, 4 Kg = ~b+lA ;G;TZ

—
~ -

Qa. Foo |
_-b4A-0-1K . -8 _ &
Za % &
¥ ¥%g = ~f:4rz . ‘“‘@"\rA‘ - (—@Q— CJK—)Q. -
b C U Koo Lo
< 6% — A s 2% - (4% —Yac) -
o2 | Ya?

< £2-0% ¢ qoc - Yac : c 0

Yal 4 Q.Q' O

}—‘ Truucated Forms

1) ex?t=op £y X=o0 '
0) a%iibx:=o £ xCax+£7—O
& x=oVaxth =0
(lmeqr e.quOU“\OVlS>

?

3) ax9~+c, =0 & Xt-__¢C
@{ V—C/Q_ l‘e "C[q>~0
lhcoms‘skl/ﬁ’ il —cla <o
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- EXAMPLES

) Ixt¢x-6=0

Solution

. A: ﬁq’,k&C? i"-—-q"l.'('(a):i+'-(€=-l49-.- L=
VO F 2/ WL € N L & &
La 929 4

- {-8#& -9
elu=3/9 .

0 x'fxes=0
Selution

——

A =0%-4aqc = (-6)*-4.4.9 = %26-~% =0 =

= ulhique Solw(‘iov_\ X = -4 - f'("G) -3
%a %1

) 2x%i-%xiy-o

30_ -QU.{‘OV‘

A= 2%-Uac=< (-6)2_4.-2.-4=96-24--F Lo =
= mconsisbeut m 1A
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) Pxt-%=0& 3xt=2& xi:l{ &2

s 3

@) 9x*tov-0 & x(2xt3) -0 &
& x=0 Y 9x+t5=0 &
© v=0Vix=--5&
& x=0V x=-5/9

}—* \:osE ?ac‘mri%a{'ion : | x4 (a#ls)X{-o.fs: (K’ra)(xh?,}

£) xTeIxitlo = oé—> (><4—9.)(x&§> =0 [%9 =7 Aa- “5— tOY |
& X=- V'X =‘-"’g

‘Haus Sf—%'ﬁ“"?g.

’ Fwn' gm\ﬂh%o}w'ﬂ lecuhmff.m!') *k«e o.p Q.aca%om :
OQ ‘k«e. t{ua.o&v’al‘!(- QOVWWUQQ chd%\", (io ho{I ) (Me(-
“'oo ucla {-t\mz ,Qooun Qw k\e 'S:w‘s- ro}on’w}.ovz.

TL\Q quqo&voglr'"\ Q’OVMJ.Q,O\ fs aﬁso \/Q,Vlé eg% uQV\k
{-ec\nmqu.e
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- EXERCISES

@ SOQva,‘,{fhe ,equéhmas

o) At -3x+i-0  §) XCZXM) x4 4
) x*-lUy+Y o | %) x(x¢L) =

) xpdgtyzo ) xl,éx{g,_o
d) Ixt-x-2% =0 i) x(xt)~x% =0
e) xt =132k 5), (x=0(x+2) =4

@ POOAAWQWU@Q_ Q,qtmjnov)s OQ Lw;(q order

 Form : ay,x% oo XN Lo 00 =0

w‘“‘ 0—01&“0-9_1- IOJA GR’
GKV\QLO ) Vlél” (A)l“n nz 3.

| Suc'/\ equo&mns can, be goﬂveeL @lé ?a.donug

e F&.dor the thu.q{(OV) *‘o 1s’r aund_ Q.m(_ order
Qa_dmr‘/

e g Vse %o, ()ro‘?e\f‘)lA!

AL g 03 ---Qn = 0&D O(l:OVO—Q, =oV-- VM; =0

® Sollve  Hhe MSuQ{in% éqqudoms.
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EXAMPLES

o) (xt9)% (x?2-9)2 (x2- D=0 &

& xtr=0Vxi-4=0V xt-k-0 &
& x=-32\Vxt=4Vxi-1&

& w=-2V x=9Vx=-2Vx=4Vx=-1

8) x*-40-9(x-D?% &

& X*=1lo-2Uxt-Ixt)®

& %x2=-10-9Ixt 44x-1 &

& x?+9x2 -Uux-8=-0&

& xt(xt)-ulxt) =o&

© (xL-W(x+2) =0& xt-4=oV x+i-0&
© x=2Vyx=-2 Nx=-2 & %x=9V x=-9.

A (x#D) (x2- + k-DOGE5x46) =0 &

© (x+) (HD) (x-D + (x-D (x+D(x13) = 0 &
& (t-D[ ke D ¥ (x+3)[ =0 &

& (xtd) (x-2 (2x+5) =0 ©

& x+d=0Vx-2-0VixiS-0&8

& x=-9Vx=2V x=-5/2.

O (B-8)(xFruxt) § (x2-QQCX24Sx +6) =0 &
&5 (-0 (x4 @) (xr2)? + (x- 0 (x+D (x+ D) (x$3)=0©
& (x-D0AD2] (x2+9xt @) + x+2) ] =0 & |
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% (x-9) (xtD? (X*H9Ux 4+ X423 ) =0 &
& k- D* (X2 3x+ ) =0 &
&S X-7=o0 VXL9.=-OV XL4Ax+F=0 L)
Te sonQ xT¥oxtt=0 :
A= %% vac = 2P_4.{.7=9-98<0 =
= no real solubions
U: gr‘vﬂows Haa:k
(L)ey X-2=0 {xt2=0 &
& x=2Vx=-2
Jc”kvw S=%-2,2%.

L—) Nofe Hhat we we eetuo.{—ievm Qaﬂeﬂiué fo inl-(wu;rnl._
Jc\«e, mainn  Line 02 ouv- ar umux‘:, {o SGX-VQ- ad .

Qu.a.c\.ro.lrtc Qucl’ucl avnl -chn Vesi'mrt and %V\;‘JL !*-A
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EXERCLSES

@ Sofve Jhe e uo.-’wons

o) (2x40) (x 2 (x3) =0
@) (k-0 Cx+%(1-%2) =0
) Ox-0(x+9)(x:4) =0
d) (y-0%2(224+1) (x2-D=0

Solve Jhe equations

8) 5x*-%0x =0

8) x3= x%4(x

¢) (3x-0(x-2)% = 9(3x- l)

d) x3-x%-x+l=o0

e) (xL-OL-(x+)t(5x-4) =0

D) 3(x-0% —20x-0 (x¢0) = (x4+0)2

3) (x-2)(2x+ )2 —(x2-8)(%+2) =6
x5 rxlex®exti+ L =0

z) (x4 ~ x4 = 43



D)

&"—‘ Speciaﬁ coses [ feides

?‘_‘ Biuommﬂ &q»:a{'wms__

Lajc kel @e an Mgft%ejf_, Qe(: ?6(0;%@3 be a pow{:we
\num@er aud. \ne_C“coto) e a (46%0.‘{7\/? &uw@of The.,

0dd Binowiol: [fx }]9‘( Headd L= 9‘“‘{7_
Even Binamtal: [£00]%% pes lua =275 VPu) = - 3p
SINEN 04—>QQ<) =0

{Q(K)]m‘- Vo &—o {n@msw{ﬂaﬁ.

EXAMPLES

&) ()-8 :0
Solufion

(4x+0%-8-0 & (9.x+(3%=8 & Yl = %é@ 9t =9
| &H Ix=9-1 & ix?i & x= 42
jt*«wts S« 2{/9,%. ."

8) ((-3)t-16 =0
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(& 304 < (6= 0 & C\ %x.)‘i ie@ |

e 1ok U V90 YF e

&= 4.,_3):,-;?\\/& -FIx=-9 &

& -y = hi9 V-3¢ = 19
o 3y AV -2 2345 x=-4f3/x=1
Hus S:- 5{—&!3,&%.

O (x2ex)=0
Sollyton B , o B
(x40 &5 X x=0 & X (x40 =0 &
& x=0\xtz0 & x=0Vx=-1
thus  S=%0,-1%

&) (x-z>‘?+i=é
So Luhon

(xﬂﬂ" +2=06 (x-2) (’.:- -0 <« .iﬂ(()VleS)‘Cut,

‘u\us $ ‘-‘-¢

o Miary Subskbuhon

Sow\etiw\e), ec(umh‘,ums,, o Qe SOQv*ecL ovxﬁ«é via
&wciﬂiavwé ._.S,u@s*i’mﬁwu As fn k«e . ﬂowMB exéxwpﬁz:
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FXAHPLE

&) (xe )™ - ’:l()d—t)"’ £3=0
Solubion

. Lek %:CK{—OQ‘. T[/_.n,cw %l_a e\:(uol'iom \6@@51
Y24y t3 =0 & (ta—%)(‘a'ﬁ=0 € Y3 =0 Vg—{:o
& y=3Vu=té&

e D=3 VPl
& xtl=02 Vxst=-2 Vxag=4 Vxti=-1
& x=-1t3 x=-1-3V x=0Vx= -2

amd Jﬂaeve.gorc
S=$-1413,-4-J3, 0,25,

@) (x‘“r?-x)q‘ -5 (x242% )44 =0
S elution

Lel %= x4+ % . Then ‘H’,\C egua(v_“ov\ %ﬂeﬁs&s!
uZ-Ga+4=0éo (y-w( ~L5=o<==)%—&=o, Vlé~&=oé-=v
b S P M

& xiix-4 =0 xZrix-L=0 (0.
Solve: Xx%tax-4=o0. |
A0t tee =24 O 46220254
= ¥Xq4q-= -Q’tm = v‘l&-Q'Jg :'—Li\ré |

2 2.4
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Golve  x%49x-1=0
A= 02 tac=9*4-L D) = b+bh=8 = (2I)F =
= X9 = €+ 14 _"9+20a _ ~iidy

Qo 9.

TV‘C*&P‘OVC: .
(Y& x= 1478 Vx=-tefe Vi =-1-02 V= — 442
So $;%~L+E‘¢1_BI—L~J—§-,*1+&%_

L—! Nole Haiak it 15 wot covement 1o sole lhese 2
C\uq«,qu,Jdcs eeluo}{on; simuﬂmnwwﬁé, $0 e gztay Hhe
Wiain oﬂau\men{:, Qo.ad). }LE Qo.,-\- 5‘({] ) ecLuio‘_Holq (’Dz
Sonz. J&e '&wo quac{foi'ia e:tuo,&'ions S?,?amlea«é aud qum
Wt we %e estuoaLiow da@eﬂ “‘o YES{'aY{i 'H»Q o leeuii.
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) 04 (6 -0 0 65 (e T4 [ 0340 -0

,—a Sum _ ? squaves

- Some speciaﬁ QQqu’lpm Can @e soﬂch \no»usm%

%e %Mowlm% FVOFQ_V-L e

a‘HQﬂ,,o &5 a0 )\ Q o
| a*40%4 =0 & o=o /\ k-0 A c=o |

S
&

il

CEXAMPLES.

SOQ&HOH o

(><+Q)?’ =0 }\ (.X?'f th)? —0 & Xt92=0 _,A,,x3,:.&x =0
xt2z0 A x(x2-)=06&

xt2=0 A x (k-2 (xtD=0 &

w=-9 N (x=0Vx-2=0Vx+2 =0) &
w=-9 A (x=0Vx=2Vx=-2 &
X=-9.

(x2-9)% + (x-2)% (x2+4xsD)*=0
SOQLLHOQ!
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(xE-N*4 (x-2)2(x2 i) 20 & |

& 6@a-9*s [x-2) cx"-wmﬂi:w@ o

o (@ ek B .

=l % xt-9=0 .
o (x—’%)(x"{—thW) o S
Selver X%-9:0 & X2=9& X= 3 V2< '5 (.
 Seflver  (x-2) (xZtyxt3) =0 & (x-2)(xtD LXW%) =0
& X-3=0 Yxtl=0 \X¢Zz0>»
e x=2Vx=-tVx=3 ¢

TS %x—%\{x =«?) (= X= 9Vx—-§
=3V x=-1 _\/.x.-m 3 o

Thas S = i%,“ég .

L Noke fudd By o wed ar an ableiabiow
Qw AND (A}

% L A
9 Q) A%QOO

g -k«e Sawme {“AM% 9:
foa=fova hg - 90 00.
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CEXERCISES

O So,Qve jdnc eiua@wws

) By =16 o) (xt2)6—9=0

b) (x‘ii«%ﬂ% =-% 1) (x2-9x) 71 &..O

A (2x¢ )% =39

: @ Solve tae e»‘{uo..’h’ovzs}

o) X1-6xt +{-0
0) Zxb +$x3+9=0
<) 9.)(‘1 -"{-)@— ——‘-(:O

O Soflre '}‘Le. gwﬂowmz etiuajnow&
o) (x-0)6 -a8(x-D%+g =0

0 (10 3(xted a0
) (xt-D2 +2(x%-D+l=0
d) 6230 +6(x% -3x) (=0
L Use an o.u)u%awé Yuﬂs%éujnom

() Sobe e uo&wws

o) (2x-8)%y C‘ix 6)r=0
8) (xT4Tyx +100% 4+ (x2 - Sx{.é)q—
Q) (x+0Z+ (x2-0% =0

-, .US&'._ " suwm a‘E squake ! l-gd,miqu;.

3) {4(5x42)1 -8l =0
&) (2%-U%+3=0 1) 2(xr-D3-

54=0
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Y Ftov{io\aaﬁ ‘C‘q'uai T

d A l’Q-hOK%Q e‘luﬁ.l'\‘o'n I‘S‘Q"f)k etlucrliom llna‘l

hes an wnbnowr, x v $he denowtiviaor
09 ot Qeasjr oune Qmat{ ou.
b Selutien

o Find the Lo ( Least Gmmm”uﬂt'ffc)
od e devominators |

o9 From Yhe cudilion LCH(¥) {0 |
yfn& dhe cf.omaiw Aclh 09 Jhe ea{k«“t'oh. ‘

83 Huﬂ(p ﬂ),o*“n sides 02 e ecluqhom |
with e Ley and selve Y Y@Suﬂfué
o%homia’t equation |

*qy §CCQ|2" #ne $:bwlioi§ -kA»Q“{’ Q&Om% 4‘0
he dowain A and refed an
colubions Yok o mob " felong & 4o
{L\Q, dowmain A °
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* on e 4 o x w0

- ——

Coxtox o x4 oxst o

| x'i,-\c %0. (xlxk-D#o  (xX$o
\ xZ-t{o 6'7 Alx-0(x+D) 40 & 4
L¥Xtbl#o | X¢bl#o |

I ,,,A.o,,m.aim.;, A=IR- ;O Xt o

o1 e et T et

e Lt(\ci-D“ 1—! x(x D =

O Uyrbe Y-xLiv © Ly = -xTex &

o xttUDx-0extttx=06

& x(%x+3)20 & x=0 Vx2=~0 &
& Xx=0 N x=-3

pxejc& X=0 sluce O¢A

Accep‘: X=-% sine -%2€A.

Solubiovi get: S=%-2%.

 Require:

Avddo @3 x-240 i X%i
Ilx+9 40 | ¥x+2#t0 |



bas dowain © A=R-f2,-51.

LCM= xT 4= (x-—?-)(xcf?.)
(Mo (x-1u) +2(x+D = 4 (k- e.)é)

D x-1442%¢+ 6 = Uyx-8&

| © Ux-32Ux-8 & 0x -0« ideuli &3
_ Solubion sek: g 1R-3-42 (13

41
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EXERCISES

@ Salve e equa&iovu

3') X +3 = Es

X-2 ¥-%
') U W §
%41 X~ x|
9 -x X+ X% -x-9
d) L x  _ bxiS
X l-X xZ_y
e 13 L . 5x-3
X+ | ~X xZ-
) SN T I S B
Xt X+9 X=1 Y-2
o 9 .~
X (%+9) X246y {6
h) ¥l -1 _ 9x2:V
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Y Porawelric Linear €quo.4_iom

Thee are equadions vhee iu addition o
fhe wukvwownm x, Jhere 15 omolher parameler

a_. The %Oejt's Yo Qind x i krmsﬁng a.
et OLDI'V!%, 50, it 15 necessary o Ai>£in8mis[q,
,'“/\e v 5 of oL go\r whida e e uacswn has
o Unique solluion from Hhe vazucs d a
90r whiids He eO_Lua‘['z'Oh ts  eiller imwnsisleh

Cor an  ideulily. N

Solludion

. Simp.QjQ‘é _quo}iom to |
A’CQ)X ;BCO\). ,

Uniqu e solhchon  x= Bl
Q,

o Fo AC )
g tov o) #0 AL)i

vy for ACOQ=O 2 Consioer Wlm‘l,/\appem
on a case @} case  basis.
Ci,a_ﬁ ect\,m;‘c‘o.n 5 ei-}{«ox I'AQM‘[‘H‘% or
v eomsissﬂlﬂ(f) ]
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EXAMPLE

) ol (x-D = 4(x-atDD &
& otx-ol=Uyx-Qaty &
© (a2-Nx =0l _laths
& (- lat+)x = (a-20% )
Dtshw ws‘q CoyeS:

" Case L: aelh-12 vi?

(0 hay a uw,t,qu.e. so lution
X = (O‘fa)i . a9

—

(o-2(ot2) at+2

= (Cose 1 o =2 |
(D& 0x=06 & idenli 4'5
> Case 2 o=-2 R
()& Ox= (-2-D?2 0% =16 & comsislent.

SOQU"l‘ij, set : ,

- /(at)} |, ocRR- {ﬁ,ri}

o= R ) =2

% B - Q.'-:"'q‘*




@)

a)
®)
c)
d)
e)

)
®

o)

3)

c)
d)

EXERCISES

Solve e equations wilt RSPCL{‘ o x :

olx +9 < Lax {x4a

9da+t3x= atx4l

2a*x -5 = Ya~-x

Qax taZx =3x+%
o2(x-D4alxted-6yils =0
a?talx +taljox+atx =0

Solve  Jhe eclua.;'iov wth\ RSpeL‘)‘ H x-

rba o o4l Cat)?
a4t a-~-| o |
X-3 + B S S |
a-9 at9 |
o al
X+2 1

a0 ba 6 Qoo

45



Y 1heq‘;o££l-t€.$ ~ Te,rmiwoﬂo?%,

o A inequality i an expression of the form
D0 <a00 or 00 €400 or Prav g0 or 790,
whtd s ec'k«e_r l:vwz. ov pa.ﬁse Aepemc{“mg on }L\e
value of the vmiadfe .

. T(ne sodution set S oQ o l‘me,qqu;‘ha s ~H4e. set
09 ol y-eqﬂ, humbevs )(c'fR co‘r UL\!‘OL'l ‘Plne,

fhe‘[uaﬂ,f‘”\é s Yrue,

o— T levuals

!

The  solubiow sehy og u‘mﬁmﬁ,‘h‘es ore tworitlen as
Uuiowns 09 inkvvalslu(nich ore  delined as ybﬂéwfiw"_

xelo 8] © 0dx ¢l | xela10)©® agx
¥e (o 8] ©® a<x <2 | xeloto) © a<X
Xe[o,l) & asx<8 | xe(-w,8]e x4
xe(a,8) © adu<t | xe(-o ) %<8

The set of ol vead numbers co@ lso Be oviten o
R= (~oo ,+eo>.
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V Boscc pvo?ev'}'ies oﬂ (‘«aeqqu«'kes_

D let X(%(ael?\, They
X>!é & X4oo > ‘é-hx
X224 & ><+ou>/3+a
X<lé & X%m(%m
Xélé r>) X’:a.é%fo-
(i.e.: We can odd Qna humber +o Bobr sides
OQ an l‘hequo.ﬂf}é) o
9 Let x,%elﬂ ownd pe(.s({-uﬁ. They
">‘é;<=‘7 PX 7Py x@a & Fx(p:é
X724 & px 29 ¥4y &© PX<L9
(Le? LOQ_ can Vnéﬂlf&& Q.%Fosz'{'c’vfi hum-%er ‘&o @o{‘L\Sto(eS
of en t‘weﬂuaiﬂ-ﬁ_)
%) Let Xy €R oud e (- .0) . Then
><>'éé=7 VX <”“ér 'X<é & V"‘>"“é
X746 hx £nd XLy & nxZny

(ie- We catn V\mﬁ{’t'yﬁa o V)eaa.]ci\ﬁ(’. wumber "v Eokh
Side’s o?— an t‘vzeq'uaﬁt"b ) $ut Uaen He
direchion of the fhequcaQ&‘}} mast be veversed )

1—* The %em{,qu, ;hqk»\g For @vaé i hequaﬁg‘—\\q
is Yo Fird wove every fvm fo e same side
fhon semgﬁfé oAnd fodor He resulling - expression.
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V Po Q&émo vm'a/Q l'we?qo.ﬂjn'es

1) Lf\wav' vac?uaﬁ«'hes —> axib ‘><O

Cohs\'ciev‘ Qor exc«wPﬁe ! He t‘vze-q.uaﬁ"\@ oaxid >0,
o) For avo:
ox4l >0 ax>-8 & x> -Lla.
Haus S (-Cla to) .
8) For a<o: |
axtd >0 & ax >-6 & x < -Glo
‘[:L\us S: C*OD, -@[a), o ,
) For az0: the inequalily 1 an iéeh{f}a or 1 itis

fnConSiskh{, ;wl/u"(«[ﬁ e AQ;LQVV";”Q on a Cose 38 |

case  Qosds .

EXARPLES

8) 2(x-9) -5(x41) 23 -3 (3x) &

& I%x-6-65%x-62%-64+9x>

G ~9x-AL Y -319%x & -9x -9« ¥ 11-23&
E -lxr8 e X< 8 & x£~9

——

() -y

H'\Q.r€¥‘°7€ S= (—001'9-] | | ,
b Nole Hal fecawse of €, -2 is included v G,
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B x13-3%x-%2 S 9- X &
y %

& L) - (Bx-9) > 4-x©

O Ux46-Px+5> {-x& -x+41> b-x

& xTLh-lle Ok>-F «— aﬂw%s true.
Weelore S R . '
(i.e. Hae ihequaﬂt‘}\a v an (‘o(en{‘("}'%j it fs Sa{'isg‘el '@3

ll veall wambers XelK)\ |

A X% X+5 -1 fo 4x &>

o~

4 9_ 4

& (x-2)-%(xt6) <-4 - (Lotx) &
& -x-13-14-x & 0x <13-14 & Ox - o.fwaﬁs

follse
Ahevelore S=)ﬁ
(i.e. ‘K.Q Meclu.aQtLé ) incohsisa[enf., jf can Lever g{
5&.&1‘5?—&4—).

Loy Mok fiat when Yo tnoquality hay o fradtons,
e Q:‘fs)- C,Qimimq\t ol Qvow{ﬂ'ohs @ta Wtulb‘ ?%mca
Qou\. S¢A€§ oe Vne 3h€(iuaﬁil’8 wl'\qﬂ & ﬁarae e,uoug(,,

Pasil‘we num bov.
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EXerciseSs

@ Sove the go Wowiu«é fheﬂuaﬁthas

1) -

9)
3)
h)
12)
14)

15)
16)
[¥)
18)
19)

90)
920
99)
%)

94)

Ix¢ivo ) Dx »>—Y4 9 0x {2
Dx >4 6) 0xZ -4 o) 0x £o
Dy &4 2) 0x 70 1) -x-9 <o

Ox 79, 8) Ox»o  14) 41¥2x
4(2x-1) £x-2 e
3 (9e4?) -4 (16 -%) € 99 +19x

2 (Uuxt9) -9 (x+%) £ -6x -3(1=

-6(x-2) - (5-20 < 3(x13) - 2x

9 (x+0 2 Y- (x+3) -3(2-x)

13 -%(x-9) < ulxt3) -F(x-3)

|- 3-x 19  1-x
IR 7
X'% - X‘B > 1-—- li-')(
2. Yy %
X"‘i _ SX"[Q >/ X+9
2 6 (e
fox-1  _ 9x-1 . 9xtG _ X+3
24 8 4 9
e =X < Xx-1  3-9%
5 2 lo S
x4t o dEx oy x-1 | It

L6 9 16 Yy
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%) Quadvahic Tnequalities T—-» axt+lxic 20

‘1 CO\QQ\AQD\LC 'HI\(_ A(SCV{MCV)&,&{: A::, @Q"‘Lto..i QVICL
the %o TRVoes X aud X4 Cr(ﬁ H«e% exist)

diven @*3 Xll‘)»:——-——-——————"gim,
o

%

*o. The expression ;Q{\Q-_u.)iq‘%QHc has fhe same

S{\zn as the coe®ictendt ol Yor aﬁQ values of

% EXCEPT when Avo and x1<x<xg (e.

when x {s .rooLLe,cL AQe{wea.m, %(’- Feroes X and X,QJ.
We e -Rm‘s hu/gz ‘;*0 cov\sf-vuo’c O Ss‘gyz C(/ww't .

®q Ftrovn -kne. QZ%V\ C‘nour{ e A—QM L&Ve, S‘aQuHow 9&5,

I‘—" Si%sn charts

R T R
axdtbxrc | £ P - ¥+ axlibygic | - }? + éf-—
(a>o aud Avod Loedo and Avo )

. \ Xg_*-xq. - " ﬁ X ) Xi=Xq
I
attlgec | F 9 ¥ | _&x‘l’r@hmci - ‘%*
(a0 owd A=0) La<o vcwz,i A=o)
oxtifbytc i + | f‘ﬂXq‘{'@X%ﬂk -

(050 and A<o) (a<o and ALo).



ExAMPLéé

o Selve ,“QJX%"E“,,(?X.{'fi ZOo. . -
Solubton

A=0%-lkac~ (2-4(-3).9=26+9U=bo=9%.3.5 =
=925 = 4 =9{c >
= X« —bETA _ —659]is =_”3ifrﬁ—$: -
2o 9CG3%) -3
=4y &
3

s | -G®/e R
-23xtt 6kt 9 !"’% - F % -

ok Hochore 8 [ 12 0E 44 T l

%

&) “%xe—‘%x«?\FO
Solutiown

e G- tacs 42-4(-2)(-2) = -9k —93 <o
x f

-%x* {x -9 } T o o
T\qererfe. sz}ﬁ Ca’.e‘ R.;e Cqbtm}\‘ofla (s ‘\"‘COVLSiis’eMé}_



) XLix+% >p
| goﬁuhow ”

A=8% dac= A%t 122 4-10= - L <o

X 1

XLl | + -

fchem?mc S=R. (te. équaHoh s an fcﬁ.ehklﬂ-&)

d4) xTibyxiq <o
SO,QMHOV\ ,

A""'@iw(‘(aC: t(q‘_tl-&'('t‘;{ﬁ-—ié:o =>
=3 \CL"-‘)(Q__':. “Q‘ - -.—L( = "’9\

—

Lo 924
X I 2

TRV R S
“aevegore S‘ = 59% (1)

) x%t46xia >0
Soﬁ,uHOM

A= 0% Goc = 6%-4.{.8 = 26-%6=0 =
= Yi=Xq=_% _ -6 _ .3

9o 9.1
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x|
Xbbbyts |+ r¥ +
Horeloe S = (o0 -2)0 (3 ) = R]-1-3%

}—,* Fadmvi%a@ﬁepqua&mtfc Mequaﬂt,‘ifes -

)An o,ﬂ-cmabve. ‘I—e.dmﬂ.a e&uz s uva_tﬂa.,@&. Lz K\o_ q_uaei.vaé‘:c
has an  obuious -Qadwoh?.—o&zovz Rewtt ere Qoﬁﬁowm%
_e@kus QQC{'OV'V&OL{‘\OV\S

xt-ol = (x-—a)(xta)

oxteby = x qu+®

x24 (at@) s tod = (xtod(x4Q), |
T Use Mmi Wse%o& Wwe  Yequive :q/»e \Qoﬁiow mg,,wttmplq{‘gs%i
I;vv e Gt%vx oQ Mo Livear ro}or oxtl.

« | W x| -
oxil | - %’ el | J"%; -
(a> @’7@_, \Immmmg ) (aé 0) < eicza«eésiué
EXAMPLES

o) Xa'%’g)ﬁ'é >‘O

 Sollubion

XH0xtb >y o &0 (xt2)(x42) %0
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X *.,5 .,‘3\ | Y Ickevasn% e Tevo s o?

Xte | T }? T ? to ey fockor oud sovt

X+ i + | L them ?‘rawz smallast fo

\""eﬂ ¥ c% - % t o ch' cs_{:.

| R oy Wy dhe 2o @

Qad %Greeovf o Qt‘ém U cadn Packor.

SZ G ~2) U2 o). *3 Muﬁ%i{?% Sid s of ol
Qad-ors %‘o delevmine kne,
Sf%vz o e inefwxﬁi“\é, ‘

| £) %v-%x* o
%o&(’t\‘ow

AL

By -9kt o & x(2-9%) L0 < tevoey: O, 3/‘% |

x| °

X -9
%-9x L 2
MecI -

{ + T
and H«(V‘QQVVE—’- o R
St G, 0lo [2/a,4e.
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33 Hfa\n(r ~ order iheguaﬁikes

These ave ’iwe,ctuoﬁ{h‘e}, o‘? %\e ,'?o“"? |
OnX" Fom- X" -t aXio, %O

o, Hove Cve%sﬂww% {o %e JQeQ(- -hand side aud
Qa&or Jm f.meo,v ahc!\ MT&LC— QO\UQ\DY}

sq Find %e, evpes o?~ evev\é ?od-m—

o2 Make o ?ig chavt -?-mr eoh Qod-ov aud Sor
‘H’!Qir PYOCLU(,’E

'y Sec here e mecpa&)\é i _Sai‘?}Q(ecL-

EXAMPLES

o) Selve: X%*(x-2) € 2x [x-9)?%.
S olubion |

b (x - 9_3 < 9% Cx 9.)’"6—3 ) (% -2) — 9w (k«i&i <o &
e X(x=-Dx-9 (x - €b & |
& X(x -V {x-2%+4) €o & xCx 9.)( x+4) €o.
devoes: 02,4

X r 9 ‘Hf\u.‘) }

+
—fm

anhd 'Hmexegove
- S=loalulu, o).

+ |+ -+

Y +?
2|, T 7
? -

Cheq -l'

e xefoaTuly, +oo)
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t—-* Lt kelN. Then: o
- o) Even powers: Caxt)2% amd (ax@ebysc)™
are  ALWAYS ,pos@“_&(\ze_. ,,

G) 0dd powers: (oxtf)*“' and Cox®+ by o) M
have Hae same 5"%14 Hae_g, would have [nao(.r
w:“&ou& He odd power. T‘ﬂes’t‘.Qore:

Co\xe@)/i““ has the Same 95%&1 0 (a)«@)
(ax¥8x +) 2 hay Ko same Sign o5 loxttfeted,

Q) Soné: (x2-0% (x%ix- L)% >0

Solufon
Zevoz‘; 6?’ 9!. (‘5} = X‘l’{ = (55* D CX*'&D b - i 0""‘1‘ -{‘ & e

Zeoes of fatd= xFex-L -
A= 0% bac= A4 L. 0= Le4=6 = |
=2 Xygx= XX 1 = -1e0% , 2405 and -UAlS

€

2a % % 2

f
'Now, we wast sevt ﬂ\e Levoey. '

We claim %«&,.‘«L%i( "5-.<~—._4:_.%F_§_-___.< 4.

We. con  show :u?\t’s easé% wi;}fnvo& COQLQQQ%V ov Wwig
Jd'\(’, QO,O,QO{;JE{/:QO QV%UJ’VI(’. M‘L %

-4-{5 S R T D Y

—_—z = = g

2 % _2, 9_ <

-44(5 >-Hﬁ 5.3 S N
2 9 9. 9.
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Al L N A A

9 9. 9 2.

From fhe a@ove z)r Qo Hows Frek
-41-J5 <-4 <= -1 4(5 < 1
% 9

oo v combrich b s bl

S S Gt

(x2-1)% + i o *l 4
LO(Q‘{—X'?'O% + R 7 — +

ine * éf - c?*é T

1% %w; 'H’\ Q:(l:

S = c-w,~w’w( HF )&)uu_

C\ Soﬂ.ve; . X?< X%,,
Solubion

xF < X2 ><:F ><7’<o & x%(x“ 0\0 =N
o x?(xT-O0(x2+0 <0 &
& x?(x-Oxt) (xH4D <o

Zerees . O =L +L
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v S
x® - |- b F ¥'+
%1 - - ] =77
X1 - 9 T
xbe + + |+ ¢
tneq - 7 F iL -7

Haerc?oraa S = (-eo{—D U COL;O.
L%MNQL:. %a.}t fhc,omgﬁe,jr&_ ,c,[ua_.s&mél‘c %c%w o? fiae

gorm &x"—% wiHa o>0 eud Lro are
ixﬁwag} 'i?os,fL'i\rQ. C@e(o.us{ /_\40 aund. 0.5-0)_
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EXERCLSES

@ Solve %e ;,t‘v;equé@‘.t‘&sz v, | |

Q) X242x+9% <o
6) x%4Gyxt6 vo

) X*48x-33%o0
d) 9x2% -90x 150 €0
e) ~9x+x-LBo
P x%x+9 <o

%7 x1-4gt® >0

h) x‘L+18x+L% £6

1) x%. 29« + 21 70

. So Q.ve. ‘H«e Me u.ag {‘té’)

j) x*-96x 4164 <0
K) x2-4 <o

) X6 <o

m) %443 >0

wY x2+9 Lo .,

o) X% >0

P) 9.)("— -G6x <0

qQ xttx -3 2o

r) X2« -%< o

o (3-0(x-1y? @_ O (9x66) >0
8) Sx (xT-txt3) (xt-10x+29) (x2 %+ 1) <o
O (94 —xD(x2-3)%(2-x)% <o

) (2x>-6x-3)%* (x3-x%

-X) Z0O

@ %Q\/e Me ine uqﬂxhw

Q) xZHux H>Gx?
) x7¢x £ x4
) x’f’<g

£).

d) x8>x%
e) x%< 4x®

x84+64y2 < |8 x°



9 ﬁx{xm“’- 3x?~(><ﬂ) {o
W (e 0% (@x-07 S (2xtD? Cix OL‘ |
D) x(x+OT b9 2 (x249%) (k2 434+

L/

D 222 (x-0? < 9(9x43)? (x-02
1K) x(x+0)5 < xlx4)? -

D (x5 Qe -02% » (x+3)? (ax-0"

m %% (x2+3x)7F € %6 (214307 .

61
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ﬂui (0 wnﬂ I wequaﬁnti es |

. Form : __Q.(.x_)_>(0 o
alk)

Cuih £, polguonnials
Method - The mefuod cnbuils fhe same shogs o5 with

,;Fv;,wo,mial inequalities. Howerer | Jhe zeroes

ot hum_erq}or : l,gacl‘oﬁ wmost e diﬂinéuijzﬂai |

, «prom ‘“«P_ _Reroey ;0,2 ;_O[enomeysq:}@r, ;Poxc!voﬁ .

N < ;Dem.om;wa{vr lerels  Oye Swah b:ih\ Yhe J’r .
stz,m@ol inskad ol & in dhe fod eq}?\é o
laour Si%uh MZ, . @éc«u}e_” ,&l’ ‘h“}e_ 20ro€s , ‘M’t_ B

N ox{:m;ioh ) ;uholepimei. . .

N Donovnirmlvr Troe> ol + de €Xcav10¢£ ?n?m, o

e solubon set. o

- ;examg(’es

) x5\ x
X-3 = X-

SolM{‘ién?,

O X5 X1 gy 0=l
X=% -1 (x -%)(x -1) |
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: é_.) (K?‘ GX*!'S) ()(2 9)(4(7 5.0 S
, (x-22x-0
,‘¢=) (C{'S)X’r(") 6)

(x -3 (k-1

1
,mx—l
X -3 i-
‘,Ml - +
¢~ =t

P
| 1) & XG(—oo, l] U (l 3)

t—-) Ndz infml 'L (s a 2&ro oQ PCK) bat
dand ¥ o va So ‘H,,et& ae nel
md-uole in Hhe $aﬂn~}ion.
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}"’ CAUT(ON [?' %e pr{»&(’{-mh 1’1&5 canw@cl 1ohs

HN’% 0u IMU)ll -V’mi %G/ Aamalm

09 Hae luequd,at‘\a Qt’ '3 SOQV‘VIE J‘

exampﬂe S (x40) (R e4x14) > 0. )
' (x2+5x+¢)

e (Nt g (oGia) o
(x+9)(x13) Xt
N Domain:

xt {5¢r6io o yel-§-2,-p} <A
X -3 -9 -1 Hhus
x4 | = - |- { 4 s XGC%, )l i)
X449 - | -0+ 1t o
D TE T i 2 A I A B
I -t - ¢ ¢

~9 Qoo[t), lilke. a mmeraﬁr Z¢ro G-{I
it camnet  solle %e,oriz(haﬁ ihequafdé
Q’efame, -Hne o(ownam_,,; |
= R-§-9,-%
of ~“/|e, me(iuaﬂ«}g EXCLygES -2 !
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EXERCIES

@ Solve Je ihe_CIUQQt'*L{e}:

W 21X o O-0-96100310 o,

Brtl (x+ 2 (x4 00?
O XG4 D (xr-3) 5,
3(xt0
@ Colve dhe ihequaﬁll-ies
o _Ly-t 1 o xr?l y
xT44yt3 > (y-0%-1
6) Xt , 2x43 § X-to o
X~ Y 4] %45 2
c) XLy ‘&
xZtby+8 h | 3) 6)(9'-»3)("’8 \(é |
| xL - Sete
d) _XH ¢ _ X W X Sio

xLrx-¢ x%-1 1 +x%



}a sgskm of ivequalibies

R4 (x) 54)() o0y Find Hie soflubion sds
f ,;Qg(x),z,gq,_(x) 8.5, 8n Tor eada
o ihequqf.:hé Stpqm‘-e% |
| ‘2%0()%%“(20 . %q. The solutionn set Q L
Hie Svéskwy I} ‘“ﬂt lh&tf%cjrwﬂ o

5=5.05,0-- 0Sn

EXA MPLE

i< cﬁszg';,(ji,g_ip,;fgfﬁf S
So,@u{'mw R

el (0o il Chdrlyales

e 413w 0 e x (x>0, )
x | -3u o

L ‘l' -

e xe (o ~3/Ct]U[0 |

C(axFOL < 10k +5 © (9x+0%-5 (axt0 <o
& et -51<0 © (2x+ N (@x-D <o (2)
& (9 (¥-9)<0  g)
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% Ve %

Ix+L | - ?‘L LJf |
x-% | - | — ¢ +
t oy - |+

(9)& x€ C—eé ,-312)

(@ e xel(-1/2,9). -
_ Thus §,= (-0, -3/aTu Locteo)
C5.:C2,)

—1 i

-3ly -1 0 92

£

St

U Pollows Mhal e solulion sek i3

i-$=,9.ﬂ59_= , | -
= [ G- l-@/g]U[O,-&cc)](\[C“i/‘i-:i)‘S

 =10,2)
L—) I\n, ememﬁ, to Cnﬁuufotk fvxler)echéh> ‘_02

,SO.Qu. o S’c’ts Wwe use a ,ze,ome.l:n‘coi
whshu.o]rion o shown in Ma(, above uc,own‘)ﬂe.,
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EXERCISES

@ Solve the paﬂowmg s%s_kmsoe Hin&que&the}.

@) 3£ Xt5 4
2—x

8) -9y < Zx-b ¢ x%-y
| 4

&) Sx-t < (x+)% < T -3

) i 3x7 +‘L§< > ex%
| %2 Ly > %2

e Q-5 < D —F
9%t <9

g x-1 Jo
% S%+d

(x2-8)(xt+x+6)<0
% -1 {

: %) STTR
(x-L)(x-D S 9
(x+1) (x+g) |
x?-bxt] <
XZT4+¥-i




69

V AQSO Q‘AJ'Q Va gues

Le{i x €lR -@e_ 81V‘CV! We Aeyme ,LL.Q oﬁwﬁujt volue Kl

OQX 09 ¢

lxl= 5 x . il xSo
-X |, ! x<o

> examples : [3]=3% , [-F|=F |, lo|=0

}—-" ?Yoj)ev{-ie’: 0?‘ Qﬂsaﬁu“t V(JMC

Ixi>o | lxl-hél £ )(-lg( < [xH[\éi
-%) =[xl M—lél 4 -% yH( {
Sl x gl | byl = Uyl { }

%1% = x2 4 lgl

b= Equolions it absolule volue

Let o,xelh | and pe Lo to) ,aud nelw,0). Then:
1) Ixlzlal & x=a | x=-a

D Ixl=p & x=p V x=-p

3) Ixl=n is incowsistant.

We we 4}"«2 oﬂ?ove 3 FVO?UHCS ‘)‘o §oa\f( eq'ml'tows
with ol sodule \/o&ws as in the %ﬂouiné e,xamples_ |
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EXeRCISES

@) 1B a<3<0, show Mot

& A<l3-al+13-8 - la-g]

&) B=la-3|4]8] +[o-6]
) C-=la-u)-]g-2]

d) D= la-&]-Js-a]-11-¢] |
&) B= la2-Satl-182-08) +]192¢4a- 1}

Y F= |@€2-9l+120+1]-134 -ak).

o) G= 182 -4b] +)2a%L - Lo28%] 114 $ 206 -302]

@ Simpﬂf% %t?vaowl’!ab, prmsious.

2 A< X*E21x| L) B= Ix(Z 4342
xlre 9lxl+6
| é.) c= XFHulxl+y ) p= X%

Ix]l +4 | Ixl +4
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EXANFLES

) (t-lxDGixltD =0 Y
So lution

Leb y=lxl =2 xt=Ix*=0% | dhus
(0 & C«g‘h\?)@%u) =06 yly-N(Byr) =0 &
© BzoVy-t=0V3y+l-0 &
) ‘%;OV%‘:LV%:-£13€=’{)
& Ixl=oV ix(=41V Ixl=-}/3 &
& x>OVx:LVx=_L
thas 51310;1"1;_
No le Mok Ix1=-1/3 has vo sofukons sftuce
~-4/2 <0

) Ix+3l+2=-0 )
Sofutton

(V& lx ’r%[ =-9 <O 4 | iVlConﬁi'sLC_m'&.

Thus &= 4.

A 12x-tl-5=0 W
soQ&A‘!‘io\/}

e l9x-1l=G o 29x-4=-+tc & Ix=1tg
& x=- 35 ={6/9~=3 JHaas §=13%,-9%.
b ~ufg = -9 ‘
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&) Mxt? lx+91 o

H.w%l lwel@ Qw% x’c‘b Vin—%* -—Cme} ~

e (0Vx=9-2 Vo= -x-v&
& x=6 V9%+x=-3-9& x=6\3x=-12 R

& X=6Vx=-4.
Cbhaws $=96,-43.
O Ix-w=%92« 0
Soﬁui'i'ovt S

P\eqmre. S 9~x o<~) S ‘ix é-a x & 9/9.
 thwy dowmoun: A= (-o,%/97.
CMNe x-4=5-92% Y x-4= .“(S 9~x3€==)

ey xt9x=brsV x-4=_-Ctox e

& 3y =9V X-9x = U-S &

& x= %\/ X=-L & B

& X=3V x={ e ou.ngt x=1 re.xcd: ¥X=%

L—) rov eﬂuq‘hons 69 %2. Q‘OYWI, lg(\ol %()Q
e Yequire :
. avros xeA o
V_,amk y«e‘)ed— Soﬂu&"‘gohs k,,q} cLo Mm‘;
@dom}, o A
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?) lxﬂlfli-xlzxi—g w
S;O&Liow

x | - 2
%ty | < %-Pi +

2-x } v |+ =
Utshw?u;}ﬂ 5 coves: | o

- Coure 1P xe (oo, —'3) H«en S
x4z - (x42) amd 12-xl=2-x.
T MWMe - -(9-X)= xtb&
&H -X-2-94x=x%x+6 &

& -%-5=5& X¥=-5-5=-10& Q,Q(QP)'(GL
~lo ¢ (~oo, J;)

Cose 2 s 18 xe[-3,2) thew
Ix+zl=%+3 omd |2-xl=9-x.
(Me k3)-(2-x= x+5 &

© X+B-Qix =x+0 & Ix+l=x%xt56&
© 2x-x= 5-1L© x=Ue— rjeded
o | 4d[-3,2).
Cose 3 : 1B xe[2,400) Hien

Ix+2l = x+¢% and [2- x\r-fﬁ.i—x)

T MNe (xt2+(2-x)= x+s &

& X+32E2-%Xx=%x+S & & =%*+6 g-)x =0
 Thas S§=%-10%. | | re,_ge_ukal
odle, o).
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EXERCISES
| Sofve  the GQua,{'iomvs

o) 9.4 [-5xl .2 |

- ';c).ﬁx‘l $ 6‘ (x| +#F =0

| ixl—-t | R | -
) 3+Ixl .y d) (19xl-2)(|x3[-x2) =0
l2x1+4 - |
| @ Solve Jrfne equah ot ¢ |
a) |9xl = \x=d e) |9x-1l=¢

B) 12x-21=12-w ¥ laxl_ox-1l=4x
) lxt_tl=12-%) a) Ixt-4]=9x+{
4 19¢-3] =x W x%Z-x2+ Ix-1l=0

@ SOQV"- ‘!‘('\Q QQuqlﬁ'oms
a) 12xl +12~x\-x+l=o0
8) |y-z(-3[x-d41xtl=5
&) Alxttl =Bx-tl= &
d) Ix2 -Yx+3|-2(2-x%]l =1
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r“ Jnequalittes with oBsolile velue

The SoEMHO\a o? ivzequaﬁif-les lm‘)”’l o,@soﬁd-e va@uc;
is @a&eoL oy 'Hne ?oﬁ@owimb tyvo(?e,réie.s:

) I evo, theu
Ixlg¢e & ~agxga
Xl<a & -a<y{a
Ikl 2o © xpalV x£-a
k1> & @ xyaV x<-a
2) 1€ a<o , then
(x|l € a e— Tnconsiskent because
Ix] £ @ «— Tnconststeut Ixl 20

I} o & 142:4{7'
x] oo «— 1J~€m{'7“§
3) For Me case oo
Ixl<o & x=o0
Ix1<o «— Tunconstshent
It >0 «— IAwMA
Ix1>0 & « 4o

We QW% \'Lts—r. properl'tcs Qs in 'hxe eoﬁﬂowiug :

QXmmee.s .
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ExAMPLES

Soﬂ-u}tgm U

1x-31€5 0 -5 €9x-3<56 § I35

& %?x“ 3 & i X é 4 & xe [—1 q]
D%z -5tz :.__e9. X7 -1

& S=[-1,4]

o @) \1-axl>F - f | o
Solukion

| u« 91> & 1-9x>% Vidx<-te
e 1-75>A VAP <9 & ~6>9xVg<ax

e x<-2 Vx>
..,f_,u{:m S=(-o,-Du (4 +oo>

o Ix-Sl<-2 -
SOQM{'wW e

 Simce Vxe: bosiyo , i foltos Mk
x-sl <9 1 in(',on)u}cy\‘:‘ Thay S = 9/‘ .



7

SOQul_'t‘ovl_

CVxeR: lai-Uxlzo Huws
Vxefa: 121-4x]>-2 thus
sodubion gk S=I1R.

(" ”e) \X«?Jz | x+2]
Solution

Ax-2l 2 w3l & (x-2)2 2 (k) &
& xP-LxiY 2 xTibx+d & |
&S -UxtY > bkt &H - Lx- bx > -Ut+o &
@ -lox 2> loxL£- x¢_ L

bhue S= (o0, -1]a] . | %

| I———’ For MeqancHes ol Ue Form \h@\élab@)
- e can Yaise Squares ecause BoOTH R
Si,JQS °?v %e fn&quaﬁf% ore %uaranLaat.
b be positive. | S

D k2l el o
I—’ e CANNOT square Qoth sides fecowse

we do NoT krow whether 2x+1 s
Folsilﬁv—&or Vle%&.H\l‘C—
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SOEH l’lOVl

D(s}imbm‘)\q two «@yes -
Cose 1: %¥-22o© xu26 xel3,iw)
| Then |x-3z|< X-3.
N X-2%9%4 0 & X=2%>2 4 & x> Y
© x<-4 © xe(-o0,-4)

—=0
-

-y 3
thes SL: (‘OD,-’LDQ ERTD =/(X-

Cose 2 : X-3 <0 &I X432 & xe (~00,3)
H—.tm ’X—-?l ‘;-—(X-—"%)_
(DNe ~(x-2) YIxth & -x+25> 94411 &
& -x-2x * 126 2x> -9 Iv<L &
& %L2(3 5 xelw, 2/3).

. —

| 2/3 %
s Sg_:’- (voo,‘i/%)n(-m"é)zc—-m,ﬁ/?),
Tt S'o%ub Hrak hae §O'le"l‘ol’? sek 1y
$=8 VS = FU (oo,2/2)
= (~,9/%).
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P Ix+ 2] 14{-x)-2x >F (1)
Soﬁu“ov\

}

X -3 1

x+% - + +
i-x t + -

Dfs\'inbh.fs‘n Haree (ayes: ,
Case 1 : For xe¢ (-e0,~3) , we have
Ixtzl = - (x43) and 11-xl=i-x
V& ~ (x+2) - (L-)-2x > F &
E ~X-2-1+tx -Qu Tt &
E 2 ~U>F& -9« > Ft4&e -2 >4
& x<—‘L£/1‘

o

-1/9 =3
‘Hay% Sl = C—w,"ulﬂ—)ﬂ (o0, -2) = Coo H/‘?L)

Case L: For xe[3,1) , we hare

I%+3l= X2 aud H-xl=1-x
e ke2) -(A-X)-Ix r T
e XA32-1+x-Ax >FE
(“‘) Ox+L > F & 0x>2-9.& Ox)ge—!mconstsknf:



Thus: $9= Bnlz20)=&.

Case %: For Xe[i.,t'aﬂ , we ‘rwure.
%21 = x¢2 and [1-x|=-(1-X)
e D+ U-X)-9vTF &
& Xr32+l-x-Ax ¥ ¥&
& -“Ix+UYIE -IxTI-4 6 -LxV3 &
&  x<3/e

~%/2 L
thes  S3= (-0.-3/2)0N [1,4a0) = &.
Tt Followss Mol the soludionn seb s
8- S,US,USas (o,-WNUVFUI = (- ,-44/2)
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CXERCISES

@ Solve he ,l"v;e:,»iuaii#e‘s |

& (<5 o) Ixl<o D3lx[-2> [xlie
& Ixi%3  Dlxlyo  Palixi-D > 3ix(-2
&) Ixl <-1L _3) lx[>-2  exl-l-2x] =2 -13«I

) klzo W) lelz-3 Q) 24kl g

lx (41
@ Sollve ~J'{.e. fhequaf:'fies )
a) [-2xl >-¢4 2)12x42l-4 <o
6) [-9xl% laxl o) Ix=51-4 <o
) |4+9xl €3 W) %y-%(+32 <o
&) lx-31%} D) -37-x|+5 <0

&) Ix-30l-6%0 ) [xLe3l> U

(o) Solve dne inequalities
o) 12l + Ix+00 <3
&) ly+tl—lx-tl>1/2
) lax-tl+1x-3l +3<-1x+4l
d) |x2-4l<-3x >0
e) 12x43l-Ix+5] <o
F) Ix+i)-3y >o
% (X‘ifi)él‘lxult
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}——9 Quadretic pavamelric eq@_Jciom

®y Sl\mpﬂl‘g -510 e ?ovm

Mo sbt Blaxs Ceo
*q Ma ke 51%\0, chort for Hie disariminaut
Ale) = B82(a) -G A(a)C ()

e Dis{fimgau‘sla,w Pe coses:

ALa..) =0 &— VLf‘(’)(Qr, ,e::tuq,{—i on
Al)zro «— 9 solutions
Ala) =0 «— i Soﬂa}toh

Ala) €2 &— wo read soﬁudwms

EXAMPLE

(ot xZ2 +(at)x -2 =0 4\

Soﬂ,ujrioh

 Fovr ati=0 & a=-Y o | |
(Ve ((U4+)x-9 =0 & -Ix-2 -0 & 9x= -2

& X=-1.

~ Assume o -4
Ay = B2la) - HA(Q)C(Q_)-

= (et *- Y4 (atW) - D)=
= alrba+r4+@(lat)=
= o0ltba +i+ Bat+32= a?—+liq+36-

= (a+6)2
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o

e 0r| 4+ i 1
‘A(,Q)V,_ B S -+

CFor aelR-5-6,-45= A0 >0 -

= 9 S&M&Oh?

x,ﬂ_- peiVi@  _ ~l@ior .

A 9 (ady)

eipilael @il

920ty Pl

- —-(in) Cc»*réﬁ —a~1—a.-6 _ -20-9

- e —

Yty 9(aty) (et

4t | D
Xg= =(o+2) e\-Ca_HD "Q:—i‘l"&“’ﬁ 4
T gGetwy olar)  2lody)
=2
V‘Q,For Q“—G

(e (-em)x?— +(.—6+2)x 2 =0 &

=) —-9.x7- Ux -2 -0 @ ~9( x4+ D=0

9_()(4_]_)9-..0(___) Xtl=0 x=-1,
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Solulion set:

. %%-—& ,2/Gar0 , aef-$-6,-4
3-1% o, me—,§~61-‘l? |

B (atx? + Cq%ni‘)x +\l~%o | ru)”
Solukion B

Fov atbh=0& ;_Q:-‘“‘f.,.
(N Z | (; :u:l); +l=0 & -3x+l-0 6 3y=1L &
Assume Yot adf -G
A = (a4 DT -4 (atw)-L =
= &.,7',4'9.&4—1 - Lo-16 =
= oa%-2a-15 = (a+%)a-5)

e | -2 s
. od? - + ) 1
a9 | T = +
A+ ¢ - +
For ac(-o,~-% 7
o JE(O:):L}AU_(C;‘?SAM) , two  solubions-
2LA()

(ot Vot 2a-15
9 (ot)
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For a=-9%: o
(3+q)x’—+(~3+nsc+i N N
& %% _9x4l=0& (x-N2=0& %x-1=0

& x=1.
YFor o= 9
- S{—Lﬂxi +C ‘;HJ)(&—& oé)

&9 Oyl it i=06& (3x+D%=0s>

&5 Ixtl=0 & 2x=-1& x=-4(3. o
. For _ae (”349 =2 Ale) <o < no re_uQ So.Qo:"tOMS

s

9.(0.{—!-0 B 9 (ar )

& m€(~w —H)u(~ J;)U ( ?;,m))
. {u;; . ;,& a=-Y4

2 1/%3

’V %‘W—-[aﬂ)-l-‘[o.’- 9—0. 13 W_‘-(a+t) {a -—-2«-—15’ } -
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EXERCQSES

@ }Sonc,Jrkc Qo[fou)i\ﬂé equationss wikh
\'Qspecl‘ 4‘0 X ;

a) (2a-1)x% +9.x + Ya - lzé

8 %0x% -(alx +32=0 -
0 (3-a02 xT +(o-1Ix —elotV) =0
d) (0-2) x% +9(a+P)x +(20-18) =0
@) (2a-0x%2 -2(at) x +atl=o0

£) (a?-Dx? -tlat+2)x +3=0
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¥ EC{uoL\TiOWS with vadicals

¢ These are C%ua‘(‘;om whevein e unknown x o.peavs
at Qe m( und-er oviR  Squatke V,oo{? ‘

» The square rvoots con e eliminaled @g gququ.,‘oé

@o{“n sides 62 'R.{Q _Q,Qua.{w‘otn. USM} “{{/‘Q \WOPU{‘&A,

Vo, be lotw): (asle at=42)

U?— %Crcgarc L‘OWC ;v So&':‘)g,'-é 'HN- ,COMLVQM{ H«aa!: QOHA
Sides og the ec(uaﬁow must  Be poﬁch’_ve or 2zero Qelore
Vm‘sz‘mfb Ye ,$¢ium.TL1i$ ,CO_V\S,i*f&MJC‘ impeszs o domain A
thal wiest Be wed do acept o reled e solubous
found. . S

v e clfsi’iv;%u,tsk {he &ﬂowin% Coges *

o [

°. be vequire: B |
fz g(x\70 & v b XE A «—— Domain
%Lx)‘?_.o S
vg Solve He e_q‘uonkrm: o o o
B [T \[%Lx) & gl e & xe So
*q, Accep(: /fﬁjcd". sofuhons . S=S.NA.
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EXAMPLE

Sofve: __.VEX-&&U: Vli‘x
Soﬁan'oVi :

?\eq'ulre: %3X\'L>/O £ a%X?‘*i & i Xz-1/3

9-%zo0 22X X &%
& xe [-1/3,47 tes. Az=(-y3,2].
Nole Yot
[Tt <V3-w & Bxbl=9-% & Zxix =2-1 &
&= Yx=1l& x=1/4 .« o.c,ce}rszt
(/@Qcow‘)e ilc& € /Sc\) )

b8 Mowss Haal §= 2043 .

Nole ‘qu& we veed ¥LK\>/0 . Fu{%wma*e, {he equ.aln‘am
has wo solubions wilh %(x)f’{_o soce fu) elR =
m P00, 50 we cam §o ohead aud requive
%(K)?O to j%{"f\é Sckqavlw% Bolhn  sioles OQ He
equo ionn. D the other ‘nq“&, .,__90(&&0&&‘&4% H«e eftuafn'ow
%We> 2{1):—.{ [x)]q" ond  slnce gsr am«g KGS
ib(x)]a?/o = th)?»o, i{' Qoﬂows J(Lm{: Hqc. ,
Wﬁbﬂivx«g solubions are %uo.vomke& +o SaHS?‘é Q(K)?O.

C°h5¢°[°‘e”¥%* it b Ghouao\n fo ?equlr-é Ovz@ut bﬁ@?»o. |
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9 Qu{“ow Heuaoo“ .
* F\eqmre %(K)’> 0 &> - &> Xeh.

S Rve .
Vi %(x) &S E(zc') = %Lxﬂq" e---&Ke S
3 geﬁulhom 564: S OA , o

| EXAHPLE:

Solve Vxt-9xt6 +2=9x.
Solubion

VxL-9x46 +3 =9y & Vx2-9xt6 = 9y -3 (g

Require. Ix-32 06 %22 & Xe [3/9,40)

~}f,,d_s A.oMouv;'- A L%//Q +oo> v ;

(Ve x*-Ix+6 = (9.>< -2)? & )<9- ix%éw(mi 9%+ 9
& (4-Ox2+ 12+D)x + (8-6) =0 &

& %x2-lox+d=0 (9
As 0% Gac = (-10)2 - 4-3-3 = (00 =36 = (4 = 8% =5
= Xyg = ~01 % _,,_:—-(—w);y_e _ lots
2a y S G

8/(9 = 9; EA Qcc_eplr
‘ 9~[‘6, , 1(% ?‘A*“—‘ NS@J:,,_,, .
Uf (r\-oMowS .‘K\a{: S—‘- 29%
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?}—4 [T +{gt =0 |
| P +g00 +Vhta =0

(Qe WSe %:a .go.@owi@é Vro?g}}\éz |
\E‘L—; 4’@.*‘ .- ‘FH*—'—O & QA =0 A Gg=0 A"‘AOA:O_
Appﬂain§ Hm's Froper(«é does NoT Fequire s &

fw\gose. a A,ommin A on ﬂ«e. unknown X

EXAMPLE

Solve: (x%-8 4 {x*+5%16 =0
Sollbon

&

vV x%-4 &-A\/x’-%Sx 16 =0¢& % xt_q -0
‘ , Xif‘.?x%G::O
£ 3 (x-3)(62) =0 4 Sl x-3=0Vx#3z0 &
(49 (x4%) =0 xtd=0V xt3=0
- 2} x=3 Vx=-3 & xe13%,-34n%-1,-3}=5-35.
Lx=-3Vx=-3
s  S= 3-%% .
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B T Vst = h® |
| Vi %\/—%Lx\ o

, T{(zg Soaul'xouh w;e_u‘a is 'kne. Ssomed gor G&\Qﬂ '& ?e‘: o?
. Q?L(ou{'tovxs wtknou{: Qat.s of %é’hemﬂl’\& Covmo(er -Hae_ eﬁuaj;-;ou;:
¢ (xy ‘i’\/ ) = hiw. o

B HeR\ J. o
i Require 9(&)20 o o |
%%(x)zo & xe A
hWzo
‘)» SOQMQ
e +fg—c§— heo o (T 4-\@5) [Lea]?
& loot 0 Twagt + h«)— hool*ts

& 1J2m%o< = [ux *-foa-qlo O
({"M’& X equq{-\ow) L

_*3 Reciuw-c U«m] Q(x) «é(x)‘>0é-3 > xeAg

Ceqy Sollve:

e HELx\%Cx) = C{Hxﬂq‘ Qix} gk‘@)i é3

E - XESo.

°g For 'Hne. Soéu‘-can Sﬁ(: L

S ,SODAJ (\.AQ.,
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EX AMPLE

VX456 :-\} Sﬁxe&. ~J %ty

Soﬂv‘e:
S olubion
Vst =VS0er) ~ xrt &
) \f;u, tVxel =V 5(xkD) (1)
b ge:{uir@ : X+ 6 20 Xz -6 X7 —b
XL Zo & | %21 & V) X2-1 &Kz
Skkt)zo  ( xtQ@zo X% -9
Jd'\_us A= L‘Lﬁﬁ:)-. ,

e (Vxte +ixe )= s @

& (x+6) AV ey + (xt) = 5(xt8) &

& 9
&9
& 9

Ot6) (xced = 5(xt0) - (x4 6) — (xtd &
\{cxféboa»:> = Oxtlo-x-6-x-1 &
i/(x(-'é) (xuf = 3% 1% (2)

> Require  Zxt270 & xlzo & x7 -4

Haws
(2)en
&
&5
&
&
&

&

Ag,: t~,i,’roo>.
Bxd6) (xt0 = (3x13)% & U(x2+Txt6) = G xt0>
Ux2 +98% +9Y4 = L raxtO &
Ux%+98x +24= SxT+(gxt8 &
(3-Wx:t 4 (18-18)x 4+ (8-24) =0 &
OxL ~[0Ox ~1B=0ps x?-9-%=0
(x+Q0(x-D=0 & Xtl=0Vx-3=-0 &
x=-LtVx=3



H Qvggaws %qjc sze 50&4&9\4 ‘SEJ(Z .{aeQ.AS: N
P=4-133nAnAe= 3-1330 [ L) Nt 1)
=1-13% . -
Uﬂusl QOHn 50,.&4{7‘0!4& are accepk&. ‘

93
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EXeRc\SES

Selve the e.qwd-ions

& V3x% 4axel ~12 =6x
Q) x-Vx2-# =7

Q) x—V4-x% =

d) x—9/x2¢xr3 =-%x-2
e) [3-Vix24¥x—8 = 2x
) Vx2g +x2-9x =0

) 3Vx—1 +Vx2- 2xu $Vx?-x2 =0
Wg Vix+1 +Vx+(

i) Vx-92 - Vix =-\/?
) V¥t -Vixta = T
l<) Vaxdt = L=V X#

@ Sofve the equq}iom;

o) Ixt-Ix < 3\[25(’- -¥x t% “3% Su.ﬂos{lMuoh
[y \ﬁch[x -5 =y13-x

c) \[)(7'-61(1'5' = X-a S pa.mme;rtc.

L) Vx2 it = x-a

D Vxta =a-Vx



CA3: Systems of Equations

95
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5Y5TeMs oF EQuATIONS

Y [ ivear QXQ S%sl-cw)

e Vo solve «Hne, ineor stkm

%’Ou)(-f@!\a_: Cy

&9 K %Q)Q_\ﬁ_: Cq

we. wﬁw‘Qoie

D =] Q Q[ = Q_(Qq_-’&.agt
aq bg

D= & Q( = Clai"Caﬂz
Cq dq

Db&: & ¢ > Qg - Qq(
Qg Cq

o) 1} D:[:o < unique, Souiom % X =0y /D
| 3= D}lD
g\ \?— Do OMA, CDx %0 ovr Dg%o)

 Then
Lhe G%th ts {nconsilent, = -
c) Q“’Lemise ‘H«Q ‘)‘ljskw\ con le l-eo(u(-efg"‘o ohe
cquatonn ov shown d be incousisheud
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EXAMPLES

@ % Tcsdy-8
Souww R

3 7\ 2 129-(-2)-%-G=-4-15= -1
9 2. B-(-2)-2-4= -l6-%2="-15
p

2 8|.21-%8=2-4o=-33

S 4

Hius -\‘L.z,\re s o m,uclug soﬂu‘hom
X= DX , -—1,9 -1

o

?,ooc i—(Q. 0\3 ?&:’
Solubion

atl o- i . (ot -0 -2 (a-0=
Qa. ot

= anqceu(l-— iq) Ca. O( od»L) s-,‘CO\.’L)(Q."()
- (a-L%.
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D)hy;%uus‘n l'wo Cayes: |
(ase ) : D#oe -(a- t)'z- O@Q*l%Oé)Q%&

Dy=

Hat2 o-1| \ (Ltod Do~ - (Fa-0 (0:0 =
FTo-1 o-1L

= Ca-0D [ (Lat2) - (?'Owﬂ—l =
= o0 (Yot 2-Fa+ 1) = (a-0OC3q +'%) =
- ==%(a-Ola-0 = -%(- D%,
aund
Dg:

at{ Yatq]| _ (a+0(Fa-1) -2a (Uatg) =

%2 Fa-t |
= 7ol -a +fa -1 -8o*-Llo=
= (7-Dot+ 1+ F-Wa -1 =
=-~at }%a~-4= - (a,7-~9,a.+l) =- (G_'—,l)?'
s we have o umio‘ug soM-iom:

x= _Ix _ -%(a-0% _ 3
D -(o-0%
’\é'-___D_%_: "(OL“"()Q‘ = k”
D - (o- )%

Case 2 ; D=0 (a-0*=08 a-l=0 & o=}
Fovr @=i, He ) sheim  reads
}cimx + -0y = 4 ua@ %u b & 9x=6
FRRIE x+CL—D% Fi-1 ix=¢
&%= Cx%ﬁ: (3,\3\-

Sulldion sk §=1(3.4) lyeRl



[t follows Hhat:

G- 3 $(1,9)5
%.(’65\3) \139193

: r.il ot

if o=t

99
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EXERCSE S

@ Solve e &&owim% S%S‘CIM‘:‘.

o) gx-?z—‘é ) %'X 2-3 |
10« {'9-‘3‘:-(‘6 %X-l—‘é~ (o)

c) sl‘lg 3 = (S
(-:\C'\—s%» - =4S

@ Solie -l/(,.e g‘?k“) M}L RSpem[ b X oovid. 15-_

o) Sl ax + (at 0y =%atq @%iax tay = 4
9% ¥+ (% - 0% <8 ox + qut)'%zﬁ;‘

) i 9ax + (a-2) Y = a- |
(Q"'))‘) X -l—ia»(é = O— at

ol) % (o-0% <y = @+)
(8oa+9) ¥+ Coush} = -G

e) S)Cn. N« “COL ‘)‘b e
(a-02x } (Q.——t]té at(
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. ¥ linear wxn Sgskms o

. ‘.oms‘tier v _wnxn. Qmear; S%skm Oe Qﬁuﬂhmsu. o‘e -k'ze .

B 9ovM

QuXi Yo Xgt--+ 0 uXu = Q;
{ Qi Qag Xghoor b QoK s @9.
Qu X ¥ Oemﬂ.x_a,rl- =+ Qi X :Qw o

] m[?em( welod for soczm% I sgstm is M
. m,ﬂ.o o? oLe“emtmo.nis

T" Delinition of wen dedeminonls 7

bt An wnxwn V‘lfl'!nx AC Hn (lﬂ) {s o coMeo‘ﬂOVl ,o-e la?'
tumbers Aa&élﬁ ‘anambei  h vows ‘Qui L
COQumv;§ _ay Qo&ows

- ( Au Alq_ - A 1 || Kemember = o

A< ,Aa.;”_(,A_;g.g,‘,--,- Ao | H A : vow, Coﬁwm o
] S S  HAvk s verhial memw o

- -Amp,k, Aﬂg_ T AV‘“ B S —

. Aok < efeme,ufi., ot row oo aud Coﬁ“”"m Jg )
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* For oo 92x9 wmalwix AcMo (R with

. leqg bot
e bave debived dne dekmmivadt of A @

a. & ;a;ﬂg_/a.i;@‘ e

debae

Q.gq Re, R T

For wo e ,%cmmﬁ hxn \/‘ma{n‘;.?.—}

‘h'\e, ,Aelﬁc\fmi\fl‘\ut. i cjta“: AR&V}EV@% oS ,¥¢ﬂOW,5: e

Lol AcMal®) b an nxn malrix. The minor
;W’L,o.g (A) s ;,glggimeéx as  an (n-,t)x(w.‘et,? ,,;;M@{Vtx . “ S
. oﬁ{'ouweaL Qto‘m ; A , Qé&gekmg S -
o) The “"a vow of A A

o8 The “B" vow o A
The defrminant det 4 an Hien Be expanded in

 AeMa (R we defie

: '_‘.e,vms og e Aeielfmmqm(‘( og kae- ‘witiors OgA, B

, htsw?r ecller:

) a) ,Expan,siom‘ - ALCcross  Yow
—

ldebhs TG0t dt (Mg () A |
=1

“alt s for 0=4,9,.. .0
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~_0) Expausion accross coluwmu "“BY for =123 ...n

|k A T ot dek Cmae DA

R=|

e Ea‘—lﬂ ,,expézzx.iipn 13&\’»@0 cl.ekv»;moh‘g i og smallev
S MQ\:Ln‘c,e.s,, S0 we [‘a&pexPaveJME unkl we oftiv
o Ax% delerminands .

B “: an. Qe;lnoum #mi ng _ewe OP Jr‘ne. ,,9970‘@ L

Exp ansions %ures %e Cawme vesulb.

 ExaMPLes

‘Degmtl—wno?mmon B

[ Lw-k fpat
ﬂ‘AezF,'r’“ .
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- —

T ebge o 200s

[

1 2

T‘ 12 1

=0 9'“ .

—

-
- —

[

® O o »

|- +5

~ 0 O

poo

-
——

* Evaluaion of 3x3 delevmivauls
-

L] Stan
Db e— | -+

+ - 4]

S 8

- r- - ;‘

B!
|
2

1

— o O ¢ .«

4.

‘,;.;H,L"i)

,,,,,

"
£
ﬁi

C

3 4] =

=

¥R (o

=4 (14.~9s"4')+5($ 1-9.2) -4 (2.2 —9.1)=

= —(1-0)+s(z-N-(3-9)=
(-6)+5-(-0D-F= $-6_7=-%

% 3 ‘ S VR

2-9: 4CDED = (ED
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]*_* ervvnzv 5. uﬂz

;C’lvﬁm‘ -’441 nixwn nga.v* S«éskm o¥ QOUNJ’NV:S

WXt + QA9 Xg +---+OnmXn= gl B
Qo X (+6.99 Xg + ---F Gy Xn= 4 9

"Xt g Xgt -t QunXau = gv! e

e ;olegint ) h\c . Jekwmino,n{: D at‘\rf.h gé B

~ E
~

1Qu ®ug -~--- Bun }

18 Dho, e e 55;@7 heo o wnique soluton

tho.l: con de evalualed a5 ‘S"oﬂfows*

ey Leb Do fe the deewminants in w(mdn H\e, “&“

COQum,n o.g D (5 vz.an,ceal.wil:h ) ,ﬁ»“,ﬂ,q‘,,“ _,ny .50 "Lat

@[ ~Q~19_'~""' Quy

D=8 @gg ---oag, | ,
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‘ Dq,,?— | Qg ﬁq R 17 N

-
~

Ry Qg -- ~Q( .

.v,‘ﬂ*'\.“’L - Du =] Q91 Qqq ~--- ﬂ;i o
SR

1 Qa Qwng, - -

'1 The uvique sollution !sguf%@a o

b Ths medhod doey met wok when Do

Fof Jr,hqli Covje . Wwe Use more OL‘LV&AQ&(- ) {Tﬁ.@t\ﬁi,{kei . |

'H'\at', séam wNl ‘,Eec;m tn Livear Alcbe.gﬂ{.
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C Buwele

Sove Y sgehm.

X-F=0

Sobubon

; ‘?.x’né tx=4 \ ‘1)(%&3 ttz=4«
y+2dz=2 & ) 0x +&3¥21>2 S

X-%=o L ‘L"(PO% -{z=-0

amaL; also Maod . |

D=lo { o ?—2! 1 2 |

<0+ 41
{

al)z“
~‘).Ci[0 02)+l(1?. 1L)~ B
=9 (-0+1(2-0= -2+1=-14. +O~i> 1"4& Sgs}m
: \nas og,un»c[ue SF’,&L{TIOMM,,

FK*“AQVMOM‘ S

P B
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.= (— Q(,L{‘l—‘ 9—‘07— (."'()(Ll'- 2) = (i’l)‘z = ”‘2 )
. emd

-0+ 1]

‘i =921%2 2|
it O DR B B W R

- | |
=9(2--0-0)+4(49-2.0=9(-)+1(8-D=

and

o -

Dg=l o
{

L4 - (1-2-1-9) =
o9 |

»
It

T

D= |

- Q o
:.a—
o

« 9-Y=—-9 .

i It Qoﬂl.aws ‘ ‘H"“-% :
X X = U‘ = -‘9' =—9s )

= ka,¥)= (2 -2,2).

= = g‘ :.."2;.,,‘.
‘\3 —-L

D -1

TLus ? g(‘l‘l 9-7‘3
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- ExtrRaSes

B Sobe e hllouing Kacar sgslem of equebows

S “lx,.s?\%f}%‘ﬁ;u.—fi ] ,,fx,&?-.-}k";&: -5
o) ) Ixb2aHSr=l6 )N -Ixtu-2= 6

§x-Sy-22=4 \’z_x'—,"%xg +9z2-=--4

[304mid) - 192

LTIV 1,,—;-,%3«2><,
<)

X,{r}k'i‘: = 9%

i} =lo4x4+92 A) 23 (X4%2) =2-54
‘,,,"»5(,><,+;?.,3)?-Li:l‘,?% -\,lé o
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| ¥ 2nd évo\ir, Swjrcws

1) Linear + Quadralic ,&gua,l-x‘om -

Me}hoel Solve_ M Qmeeur eq U.O«.l’u‘)h frest m«L |

sullsbitde Wae So.Qud'wn b e qua-&m]fif—

eqm‘rrom

E.XAHPLE

axm%gu“off”f"f'
¥¥$3~ :
SQQU."‘OV}

| Sl‘lx‘L{»)ué lé =0 & SL +><3 ‘é =0 N

) X+% X=F- %'é .
, @5[ 2(‘:‘ %5)‘14» (? 3%)‘3 g [L), |
®=7F - ‘5% .
We wole Hrial

e 1lye- qe_«éwg‘f-ﬂ—(? 3%%3 g‘f- )
& 98 - 8%34—[81214? -3yt 3=~0 &

& (18 -2 + (-84 +¥F. 4 + %8 _=o0
& Myt~ ';L;c% 198 =0 |
A=0%-Yac= (2T -4-14. 98 = 599.3 S48

= 44l=912 =
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—

o o= SLaVA = (7D _ FEHL

| y e 2.1y 914
2.1 2 | |
Ya= - _ -C¥H-20 _FF-41 .
?—‘k , 2-14 9-14
- 96 _ 4 _9.
9.1 %

.H' poﬂomsu Hr\ﬂ.‘l' ‘Hf\e_ Sbsitm 3;\@5

| %' X-'—?-'%nz & %X?-?—?% ' i X?-?“%é; P>

5;1%3:?/1 y=2 13-_?17.
& jl x=F-6=1y i X = 7—*1\/17-—?/9-
'3=—?19.

Hnus
S=5(1,9, (-%/2, 2D
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EXER QS ES

@ Snge_ “qz, s\oﬂowémg 5‘65“0""')~

) 3bx? tiy? 12 =7

X+Z2a =3

2) ?-xi—3x~é+ 9*3""’ i
2y ——‘l-& =9

6)(——- thé =0

d) % XTrxd +2yt =4
Xthy =l . |



92 The Fuuc\amehl'al S%S)'QWI

(BRIl TS

wheve Cifg art Me zeroes oQ

B(x) = x%-ax+@

\?5’?(—:—’91,, Yren Hhe stl‘tm has a ulm'c’u.?.
SonA—iom CX;%):(.?,@.

EXAMPLES

% Xty = ) ()
Xy =6
Soz}tion

Ld‘: ?(x): 22-6246
A= 8% _bLoc= (-9)2 -4.4.6=925-24~1 =

> g~ —bFVA _ ~(-9det _ SEi
2o 21 %
-y 6/2=3  bheedoe
L Y19 = 9
(D& %h% Vixza Lt $=3 020,089
o ty=2 Uy=3

113
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CXERCLIES

@ Soﬂve. Ha,e Qoﬂfowm«é scasl»ew

D fxig=-5 D Sxiyet

X%: 4 ¥t3=l
) %Xﬂé; 3 &) i x+%: 7

Ny =9 X%:———-‘L
) Sl"*"g*-*” £) { Xty = 9.

\(lé:.q ‘xz__’__q
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3) Sémmdrfc S%Sk\ms
A’ 93“«me¥rt¢. ?é)kw\ - § 935‘{'04 og ‘Hfl?. ‘S:orm

bicgy=o
gq_(X;%) =0

Sucn %\a{: 2‘1 (x L\A) = f?c, (‘31)0 and-
$alxuy) =¥ (g, . |

HC.“/\DJ_'. We uwse Htie Cauc\ng I’A.tml:n‘lriesz

o2+5% = (a+8)2-904
o?+0% = Cat+8)?*-2al(at ) L

{:o remn‘\-c ’\’an S%sl-em‘ in ‘l‘th‘) 09 Xhé ond x%.'

, Then QeL oL =%+t a.vuL Q:Xté 'l'o soQ\re s:or
OL,@. Then we 90§V€ H/\e. Pesuﬂtug Qumio.meww

Staskms o Qend XY |

EXAMPLES

| ) i)&{'éz =9
Xlﬁ(\C-I"é):G

Solution
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5 x? 4 ‘3‘} s B % (Xi'é)g -3 Klé(x-i'lé') =8 o)
x«z (\C&-*é) = b Xy (x\wés) =6

Leb a= X{—«z and szcé, Then

e Sl 6%-30b =9 & iﬂ?——%-éts -
o= 6 ob=(

) i Q?;{B‘}% ’-9.? & { a=>% & a=-3% )

ab=¢ al =6 2£=0
& i a=3 Crai xtg=3 (2
@::.2., Xla'::i

Lek g(‘%) =22_-3249- (?;*-2)(2'—1) =0 &
& =9 V’*—‘i‘; 1, \l:LMS

(e iw--ﬁ. vi)ﬁ-l
\é‘-‘-& '5::2_
) %3x1+3«31 “xy = %23

xq'{—«é‘l ¥y = 13

Sol.u"‘ion

%3x’—+77-3‘1—x-3: %% i 3()49'4—39-) —xy =33 ¢

xi¢ 3‘1— b xg=19 Xty Xy =19

= % 3[(x+3)"—‘).x131-xl3= %% o
(xead? ~Axy txy =19
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& % 3(3{4—«3)9\ kaé-—suz: 2% &
(xry)? —xy = 19

) { 3(:0:-3)"— -‘Fzg:%B (VL
(.Xi-‘é)q'v xy =19
lel o< (x+3)"' and fatx‘é, Then

(D& izm-lzda @5 j0-Fh =27 o

o -0 =13 30 +%6 - -9%
& i a-£L<1s & o—-6=Ig é_._){ =196
-4b=-94 b=¢ $-¢
& { CK{-%)?"‘- 25 &=
xté:.C -
& %’“"3“-5 y { xty=-S (2
X%f-(:. x%:-é

Sice. fi@ay= 22-92+6 = (2-)(2-3) 20

& 222V 22  and
$o(2)= 224624C = (24022 =0 & 2=-9V1--3
it Collows Haal

@& § x5y s V5(x=~9. y 5 x=-3
9=? 4=2 y=-3 Y=-2.
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EXERCISES

©® Solve e 20ﬂowiu% sgskms

) ixik%azl? ) i X4y &3y = 13
Xy = 14 Xy (xty) =120
Q) 3 xq-héh x{—\é:—. 44 d) i X{'lz*-:i
3(x9-+t39—)-—k¥.‘§‘:83" A + LA S
X bt 6

e) a Wy = 13 £) { Lx 3 +2%‘L -x3:5a
X § N S & x’—+5"- 1 %X% = 44
T Y

@ Selve e S}olﬂowlmrb S«as{-&ws:

o) Sl X"’Hfz?as | G)%xhu&ué:u
X{fta-:.s x")-%*.x\é‘l:.‘&o

Q) }l X3¥t33 = F d) ()C'ha)\cé:'ﬁo
Xy (xiy)=-2% | Cx&ué\ (_x"—+3‘i—)= 65

I—‘) The Y—oﬂ-owitﬁeb s%skms QecaM(, Sﬂmme_l:n';
qgl{r o c\nan%e o?' variables.
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@ Soﬁ\(e -H«e -Yofﬂowin% sé)lemS

a) 5{ xtyt=F 7)) ix"»ﬁ—_%
x‘é’-‘: 12 Xﬂ"a,_"-‘- 5o

o) 3 gt = (5/2)xy &) { xt-xyiul =7
thé":. (_il“f) \(‘3 X-—%z i.
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Ll) H OmozthouS SW lcm;

A \f\omo 2 Veou) imi—or&u Sxajk\m s a
S‘tzslcwz of h«e ?ov\v\

%Q1X9’+BLX%+ C 131 =d,
og X%t Qq_x\b.l. C..z;éq- -dg

wilh ldd+lde]4o0. To éal»e Haes S%S‘i‘tm:
o\ Examine i1 it has sofubions (o0 aud (i o)

g Now assume xté%m Deq{ne %:Qx
L Reun’lc: |

ulx9~+gzx3 ! cl%i:it =
x2 (e, +8,2+ce V) =di &
xZ - d |

a, 40,4 +c, 12
and §imizar%

°L2_X9'+Q>7_’)<13+C1162 :-J,g,éfJ s--

& x - CLi
: &1£agﬂ4—ngi
‘Ll SoQ\(Q 'QDP 3:
,Clt AQ.

———

Q( +Q(Q+C¢Qg &1{-Qq_g+¢q_zqg‘
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EXAMPLE

% x14 x«éJ;é‘L: i9 Q)
2kt +7:x\a~437' =137
SO-QJA'iovx

Case ¢ : For x=o0 :

HED) )z‘( 57- = ig9 P ihcvwm‘)kn{:. |
-yt = I

Cose 9 : For Y=0 *

TS SZ xlt=19 & 2 x2=1% . incoh‘:bkn{:,‘
9x%= F xT=\%/a

Case »: For x‘é%o . Letb 13:0)(..

We viele 'HI\OA:
xixy rul=13 & x*(itatad) =19 &
& X‘L’” 1> o.v;o\
ftatal
Ixtoxy-u?-7 & x2(2+%a-aD)= Tt O
& xT-_ T
2+%a-al

Sone:



122

lo - I £
1+outal Q4Za-al
& 192 4%2a-a) - 12 (A ta+a?) =0 &

& %8+ 9%7a—19al -1Z-17a-TFfal=0 =

& C-13-11)al + (5F-M)at (28-H =0
& ~3bql F W0a +Yl=0 &
& %balt-Ula-94-0.
N=L0%-Yac= (-wo)t-4-36-(-20) =
= lboo+209y = 4624 = 68% =

s oy —8+ T8 —(~40)t6% _ Yotb® _

90 2-%6 - 19

= 108 - E) OMA,-

F9 2
&g 0618 _ -(Uuor-68 _ 4o-68 _

Qo 9.-%¢ 2

- % . 7
EaS 18

Tt follows Hhatl:

Q= 5l Xt"‘rx% +‘é9—=t‘> V Slxihoa +3": i3 @
y = (3/9)x Yy = —GE %) % .

We wole Hna}., Cor Y= (3/92) x :
x%xg 1“37' =10y xTe (2/2) xT+ (o lg)xt =19
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& HUx2 poxTraxt=|aé& 19x1=18 e xT=1
ovid  Yor y= - (#/18)x -

Xi““;*‘gq’ 196y X2 - (/1) x2 1 (Fl18)2x2 =18
& 18 x2 -~ F-18X21¥%x2 = |9- 18t

& 294x2-126%%4 Yoxl = 6196 &

& Wixl=615¢ & 12xL=224 6 13x = 182

and therefore:

(D& gl xIoy oy {‘%ﬂ-: TR
y = (3/2)% Y= - (#l18)x%

@%X:l V%xbl V3x=-\%/r' ix:-—l%/ﬁ? |
"é:?/i 19:~3/2 ’3" "7/\)_? ’é: T/ﬁng

-It gs’%ws -}ha&
$=501,3/9), (-1, (Lg/ﬁ _2/i3), (10/i5. ?/F‘>§
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EXeERCISES

@ Sol\re' *l‘L\Q YoUouJivué s%skms

) 3 xZ %‘ix«a—*éi:&
Ix2 -Xé-\"’ﬂé": 2

6) Slx‘l-x wryl=]
Dy -*9-\43 -—93‘2— =-3

9 % Uxt $2xy + 592 =8
{x2 *‘1)(3%-[,059- =16
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CA4: Functions
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FUNCTIOND

|} Preoimiwahg Covicepls

o hu ordered pair (Q;tb) i> o collection of
two elewents o aud 6 m whidy o is

'{r'ne. Qt‘rd efemem‘: avd 0 (s e secwud
element.

’ 9«3_ clep—imi{-n‘ot/l - (ea(,aaff of DVo[Ctt’a[. pa:‘u) .
CQ”, @() = CQQ‘-QZ)@) Qxy = g AZ, = Qi .

Qm\m‘? Qe

For CUL@ : C&,G)‘F-(Gta)
{a‘l@}; :%z’la:g _.
i.e. iwn Sejr equaﬂh[ He order wilh whidh
the elements ‘ave fisled i uel itmponla.wjt.

| orrlerel'-pa.ir equaﬂ""é, fue or&er wﬂ&
which M eﬁo.mwh ape Lisled I$ {alen

iw‘o accouut .

o Lot A 8 Be luo sels. The carkesian
Axs & Je?c‘nei as |

AxB =5 (o, 8)l acA NReBY

!’TOCLL C{
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ontmyf é

For A:21,3§ and. B=19,4,5%
AxB-% (1,9, ¢, 10, 0,9, (3,9),(2,9,3,5¢%
Bxa=-1C2.0 (2,3, (.3, (s.1),(5,2)%

o Anu  cubset R cAXB  wih RS s
colled a reﬂa.%',om. belween &QM{M;S 02

A and elements of B . g
A }-eﬁquiow con Qe H{Jusenleot @(é a cerlesian 59«1{[«.

or VYewn cla'q%mvn as in e Qoﬁ?owing ucampfé:

example

R- %(i,z),u_,q), (2,4, ca,n@ c xRk,

i 2 Venn Diaqrom,
E%d/\ orﬁu—ei
pcdvf Coﬁnespowlg

2 o an arpw.

{_, _____ *---¢ COLV“‘Q)(Qw QLYCLP]/I
55—

Eotc(f\ o(o(elrtal @qir
(o_rnspomis 40
an Poih‘}, ov) H_\(’;

oxXis % slcm ]

<1
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s Gundfid ek

oAl cl,egwuhom and  {heorems Ac,ﬁo,,,me,miw% Y&QQHDM, ,
) \MQ{)FM%,%:L %mchons\r@awire{hai we ue the
 vehabion b quantified stalements. .
e lel pod fe seme shlement afout x thal is TRUE
. or FALSE. .ésgp_em,&in%w on 1(‘4& Va@ue mQ' ‘k«e woriadfe x,
. Ue now debine e Qp %w:ué stalements:
. "Fov ol xeA, pbais e
. "There ts ok feast one xeA , sudh fhod p@ 35 frae.
s We define S-=35xeAlpil ay e sebof a8
. elemends x of A for whida pla i rue. Tt Co loows -
. 3xeh iy e S=ixeAlpi+g

. ExAMeLe

. VYodel s TxeR: aix-§

For ol eveal numbers w8 thoe s aveler

L—)T‘Ais i an exu,mpﬁ_,,c o‘? o well -kviewn vule o

R o?. Peqéu,ﬁarpﬁécgvm hewn‘k-ey\, as. &_;‘qum(-ﬁi?feﬁl- . -
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r—> Delinidions ol Map?iués

{—) Af%eﬂmfc OEQI'V\H‘;OV\.
A mqp‘n‘n 2:A-——>B is o velalion
P c AxB Yol cadislies Hae Qoﬂw;hé
(7re periA ies <

e V' (&l;a[), (/0\2.;69.) 6? : (.Oq:: G.g‘=> al 3823 -
e ¥ ooeA:F%60 - Ca,@)eg.
9—) VQV\V! Dl'ma\ram de?zm‘h‘om
A Mapp,m% ¥:A—a{3 s a refotion iy
w‘r\osc Venn c[lmarqm evené dememé
o! A has one’ and onﬁ-é ene 014601':%1‘%
Arrold. 7
3) Cavlesian 3yq,p(,\ Aegfm‘kow
A \mappt'nz Q:AqB s a vedml{ou w‘no%‘
rap‘r\ has Poivés Such -hntr[ wo ‘lwo @o:‘lo"s
3\0\?& ~)"ne, Same )(-——Coon(:'laql{.

Calso see: vertical Line Yool

examplles

The, reviows excaumpae, was vwl' oL MQ,ppim .

The oﬂawiwb 'y oL happl‘"at 9:{1,2,9}-—4\?\

Y4 ,e,9,03,0%
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Vewn DfQ%Yle 7

> 4
y !

92 [ A——a 7 I S S
1 o R

(o 5re.s'icuzn G'TQ,,(’L] _

o Thus 4 'Ma,Ppl'Vl, Q:A-’aB - mayps em»\zj efzmeujr
ek 1o a Wigue element of e, whids
we shall denole o ,?Q().Oévfou; Q(K)GB.
e CQM 9()0 ’hne Imad € oe X Under e w ‘
The sit A is Jhe domain of e mapping
! ovd we wrie

A~ domf |

® The rawge ¥(A7 oe We mapp{u%,g is e
sel of q,élL elomenls o B whidh are am
im«,%c; 019- sone eaemem@: in A

Y= 50 00| xen?
OBvious 2(/-‘:7 c®. 1t p possfﬂ)lﬂ Hoat
some  elemonls of B are NoT images

02 Our\3 eQemenJ; o?- A (gee, ScL\cMaJ*fc
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EXampfe

Fer $=3013),,#, (303
NDomain A =dom () = §(,2,33
Y =3
Q—Cl)'-'—? %"“7 ?(A)r—{l,z,?fe Qou«ae. '
?’ (%) =14 i,

}—-b Iviversc V»eamlioﬁg owmd. H‘Lppim(&}S

. Le{; RcAXB be o veQa.{'iovz. We AQQMQ |

the iwverse keea:liov\ as
L= b (e, 8)eRY

Tke, Vevw\ dl'a‘zvqm 019_ R”‘ 1S oQa-,'cu'VzuL
Yyowm He Veun diagram ol R a‘é_
reversing  the dived ion ;oQ ol arcous!]

o The inverse J°4 of a wagpin Y:Aa8
iy a Yelochoh ) 02 Couvse) gu:( \’MQVQ ;5 |

o «buarqw\-u. ol 1 wilt ofso e a
Wta‘ypima’ | |
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elel 1A B Lea wapping, .
e soy ot

} oneto-one &5 ¥rixg A =(§ 60 - ok, -xy)

. |} napp indg | = Y oo
! onetooone mw\aﬂn'h&

Q‘LQWIQ e

For 1-300%), (2, ), G309
9t {(77‘[),(1,9_),(1,3)5 is ofso Q,Wa_()()l“3 |

Foo P29 (1,2), (4,4, (3,05
e iwvense 3! :2(%,1)1(9,9_),(913)2
is Notr a \maﬂ)iua.

o lg Q:AaB iS o one—to-oue W'“'W"”é
then -1 is also e map ing L. B.
Thew , the range of Q i3 L)Ae olomain oM)‘L,

e Aom(¥’i3 = Q(A) = Q C&mﬁ)
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- Exegrcges

@ Wrile ot AxB aud BxA Ffor A&Ae%z«i a5 follows
W A=$157% and B=f25Y

B) A=%12% and B=2,23F

Q A=128% qud B=51,7}
A A=13%  and B=12.67

e A=3%% eud B=%f3
5 A- ;zf Cauwd B W34
, ,-?\ A . aud 3:—}&/ B

@ U'ﬂle oul: ‘H'lt go%wmg dﬁkmenl‘s i“ cowgﬁe,l-e,;
: Enzﬁul’z Semkmces , o .

a) chgelﬁ Xg=gix
B ¥xy.zelh: xCyy2) = myx%

@ Jxel: Zxtb=5

) YxeR-10}: Héelﬂ. Xy = i

@) JoelR: ¥xem: Lo

N i+x2
9) V X 1X9~6A CQ’ (xp) = Q(—K‘L) -2 Ki= XQ)
" (delinthion of “Q:is5 ometv-puet)

%) 4 X Xg€A: (Q(Kd =?[X9) A XL%X@) B .
. CALQIVU"N\A . oY— ",.Q 5 et .;,qhe-f{:bfone. “> L
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@ Mok Ve diagrans for Fue following vellekiows.
U!n;dn ozjdaeée. Pe[a}zom;ave. mawmé{’lg .‘,\ée.sw,u._; Slz_ms-a o

_He dommain  and ms,-sﬁe, 1 e 1nverse velal

. 2
. magpine ,

ot Q.

s, e (30,45
D e U Gy, et
S P=3(0. B L}
LHE-sGHy

¥ 5109. 602,60, 0,98
b3tV
Y 2-30123), (0. 6,2, (49, (5,05
R 1209 (H0 U (5,0), (5.3
O Li6a,60.069.0, @R
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V Fu.wc_hon § - ga.&;’c ‘qu; CQE{‘S

© A treal-valued Sunckion (or jwb Lenckion ) £ s
o Mmpriwa&»?:A’HWx with ACR aud A4

¢ A= tiﬁ%[?) v ¢“—— Dowmain _op Q
L= ool xeAl «— Rauge of £

L" To {?VOPCV‘% &eeiv;e o Qum\'fon ‘ Q , wWe wmust c{egiwz
Q) T‘aa A.OWGW} Az&om[g—) , | ,
O The %rmuﬁm 7319(1). | ~
exawples © How Yo iwvile a Zunckion &zg‘nzé‘on

a) ‘:e’c ? : [G,;&m) >R Be o Qumc“!‘o%’i WEHG
P =% o
B Lt fd=dx | Vxe Lo ).

}*“ Mnem Ye Aamgiw A £ vw{: %{vevxl,&&. asSume QH
Ae?ﬂ»«ﬂ Hhe wc‘o(zsé p-ossé,@ﬁ& ,9u@§e{: o? & R;r whidh
%L\e Q—ovmug.a. X:Q(x) t‘eﬁis o el numfer.
s Melod : To le Hie e WJE ti.o!main _o¥ a Q\AA(}';OUg ‘
| ¢ we. in{'rotiuce .f}{?«e necmamé_ Comstraints  swdh fhat
a) There s No Division BY ZERo |
) There i No RooT oF A NEGATIVE NUMBER.
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- Exameles

| M For Q(x)-— 9‘+3x+i B evoiual-e ?(HT{
f(Qa-0).
Solubton

Py : e 43(UHE Nt e

s (Lyola49) +3 (el +8 =

= 4+2l3 ¢ 9424300+ = ?4—5&'

(20 = (Fa-)2 43 (2o ) 4L o
s Got-Gatl Ffa-2 L=
= Y492 $ 9a -1 .

| a’) F“’“’\ M’\( Ol’e'gouﬂ-" pram Por ?(x)*)(?’ (x9—+l>q =

S ol Hon

oud

N comshrawnbi, Mus A=R.

L-) For Fo%\no\mwl ?’vwxc{'lobnS , o?' 'Hae ?wwt “

) = A B kT -+ O FOo

‘anere, ot wno Cans{'rNV\{T Hneregove, 'U%G. &W

domain alwa,gs A=,
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O Pk the defadlt dowmoiw for P X283

X ibx4s

Soo,usrwvx |

We requive Xik%xi3740 o o
CSelve: x%ilxiz0 & O&t)(x%? 0@)

. & xtl=o Uxi2:0 & x=-4Vx=-3_

,,‘, 1t ,Qo(}ﬁows Haot A< R-5-1 -'Lg

= (e ~3>u(~3 naRsy

I,—%\Nok Shat Mg Runchon Ccm Qé, 9.£mymrd Jv
. : (x—a)(xﬂ) \ s
X244tz (xt2) (k) xtl

L}owevﬁ‘ -qu Aegmdi c‘.omcxm - o?— -Hae Stmpﬁgrei | ‘
lormula &5 twider: A=®~ - §-13 . Thes, fo leci L
Hie correo{‘ o(eg'o.uﬁb Aommm ; léou must NoT ll”g
l—o Sim QQH oy o“noxwtfe. Mod.rpg %e -?owmtﬂa. Pw
g(;o Qegom wn%ng down Hﬁe. Com{‘mmfs :

, Q(x)-

(’D FCV\A. 'H'\e_ : AQ-QQ“ ﬂ: ,stomm'n, 0‘9 -

P ) 9xEl gla=

a3 0 haee

Solubion

el
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e For Q(x)‘

p\equwt _dxxl >0 . O

143x
¥ -4/9 i3
A+l - + +
L%y - ~ %{ +
lneg + e s o

Ty (V& Xxe(-w,-t2]UEUZ, too)
aud 'quv-egore A: C—@,-S/QJU (—i/%*w) )

o Fov Y (x)

Rectuue-. % Qe+l 20 & 3 Ix 7 -1 & i Xz -1/2
l43% >0 2% > -\ x> -1/%
& X>-13
H«gre?mve_ A= C«L/%,‘roo)-
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EYXERC\SES

@) Flud e &cQomﬂ: cLomaZy‘“Qor {hey
Qoﬂ@owing_ vguncjn'«?"i

) Lo - xE(xe0)? B g(x): V3 —x

NPy _ 3 ) Voo =V x%x-¢
| X-1 P Yo V%3 55 b
¢) 9(\(): x-Z k)l()c):fxq—xﬂxvi
| x2_4
D=3t a)ﬂ(m:]/\cw
xL_ Gy ¥ X7
) - _2x%-3 vn)th): VXtg
xLrox g “ vV X -3
) Pug) = x*-u
Xt gy +¢ %C"'”P""e 0 P(\();\[J_\Eﬂ_.
9 bew. _x+8 ) o «Z- 0
X-%
@ F\'mp‘- H\e depauﬂ; &omqiu Qor %L.Q Qo%aﬂ'mg_
quz‘iams
&) Q- =3x-1f OUB(%).»__'E_._
lx+4 X1

0) Ley- _ %-1 e) glx)z‘l_lﬁL:'_L -
[x-2[-2 Vx4

C) Q(K)‘} ﬁZX'[["'% %} ‘ELX): x.,i ,
Va-lxral
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V AL:}LQ ra w\‘Ma quwck oLy

* LQL —?‘.A*W\ ond.
Pe also  delivie

%:B*‘R fe -‘-wd -Pumc{—x‘ovls,

C=ixeB|q0a -0}
We vow %\'\fﬁ —k«e %ﬂowimz A,eefmfhom):

{) Ec‘.ua.Q{{fté;: £r—<aé=7 i otom(g)=&ang5 l

Vxeclom(ﬂ) "19(20 = %(K).

1) Sum {¢a
0

3) Produd 1? %_

4) Scollar Pro duck

c¥ wx'l”n celf

‘9) Division f/e&
A

dom (7 +a3 -dom@) otomﬁg) =AnB
Vx eA(\B; (Q{zﬂx) = ?LXHBLQ |

dom U%) = dom@)N o(nw\(}) = AﬂB
Vxehns: (?3) (x) = Qoaam

olom (CQ) = dhom (Q—)
Yxeh : CCQ)(K) < (QL)O

Aom(e/ﬁuz%{ré)ﬂlngm(ﬁ- feBl 3130}

vxeamw@: ce/gm._.. h(j
3 y,




EX&Q_PL\:;Z_

o) Given +he ?u.,.ch‘om;
1.503),2,7) (3,0, (407
4-10(,0,(S, 21 (49), (£ D)
deline Hhe Funckion h:g-eé.

S olution

Aom(k); dom (£+2) = oLom(.Q) {'\cLolm %) =
=34.2,2.49503%2.5.4,6% = $3.4%.

hi) = (%«3)@)=¥(ﬂ+%(z)= C+i=7

hm—-ChB)(u):Hq),x?m: 1+3= lo

It go,afows ‘H/\OJL

L\=9+3= (2,0 . (4105 .

8) Given Yhe ?md'iovls hx):.\lse)d_ avd

141

%(K): qu"— { 2 CLQQ—E\AQ ‘HAQ. gum(,{ﬂ‘oms L\-‘-’— ._£__ .

and G= 21»?
S ofckion

J
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* Dowain 2P

Ke_que - 5- x9~> 0 & (’% *X)(?:fx) zo

Jc"wns Clom (9) ["72 ¢3]

. Dowmun og

s Keiiuwe, X2 S. Z0& CK L)(K‘H») Z20 &

& xel-aAlult g

X

Coxt
XL S

B H;;;’DG-QMM& ln QL‘;. R

> Rt we gnw(. e domain e'? ‘n
Solve %(x)-o(-? V¥%-1L =0 & X%-1- o0& Xq' L
L & x= LVx--Lé->><e€u§

T Sollows et

o

. dom (= dom (2/aY = [dam® (1 dowa ) gxemlg,m;é} o
=(-3310 ((o0 -t T Ul1, YY) = §-4,13=

(Lo-sJoliaD-f13-

= L"'z L)UCL(%]

| »;,On,f’kc_ Yad Qine, to QmoL k«e, :m(ersecj't‘oh we use-
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. domfndomae=-[-3-doleszl.

BTG T Y-S I N (RPN W S i
; }“) Nok Q%Qfﬂ 'H’\OC{T {e O‘.e—g'l'l'lg- CL h.(’.h/ ?JWO‘D‘OV\ .
e musk delermune Bord Hhe dewmain aud

e -.1*&.\&3(.%}.“ o

e govmmam og“«e Viﬁw—?ruwdwm L -

o Debiniva,  w= Pra
; 7 ' v}

 doml)s don (o) dom (D Odomly)=

o =3 ot
i chc).-,C?—J(g)Cx):Q (x):(-g(x) = L
o =i8-x2 4ixe-L, ¥xel3,-1l003l.

b T problems ek wlbiple requesk, ki sarcient
| b caleudale ,otnm(g)ﬂdam%) one, and  then

vewe e vesult | a5 we have done allove.

. BRras
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) Girew the funchions fi:A—B  fi AR, g, -BR,

. ond a.:BaR with AR, BeR, ond Angig,
itiow&a.{: R o
I 'elz-gq‘A%i ”‘39.’5’9" :&%,Eﬂgg;i%i R )

n A‘S,sume,ﬂ. -st,{ . Qx?-gq. a,mL 31 =3¢ TI’\Ch . o
P8 = ¥xed: Q=% w
Laza,= VxeB:g (=q,00 (&

%ﬂ' %Qn@ows ‘H«q{gg S

L o\-om(gl‘c%l): CLOW*QL nc‘-ohac: AOB %:.5

. dem (g +32) = dom P ﬂ&omgq_.—, AQB °
o= ;,Aa,m.LQLt%;).; AOMCgQJ’%g) 3
avwd e
Qg0 =R kg [y def ] N

=it 3a00:  [we @ ot @]

L 2 te ), YxeAnB. (W

Fom (3) ond (@ = ezhatzgg.-i-gq_ |

_ }"N‘\l‘( Mot + show Hab two ,v.,;r\’u.n,cHDMS, ¥,£ _ake
‘ , equa.!; Gie. 9»5) -, e have | ')\" show ‘k«\a-f:;

D) Both funchions hove the some dovmain A o

o dem@edeml A
9 The Bovmulay Cov ?—amkg OQwouas agree:



145

. d) «.('r,wen,:kac ?wchoms ?A-——%W\ ava. X -*tR B
it Aﬂ@?‘ﬂ{ and He mumgeﬂ a%dﬁ S’Low k«a‘t |
&) (6g = M)(Q.é)
- Solubion

domi@?)(% )] Aom (o.ﬂ(\«iom (@3)* o S
2 dem (D Ndowm ) = AnB

Aom[(aﬂ)@ )] cLomCP%) olamcp)hd,om%)' AﬂB (9)
e (0 oyuL (2): |

. dowm [(,ag)(ﬁ%)] o[.om Y.(.G.@ ng)‘l
. We dso nole Hal

b (g 100 = (o) G0)- 6%3)6@ [afoa] [&%m]

,  telB et = ol CQ%) (x)=
| s [.Cqﬁ-)(gz 1o, ¥xehnB @
 From @) avd (9: Clad) (Ez) M)(J’?)
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O De*?“\& 'H"Q %wtehaﬂs 'fl;-g'('% "\Q. ?% lng elg
and  hg= %19 , when 2 oucl 3 are Glzgmeri o

Y =101 2,2, 3,0, AT
%-icq o), 3,9), (4, (6,2)3
6) £-5(11). 3,91, (2 ), (5,6)F
-1(2.9. (3,0, (4R, (5,2, (0 9,13
| ﬁd -3(13), 0%
. a=1(Lo) (o.0,0, z) ey -
A =102.3,3,0, (4,2) (s0, 0628
-o9= 108 G0, 003,

@ Let 9;3‘('\ Qe ?umi-wus m“« ¥ A—* 3 A—t
l'\ B-—\ S‘now ‘n\w‘k
o a) P-e = -pifkr-%i—k
o) B }v‘; ?L*g
; c\ (-—2\(*8) ?3

‘; :,0 © Fird the dofoutt domain For foo Fundions Pio
define Mo Bunchions < 21’5 y by = 9—2 . (n; glg
L wi‘“’\ Q NAGL 3 %t?ﬂﬂ ga

- ;;_qﬁg(x):,\’ i-f.>_<9-, aﬁ‘he‘» %V.Og):.tl,x,,
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8 Pun =¥t Vi—x
Q) e(x): V L-x2 and %Lx) = Sxtd

VXxte

D Y= |

Vi-x

9%43 aud %m -V x%4x—2

Bl ad hBoR uhee Apoig.

B Shgw‘k\a{

 llagetd-aGpeactd
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V04 ond een Pamkew

Celeb BASR e o Puncion. e say daak

(8 evenes ¥xeh: Coxeh Ao =fe) |
L ¥ odd éﬂv xeh: (-xeA A.g(:'x) = - 1‘2 (&9 .

e b pre

wisile for dhe funckion & b fe odd o

. even iy Wk b has o dowmain A Hat is s mme\[réc" -

. arouand  the Qri,a;',h (i QVXéA-’XeA) ¢ e
e e A-Q!mcum., fs wet ?%mmd’ﬂc:., ‘H\QV) 4’91& ?ukch o .
... tan be wveither even wmor sdd. o

L. A\ﬂ eveuv (r‘auz.hom ) L\QS%NL‘)}& ‘kﬂai is s%mme)m‘c g -; el

. acrelsy 'H«e. —aYis,

oA odd fuckon s gpaph sudh bk He ¥<o
chli s oltoined Gté .Qt‘!}t kl?[eel'm% ‘hne. Xzo0

B Pay'(: OLCYosS {"12, '3.—,>0¥)k1'§, aud ‘H’IPAA } 'H‘le- X—oxes§. .

v

-?eVCvx B
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CBuMpLES

Wit of e Bollosing Punchions e odd oreven?
o) P (3x+9l 42t

Colubionn

WAic-x»»l%(,x>+aj-¥lztex) 21*

-3swtal+ -3l

= 12x—2lt Izxeel=

[3)({-2.‘ Fl3x-2] = 9(.20 VX (S lR = | ]
L= ?‘ evea .

8) eo= _5x° | |

Soluhten

— Do,m awmn

Selve Ixl-l=o0e Ixl=i & x=4 Vx=-{

o bthas A< R-5-11% which i Scahnmd:v;c o
D)= _SE?® L =53 L g, Yxea=

B ©5°3 8 R '3 e R

= _ Q ) erL
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¢) Poo=  A*
X Hi.

>0 luhon

- ® Domain.
Solve %X +l=045 x=-1
bas A < R—1-13.

¢ Noke hal A & wof S\émme‘l’\‘l‘c gaqju’m —L#A awd
+leA. T\nere_gorﬁ' Q s V\oL eveun awl&w?‘f) \no{: OM, :

3

}*" To e>7lonQ4‘;h l"aak (o ?u_muf'z‘ow (s €evenn ©Or odd ,
ow liove ‘!‘0 ?_;,,Jc Y—;‘m& %e domar, and |
iow Hat ik s Sy e Eric before You co,Qc_uﬁa,k
f(*)(). 12 e olowmain s wot S«amme}ricj }fnm
He guv\c,l‘uv\ Uy wef%u oddl vaor even.

&) 1P ?.‘s om odd  funchiov aud B o evewn Q«Uflci‘fow,
S\ﬂou Maa{: Qé is au oo\o\ Qm(,jn‘ow.
sOQAAHom

DCQ;V\L A = C’LOW} (Q) C\n/lol B—“— &.’DW(,%)-
dom (?9) = clom Cg) n oLOm C§> = A Dg
o S%W\mzlﬂa,
je odol = A ngnwwl'vfc
9A2v'e,n =) B g\é\mmet‘\’i‘c
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. TXE AO B =y rx/&,‘A,‘ A ~-xeBb = LS‘& n k"i‘ﬁdm"!] B

= XeAAxeR = [Ae ’5%%6{'\’10]
= XcANR [Se«{‘ tvxi-e,vud-\‘obtj
hnet—cgore AQB 5 sémme}nc
e Parik
(gcb) C——x) EC_x) <b(.—§<7 = [-g (x)] (z<) = |
. o= -Qm%m = — C¥2)(x> YyeAnB =
L =2 ‘g.z ool-o‘. B

I—* IY\ eaev\emﬁ 4‘0 prove 'H'\G* . Se,{? A s Stbhmeh“c_,,. :
 we wmushk vae, S o
_or equ.lvqﬁeuwaér
| XeA =2 -xeA

Te A,o Hak  we we. kae_ gofﬁoumg proper{—\ej

xeANB £ xeh AxeB
veAuB © xeh Vxeb

xehB © xeAAxéB.
Ay we,u_ Q- ij Vr& Q&&hhg 5‘391«%&;72 Qésump'l‘x‘ons‘,,. .

,,,,,,
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R Uht‘dn 0¥ M Ev@owm? Pndiows are odd o

~even? Show 4”4«-‘: B %bé “are odd o even whew

) e-(JFQA‘wu@.Qc , ©OF how *knak %Le% ore Vle“uner _

- edd wvier even.

Lo hws Ixead a9 Poos o~ lp®
B l=9%*-3%  x3
o fa=2x4-3x24s WYl XY
D= Ix®:  XErox4E

aflo-x-t Dl Vi-x + x|

x¢d kY Pixy = 2xHL oyt

B las 3xb T et el
o 2xl+t

D 1 Qo e cven Sunckions, show bat frg and
; . gg 2&,0&&0 Leven . S - 3 e

@ 1t Py are obd Funckions, show Huab Pg and
o 2% ote ollso odd. o
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v Eu.n c,l't'e n COV‘\('DSFLt'bm

© ek PLASR aud 9§ BB be hwo Fnchions.
We asume }lrmi’ P(A)(\Tﬁaéﬂ. Leb A' fe e
swhyek of A whese elumends ave mapped ﬂué ]
inke {Le_ fnbevie Hon P(AAQB."\Lus A( IS 6{\!0\ chj
Al-ixechl P eB
Ve mey Hoefore  defive the Qunckion ,302 A R
o3 $o Wows - |

domcaa?v = xedom (D) [ P e dowm (] = A
Vyxcal: C%oﬂ)&h%(?cx))

. UQ Vlol‘( -H«a‘!f ‘H’)Q Qeﬁomainz ConJ.l‘HoV] ;Por agg s

xedan(geD) &2 % xe dom(§)
ib@ € ciom (%)

—
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Motod : To delive 502
o Fud h\z, domain &omC%o£7 z} 5°Q""”8:
% € dom C%ae) & % xedom(f) & ...

| $(<) e down (b)
o9 le -kn( Qormataa. oe 80?
C«bb?)(m: %@cm) = e

emmgle

For Poo= Vi-x2 and a(=x*+%%+q
xedomM o L-%¥2 o8- xel-t,1]
“f\us ((OWICQ‘) = [*'!-:L],

Ao  dowm () < R

(o) To Qim{ %02'-

xedom (g08) & 5[ x e dow (1) xel-1 4]
% 9(‘10 ealom C%><=> { 1-x2 €&
£ xel-gal
Haws  dom (809) = [-{ 4] and
(%ug)(x) N %(thﬂ = %)( (-x2 ) =

= (\)bxi)z £330 _xz +9
L-x2 + 3 Vi g 49 =

3-%x2p3 fL-x>

oo
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(L) To P»iml. Qog‘:

¥ ¢ dom (foa) & 3 Xéibm() &
” L %(x)e- t‘.o%n (H

<=——>§2 xelR & -1 £ X2z <4
x2e3x+9 e -1 41

@%\ x1+%2x+2 >0 O
x2+2% 1 L0 (D

For (WN): A=6-4.1L.3= S«ll(og.-a)
o= L>o
> X t3x+3%0 ,¥xelf
< ) iienlil—-é.
For (2): A=6-4.[-[=9-¢4=5

= xl(&':- -%4 V5
9
() yel X iXxq]
T(t\us
Aom [903)-*» [“34‘9— ) michi 1] ] and.
2 9

(gok)()() = R(Xq'{’%)( tq)=
>\/1« (x%43x+2)2
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o EXAMPLES

6 bven $=52U W (22,(20,(4.05 oud
N G,
A.Cydne. 203 QMQL %99 SO

L We wele Wk o\ovn(ﬂ) :«“{l_lﬁﬂﬂgm qml&oyu(%)=€9-‘3,‘t§. o

%(2)=3G€LDMC¥) %(gog)&)"'g(%(ﬂ-ﬂ = ?(3):3. o
g Dz3edom(D) = (o) (D=Pa G =P(§=2
gl =Sddom(f) =7 Sfdom (hop. S
T Rollows ek 98 HCHAC L

- Hostedmuy S (g W-gdUN=gl0=5

B Sﬁcz):&e.&omcé) = (g0} (q.):‘g,(ka.));gﬁa,);& S

toztddomiy > 3 domGpe>
1t (X‘bﬂow}wcul: éo‘gzp{(&ﬁu( Cq—,:?); o

T enbioke oy Bor o disack problem, ot ve
o wrile downn dom() and domlep. Then, Por eadi
EQQ—MZW{: P4 (-:J*O\M C‘b) e do MAQ. ‘&ﬂ.@wt'vla L o



157

i ®y CO. k&uﬂa.}e

| _®g \? %(x? eA»om (2) }(-\eh we  Com . %o ajnm&

 ond  colculak (?—o«é) [°9 D
3 (£ 5C\O¢obm@) e xd dom C{log)

. .QH'LQV wofA-S Cga%)(x) Calamﬂt ;G)Q COLQ
, cmaL ‘K\q,(: X s YwL i S“\?. ot.ommmog ‘?oa e

D) Lt R ol % B . Show Hed

g Cven. . aund. % odd = 3o¥even/\¥ 03_ evenn,

 Soflubion

| . ® FOT qoq , o
Since &om(?—) lﬂ cmeL ol-om(%) (K ,d S-’o.wouﬁ ‘J'Lm.{i.’s

| e»LomCeéog) %XC&W(?)‘QL&)&AOm%)Zr o

cixeRI{xerI=R.

wLu(«\'\ 5 .S mme{'nc Fuv'yqe\rmo&e

',w_c.é NERSN(TED I Cldef1

3(9» x)) [ .ﬁ,—,\reu]
... C%o?—) (2() VX—ER [9‘-%?.’3 ]

5809 even
e For 90&
.+ dom c205>« %xe¢omc3> lgmeobwdb}

= ixeRIFQelRT =10

- wlqu.\n s S W\wue.{'hc Fuv%ema,m.., T

(9037(:&) QC%G'XD o Lde?y
| ~.,¥C~%L\<ﬂ [%; odd
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= Qoé Leven. . ..
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Exeeclees

19} Find 'PO and ,0? gov- e \Qa&otuim
O Lanchtons ?’ 8 5
o) Yooy= xtet 9 ()= V3-x
Q) Yoo = Axet ac(x) = %242
O Yy - Va2 4.() = Vw2
HYw . x| 3(\‘):— -—’;— ~

X+

e (10) Let Diab Be Hwee Bnchions. Show Jhual
O ‘é-?r-é’-f}?o‘n:%oh

c(@ Ll 1RAR aud g:RR. Show dnab -
& Y oen and q eren = Yog eren

a7 19— odd and % odd = 120% O(LL
CJQ evewn ou,,i %OM t-%?-og even

@ Lt V=909, 02,9,02.0, 3
tb,*:{C‘L,L(),C?lO ) U“tli')g
DeQ—r‘ne_ 203 o_m(.(, %o’?-

G Lt P-3104,0.6,9), (090, (403
%:%Ci,@),(z,n, (3,9, (4, 9)f
De?»im ob ond 662.
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E i

i V _v F\.‘Vi&“’,l‘O‘@,ﬁ, G"WL M-Owﬂ}‘nv‘-t‘d&'é

Lo P Ge o Benchion wibn BASR and Lk
L PcA. We wmake. -}\nc%ﬂowm3 de?nm‘Lwhs o

/e e ¥xixaeh s (xigxg=> 00480 |

! 1. { s sjm‘cHAé inCreasing w8
-y 9‘\-\3 : g is Sh'c‘.'fléo[.e&ﬁ%;‘uégm ..

_¥‘.(¥SQ . ‘__,,___;____ R

e g()(g) ‘,,...,..f._.)L-.i....
|

|

2 X ¥y Xq.

i \-I-L"“!'""""“‘““""‘ v

1
1

|

(
-

{

i

X

Monote nicil‘.ﬁ can Qe Azk{%‘m&,,sh‘reé»ﬂ-é Qmwz ,TH'IE’. S
 delnchon with 2 wiebhods:
4 A_uq.%{—rc.; Melod
Tn Calewlus ) vaovw*‘bmal'% ®n Qﬂw Qede}tmmd o

(L Y U
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Pl bt

‘To S\rww gjg oy '?\B S,
e el XHXQ_CB Ee én\reﬂ u}xkr\ Xo <)<q,
Mxoxo = focpr-Roa)

°7, e krmme&fnes%no? cady Qb of AP B

and then conclude whellier AP>o0 or AEAO.WM: o

%y Bash H«ew%umem(: R

a) Show H«c& ?(x) 7)5(%5 is S{‘Y (H'B mureahma wm

Lel— Xo an._G[K Qe given u{h xl<xg, |
AR e v = P(Xq,) Do = Grato)— (3xit9)=
L Since X1<¥Xg = Xe-X| >0 =
- D3 (e X0 =
= QCxq) Q(n) 0=
=) Q()((.) < QCX@ .
e T\/lu,s VXHXg_élﬁ Cx.; {Xg = ?(m)(?(}cﬁ) = QI[R

Q) Show dal 9(&)-’_ 2x 1 S?ch,c% _,H‘.o(e,(.re..o.s_twé.,k,,

in (Aitw) .
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sO.ﬂLHOVl

et xixg€ Uite) be given wille xi<xg.
Thenn
Ag(xu)«;j = Q(Kq,) - Q(xt) - 9xe 2% -
Xg-1 X—wi
_ Ixa(x-0) - 2% (xe-D) _
(x-1) C)(q_-—l)
= QXLXQ_—'?.XQ.‘?.KAQ_{—QK’(% -
(x~1)(xq-1)
_ 9% $9x . 2(x\-x9)
(x-0(xg-0)  (x-0lxg-v
Since X(<Xg => X(-Xg K0
x,e(l to) = X, ¥L =5 X -L>0
Xg (A 40) = Xge>L =H X9-170
. Pherepure AQ (x  x) K0 = ?(Xq_) «{l(x\) £0 =
< 0 > Lxo

‘ Thu&!
¥xoxg el 4oy : (i <xg = $xy > Lixp )=
= 04 (4, tw) .

A Show Mt Q(K} = XL+ Sy+6 s smln‘cjfﬂg
ihc,v-e,aﬂné L (“ 5/11{'09) . |
S ollutron |
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Lei X(,Xg € (- ';lq-ﬁw) e 3|V€Vt Cwith Xe&Xg

. Then

| = (%e—x) (xgtx )
. Sinee X, {Xg =2 Xg-Xy »o M
¥ € (-5/9 2) = X(>-5/2 %,—.:-> o

=2 X(#Xa > ~-%9/2-%5/2 = -6 = X t¥Xqe+ G0 (2)

- Fom 0Oad @-

A ex Yo P - vo = Doy <P
¥ xaxae (-2, 40) » (xidxg = $x) < Qexg)) =
= P lC-5/g, e

b L For ,,Qua&oe}"‘c; ‘U?V(x);,.o,ex?—‘cﬁXﬂt,C.ﬂ,, _MO‘GO'}OV\“Ui‘}

‘ ,chau«b‘cﬂs,‘ ot the 0)@,«‘5.99, 93mme{'rg ot x=-&/9.

}——* In addition {0 e uswal grogerties, th s qood
o kuow the Qoﬂowu‘ng additional p,!raperh‘eiz,‘_ R
1) We com add two mecluoﬂr}’(es .2 %eg hove
e coame diveddion: 7
— . ,Os.'>£,‘g_-_>.7, Q.&X?Q-&S o
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. 8) ¥<%'§=2, PRLpY - . _xiésgrfkﬂ-_;.>h><,>,ngf, —

1) b)e.(._gan,wmu.QJcifu%M holnequoﬂahd 4 ;?.\lh@ . LWWE o
 lhe some.  divecdhon  AND all sideS are POSITIVE!

o>lro % = Ox >@3
w_;>,<>.;,%,},‘,<>.‘,,.,;,,,,‘M o o o
%) We tan raise an In eguaﬂf’g o o ‘zos,ib‘ve o

power ..‘i; ot sides of Yo me,q«mﬁtham |

posibHve

arbrol, of>0f%0

PO
eq. o Yo = {a > {8 }MQH,‘;,H,S},Q,;.,,,‘2,=_1/2,,. o

L) We cam  roise an in@q;ggQr}}., do a MQ%,&EWQ(

power i Qoly sides of flae  inequaliy are
posihive but then fie divechion o e
inequali hé i revevsed.
a>hro g.-_-_-; 0l
- wn<ko <

o

o 6.3, Covlro=0< L o z gov n=-41._

e ey on dese poperkies heauly for dee
. S%nunzh‘g . Me{’faoe(' e oso mﬂi— e :?ol_zeowin% _ ‘prcvious% .
, M&m."i?ﬂei Pmpcr{’i(@i} R .

. p>o | S nLe .
Lo V,,acLeL/maﬂipﬂg,, o coustant, Yo Bolly sides of an

ivxeq_uaﬁthéw o
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I—-’ S‘y\%chc He‘}lwcl. )
CTo show taat 028 o 98B

Lo let xaxoeB e given wilh X;.<xz |
%9 Use a Sequenice o? &eéu&oms ’}s sme -H«o;{;

PR T VISR T Y 10D

XiXg =p ¢+ = = 2(X0>QCXL)
L Wina e aQsove ?vo‘:erhes op ineﬂuqﬂthe}
03 Drp up He orgument. | }

;Xhﬂ?LESM -

) For P2 Uo20? chow et INCHla g0

Lejc xhxge@/e h:o) Q,e %weh w\l‘h x‘<>(9_ "ﬂam
L% <Xg = =k P -Txg = 12 > - xg S
L= 0<% -1<2xq-1  [lecawse x¥i/2 )\M\,ua]
oy

= (202 < (- D2 (1290 < (-9x0)*

= - (1-2x) ¥ = (4-92%)% =5 3-(1-2)* > 3-(4-9xg)?

o= RSPk
 They: quxg_@ Cue, gw7 C)(t(Xg,’*?E(xt\}QCXq.))
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b L ke ohve soubion you shoulid be ofte o

&) For 9(;{} = xtbty{i-x2 ,

Lk Uf—muﬂ—;pﬂg meS(uaﬂcl«é Cwih L to ewswe it
 Gobhh sddes  ese posibive Be fore going aheod ad

Squqr iv\,%, 1L .

kg Here we ue x%2=(Cx2:

'S wSed

| ‘l:A;in’?Y'éw, which iheq(gaﬂi(fg;,y_k_q?w Y 15 ued .
~at every de"“ e

o Let Xq € [-L;O), Qe %Wemsuda Hao-{ - X $Xq . 'IL,% .
L LKg = Bx < DR Ixt b {Bxg bl (1)

C XidXg= -X(>-%g20 ====>(-»XJ‘1 >'M(—'X,,2,),i =“~>‘£;¢L>X%

L= ex < oxd = L-x@ KA-xds @

and . S -
xie-l ) D-1<X o= 15 -x20 = 15> (x>

= i>xt = A-x%2y0 »%

Land sumifarly B
o ,;XQ_,G -ty =--- = i“Xg?'>0 & e
From @, 6, W , it ?o@@ows ot L
L0< A< loxt s Wik ¢Vi-xt &




167

- Fron (1) aud (9 40‘1&;“3 the !hﬂualtl'les S

C Ot VL2 < T L VAT S
ot <P
L Thws ¥xoxge (-1,0) CX;<Xg = ?(w(fzﬁxq))

¢ 7CL>.

b Nk Bt edore ve mie ma inequalby

'}O ov,é ;'7ow(’.V' e anve, “‘O QVISQ."’Q/ C‘ae_ﬁ-k -}Lq,'[

Swle.s 09 Jae lvzefj'&uaﬂt(é ore ]>°StL"V?— R

_TL\u.S in Hhe olove :
X <xg = XI< Kot WRoNG

. Simce X <0 aud x@<o Be campufi” |
L—’,,;Nok Wat b was necessa Jro dnlevrupt }he.
- Main Qme. og k\e o_vzmmev‘% o
% <X =y oy VI < VA-xg2
te show Mt 4- X2 >0 aud 1- qu’-\zo

| Nok Hhe CO-W-M use of equalton [N ’m

117 (7{: ovuL NS{\LV% our moun akaumgn{a

9

C) tor . Q,(x)‘--
~ -2

, Saﬂu{f{on .

show ot BF (@)

Leb ¥ixq € (oo, -03) be ai\v;n,.,_wih % <Xg.

Then



168

CX(<Xg=y —Xi> —Xa Y0 =2 (-x0%> (-xg)F=> xI>xE
s 2 Xt-2v xr-2 0 W
Ao nete that
- X€ (oo, ~12) = Xy <- E = ‘xi}fi = C«~xa¢>a—>
D xAve = x*-2>0. @
mflol. siyai. st X9 € C*m,.rﬁ)_,=~e~>,,.x~927,.—-9..>‘,o;,, ).
. Frowm .C&\,,«L‘!g)q,,ﬂ,guéh x:

x9S xp-avo=5 1 . 4 o dwdfoo
T S o

Vxgge Coo, T8 (xi<xs = Qo0 <dixg)
N T r N
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- EXERCisES

’ v" sz. ah“%h\tmzu‘od““o{zkvmmz&e
‘ Vhav..O{—enru&\é og Hae ?u.@owm.é SZLMC{_(M

a) Qmw‘%ui ow B
QD P S —Ux ow R
<) ?(zq:sci Lx+S en (—oo,i)

o ;\,X,,‘“i._u., S
b= X¥8  on  (coo,-4(3)
6 9(&): (ix 1«9)9‘ on (~o,-Sfa) .

iy Py = ,(xeL)C‘Z-xH) Con ({4000 o

) Ve e sylhehic mebeok fo ddemnine He
W\o,vxcjro,vu‘ct‘}\& o? Hae %Wowiwz yum,chohs o

L a) 2(&),; 5x-% eoew R
B F)=9-Fx ow WA
Q) L) = C?.xnl—%)?‘, +L on (040

) Poo= (2-53)%-2 on (0,4e)
@ lw=_"2  on (o)
xR
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(i. +a>)

0 }0-92-3 G2 on (0@ o
| ,,?h) Y*QQ =—44+92 \/‘3* (x4D% ow (-4,-%
o D = 3wt +Vxr L ew Couted

j) 2= (u-DVixel  on ROE

. Le,k —?Lx)—' ~1[x o o
o) Show ‘Hna.{: gj (.’00:,0) and. 12,[(’0"(0)

 8) Now, show %aJ: dae shaferment 12.2‘(:0010305 )

s FALSE.

1"* To Show 'an.{: 'Y'.Z\A s FALYE-t n.L s S’h.‘mtu%%{
% Q‘v\A a coun}evem,mpﬂe ‘Hux.L 5, ’)‘9 ‘91""& Some

X xqeh weba X <xq and @(KQ>9CX9,) Ta o“xev . o

Cwevds:
Y1 A s Mx,%% Er'x“xieA (K1<X9.A¥(Kd>£(xa))

CENA b Palbeo Iixgeh s (<xg Mo Px))
Thes exercie shows fhat the geweal olaim

?IA; A ?]A«L = ?,,Z.ALUA@,,..

té de MIN ST

. U Vlo O.ﬁwo.és ‘}WQ
counkbe. XQMPﬁe

@ Let Room o0 Show Haed given VD;.ML;@;,
ex (-ck

0«) \9 D>0 ‘Hmeh f 7(*00;-—&/& amL {ij‘ C—’A/c ‘h:n)

Q) P P<o , thea 9\C~wc~&lc) am«ig"\l C"‘“Cﬁ'!ﬂO) i
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@ Given Yoo Bunchions {:R-—B  and %dz.———)[R,
, S‘\ow%a‘= P
B IR and %\W\ = Eo%‘,\l& S
A N and ,%x& ~eab FR
A P odd and ¥I[o,w)®¥[ﬁ7~ o
) Peven ond  { Ll = B G0
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¥V Tnvese Fundbions

e Lot BADR B o funchon wibh ronge P I

 erder or £ o have an fnvevse ?wacl'\‘ow, ot has
o Su{‘lsg‘é i %,_c,_._,ff 0M¢~+'°~0Vi€(’?ropet4'é L

. }—9 One-tv-one Yunchons

o|f enc«l-nﬁnne_@.:z V-_XH&Q_GA C@(x.g:?(x?) = X(=xe) |

b Veun diagrom in_krpmwx‘en 2 e @ one—tfo-ene fundion,

evw% P;oiwé in Jf‘q,e mmebexe(/k)oy- 9 _Yecedres ;,GM%”

.. ®wve ovvow.

) f {s  one—tv-oue

gu NoT

~ one-bp-one.
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. NQ-OOQ)'CA\ AQ?‘fw.Ltobt L
g NOT one-tp-one & }XLA(,_GA (g(xﬁ‘\q()(g) A m:%)cg)

3) Show J‘L\a\i‘ ?(K)—-; Q-X s— 3 Y .vairh.tphe.m
%xtz

. SOQJ,Ll:l&h o

A [R 5L ﬂ-l%zg (Re_quwe, 3)({'9.7[0)

i pomatﬂ

o Lt x.xqe A Vgae,w%,;ven sudy ot ?Qm:? Cxq)_, -

Then:

P =R - Ixh 9.)( —4 =
x-L %Xa. i

= (le Qszg: D < C?rx\ 1) Cfixa L) =
= bxiXq ~Qx —%xgtL= bx.xq — 23X, -ng+&”‘7

= -9, -2%Xq = -%x¢ “2)‘@ = x-2x L,,,';",;.ZXQ, ~9%q .

= Xy=X9.

ﬂws ¥ XiXq € A 'ng (X = g(Xq) =2 kgﬁLX&) -7
=7 Q ,o,he,——‘lfo-ome,.

, Lﬁ To show tat o Pundion Q. Y one_éh—owe ,,

* Lejt' XllX‘LCA‘ Be %W‘e.m left P(Kd'g(XQ)

®9 Sheow * 9[&1«9()@) S .os N e--=2 X(=¥Xe

03 Con Lude ,_O\vgrmznf, -
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8 Show et Pu)=2x® 16x-T 5 WoT ome-b-ome

- Solubion

*Pomain = A=h_ (ue reshchons)

o Soflve L) =-F e IxTtbyx—F = -F & Ixtibx=0

o=
. &®9%=0Vxz=0e

T Follows ‘}{a‘&t ?0" Ki=0 omd X‘L‘-’"?’ .

L { g(xa..;g (x9) = ~T = -? net owe—to —ohe .
S Xudxe

- 1—4 To show that o funckton &5 NT oneto-one, - |

V ijc s C.ho.u,alm *H Q.WL yts{* one Coumkre%mpﬁe-
Xi%geh (ie. speufgrc_ cﬁmcﬂ-}g:r X aud Xeo)
sudn Haad g.[ﬁdﬁ.:gﬁ&q)u _and XL#XQ, |
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. EXERUSES

ghow “/m{ -H/.e, %ﬂowwxob ?Mncj‘w“\ . Qe Qhee{v,some_, «

Co) s oxil wilh e BelR qud ado.
D = alx wilh acll and ado

Lo bue axtl il a8, del and D=od-8co.
cx+d

@ Show Hhat g(z‘») =~oxZt8xtc wi% a4 celR and

ado s WoT one—to-oue.
(thnt : Solve Pwd=c)

@D Let B AR Be o fundhion. Show fhat
oA = P oue-to-ome
D INA= Y ove-tooue

[a! ? _Qven = 9 ym‘: ,O.\ae_:—;fﬁfo.\a?»-h
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I—’ De[-)mt{ffon ; 02 JdAL tnveirse Quunvl'wh L

Lk DA e oebooe fuckor wibh
,,vo»ma;b.gw%(k) . Then there ¢ & wnique fucbion

3L Q(Mv\lﬂ Such Yhat
o=y e Plr=x
we CQQK {2 { ‘]”'nz mve.v}e_ og ?

oMok hab e vange Ly of B is —H\e Aow.\f -

02— t&s {nvevye ¥ i e
e Tt can Be shown Hnafc o
Vxeh: Y 0c)=x
Vxef): £ =x

e TL\Q, szo-PL Og ? L,« 15 ‘Hn( “ﬁgﬁ‘l&}ﬁoﬂ OQ 'H‘e— %VQ.PLI v jlw

o Q acvers the Line (O: 13
 deo=xr
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L , M,,Llwi To BmaL ‘k«e _lnvevse °¥ - U ?M-VLU{'U"'I ,f:Aﬂ!R L

 we evkk ay. ?uﬂﬁows o

ey We Sci:m,p;, e ec‘uahow o

¥f ‘,?(\4«\,——% & ,,9\.(3\ =X e

%9 T ma. ,,;-.,Qg-,,,,VLC(.(’J.S.,Q:\')&W}Q“ rquive ¥ }ir}'s‘s«)’l‘o‘ﬂi .o

%3

L

; Jdvad 4%mw . A,equaH@.,n_m l'\aS muhiL}ue, : SOQM‘IWV\ f%“éo &,

b ealiade 0L T ek 6 bhe cose, huon dos

Sofve for 13 Du.xiv\%, ;..u\%eﬁ,w,gra,cgss,,» n3 may ,,_,J@,e,,he;ezsqv»é o
b - require MS"\'W{'IOVWM x to _ensure that ol least
Cone solubion exists These reshrichons debing he

domain _oQ e M\/Qﬂtgmcfwn ., «P o - -
When g o swow  Heal  undev  gossille vestrickions on x,

B 5ou lmgﬂtcl“l‘% PYovc HAQ{*@OHA ~?- I} OM&“"D —one. C\ut—‘ -
- Yaat ¥ *(x- Yo . Thas Léo,w.,.‘f“ﬂ\!‘f-w Hhe gowfq enQ o
Hie inverse Bundion.
“‘ aprAmﬂva, ‘.‘daec/k VM”?—‘ C,om{:mihj‘t o ‘é Sl,rom,,, e e e

.5
- S\'ﬁp % T\neg «WLQSN ov Mmay Wot MMJM&WV o
vestetchions on Yhe vartalle x  owmdl .%Qf“eﬁ?zm‘e ow

Hae domain  of Me iuvene Yandien,
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EXAMPLES

0) Fad the inwve Prnchion of Py X2
- B x5
Solubion

9 ‘Cx) ‘é £ 9(3) =X & _f&__?____ CP\(.q,mve ig -5 7‘0)
‘1_%..

& \3+7.> x(i‘g 9)@ lAk’é 2%«6-954 &)Ci Qx)'-é--3 -6x (L)

 For &—»ix =0 : X= &[9. _o.u.«l ‘.‘h%&vﬁ

LOh e 0,,_%?» -%-5.(4/2 €=)Ol&_—-% ~6/2 <« lnConStjknf
; {‘\w,s x=4/2¢ddom (-

—ixrlos o

;,.‘CD) - 2T

. i ‘3 '2’( . .
,‘,W,Now we. w\uc,(.' olncck Hae keetuwcmeh{ Qt& 5750 o
. We wole Huat:

TE e e
ﬂaj 5= 9. ( 3 - *»c) 5.2 f:.x s .

- -6 19 x vs(i«ix) KL - ~é———lox =:+to< ; “
s . S

1-9x

boo %-Sfo i sabobied
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Thes 2400 =%2-5% il dom(f-1) = R-T4i95%.
1-9x
}-——’P Tn He obove GXQMPQQ, we see that the domain
o?» §-L cotncides with He widet Poisiﬂﬁa dowain,
however , -{'lqis {5 not &Q,uua.as {mc, a5 Seew
in the umext exowmple.

8) Find Ye jwerse ‘?uh(,l-ion o? ng_.,. 9 + \) 3‘(1‘1
Solubion 3

Q'LCKF%@v 903)*/! £ LN - xe
>
& b+ \3yrl =3x & V3 gt = Ix -6 4 \/7:3‘: = 5(>‘*»9—1\%f‘7

Reﬂuirﬂ k-0 e X7, olherwise eetu_ahou CL\x ]
incomsislent. For x2z4a:

(Me 35%: §(x-D*& 33:3(5&9)"‘-— | &
& Y= 3(x-—9.)‘1v__£§_

‘“’: Lﬂow; Haa,{ :
00 < 3- D13 with don (39 = [2 42

1——> L\ J('ni) exo.vmp,eg we See k"q,{’- H‘e— C‘.oV\'f&iw

dom(I-) s vestrecled Qrom he widest P°SS¢'M€‘

'clomm‘n 09- e Po%womioﬂ Qoﬂ"ldzﬂ. eor ?1@0
bu‘m(,‘/\ LY WL, ‘
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Thes, bo delermive Hae  domain of Hhe invese

Sunchion -1, of i necessary +o [4&{7 Frodk o
ol comshraints, as T sufbfba}ei in the mek\o&oﬂo%

o O ?:Lhot Hne verse ?‘de'lovx o£ 9(1()- L\x*%
SOQM‘HOV) e e

- @ -x o Lyt -xe lh-xtr e
‘3 “)f ‘3

Tt Sellows Hab: R
$-400)e Xt ek dom (@D = R (wo comstraints) .
l‘ .
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 ExERcsES

@) Fd Yo e Bunchon 9 fr de folling

guV\c}zomS L

o dezae Dl X
L0 Y4 ix 3x-t o

Lo b= 2(&-x)%3(9.x+0 ,;,.,,33 ?tx) ’:’r\/x i o

O e xGed - 29 W Pea=-4-9Va-

Dix= 24 13x
7

Df-2 D x=
";\c

h g(x)*

Qxl

33 ?m =

X"tw

m ?m-“ 942
| x '

t‘—’ TO CO%Q&YW\ ¥ ‘(X) ’NH" Cowpule»— a%&-@m-, ,

 eihier Gtm Qx 10’ L(?'CK)) or erQ,ual-Q. {'

gﬂ' a Qew Vi

H Qo=

%2 09— x a,uoL coulivm Hat
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v CO\.QCuQ!&l;‘Mi ‘!’C\e Yonq< ECA)

¢ Le% QA-——H?\- Qﬁ a Pumul(ovl- Rewall ‘hm.{-
‘Hﬂf. wm«ge Q(A') o?‘ 2 s 8£vew ag

P = 3900 | xe Al

i Qoﬂﬂows at ey(/{-) iQ aud  ou i'p
‘u:e, equqliov; | :ch) L)qs a:t feas{- o e 50&3‘;0”
x=¥Xo With xeoeh. (ig e ore uort sobudious
i{' 1S ho{ hecessav«é yor At b Qeaomb 40 A 0ne

;) Supgfcfew{f) .

Heuwn(, s To P('m‘. -Lhe_ tqhﬁe_ ap o Qumolion we
work o Qofﬂous:
o, Find Hie xe domajn 4.
0q Bone ”xe, equakﬂh ‘H=Q(x) wilin lr~é’$‘>erl~ '}o. X
vm"iQ we o@{-qin a parame}ffc Qa(uq{'iovz oe
e Yorm ,
() x iy <o Ok Ccasce 1)
a(%ﬂt’- %Q(b(g)x{—ct);c}, (Case 2.)
e3 Find the soﬁfaaaiﬂé{g set S for whicl
the Sl‘mphgiei el\ua"{(on has a So.gu‘hbm.
Case {: a(ﬁ)x-}f@(%)f-o | - | |
o) For a(w):=o0 , chede M e case Qa caft
@msis w‘a(,jz\ner -}%c eqamiiovx ls fnco_u;islrh{. |




8) For a(xé)fo, %eﬁ

Cose ¢ : oL(-.é)x9-+ G(ﬁ)xi—dj)ao
o) For alg)=o , chede ou a cay gné Caje
Qosis  whether Hhe equq{'iom has o colludion.
¢) For a(c&)%o , fresuire Pnaf
@9‘((3) - ‘to\ﬁ&) C Ca) Zo.

‘quwA. N'«qu element's 09' 5 also @eﬁm% to m?(A).,
Case L: H A=
Haen, fr= ¢ « You ave dotnre
Cose 2.2 I A=W\~§.XO,K‘,X1,...,Xu}
lhew gvom e SimeC[zieo\ muo«:h'ow
q(5)><+@%)=o 0&
ob(té)x‘ifc@ﬁa)xf c(é)zo "
;o. set  X<Xo, X=Kky - | X=¥n, solve Por , ad
fwd =85 , W=, ,-.., Uzuw,. These values
%ive 50 '@ous %x}{'&q{ éwéua)c @Jonf*o A aud
“N}S« @Q *l"nmgore, excﬁtulel .'H pomdwf ‘Hm{

Q'CA)= S" g%oz‘allzg)-“ 3131'12

Case 31 1B A is o wnion of infervals
'h’lCV) Soav'e '?or x ol #«e_ w&% and

'hf\(’.vl Song E
Xeh &y syshm of ivequallities in Yeruss of Y
& ‘b_eQCJD | |
(bile e Bultel cue) .
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$—'> Functions whese Yo &g t'-s;"o@‘ffoué

L) For szow@ will 0&%&‘ ,‘
A=dom() =R
fim-m,

9) For o= oxtl it D=ad-be4o , cdo .
extd

A= dowm @)= K-35 -4/}
Tw- R-{2t,

exm/npﬂes

a) For Paor= x2+9¢43 . A=dom(D) = R
Sollve 15460 © M- xt+ix 13 &
L "xFix+ (3-y =0 )

Gch/aﬁfaf‘%& sel:

(1) hos o solulion & A%w/o &
& 25-44.(3-y)> 0 & 4-1atiy¥o
& ’1\3>/9 L) %»Q & %ef.i,fho)=$

Sinee A== Q(A): $= [9 {0 )
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0) For D= X2ixel
xteSx 4 |
Dowmain ¢ Kectm're X eS¢46 40 <@ (xt2)(x+3) ¥0
& xelﬁ-i-2,fﬁ
s Ao (D= BR-7-9,-95.

SoQVG. -

16=9(\<)(=‘) U= X4 S
®*+5x+6 :

&9 C3~L) x1 + CSbA)x + Céév{) =0

5oﬂva@s'fi}-b conditisn:

For 13"5.?-0 & %--1. ;9. (1) %ins Lx+4S = o0&
&) x=-5[4 eA -

s 1efm (0 | -* |

For 154.40 ) €q (1) ho « Solu:;iow(a) |
& A(%) 20 & (93,%)7'—‘{&6—0 (6(3-1) Z0 D&
& '%1.{» [Soé ~B0 £ D

© welo -3-ulul-3+ald ,4=) (3

Possible exclusi ons:
For x=-%2, eq. (1) gives
“ %-—l) *9-(934% CGB-O 0Ly -8
& O(A“-’b e  incomsislent |, 50 wuo exclusion.
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For x=-9% , €. (1) 3?\&)!
9(y -0 '%(S%-O 4 (6%—\7%0 &--- 9
€ Oy =7 < incousishel, 5o uo ex clusious.

From (?_),(37, o -ktere, ave no exclusions ) if ’POUowS

Heat B
P = o, -3- 2l Tv[-senfzi, o) U 145

= (-w,”ﬂ“ﬁmIU [-5+ iz ,%a?)“‘)‘
because -0&2d21 <L,

c) p(%)r— 3~ (gyr )%

Doweain : A= dom(D) = R,
, SOQVQ,: 13,: Q(&) & %: 2~ (‘ZK-H,)?‘ &
& (Wx+0%=2-q (1)

h

Sonq,Q(‘ﬂil'\@: | |

S,f\. () hoy a SoQquiow &) 3“’16'7’/0 & %é%
& 166 (-o0,3]

Since A=KV = @3], (wo exclusions)
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r—* For Punc‘!'iomf ws'\uq rools , we poﬂ’ad
-Hﬂ& %merai meuvooloaoz% OUJHL olso holﬂ %‘L

£) Tue e,quoqLiow '3=9(1<), usuxﬂ&«b Simpﬁiyfe: to

\}m[‘ﬂ) = Q(cé)

At oy 5ch we require Q(&) Z0 . Then wt
covbivue  solving &r x o ,%e-f:
&((3,7 x+bin)=o0
oR a(a) x? 4 (8,)z<+ 6(3) Q.
awl Covamae,. D) u;an.

9.) TL\Q CLOMOJ\A A is u7uaﬂ,<a COM()L' co._[fi 50 ‘
we Ma‘a lname ‘1‘0 soﬂ/e ‘por ‘)c oLQL ﬂ.e w%

Q.a. ‘
'\3-;?(@@”. & xs%l(za)Vx«bg(%)-

T"leh o a&d:‘korz 40 Soo.vazn'};i{'té canoll'l‘l'o“f
we oflso wc\uirﬂ
4. (3)\{:/\ V& (2)'[6/(
stkm ae QhoJ'LLf $a$L€"?
inequalities o [uequqﬂi}.ef
\ /
Take Uniov) oA soluh_'oh Seds
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exqu Qes

") For Y- V¥t ’rﬁ i

Domain : p\cquirﬁ Xt >0 & XE["%.‘W’)

CBeas As dom (D) =(-3 t)

S ollve : o
%:?m@ y-{xt3 +2&
& VXt = ‘\é_-i ()
> ﬂec\uira ’b&v9\>foé;7 ¢la too)
e X3 = («bvz)i & x=-—3+%~9_)9‘
Require
xeAhAe -2+ (;%—a)g efl2 40 ©
& ~23(y-2)22-3
& 6*6—239‘7/0 Y ALngs hrue
Thas
\3(—:2(:‘\) © yelg o , 5o PraY=[9 o).

5) For P =9 -V1-x2

Domatn « Pequite L-x*>0 -8 xel-t 1]
| baes A-= AOW(Q) = [»L,L]

SQQVQ: | | :

%Jm) & 13-=i- L-x% & V{-%x% =9,~(3 CH

> Reouire ~ Ly >0 -
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e 1- x*= (z-uoof— o xt-= L~Cft~ué)2_ (2

E,q- (2) has a So[u}ion =)
i-(2-9)? >0 & - uell,3]

Tick %&Sm(e_ Lo < (342 %0, Jhis solebion s
iv H«e_ Jomat'n A so '!’LIQFE. are uo e,cc.a.u,)ion;!‘,4
Thus

diny o {9-uno o §neCo]
d % 133[[,’7] %%e [4.3]

So ,
by~ Co, 2100131 =04,27.

) For o)< Vx2-9 — 4

Domain : ﬂqu«'ye, x2_g %08 ---& XGGw,-—Z]U[?l{«Q
thes A= dom (§) = Coo,-3]y[3 4o
Solve

%J&) & %:Jxka -1 & %i—ﬁ‘:\/xa"ﬁ (

| Rﬁqu-’re, 1470 © \&e[—"ﬂ\,{a@
M & (4+9)? = xT-4 & x? = 9+ (212)3 @
Eq.(q.) has  a solubion & 9+ (419)2 > o |
Since. X2-94=(449)2 %o , e soludions of
(9) will @Jﬁh% 'Lo A SQ %m are ho Cl((‘ﬁu;ions_
Thus | |
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‘&GQ(M&*DSL %G[fldm) &
I+ C«a«%‘t)i 770 <«— iiew}ﬁlwé

'z aée[—i Feo?

"‘LL\US

?'(A) = ["2("’00) .
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EXER CSES

Find e Youge and  domain OQ e )Qoﬂowiué

gmmd—i ALY

o) Py 3x-L 2 Yo 2.+ VL —2x

6y vy = 41— (9y42)%

A L= xLity bk W {ea-4-2/u-xs
) Lo < xt-Loy + 9 _ |
) Pexle x+S i) ,ilm < Vixst-3

X -3 |
?) Q(K) = I- m j) ?(L): \[\(9—_}%{* 7
bame wih‘ the po.aﬂw;wg ?uwc‘}ioh, | o

0 P e XEEx-2 d) Qm:\/ X -1
KTt Xt9q

/3 Q(%)':, x2_14
Ay +1 ). Ik
) a()ﬂ. = Ound R -4
XL4%y4q
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CA5: Graphing functions
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GHRAPRING FUNCTLONS

Y Co::rlimo\le_ stz‘slum

1 \& Lt AR L o
_______ B poinjrt“ on e ?fawc-
o \ wilh coordinales
W -T2 i( A(xl\l‘&A)

o The 5Qaee wm(AB) s defived o

m(Ag) - _Be- 9
X@—¥np

W\ACV\ XA ¥%ﬁ'

o The distavce (A8) lelween A aud B
b §iven @*é

(AE) = J (XA-'X@)?' + (%A"‘éa)i
(dislance garmu-f,m)
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r* Proog ok dirtance gommga,

The distance QOVWWJJK is oerived Qrom e
Ptbjrina%o rean  theorem :

o Let Aac e o %iau‘bﬁe. Thes,

© wilh  o=(BC)
C a @,: Cchn)
c= CA®)
u! C
A L

PYooQ CL? Frcﬂo‘,e_w% ngier[.)

EX]leui ACHe ©

; suchh et CD=AB
¢ lek OEL AD wilk

\ DE=AcC.

D Praw CE &E

L(L Ce= Aé% ; Co= BCE Cy = ECD

Nok Wialb . A

A8 =0 and AC=ED and A-0 = ABC = DCE~

A

= (6= BC aud (3= B
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The area of e ’lTO-QCIOio(

(AGED) = __lf. (Ag+0E) AD = J.f (c+8) e =

_ Bt
2

The area o? W Jhree Ln'a-w%lcs:

% 9.
No'—g, k\a ;
A P
l‘ao—«c,,c;, l‘?O-C,-B:/.\=.39°.—3)
> (B = | BC.CE <« o8
9~ 9.

Since

(ABeD) = (ABO4+ (cpel+ (Bce) =
G+ bc } be 4 29- -

=7 >
9. 9. 9

= b\_e‘:. (_Q{'C')Q'—— EC—-@C:
< B2e90ctct -9k
=f%+ct 0
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¢ To show e Al)"’QhCQ_ Roruwpea. nole Hhal :

, AC:XQ, -XA oud BC-= %B""QA“

QI{WCC | |

C=%0° = Atz Act4 @c?- | |
< CX5~XA>9'{' C%Q-Bf,)l = e

<y Aﬁz/CxA~x9)q’-+(34-lﬁe)9~ 0

s The w&pomk M (ehven Hwo pogu{s A
avd B 'is a‘egimu’u as e wm'qua poc‘wl:
suchy,  Hhat |
o) AM =Hp
¢) o ) AM + MB :QE
1{' cown le St\oww kn%‘i r A(-xAUAA) awd
8“‘61‘39) , *"‘1& !Mc'o[()ol'm.{ M has coorolmg;(c)

Xy< FA e aud 13“_-: Yaide
R q
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o ’ﬂ,,a.) Find He olope , ditance , aud  midpeint Lhveen |
o AR and BCLm),
- Sollution

 Shper m(AB)- BB _ (=D _ -S3
XeXp (D2 A-2

-3 %

H Disfmce:m AB- {C.x,,m@%& C‘?}k-lé}g)q' =
=V [T ]t =

=2 (202 = R .
C=V3%192 =V 84+u < J_g .

Mti?omﬁ Xp= XI‘H'XG = . 9"+ C"l) = A D L
, 2 }-:_)

y S %

Yu=JAt4e _ (D) 8 __y
2

T
= M(i/e,-9D.

W:Q ; w “ (ﬁ-@l-\ , OF ‘2—) s hne. mfé\poiw‘t ) erwve.ey\ A( a-i. ,?Zq‘D )
. and B, Smd all aclk suda Jed AB-9.

Seluhow

First, we calcclate AM -



198

H9— Cx,;, xu) 4 ( A- 3 ﬂ)
= [(w O-(2a+0]% ¢ [(351 0« (o.fz)]‘i.
= (a-1-2a-1 + (Ba-(-a-2)%-
= (-a-9)*+Qa 202 =

-f( Jha FY4 1 o —(iod-‘.’s =

= %at-8a+13 0

From () : o B

Af =Ry M& G AMZ- 164=> G o RN T
NN Sel -8a-%=0

CA=8%-tac= -2)%_y.c. (-2) = é‘—t—i—-(.o—- [Q.q = 1‘3\ 7,, -

—> Qg = ~(Htala _ 81a % -
2 %<
- qtr’
"V
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EXERCISES

’ @ Find 'H/IC SQOQ)Q, J.n‘rl'aquQ., Oww( MI'G‘{JOWI'L

Qelween e QoﬂwaVlb} ')Dila{'S:

o ALz 0, 8(Y4,9
o) ACe,e), 6(%,5)
A AGL-9) 8(3,-%
D A, -4, B6(-1,-9)
e) AC-2,-22, & (-1 1)

Leb ACe,ath) |, B(%a-1,0-1),
Find odL Vqﬂu(s 02 o sud~ ‘ft.a{
o) AB-=|

8) The sQoPe. m(AG) = —%

\g M(iﬂ) (s e hm‘(lpm(q{: Qe{wecw

AC-1,1) aud ®, Dind  dhe Cootdinales
f ®.

\P M(gq'l,o&ﬂ iy the hu'J«[)ol'hé belweey,

Ala,a-1) and B, emi/\ aeR sudi Hook
e distmce AB = 9. ol |
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VCu.vva HFVQSQMLNL ﬁ‘; ﬁqua“‘)hs.

 The curve CC):?(\(% :2(5(%7 comsh}s
e?_ oL %{ poim‘s og e ?eaue k«&j

So\l “9‘3 Hae eq,ualri on

?Qﬁt): C¥ey).
113 Qoﬂouﬁ h‘?\a}% ‘a

(xt‘?ﬂ c(a & P Cwé) < %(\c(,%)

e We now cousider % curves:

1) The at‘ue [N Pﬁro\f’ofox 2) civcle.

I——) The Qiqe

¢ 6\(‘&(3 ﬂ(‘he_ ((,) conn Qe l&plwe}(w"(d. aj
Q) : Ax J(B(aJrC:o
wil, |Al4IBl Yo. |
Cov 3%01 fhe iﬂtwi’, m 09 Une Live @)

s tbfv‘cm ata

-;..Z._B__.
" 2

ouh Mt Sor any Po;‘u“) | P“P.LG(Q) |
M(P[P17= wm = ~ A5, '
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o The eqmlion o?‘ We Live can Be Qouml
1 3 QaﬂOWS‘.

i) Giren o ?oim‘ and 720‘?2:

M(“O[‘éo7 E(Q) %::7 Cl,) v 5”30 :M()(*)(o)
n = 590'72 02- ('.)

9) Gwen H{wo pocuh:

A(X“‘él)f(() %=> Q) - 15"3( - ’\39-""3!
B (xg‘%)ecu X~ ¥ X 9—¥
|

3) VQA!'C«I—, li\w;

H (%o .ye) ) g—-—-v (L)= % =¥o
(
(Q) [/\é '\} 1‘

B f)i)‘-omcz o?' ?on‘nL QrDM a ine

TL\L JJ'S{'OW\CQ OQ ‘hﬂe Fofw% A-CXot(éo)
grow‘ %t. bive (O : Ax i—@%{-c =0 iy %in Qa
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LA, U= JAxe+By,o4cl
( A2+B%

P Aﬂeﬂahv& @osiHam Q)c-‘wech }wo ,Q:'hes

* Consider Jwo Lines
(Ql): ’%:M;x-}ﬁ(
CQqJ . 16-:, Wmg X -l'QQ_
It can be shown Mok

CAY/IR &> M- ""2 | (parollel)
QLU0 ming =~ 1 QerPchJ:‘cub)

v Prool of perpendicdar coudition:
1

(0 Led A(Kol%o) = (f\) ﬂ.(Q?),

) Tufreduce Yue Line
B CQ) X = ¥oil
A and et
3 B = (Q)n(m
| C C=< (4) Q(QQ)
wih ﬁ(xoi-t, %‘)
| o) aud- C(xotl, Ug?




To Qiu& 15,-—130; avd 51~(A°:
M(A6)=Wll<>.) ‘}Ai"ﬁo

=n, & %\-‘60: 7

(xot Q- Yo
m(AQ) = Mqe& _’@1“:\0 =mg &9 Y. =mn
g . 0° 2
(xo40) - Xo 4874
{r‘fluts'.
Ae = \/((xom—\coﬁ + ((él-tb,)i = Vitm %

A=A ((xot0)~¥%o) T+ (\zaﬁ.éo)i = \f“m#
DC= = Yg-g, = My-m
Tt Lollows el
A B
(WLl A=-80°& Bcl=-ABL1ACZE

@ lmg-m V%= (tm3 )+ ([ 1tmg? )2

&) Vng?‘« 9~th9\ *'thz' S (i'l’ Wlli)f'ci‘l' Mg?‘)[’:?

&) ”Q\M(WI" =9 & mMmimg =- 4
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EYERCISES

@ Find Hhe eq,uahovx 02 e zf"\(
() - Ax +B%+C<—o
such  Hhat

a) () qoes H\rou%h AlL3), 6Ce.9

D @ goes Havough ALL2), B(2,0

< ) goes farough AL, 0,64 L

S RN() g0 %rou%\a AC-2,% ,6(-%,-D

) ) goes %rou%‘« A(L,2) wil sﬂn@e -4

2) () ot Jéf/\rok L\ A—C~llﬂ.) ,w:‘ha, $QOP€ G

(a) ra - 3x+%3 =0 end goes -Hamofb,l\ |
AC-y, o

WY /(L) : \<~7;3+&=o and Qoes -Hwouaf'/!
A(3,-9) | N

i) (AOL(LD:9%4+54+ Q=0 and goes rouql,
Ac-2,%) s s 2

) WL 3x-yd2=0  and gou Hwayh
ACy,-0 |

@ Fiud ach sudh Hat () oLx{I;‘g.}}r_o
and  (lg): i(q%))(“%a{ﬁ:o
are Pa(aﬂ;,e.
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@ Find ael sedh Yot Hie Lines

(€Y : (a42)x +§;¥ 20 ond (lg): (1-a)x- 934 (% =0

ave perpemll' culay,

Find qclA sacL. Yol (L):(wl)x-—g{—Ca-i)f—o
aud (Qz):f’éa.—?)x-lé-'ia_“{S:O Qe

Po.roﬂd Then ?ML o line ferpemo(t‘cu@ar

J(O (QQ ava Clq) oIin unmu A e ‘)oiml:
AC-1.0 i 8

Piud ol sudy Yok  He line
(@): (a-9)% - [a~,¢)'3 t(3a-920-0=0

iy : |

) Paralled o fue x-axis

6) Paralled wilh (al): ‘mv%{ézo
C) PErpemii(uﬂar {‘0 (Q()t 9.3642—5 =0



206

CEXAMPLES

@) Fund dhe equabion of Mae S 301»‘3 H«ou«ék A4

. GMOL BC 2 "3)
o 90&41914 o

| ‘_ff () %788 _ MeTMA o Y- (D4 e

PR
X XA XB -Xp o ¥X=%1 (~9—) L
G

e P S TP & S TP
X-1 ~% x4 %

& %(\3-@ ~S(x D<~> By-6= 9x~5é=) 5x—~3‘3 $6-S=0
- {M U‘&) 9x 3&31—&’@, o
; Q FmoL ’Kl?- equ,q,HolA oe‘ Hn?— anz& Rw;ou%’l\ A‘C% v‘t)

wln\ 59.9?& ,""9».
SoQu}nM o

(- g—(-q)v ) (x-2) & 4= -2UxD &

& 13+H—,,—Q><+6® %H%H( -6 =049 2xty-2=0.
Huu.: o
D 9»443 2 O



) Fivd ol values ocll  sudn Yok He Lives

(fld’bx+(a;ng4aa=0 L

_ e Pev{)mo[rmﬁw e

o Lebt = slope S N A
. wmg=5Pbpe ol ().

. Then my < -3 ) }obm__o,\.u,,mg.:n .

T Sollows ek

Ak 201

Y

@@ (a0 e
ioh > Af—lK*SL”L, 9%,

e Domaun oQ - equout

M %a=(a+)(Za-0&E 2a= % -04%0 L&

Lo 1a2+ [(142-3)cl =0 %Y -9a-L-0.
CA=(DF_ 4.9 (D= t48=la=4D=>

207

e 215 046 e ekl

T‘rw-s o
LU a< 4tB Voo 4B
9 9

2.2 * (w""ér @eﬁoué b A)
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r—» The circle

e N circle () wile cenler A aud rvadius
’s e sel ,o.e N& poc‘dy M ou %e_ fﬂme_
such Hat AM=r. Thus

(C) :% Pl‘ AK:Y%
This Circce, can Le H',(rcsanlu(_ Qs

(o): Cx-x,;,)9‘ + C'b-'bh)q- = r

uui“n A'(%A,‘ﬁp‘) .

e The (curve (o) X"t\ét{»Ay 1—916-_-.(;
15 a Cfi‘ol& lg amtl o\,fa { «

c +CA/2OY 1 e/t >ol

Proo)

(c):xHéHAx{%:C{‘)
| 9 A2 9 2 _ i
& YriAx+ (T) _(.5 {Bg.}-(_g:_) = C_-ECA'/_?A \+(-9/9-)Z
L AN 8 \2 - 24 (6/2)%
& (xy_i_ +(q3+_2_> C+(A[2)* +(6/2) |

We see Mat Por () to e a circle , e RHS ‘-
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hey by Be pos{liv'e.

1—) We counclude frow Le ar wment above

Weite' e e*‘l“é‘lfowy (c):xi+3q"*Ax+ea=C e

dnat f () is oo cirde Juen d

has  cenler OC‘Alil’B/QJ and
rodius cbima @5

V= J c+(a/2)? 1 (B[2)2

EYefRcLy Q___‘

gov 'H\Q, circle wilh cenler D avd
radius v sud, *knq£

a) O(1,-4) ,r=9

) OCZ,"'i) yr=3

<) O(;-i.,-*'-t), v=4/9

d) 0(4/9,413) , v= /3

e) O‘Ca.,.a-D , Y=ot with afq>o.

Find He ceunler and radius 90"
the poﬂou}i\n% crdle) ! 1¥ fhex are 1ndeed
drles ¢ o
a) (o): X"{' "1’37"}2\5"-9

N co: X’vha’- -9 +’-u6 =~ 0
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Q) (): xt49Z +3x+y =1

d) O): ¥X%eq2+t (¥ iUy = -9
3 S

e) Co): x’-hal{- x4y + 40 =0

H ca- xiuai-m—?a $6 -0

@D For whal valus aelR  are Hne Golllowing

caves circdles?

o) xtiult (s +Ca-Ny = a
@) x%+ 1+(9~q~17x£(3q&27g'= a{l
A byt (arp)x Ca.~!.)a; ) — o2

@ Fiud oeclh sudy Hat e cirde
(): x24y2+ (Qat)x ¢ (9.&-0«3 = 6+3

passes ‘k\rou% the point AL
Whad iy e vadius and ceuler £ e

circﬂeq.

@ Find acth sudr Hhat e vadius r
o? ‘l‘L;Q cirdle
(c)- x’-t-ai-l— (a-1)x {—C&{05 = %a-t
salisties 1£r<?,
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V Graghina, Linear aud a‘_um&q}s‘c Dunclions .

e Lel 9: Aot be @“"uMC‘{‘I‘Oﬂ. The grgglﬂ
02 %a ?dncl'('ow 2 (5 o Curre ((,) 6"0.4

by
oY Sl Y=

xe A

I—» The (inear quhm ch)=ax+@

d Domain : A:lﬂ
e Ranae - ?(k) =R |
o HOVlO]lDVlicl‘{‘)é : 2 W\é"’? o'r 0

VRS a<o
. Gva.p'n: The (braplq £ Dea=oxtd is
0 QEuQ wika Sﬂo e a.
b To dvaw ‘hna %mpl«. o(? id ¢ Sa?’z‘ci?hb
1o Q«'ml two poiwf; o e ra‘)’n The fine

s ‘hneh. um‘qwﬂa deQihaJ. ?rom {ese '[a)O

Poiu{S.
» Rawbe- on rcs‘ric;e(»[ l'n\[ﬁw“ﬂfz

oYyo ~» QCY_.XHKQ_:]) = ULC%O,Q(&)} |
a <o = ?» CCx,,xql2 = [.P(XQD,P(KOK
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P L Rl

=
1o

@ Rambg on unweshricked  tnlevals

oo =—,—>§¥(Lxl,‘wo)):: e, 40) |
a.<£o :)3&([)(‘,,&@))% Co, fxal]

3w xeD =[xy, )
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I—’ Linear gumé!'ovd wikq ,agioﬂllk voldues

B¢Q‘0r¢, wor‘linb WJ’[« Q .’Ziwc«r ,youac-['fomg -lt\a.{'
has absolule “values we vewrile i in
Jcke Qole :

Q\X'f@l 2 XGA[
Pz Laaxtly |, xeAq

ahx,’rﬂh ) X ehn

il A‘,Ag,-..,’Ar‘) inlervals.

¢ Domain - A=A vAgu---UAL=R

¢ Range : Y =anvlUgu--ufan

Mouo*‘ohlc()\zz Pep(’mo(s ov e fnltrrals
Auia.l---,An

o G-)-o,pl,\ : A 5eqquQ og the Seém'?"ll‘)

with dHerent Spopes per '5?80»:&:4{.



214

EXAMPLES

| Domediut
Q)For Q(.K) = l X.{'l.li',.lx'-?.‘ - A<« K&v\abe
M.&vtol-o\m'q‘l‘g
X -4 - Graph.
X+ T L ¥
X~L l +

Vxe (-0, -1): ?,(x?r--—(ml)-—-ﬁcvl%-&:
s -%X-l-yx+9-L=-9x

Vxel-1,80: Qo= (x+0—(x-271-1=
xfl-x+2-1 <= 14

\L‘xe [9. too) : 10’(%) = (x+0+(x-2)-1 - 9« ,2 :

{'kerepore

—QK ) XE C"w("lj
=9 2, xel1,4T
1x-2 , xelg, 100

Domain : A=MR N
Range - gc(-w,-qh Lo )
C[" (2]) <~ % 75 -7
g cLy, re0)) = [9 A®)

< - U. 1)V 123U L9, te0)
= {9 +o0)
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. Houo}vuicﬂmb: ﬁ}o(:loo,[.? .

07 tg 4o
. G-ra(rl,\,
Use PC2:- -2.¢-2)=¢
(*():. 9
(2)= 9

?(37,: 2~?>~9..§. 4

— oy anne R e d—.  — . — . -

’.‘ .1_‘\——\-——

-
'.D-qr--u-—n
w¥-~*‘—



216

Q,) Fw lu\aos.{ \n.Q.ues } o?’ Q.GK kae. gumjww L
0= 9% (- +0> (x-D mcvmsln% i ®R?

(Je \401'(— -Haa.t e
o= 9xlad tat(x- n =

= %ax-2xta*x—o*=
o = (al+2a - x —a? , VxelK o
,%jl&@ o:’~+fza 92%0 ) -
A=t U D= 4t8=19= QZ"‘?

Ot

g Tkus

¥Jtﬁ & o= -LH% P -
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EXERCISES

@ For e ,Qo”awmé Q,um’n‘oms, w,n‘le e

| J.omo_t'nl ranae, momohwid*\%,‘qwi draw
e correseom?imh%meh:

o Yo=2x-9 D)= (x-31 +1x49(-5
8) V)= —Qxt %)?—(Kh-]ﬁxﬂl-&l\c-ﬁ\ |
A L= l2xe-sl W)= Boxlelx-11+14
d) L= 1a-wl4x ) Y0 = Ixl el e \xte]
) an»._h_)e(\_ D Lo = (-t (x4 12541

@ For whalt volues oclk are Hre Poedow;.‘,,é*f‘t?zagr

Qunch‘oms fh(.kta,si% in R?

o) 9&): (a4 ¥t (a-2)

3) P = (2420t V% + %a

A e s alxta) 1 x(a-1)%

d) o) = o (oatt) Catxd

e) )= AxCat-t)# o l(x-1)

g fo1c@@-0 + - (ar D
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| }—* aua&.r«kc Qahc}l‘ow g(x): ox2+Bx4C

'. The %vaf‘x o.‘l the olua&m.h‘c gut/to(—ion gtx\r-a\cq‘&—@x%c
is o curve collled ﬁpmroﬂoﬁs\ which hoay Hie

S:Ofﬁou)w\} Vropu#er. ,

) -Pcs verfex 1) Hre [)oivd? A£"W9.«.»,~A[‘ta) wc‘n\
A= 4% _toc the J.t‘n.rimiuaw‘k b¥ e c{m&ro}(‘c '
oxtrfxtc. | |
) For oyo = the verlex A s o wikimum
i) For a<o = e verlex A 5 the maximum.

) @) Ik has oXx(s og' §qv#\me,{fg_ the g-ivze (o) - X=~312Q
,(’\ Inkneds He }«;xcs czjif cCo,c?
d) Inlergecks the Xx-oxis  at
i) A;Cx“o) omd Ag_(Xg&) whtfr\ X{ %g Hae Zevoes
of the quadratr, whew 40,
) Tnmaev& with e x-oxiy al the vertex ;
w\aew A’—O,
i) No IV\I‘EV‘;’Q_(J'?WI when A<o.
el Fur 7o ¢ ‘H"l& [)ouva@.ﬂ@x oFem up
0<LO 1 hae, Payu»@oﬂp, openis CLDU.)V\_

° To 5\_‘)14'?; e afove chtms, We. be,ww‘}{ l"ne.
1\;0.‘1.1’@11‘(. tn Hae QOmPMo(_ s quare ?gyw;:

9
g[x)-*o.xq'{-%)c‘cc.z a(x-;— @ )_. A
7-0- Lto.'
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o Frodf

,gQQ :—.&X?,“.’QX{TC = & (XQ—" ‘Q X+ - >r- R
& o—

;o{ﬁ +% - (,_é’:‘%, % _(éﬁ*} o

QA[(X-F _é_;__) + :Q} :‘ =

N

o (x+ /283~ Alba. o

¥ d

Nl

&

| —8laa

f=ox2 I 1O PN 2T Y PO

Q.[ (x+ L)Q~L]= .

, ,@,(\c)z oxttlxic = a.(‘L*@/%)q"‘ A/‘f& o
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. @ Ta onl Hno- B’fﬂfln 0? a C{\LQA.VQ}WC p“-""f}”’v’) we
?'w*’ o[eievwlv:e_ H/le_ cborci.tvto-jﬂ 6? 'H‘e- l/e.vl:ﬁl(, de ‘}LIC o

[Jom}s w‘neye. Hne. 3mpiq thkﬂec}s Hnt X—Q¥x4s C? {‘L‘tg
em[') and. Ha& Aj-axn Q {‘C\C&f— are v;of 5“2&619.‘4

we Bud  additonal ‘76(‘41’5 @‘é e,anuc‘hm% Hee guvu}}ow

EXM[’LE

~ Gvaph the Puncbon fug -x2toxte .

Dncwmmaht A Qq' Lta.c-— 59‘ Ct &b ‘15 i‘f 1
-6 _ -5 _ -5

A oy

o X-axiy W\‘-et‘ce.p[-s S
L/ ST CU Wttt S
L 2a 2L L-4/e=-9
H\MS C 2 o) (»a o) o
. 13« o¥es mkrcep£ CO 5) o
Aso weed ab xe—1: PCO- (DTES (6=
={-Ct6=9

R P

 x|-3 |-s/a -4 [ |o
Y {o ,{-i/?.;l 0 { ys l 6
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- ar G N e o
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. R%%e.. o?a e(uas\mtm ) S:u.uchow R |

L1k can B¢ shewn ,A;mclﬁ%@g debinikion, aud
L oo seem vie e %vcggh,-ﬂ«mt for e Q%A'akh?
fwnction QCK) s axttbx tc, the r"\.?uae 9‘ RY is

: ,%i\(ﬂa Q‘é

oso = 2(.&2.\:: A4 t00)|

- ExXAneLE

BRI A{’hgv\(um%z of P‘Lﬁ)..h?“ax}rfg\({'3 |
. SoZuHsu e

A= 02 _Gac= (-9)%4.2.6= G-(Lo= -56 =

> A =56 =60 -9%.7 _-9-¢F

el ST

e S v A

P R - L S L S S
LD fi) = [ —Al4o, t00) < [1313,4-0@,” |

?
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COEXeRCES

@ For e Pollouine funkions, wrile bue domsini

?&%%g-,,. Oy, 09 §émvne¥"%(VerK, Lkﬂ-crgap{s ) and
‘une Co fmsrrpha.uiiuaw CoprcMSQua‘Q payv-« Then

) ,%o = 9%t p?co—ix‘l&‘w%&

0 %wa=xtr2 D fm--xPivre
D l=-xY2 wfe0s - x4
) P=3x241 Wlos xPexil

5 9’,(2() =-9%x24%2 o) ¥H(x1;.w.),(?.%%x [ S
L foa= %22 pfoo= —xb4x-3
W= x*-9%

D) Reo=-9xE¢3
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CA6: Polynomial functions
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POLYNOMIAL FUNCTIONS

Y go«.s& Couoe._pl*;«- Degin(‘\'iom

o A Poﬂtﬁmamwﬂ 9» @ ?uwc‘{ov\ ! Rk
Sudn H:o»l:

-
2&0: aux\'i— q“,‘x‘" +---4 CL9_X1+ o(X o )’v‘xeﬁ

wi‘kﬂ &n lq“"l{ ey Q‘_ «Xo elﬁ*

o The V!ulmg’?f) 0o Ry (-+-¢ Q% Qic Coﬂu‘.
'Haz. ae?—?:cien\s 09— Q.
. hW-1
° The expressions Oux', Qu-X .. X0

ave colled Y dterms of 9
- * h= Hee J.ezne. of ¢

avd we writer
| GLQ (Sb =W. |
e The sel 02— N/ Fobﬁv\owu'als (s Agmo‘ec[ as

W\[K] : ol po%hom\‘ab with __% coe%{dmly
Olxlz all pe nownels will rational Coaw\‘c.itul-s
.l[X‘Sf_ &u o uow\iogl} qu‘u/,\ ihkggr Coem'(ieu‘a,
Thuy | il Qo ouw's H.ak ft

ih'l*:ihiﬁ,,.-,w?

{hew
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Pemixl <« Yikelul: acelR
?—GG[‘A']@ Ykein]l : ace @
S?—e'l'l.[xl <) VKe[h] T g EZ.

I Progerhies o &eg‘ms

Lel 9,% cAIx]. They

.

dea (YY) = deq (07 +deg (8
| &e?(?-&ﬁz) = mé;x %Ae;(,?;&, de%(%??

r——) Po L‘é vwlmiqﬂ- Equ,aﬂ.ljg_

] In 3eueraﬂ, 'lu/o Po vwm‘aﬂs 9,3elﬂ [.Xl
ark ee‘uqﬂ i? and on if -}(neté hare Jhe
Youme_ Jt%l-ee. aud Same Coewfcz'gh{s Jw
other twords, 1 R

?hﬂ = aux"+ apa xh‘l-& -~ touxtao
0 (X < Qo5 + 8y x4 ---48ix4 80

en

L%@) ¥Vkelul: o -0k
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¥ Pl nomiod Division
pely

* LQ‘: ?‘%,,e W\[%] @e -Lwo pooaa_lnoww&}
wr Ae%(p?,o\ez(%), Then, here exist
two unique  golyvowi oks q,rel@[ﬂ st cle
Y

¥ xeh - gﬁx) .—. %Lx)u\CX) +r ()

B lermino Qog~g- Rematles

(1) 9 LX) = qué{-ien{, o? | 2(,() -"-v%[)q
F () = remainder of ?cxl‘r%(x)

() Nole ol 7 :

de Cep::ole - deg(s)

&e«g (r) £ &225(_%7 4 % |

| (7)) We $°ta “hﬂ&{: - oLiViAQS ? lg qu& ou% \'g

e Co\'r%ﬂouohuﬂg remainder (s © :

3‘9 = Qc\elﬁf.ﬂ :¥xelR : 9(;:); %C\Oq(;o
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EXAMCLE

P@.rp—orm Hre  divvsion
Coy4-3x54 Sx2 Fx+0) = (xL-2x4 D).

For Y00 = 2x4 304 &xt -Tx+1
%(\c\ = %9y +3
we have
c\e%(a\) = de%(?')- o&ub(é) = 4-9-9 =
=7 Lot q(x?= ox? 1 by +C.
deq () < degle)=2 = deg (1) €L =
= b vix) = dx+te.
Thew
Q(m x %()t) oi(KH r(x?
= Cxl-2x+2)(ox2ibx+Q + (Axte) =...x
= axt4 (0-2a) x> + (-8 +300x24 @
+ (~%c130+d) x ¥+ (Bceel

= " -3x% 4 9y v L | VxelR &
Q..:Q a=9%
b-%a = -3% -1
c-98+%a=6 & c=y &
~%c t7htd =-%F d:-¢
e te = e = -9

& qx= Exlexil and rlxi=-8Bx-2.



Ind  meluod

x%-9x43

Lx*ix +l

bnos
ﬂuo‘;u&

dx"-3x® +6xT Jx +1

-1 4y? —(xE40x 10

w2 —xZ -Fx+td
-%? 1 9x%-%x+0

x% —foxth
~xt19x-3

- ~8x-%

q(X)= Lxt x4t

remainder r(x) =-9x-9

229



230

EXER CsES

Do H.e ?ouou)iné divisions.

(-xt+e): (x-9

(34 Ux?-dix -30) : (~xZ4xs )

(18x?+9x2 _Sox—95): (3x-52

[(xt-8)2 - (x+9)(x-2%]: (x2¢x-1D0
(x-12x): («%+0)

(Ox4 ~18x7415)2 -x-6): (252 -3x42)

(x4 -3xLe5x 1= (2¢—)

(%S -1 ¥Y + 33+ xE +2x+5) + (ZxF-6x® _Ux 4D

P P - x2ix-2 , 4o the diwisiont
[TRN2-Lxt0] = B (1-%

R Pwa= x*+ox-C , do e division
[Y'(x’i)g(Yi’?.?‘P(K)*lOT %_,(xl'_x__z)



¥ Division wilth x-c

o Let Pemixd e o polyuomial and Lot
ceC @e awn arﬁn"‘mhj (‘ounpfe.x number .

C root 09 9» &= -?(C)-:o

l
Thm x——é.. cliv-‘cleﬁ 2 12 oww[ owzg f

C 5 a Too{t 0? Q

w_clloa &5 ¢ rook of § [

Prool

(=) : Assume x-—leCx)%r | |
~ do e RIx]: ¥xeh: Poa = (x-0860
< 0 = (- %(O = 0- %Lc) [0

=2 C Frool o

(<) Assume Foo-!: 02 -?» - 2(.6) =0 . (1)
Let q,re Rl x1 Sucl« Hnal
¥xelh: $ix) = (x-0) q(K)+ rix?
Note Hut Ae‘h(r) < cle%(x«c) =] =

- o\e%(,r) =0 = Y()c),-— q ! Vxe(K.

Thus
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Vxel: P—Cx) = (k-9 t‘(x')-t A=

= $ca- Cc-C)t‘(()-}ﬁ A2 Q=03

() =o

= ¥xelR : ?(@ =(x-Q ol,(x) -=~.2

= x-clfw 0
}—) Suéwu\ehc Division
let §emixl wily

Y= o™ + o x4 Lok tao
The diviston 9(10 c (x-¢) lhas
o) Remainder -
rix)= b,
/A Quoh’emk |
0\(10 = @W‘_l le-»l + gm,.’\ )(“,vl - 4 g(/)( +h.
such Mok I

@h'l = Qy . .
bu-r = ot cbi , k=0,4,. ., n-I

P'OO¥

We le-( hnak
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n-1

(x-O c\(ﬂﬂf(m = (x-0 2 Qkxk + 84 =
K=o

-t |
= 2 (Qux*'- cbux") + G
K=o

n-1
< z“:. Qk“l. )(k + 7 CQKXK‘I’ (Q,L“C@o')

<=1 K= L
h-|

2 X"+ T By - b x% + (6. —clo)
K=

=on X'+ ---taxtra, Yxef&S

&) % @h—(:am

bu-y -clk =aw, k=o0,...,h-1 n

> lm[‘ofemeﬂ a(iom - E\coww'pﬂe

(95?7 -5xk +6x 1) : (x-22

% l 9. -9 €6 -1 __ Hower scheme
J a4 0N 8
9.7 <y 1
—_—_ Ly

9 (x) (R \——/\
Thas —

(9.\(3—9)(2{»6)(*0 = CX-i)(ix’*-—x kt{) +F
Nole hal lhe lost vumber tn dhe Hormer
scheme i3 e rewmainder V‘()C)f-@..;_.
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I“" E?Q»‘de.ak ()o.;aﬁnow\io& Cvéﬂutc"ion

The ?»oﬂowimb Rw,ﬂ Su%%cr‘s J'aa{'

Wwe wma Use {*L.e l-(wm@r Sc.L.?me "o
evaﬂuo\k kne \flo,ﬂlanoumml Q(X) ‘?or Spec{e\‘c‘
Voiues op- X |

Thm  : The pemainder of H.e division
Yy : (k-0
is:

1rGo) =9(C7 |

pfOOQ

(ﬂe 'Lln.ow *kaq{:

&e(b (r) < l{(a CK«%OQ =1 > Ae‘b(‘() -0 =
= vixy=a,¥xel, o
-bfla‘elﬁ[xl-: ?(x): (x=c) q(x) } ﬁ
=l = cccaquotd-

- 201,(C7{—a=a=9 |
SVxeh: v =dco. @

Thas, Lo evaliale $ca | it 1 subbiced fo
do -l‘he A.ivis;ov\ g(x)'. (x-0) u.sinz ‘kqe_ Horuer
scheme . The rmainder will Be equal 4o Leat
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EXAMPLE

For Y0 = 9x?- xZ+%yad
To lind 22):

2 1 %2 -1 3% |
b 15 54

2 5 1863~ tp-sol

-~ EXANRLE

For ,whqk vodues ocll  does x-4 divide
D= 943 < (a+0¥L 4 (So-Dx -F °

Solubion: X-1lfu) & ti- 0&
£ 4? - arD)- {2 ¢ (Sa- 9-)1 _1‘ 0
&) A-a-VtSa-L-F=0 |
&) Ho-8=04) a8 & a=9.

EXAMOLE

Show Hal %Cx):ingr%c?— +x iiv.'alés

o= (xe 2 —x20 gyt
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Sofution :

%()0 = 9«7} 2xl tw = X (‘le—&%x{-i) =
= X (x+Q (x40 , oy

%Cx)”(x) &€ x10 lier = o
xtil g &9 ) B-nn=o Q
9x+ S.l g(x) Pc-119)-0

Nole +hat

9(0)= (o402 - 0% —9.0-1< t-1-0
D)= Gy - (0% -9 (-1 -1 =
= O-14%-L=0 |
D19 = C-fg4)?n -4/ —9.(-1[2) - =
= (UM - (LD +L-1=0

- Thay Qrow (L) : %()‘)‘2(‘67.

EXAMPLE

Show that UM +1L 05 o malliple of 12,
5olution: |
De?lne_ Py =2 e = P 041 =0
= x|y = 1+t tSan
=2 19 Weel
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EXERCISES

@ Pergorm e goﬂoww% divisions
o) (~xZ4Zx%+2x-3% -2%“) : (x-L)
Q) (3x2-15xT-Ux+2): (B3x+ D)
<) (3%% -x2 x4 4): (x4
&) (29x%-94%) : (Lx-3%)

@ Fo( w‘nqk chlu,es ozﬁ GW\'«
& x+21060  with foa) =4x2 - (Q-Dx -4A
0) ¥¢t 100 with P60 = x¥1 Ax2429x—1
A vl o0 wils Poa= 9x2 -(3-2Ix+ 4.

@ Lel $err = x2-Qxtl aud Lot
(x) = Q Cx’rng— (x-2) -Q (x)
For whatl VQLJQ o?— 14 does x-% uciﬁr\'o(%

%(x) 7

@ Let for= %xz'{—('.\-l)x?‘{—?\gX*—% ourd
Qel (x) = 9—(x~119(x+37 and. Lt
Wi = alx-0+ 28 s,

For wl«.aa vadue of QelR  does x+{
divide hx)?
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@ Comsider Hne ‘)o%homial

2@): a.)(!”—ﬂ\(?‘{'C.
Show Wak 4 xel divides o Hhen
x-1 also divides L.

@ FivuL e thai’vwl(f og Hie diision
[ (By-P)2ntt _ 5 (x2-3)" 4 6x-11: (x-2)
with wnelN ,yn2 i ) wt‘u\&'u{ &o:‘wz e

division.

@ Find e reméu'mi‘er | oY e division
[(2x-5)94 4+ (3x-e1*%] : (x-%)
witou b u\otwg e division.

@ Show tak (w-a)t4 (x-ad divides
f ey = Cx—od2® ¢ (x-adOO" -4
wih el , n7i.

@ Let Px)= ax"+8x™4 ¢ wills m;melN
ond M7 L, mzh. Show thal §
asbtc =0 {hew x-1 divides 9(&7.

L—) Exercites B-12 are shovl prooQJ\épe,

qv%umcn‘s .
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(33 Show uat

) 8%-1L 5 & m«ﬂipfe o? ¥

L) gsto-L @5 o muldiple of 14 aud
o mutu.'ph of 1

A SMtl—{ wilh nelV, mZ A

a malliple of - 4. |
J) 3’33‘0-—30'{73”0-}1 5 a muuiofe o? 24,

Lek g()‘) = ax? +£x9~+£x a .
Show %q{—
xZ-t| ?(x) &S atb-o0 .

Lel Qe R{xT Qe o pofobnovm'qﬂ.
Lak,%(%)= 23¢-9) . Show Huat if
x+2 " divides $o Hew x-1 divides 3(&).

Leb Pe®RIxT Ge o polumomial oud
m by

%(x) = QCM D lc- + QCix) .
S‘now ‘hnﬂ.(?z

XL - x~21 %) = x-1]| %(xb.
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¥ Bolional zero 4L.e_orcm‘

o let ocel Be am inleger. We clc?:‘uc
U\e, f,e{: o?- A.ivfiors of a, Aq,, Qs

Ne = 2)(671.\ "le}

)‘lere. X\Ot. T X A.lVi(‘Q} C.

EXAMPLE

For az( - Agziﬂ:i,ti,t% 165
a=L : Ay~ FRE]
0a=% : Ag=%41,+63

e Lel a.,l el be $wo inkzcrs- Tki“gri&s’:

Cominown Alvfsor GCD(Q,Q) 's AQQ}’WNL Q)

<0 (a,0) = max (Aaanrg)

s e sad J‘La’c o Qracl-t‘ow Q[@ wt‘ha aclL
and LBeT-10§ s
a) irreducille © Gcola b)=1
L) veducble & Go(a, ) >2
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EXAMPLE

For 4l3-
Ay =141,42,663 L=y Az hq=124]
Az =34+4,+£35%

=2 6n(42)= maxitil= | =
o 43 ineducble.

Eor &[4y
Ag"i :!;\ k2, ‘hl‘fl‘l:gs ‘g,::‘)
Aq"i.t\ 1&"97'1'—‘1}

=2 AqnhAg= 34,10, £45=2
= Gco(y,8) = max 141 ,£9,34§
s Y4 = 9y veducib e .

o Let i’»ell’,x] Qe o ?Admmmiaﬁ
b= aux" + au- .x““i- -+ ® xt0o
w\l't\ ‘hkber— coe%uevﬁs QK el.. (00.

&Ssociaie wia 9 & S& o? va‘muaﬁ
VI\LM@Q!& A(Q-) o\egcn(al. Qy:

A(?) = % Q.[@ \ QGAQO A be Aahﬂ

h)e viow S‘now our Wmaiw \rtSuu:‘.
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—rhm - CRO\"‘QVU(&Q XL -kne,obemj

A ALS!
begr=0 (= pel(i)]

ge(bu

In woré«‘:'- l? Q S o polngwxiaf_ Mkn {lnLetber
(oew-c‘cievn‘s oOWVIAA. 960\. 1y a mkoual N.o-f»
of © Csudn aal "Prpr=0) | Heen ¢ has
Yo Qe an elanent 6§ ACY.

Avq equian eutl 94a}wen¥ o? e m&iamﬂ rogt

theorrm s at |

Yelxl= § ?e@\QCg):o% .c_.:gAC(D

Rw immediale consequence 5 e l‘hlcaér* Zero
= theoremn -

Thw Clu[-e%er 2¢r0 Yheo vewn )

XA
tegr~o g’% e Aa,
Sbel

oy :

PeLix] = %ge'ﬂ.\ chv,o} SAa,|
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PVOOQ

Let S)zplq wilh PEL qud qel’?o}
such  tal 6Gop Cp,t\) <4 . Ccemseq'uence. of 6(3)
We asume Hat flpr=0o. Tt o 0005 1,

IQ(—P[“D: 0 &
& o (plg)" +on-( (P () + -t lplg)t a0 =05
& au p"tan- ‘)"‘”‘q-l——--{-o,pc[""” taoq" <0 (4

From (V-

F (Q.V\Ph'( +on-, P"’l“ +---+ 0.((‘““" i) = —0Q o (1"} =
= ?\ aoq”
6tolp,q)=14

%:»; plac = pela, @

- From (1) L
(‘ (Qo f‘h-‘ + & P‘\“~$-+ =+ Q- Ph- l) = ~Qn Pk =)

- ql ampv']srb ﬂl% = q€ Aoy 3
Gcolp.q) =1

From (2 omd (3):

p=plqeialtlacha Aedan? <A >

':--7& EACQ’) f
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He-“r\ocl.i Fo.c]fovi‘t’al\'ow og PO%womiaﬂ g(x).

o Find e seb ALD) of candidale
Yocl-ioV\ol woi) og Q

eg Test e coundidale geA(ﬂ) @-a calcqfa—h‘mg
2(81 «‘5 Uovuwer scheme (11)

*3 w— bou( in& o ro\jn'ovmﬂ ro P k,ev:
X-g \Q(x) , S0 we lmma l'm'!-r'qlc
e facterization
Poa = (x-p) q (2
Provn *“L\e Aiw‘).‘om P(m:(x—g) bvlaicla
wos oflea done in Jhe Previou; slcp.
¢y ﬂe(lem{ Sleps 9.% unl—iﬁ Pmc‘vviza{u‘ou is
complele.

~ Then - We can SoQ\ﬂ‘. 2(X)=0 _OV_I\nequaaiLlf
| fite P(x})/o, ?(n 0 ,ek. »

B | O fa,--) P are reols eg 26“@:[%]
with- Jeé?'-i'? Henn

Q(x) = oy, ( x~§>¢)(x-—§>g)-“ CX*fu)
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EXAMPLE

a) 9(1(): 2% —-29xL +48x-22-0

Aaa-$40 22,4+ 4, +9, £l6 +32§ )__,)
Az =320 225 ,

S A = T, 9, 84, E8, 410, £32, £ 4(3, 2213,
143, 2 8(3 & L[5, & %23
Tnb: .

P

i 2 ~99 te ~%92
3 (g L9
3 -f3 98 (3] —fn-a4o

etc.

9 3 -92 4y -2%4

6 -39 39
3 -t 16 [o]
Tes x-2100 =@ 8= (x-2) (3% — lox 416).
Fov b(x): 3%x2 _(6ytIC g,,;
A= 1624 3.1C= 956-192 = 6Y4

- 4
S Xg4 = Hs_ig@ ={9/z

Thas D= (- (x-U)(x-ul3).
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DY = x1-U3 +5x2 —Ux

Ay= 32122, 4 :%.—.»; A@Y =8¢ =341,42 4
A&‘-‘- i:‘:l‘

Nofe that PN {o end P(-L1{o (...0
but

% i -4 ¢ -4 4
| 9 -4 9 -4
{ -9 1 -2 |o

-0 x-21 o9
9 b= (x-2)(x*-2x2 4 %-2 )
« (x-2)( x2(x-2) + (x-9))
< (x-2) (-2 (x2¢1)

| Nok -}‘Lm& othrey Q&-Cb?itm;’fOM"lf;ljla;i‘lC)
Con ‘7*19). ﬂe u.se(zu,Q.
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EXERQSES

@ Gollve Yme Qofﬂowm.z quq}fmas oy
iveoualities

o) x7-x-lg=0

) %% -6x74ilx-6 %o

) X4+ x7-3(x2-95x 4152 =0

- d) X“»Gx*i—?)ox -9G6 -0

) X¥-%x%+ 19« -l6azo

) 9-X3~9KQ'-}‘L+7_ =0

3’) 6x? -Ix2 + Lo

h) 2%2 - 8x2 3+ Tx+6 <o

) Ix"-4x* 11 =0

P bxt4 12¢% - 2x2-F« $+ 9 <o
KY 2%x9-8x?-%5x%-lUx+90=0

Find aelR  sudr daab ;

9%% 4 (a-9)x2-6x + L-a =0
hay selution x<9. They Qi d oL oller
soﬂu{';ovls.

@ Fiud o ed swde hﬂa{" ax-1 divides
9(%)-:— X"’ -"9)(1-'__@._. . Then 509,( Q{{):«o

o

bor Huose valias of .
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@ F(vul. aclh  suda %ak
D = Ga-0 %%+ 2axH _ (at) x? — (a4 0)y® {3avt(g-D

s divided B84 x-92. |
Thew  sofve "M equatim anao,

@ Sopdrt M\Q_ Q(iu,q_ko(,,
(2% ~%-27%- 2. (22 x4 NTL 8 (2x2x49) 4 26=0

@ Feud ot {he l‘nlt%ers el such Hak
the eﬂu.a."'l'oh ¥3 -xL {kx +U=o0
hay ot fleost one vulional 5olu41'on.

@ Show -km.{ -h‘e. aqua}ioh

Y4t xiexlexil=o
does ho(: have m{;omﬂ soo,w)iov:s‘
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CAT7: Exponentials and logarithms
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EXPONENTIAL AND LOGARITHMIC FUNCTIONS

V Debinilion of powers

'Fm‘: we. re«.o.Qﬂ \q«c goﬂowmé J.eQ;mens ,6{2 hum@er,
Ser{s

CZ=30,+4,+9,43,...% Iml—e%m - o
Q=3alt] acz A acfu ioai . Robioual numlers

R= et of reol uuwmibers. | Real numbers

:' Le{: o.e—ﬂl Ue. %;ve k«e Qoﬂ@owm:} mcre,mem\—ol
Aegm;t'aovxg o?‘ pawe\r)

IN= iO 1.%2.%, ; e Nq{'u.,(al mwzﬂerj -

A loleger powers z——u» Leb \new qum we &1&\“

- ,* ’ - . R - P _— -

\./“—N*—\__,_,j
n Hwmes

ar=1t P ato

R e ———

a)ﬂ

exouplle - c-m— (-—2)(~9JC~2)~—-M S

O Ee
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]
-
J

L

3° = A , 0° Uwc\cemu’- . -

,\ 1) Rakional powers

. Fwslz veux()ﬂ_ Hmc de?;mchom o? Yoa{‘s Le,E hclN {0}
Them _we Q\Q?w;c

n

xe It ey XM e aclR.

L N [’Q— ‘}{IWL ‘y"t. e‘lu.-‘?\.l’lﬂﬁ q’n'a_ R l\m.) "wa SO-@U-"(OMS

S 0&\49‘-,,,@,,3 ch/ﬂv‘}wh, e Cia9°>€ HA{ "‘P’” t ‘Lﬂ"e Se ﬁuhoﬂ
. The equation xMt'za has o uuique selubion.
. &xamples : V4 =7 ,f:eww‘m 2 3t=9

g =9 _,,.,,Qg-,cxw;(, C%*=8

iy Lt(: ae(.o tos) ,pCl owuL c‘ew 5«94;} Tlne,m we
| d.eguqe.

= o @ xM o Ax>ole— ac(opmw)
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ekl (WY -a?es

exam Sle s

3) Pedl powers -

o lel xeln aud Ll XeXe, Xz,-.. C O Be a

9Fsir. (2f7)5= 35943

rabionel Seque.\ace Q‘)Pm&((l@q}‘lﬂ} x. We tmdicale

Them we c\egr ve ;.
QJW\ CQX“)

gxam‘pﬂz,,, A

|, we vole Juak

| ~ 1729050807, ,, o
L and %(»eeore— defivie. iﬁ’m via He Qﬂowtﬂg o
SQC{MQ“LCC o? Q.N)ve)ctwo»l’l‘oms

- 93¥ = 3 9483009585 ...

9t - 2 313978103
9472223 291850096 .

9% ”’“’9 =%.%9] 9359194;

T wpptﬂxemak P



> Properhies of powars

elel ale(otw) and xixg xelR. It can Be shown

b3
a’ {

X%

a*yoe
JoXtaXe = gXt*e

| faxees g

Tt

P

Rzl

. ‘Te Compore Oux WH«. Q)(

R

AX2%e J

. XLo Y

a>l] o, o*K8% |

. TO,‘,;Co\mP_Qr&, ) O.X‘wth'\ ,; ,Q»_)f?‘ o

L X< Xg
lea>y

g,@ Q< | xsxg k;=>ax‘>&x‘2

0<LaL}i
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EXAMPLES

10.3 Simpﬁ'gg:

[(Fe75 OM7]%= (s "= (s )™
_ L _ 1 R e .
E=):  sig SVefs  5-5
:___{g.;_.

2.5

/) SLmPL‘ﬂé:

| (_L>~213(J_~)-1131(L_L>—ﬂa:(_Ln)-l/a:
2 “ 2 3

- 8%? = (Ve )%= 9*=u.

o) ComFome (513)%/?‘ with L
Sazuho"‘

Sl3v 4 Loy (o) %< f‘/“e? (si3)7% < 1
-1/9. <o i,

o) Com"lurﬂ (&/3)’9'[3 ““"H‘* C“%y-wg
Soluhoh ’ '




YKL g = -9z > - «z/f-;g__.‘>
LAz 4L I
= (4/35 U3 <z “Ig ,

- acmw(mﬁ ok (5™
: %oﬂui‘i?h\ B

) ?»s =5 ﬁﬂ?k (ﬁbﬁ%r&)ﬁ )
. i3yp J S
3%9 = rwa%-a, (ﬂ‘%(ﬁﬁ @
;; Frow (0 awd (D: (7Y > ,Lmﬁ,_g )

b Nl Hed 4¥= 4, VxeBotod
 axl s oME> @*/‘L§~> R»J’
/1y

D Compare (20 Wi (3OM2.
Solubion

st o G <R 0

L DKe[3<4 B
3<3l‘1% o G < G (g
9120 I

F”’m () ond 69.) C?»/B) 7"/‘1 {C;/q)?—/a o
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T" The power fnckiow

» Lei .?(X) a_x w‘k | 9»0 ,‘ | S —

. Domraun = A <
ﬁl quuae Q(A) Co (:!00)

Houoi'nmcrj% el = ?th |
o=1 = ? Cems{'nm{‘ - V\

o<ast = PAR

D.'\C-"{'ﬂ—oy_le-,f &%L"’? £ One- *U“OV!Q. . ; e
, ‘“’!u-S’ R x‘ = Q.xq'é’ﬁ Ke=Xg Cgor Q;;é l) o

, G’Ya.‘)\q . Passes ‘H'uouglq (oD,

S S . bLaxki
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CEXAMPLES

Va\ Fied ol oeR swh fhob Mo Qw.ck S
Ho = Bota)* i éccreosmg w &

SoQMJ“OVl e e

CINR© 0<3ara<len § 2odadlg, SI Sad-t

N Patd 0
& 3&4 A3 o -d[34al-AB&

0> ~L/D

£) Fmés Jf"z(AQQMﬂ ) clohwdva fo %ewpum"ww

Y= (xP-b®™
Sellubion

) (OL ﬁf&utv& ‘H«Oi'

Cx?_Uxvyoe x(x% Lo>o >3 x(x @bﬂ—i) >o O

9 | — 3+t | %

(req - ‘# .»+ %“
Hne,re&&:

X
X
X-9 — |- -9
Xt

.ﬂ_+++
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e xe (-9,000(2 to0)
T Folopss Mok
Cdem (D= (-2,0) U (4, to0)

I N 5%@2,( Dy o Rundbion P =att®

we have Yo require . al2o0 M Qouih"“
4t awg oR».w/ vequthzme& ] {’l«?» V’%?a« de
Mce&somé Yo ovaluate vOs(-_),C)_Q\(&A;..’Q?_L_‘Q-
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EXERCISES

@ simpldy hoo folloving  wituehe

eXfrtﬁil'oVI}, uu'nt, ro.{- wo"‘aJ'io\.

2 2.9 @ gt g
I3 \/Lo o

r4N-3 ~9, “2.¢-5
MCORCT IR
¢) L|119 % (show i) e1uc1$ 2)

| hk‘r{)“ﬁjﬁ (show it equals 4/2)
ﬂ[( 1 )m] \/3 ga.

N Y N D
a

@ For Wlﬂql: Va.oues oQ ae-[P\ are qu, Po_ﬂow.'mé

Qumchous incveolsmb m R7 40"’"“""'3—.'
in R~
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o) p()ﬂ :(Q(-l )X ﬁ) ?(X) = [Q(M—Q)]x

0.~ {

<) Q—(K):: ( 0\1 )X
oty

@' Cowl()owe k‘e ?oﬂouin% V\szfrs with 1

o) a2 O ()3 o (Y
O W o w9 () ®
p (- @t

@ (o\m‘)an& -}‘ke Qoﬂowm} hum@us w.‘ll«. eoch
o\(her: |

o) (3(5)H? | T

) (wulr, (wnt?

O (2ls)"H? | Cals) 3H

o @E @’

o) (M st

By it | (i hovder .
%) (B)-fi , 4

wlss]

W @&
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@ Fm-l. ‘Hae A!?ﬂuﬂi o(omaim ol k.e goﬂawiwé
Yunckions
o) Y= (2x%-10x +-3)£““
) Y= (x2-axt s )"
5 Qm-;[%’fl x

*-1

x &) Poa = (M

¥ Q) Laa= (g Hxt2d

¥ ) Qo - (L-xD)tx

La To Q“ml %0_ d.o mouv 02 2({):3&)36‘7;

dom (1) = dom (a) () dom(£) 1 %xg(ﬂ[ a (xw:%—
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¥ The exponenliaQ Punction

e lel aech Qe q,VQh'aLZC. wilh ado,
A 9:'»;9@& wWJJZgunin'\n%_ 09 a wil,
rqla r %tves
| ai= (LN a
Covnpouu,olim% n tiwmes ol rode vln %iws:

On = (L“"—;—)“ O

-n‘i(, chuence, & ! (\,g_’ q;l - - q,proximace;
a humger Qo0 :

| n
na+o

Thuas we are molivaled +o deline 4‘1«\\:
provxehliaﬁ Qunch‘ov;

exp (x) = Qimm (&+ .)_:_1._)“1

hato

* 1} can Be shown Hial

Yxeclh: explxr= €%

willh, en 4.¥19281848 459
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e For - exp(x).
Domain ~ A=1R
Rau%t_ ; Q(A) = (0,4
Holna,{—om'a'kb : ‘P,? R

¢ ﬂ- Can o.g-s:» a:e Slnoulu -k»m%

e*>L+x , Vxelk

r—-) Method : Ravae oe etpohediaﬂlpawer
. 2«143"'0"\5_

-“ﬂt Joan _02' Sudn Qu.\ac‘:'om 1y wsu '
A<, Thes aller we Qiud Hae  solvali by -
se& $ ,gor *k..a eoluo\l-wu 137-9(\() p we cau
Clhen  oim Hat PA)<S°
Nol& hnal' we uye:

n.a(%) = Cfg) has o solulion & ) Yo

wtll. sz) = A\é%vB a Livear ()amc{'«'ou,,
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EXAMPLE

) Yoo - 31-"", -~ 9%

The CQuq“ioh 19 g
16-:.?(%74—-) 13-:'5 W 3t g“gfi

has o Unique ﬁoful—iaw &) "b{' 970
o ]3 S _q .

Thus S = [" 2 ({—W)

Since A=IR = $(A)< $=1-¢,+2).

r—l ,H;f.“noo(-t Mowe }e hicn‘hj

USuoﬂ.&, he Best opproads is to work wilh

| Jdv-e J.eetuilrlon oQ Mamo‘o;hicil\a_

EXAMPLE
Piaa=31 "2 g « A=pg
Le-!r X ,\(Q_G-lp\. WI“‘A X {Xq .

X1 <%g = —IKY ~hxg =2 {-2x > 1-%xg

Eﬁ:») Zl-‘zm D 3‘-9)"2‘ (ge(u»e 2v()
X |

= 3"’9"“-—17 3‘“9“"-,2 = PC\(d? Q—(xq) |
Ty BV,



265

EXERCIYES

@ Find tve rauge awd mnuo{-wu‘ci‘}'é for
the %Wowiv\db Quud ons.

&) g = 952
) %()O:-— 3 Xty
(x)y = (L 1-2x _ 3
A Yoo = (4

D Loare 2et> -1
Q) ?.(,d-.(_i_._ -2 4 ¢ |
\ge s,
?') g(") = Q“xa \ % Houo-}om‘ul.aw

00\!13.’

9) Poor = exp(x2 -6y +6)
W oo 3e-et7"

NRIE (i-—eheﬁx*’!'

P Pua = eX e g Use Qadm'ua
of S¥ or
(L[3) ¥

AR I (__%__)bz‘l (‘HM
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V LO%&YA"\MIC Qumcho,h ,

¢ Congider e gum}t‘an QCX)?- o with
o€ (o,to0) - 1% . e kuow hnat ‘Q is
Yhen  oune -0 -oue ) (ohsequewlﬂ«b the
inverse Q"L is alse o Qumc'\c‘oh Wi
the same momo\louid‘\é as ¥.
(e caft Q'i he Qogaﬁ o ¢ ?und«'oﬂ
will, Qase a - ;

Qo%a_ = ?'—L wilh | Qo%#_ : C0,+oo5——> R

Thuy: 13 = 003&)( &= Q} ’-’X

" 1Wlmealfou‘-( Cou)equev\(;e; 03 )llne Ae?iw‘*(oh:

,eo«}a‘l—-O | Qozmaﬁri 1

Qﬂo«awx =\ oo%m &x = x
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r" onperhes og Qo&m\'“nlm:‘c ?umdiom

Fov 9(\0 = 003& (¥

¢ Dowmain : A= (0, ,+tw)
+ Rauge Pear -1
. Homo"'ov\i(ch&: oyl & QJ. (0,100)
0<o<l © 2 (o4
o G<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>