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Trigonometric identities



Trigonometric identities

¢ I
sin(a £ b) = sinacosb + sinbcosa sin(2a) = 2sinacosa
cos(a £ b) = cosacosb Fsinasinb cos(2a) = cos?a —sin?a = 2cos?a — 1 =1—2sin’a
t + tanbd 2t
tan(a £ b) = Sana =iy —  tan(2a) = L(;
1 fL_F tant%tanlb 1 - tan 1a
cotacotbF cot“a —
tla+tbd) = ——— (! = -
cot(a ) cotb+ cota () cot(2a) 2cota
» sin(a + b)sin(a — b) = sin®a — sin? b
» cos(a + b) cos(a — b) = cos? a — sin? b
sin(3a) = —4sin®a + 3sina _ 3tana — tan®a
- cos(3a) = +4cos®a — 3cosa tan(3a) = 1 —3tan?a

In terms of

tan(a/2)

4 4
_ ian?
sin? g — 1 — cos(2a) cos?q — 1 + cos(2a) sing — 2tan(a/2) cosa — 1 —tan®(a/2)
2 2 1+ tan?(a/2) 1+ tan?(a/2)
1 — cos(2 1 2 2 2 1 — tan®(a/2
tana = 165G o 1dcosCa)  2tan(a/2) o 1 tan(a/2)
1 + cos(2a) 1 — cos(2a) 1 — tan®(a/2) 2tan(a/2)

Transformation to

s
Y

v b
. ) . sina + sinb = 2sin - sa:F
2sinacosb = sin(a — b) + sin(a + b) a2—|— b a2— b
2cosacosb = cos(a —b) +cos(a+b) » = cosa+ cosb = 2cos cos
2sinasinb = cos(a — b) — cos(a + b) b—2a
cosa — cosb = 2sin sin )
Si +b
tana £ tanb = w
Qo%gcocsib
cotaicotb:% ("
sinasinb

Also note the factorizations:
(r/2)ta cos (r/2) Fa

a+ (m/2 —2b) cos & F (m/2—0)
2 2

» 1 +sina = sin(n/2) £ sina = 2sin

» sina £ cosb = sina + sin(7/2 — b) = 2sin

» 1+ cosa = 2cos?(a/2)
» 1 — cosa = 2sin*(a/2)



CAL3.1: Vectors in 3d
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%ives e ngmetvfc equa,{'iom ke.preseu{'ml'iovx

of e line UCQ):
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(D: X-%Xo _ Y-%0o _ 2-%o
o b C

Tlm-~ S\éwzem({ ric equ.a}iovxs 'CN“ Qe hec(uu.c[_ -\o
e Q%SEWI, og' 'H’lQ ?o\rm | '

(Q);%At\( “I‘Bl% +Ci=0
Aa_lé_‘i’ 69_14— Cqg=0

which e”enl'ioﬁﬁé Aeeines «k,,e. L'vxe, Cﬂ) as o.h‘
\Ihl‘l\"&ec\'t‘b\a of two 170&\49,5.

I—“' RCQGJCWQ’ Post‘{‘fovx 0?’ ‘{’wo QiVleS

Comsioler e 'Qimes:

(0y: F=a vkl , Veem
CQQ,)i v &Ji‘c‘EQi ) ViteR
Then :

S W/ Ly e Bixly-0



EXAMPLES

a) Wrile the S\évnmmlh‘c equ.ai‘iows Por He Line
B bl AL 2D and BS54 0.
Selubion

AlL2,-D {CM-—CL‘?.*L) | |

B(s,u 1) A@*(si%a.itn) (qe.so

Jdne\regovt

D= (v 2= it Ab= (2, D=
= (L+4b,9+9¢, A e

| x=itat | |
& | y=2+2 & X;" - b S . S 2
z=-1+2¢ > f

@ §145-0- Uy e §dete byt e
| 9\(3 9) = 2(240 2= 93+

é:)% ix—‘vA*G:o “ 3 x-—‘lé—%’;:o
ﬁ«afi%’€=o 13-—’2;--—’6?—-0
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| @ Wrike. fhe. mrom_e,lnc. eq ml-aom for A Live (D

J&’QmuL QU\

(NS mm—am

Qu - 4~+5 o)

So Q_ujﬁo \A,d

| S(V\(P

[s(u ﬂe(D/——b 5)( 9)((«)%‘1 0= § X= 75(4 9\/,9

(.‘2(5-—?--}Q ) 12 q.é{"cl
&9 (x.x )= (z“ 2,4, %463—

—(Zu. 9\u3+c -9%.0, G) =

ul(d% {9\65*(-(-‘10 C,)

i\

= ek (wsa-(’l,m)qtir(iog)

L l: Qoﬁpmos 'h/m{'

(D) (e D) = 9,090+ (3,1,9)%
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EXERCISES

@) (,Aril-e. amd Siymeny'% %Q,,Sgwue’:vic. equ_a{-iov\s
b We five (AB) wity
o) AULZ) aud B(Y LD

6) A(%2,9) aud (3,2,
A AUls P aud 8(4,9,9)

& AL, 1,0) and (532,

L—* To Co%?irm 3our ?CSQHS ? c.\aec.k w‘ne%\ner ‘%ou.v

Sbhnme.l:vtc eClua.{:;‘ovxs Qv saL(s?ie«L 43 the
Poﬁn\‘s A auwd B. Since two (?oinh Ach‘we. a

Unique .Qtne, i? the ahswey s %e$l %en
laou L\O&Q in Q&L" Erovel. {'Vaai' ’gour Qnywer

s COrrcd:.

_ Urile e Po.rn.wejcw:c ectu,o.l'iom 1’0, e Qpl@owiw%
-QWCS( Aegtwe.cl. ﬂé 95wme€r£c e,q‘m-l'ﬁov\s

o) w):img..zzo 6) cey..izpa%w-.—o
ytlz4l=o tA+9.%f5=o

) (Q};%QK{Z%—Q-—»O d) (Q):i‘lx‘&?ué—%‘%'&o
9.3"5?:4-1?-0 "llé-%%-i'—’—o
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- L“ To (on?im oLy Kmﬂs, we _Hle farome, oo

- e-:‘ucx“ioms ,'L: b@’gww“:\dﬁ Yolm‘s A,E (Q?S {t\l\a |

y b0 oud 4=9). Thew orfirm Jcl»n.{ te poivts
: AX; ,S,qjci,, A JrLe, ov't%ivm«Q j,wvv;,unejwic‘.ewaiions. |

lf J(\\e} ,c&o_, iLO—\n aou. \mve , SLAoton ‘Hmi Boa)r

Qnwer s co!(re(g:, R L
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V Plawnes in B-%

o let A B.C 8e Hree wnon-collivear ,poiv&s
(i.e. A¢B‘C are Vza{ ou e S&uie Qine3 .‘Un.e.la,
Jchésg Maree poim‘s o\cgiue o unique pﬁqv)e. wi s
eﬂuq{loht

M: r= 6,’4+{;A“(§+5A‘JC ,V{,set& |

Eclui veﬂe_m\%& , iQ w&qﬁe{: '
075 = (Xot\b.o 12‘9) 2 AD :‘CO‘L‘&Q_‘Q1> ) AC = (»Q“@Q‘ z'?,)
{\nzh’;

X= Xo+o,t + 8¢
R U= 1304—&9.&-{—@9\5 ,V’c,selﬂ
%= 2o ‘!',’,Q%'L""@bs

Slmiaa_r%, U’)Q @eﬁou%"ng COVl(L(\{'ioW ‘?OV CF) 'S

Me(p)e Tl,5¢R: O = OA +4 A 45 4C

° EﬂLM\'V\o}inz {,ﬁ ?)tres on eeluiVQ,Qe_‘nk equa:l"lolq
0? Wre gorm: o

[P) / AX-FB-&{' Cx4+0=0

whidn (s called the s caflow equrd’lpw o?— (,[77. ~
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[—" Sce.ﬂcur Qquo«.\‘wvz ger' pﬂwm_ pmm ’a‘, Pem‘\s

Ld: Aﬁ C . -&t 'HW’EL fb“’& wrkn A?-’\(AC+0
T’ne. YQN«{. (P] Q[C.gcneaL Qé A g C 'na.s $c.a.Qtd‘

equatiotn =

(p: (BBxhO-(F-6M)=0|

Cuihve Gy fevaleadly s

T
ﬁ .L ) e,vew.é ‘QWRQ og CP)

To prove 1}"\\S We uve H«e. gvﬁéowm% Qe.mmo.

Lomma : W A@XAC. 1}-’—0 y ’qun
Yuem? : Wx g xzeR: U= XLA@'P)(Q_AC‘FXQ,(P;P;XA-C

Prood

Ue—gMQ: (&an‘ag) = Aﬁ (@1 Jq_‘@a) AC . o.Vch
(ciiCq z) = AE';XAC.
LC{ U= (.\14 ,uq_‘u.v,) e R? @e ﬁnﬁ&"l —U’leVl
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Cus Y4B Fxa AC + Yo (ARX AC)E

baxqg +8axg + 63 X3 = ug (e,

~ QX +t09a%g t 0z3Xz = W
&

CL Xt CaXat C3Xz = Uz

: S(WCL'.
oy
D=1 &,
Cy

Qg

2

Cq

s
by

Cq),

[a

1Y

= [(“ﬁ (%q Q%) X C%. l@a_, @3)1' [CQ¢C?_‘C477 =

- (fBxAe). (ABxhc)= [ AB x AclZ »o,
lecawse ABXEC L O .=

= equa.h‘m (1) has @ um‘c!ue; Seﬂu{'l‘c\f\ | |
(:XHXQ.‘X6>€'£R3,wL\iCh proves fie daim. n

L it ?o.@ows %a{ e vechovs AE ; AJC ; Bnd A% XA‘E
can e ugecl +o cle?ime, a homov%o%ouqﬁ
COorA.Movx{ S‘ylﬁw i whidh He coor&t‘vw«.ks o?
the veg{-cr W are (K, .Xq.X3). We Say %mgore
hat As, A.Zl k‘éXl‘TC ore. Q.»"Vaecwﬁé fnko&epev;cleta{,.

Now we prove e wmamn resull.

Me( & (4B x AC)- (Sh =0A) =0
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(-—’77

 Assume Mé([ﬂ—ﬁﬂkseﬂ& OH OA%{AE*%QAC%
(AEXAC‘J (of—0ok) =

« (Ap x A - (oA +%}fg%?; Ac ols,) =

J(

‘ﬂ

(A8 % AC) - (%AB%sAc)-—
(ABXA—Q) (EAG)*(ABXAL) (sAc)-—
LAB - (ABXED 4 s Ac- (AB Y RO) =

-k ke (AB X Ae)+ S AB - (AC ¥ hc) =

Assume Yat (ABxAS) - (oM —6Ad=0 (B

< li-0+5AB-6<=+t0450=0

P)\} Hae. Le.wxm agove, Lol X 1%, %z 6 such -}Lq{
M‘\ = XtABJr X9~AC 1 X3 (ae ¥ Ac) .

| Aﬁso vzoﬁe qu‘{: Lrom e (=) 17'00?

(AG XAC} (xaAﬁi' X g, AC\) =0

~ Since :

(A x K - (oh «oAv C(ABxA) - (OA AR —6A) =
(FB xAC) - AM =
(AB X AC) (xtAEJc xaAci- Xg (Aaxkcﬂ o
(A x k) ixgcAexAc)]« |
X3 (AR X AC) (A@\( fcc) MA% XFE«\P‘.

ey
L=

o
o

1

l{' QD Q@ows ; ?y/owl

1 ot

X3 [ A x KT «0§..> Xz=0 = A= x AB txq AC

ABY AC #0



L . L
= 0K =OA4AK = OA+Y B4+ Y9 AC =
= Ke(p) 8

EXAMPLES

chl. Hee Gctgg o»—,‘, oP He YQMQ Q?) Comlcuwwb H'-Q
o ?omj@ A L) B4z, ad (95,0
oﬁqi\em v ,

§ (Miﬂg—a)Ata ((w;% 193 CH I q
W,V:(% O
AL Yo ko= (23, 5, 6-0 = (Lu,u)
,,,,,L(M O
_ Frow Ec\ (Q cw( Ea\ (?J S
Mexke= (L,,- Dx( R

=i 9 «l,‘ 1 9
-1 4 “4l-4 4

—
—

- (20e k COCYeq -V eg-CNoes-tl)e,

. "(H 1)39.~— o
8(‘3‘ {"Qq_ {"{Qi‘, *"9.6@ 4"‘(‘2-1“ Lﬁiq‘* o

= (B%H)el ‘l—(l 4) Cqﬁ'(q‘(fﬂes = [9.8; ze.g,{’ gQg‘ B

. ‘(. ?- 79 C) , awl. -H,,eye,o—ore
qﬂ CA%XAC) [CXL &1) O}f] =0&9
3 (‘2 -% 6) (%=, %«& -9)=0
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& 19.(x2 -2(4-0+b(z-D =0 |
& Y (x-3)- Cé—,_n+,9,C2-9.),,-f-p,é-ﬂ-a.”, o
2 thf_ii.—,,«é;f,&&iz -h=0&

& Yy - ‘é+9\% S0
o Ll\(-wé{-ﬁ.'i-z—ls

Thuws: () Yx- 134-‘2% &‘;

1———) Nole. {l«& a\e Ffmae. (F) Ax+?~é+ CE*D 0

has wormal vedor (A B.CO.

B Plave tq_uaflfx‘?m to pwwm%‘cc&w—kow o

for one ol -kne_ 2 vavieffes am(. we He
resulh fo rewrite CXI%L’D as in He Qoﬂowmg

exomple.

| The Qmé step iy {'b Sodve the . .wae equ.o.{ww

8) Wrile e pqvmdmc equations Par- fe -

| ?ﬂome.., Lp)’ 1x *%}32:—1‘.
Selukion

We hok ‘&\'\Qi' . , L
Ixtn +%2=T&S %-4 Qx-%2 &

& (r = (x,¥-2%-32,2) = ,,
= (0,%,0)+ (x ~9_x,0)+ (0,~32,2)

= (0(F.0) + X (1 -2, 0) + z,,CO *3;;5,) | | |



65

& Jt,3elh: (X‘.g;@‘ (o o) +t(4 ~1.07+ ¢(0,-2 1)

(kvw‘\, ‘H«B,\re,gﬂ\r?/
(P (m D=0Fo+t(l,-Z, o)JréCo 3.0, V4, 9(K
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P Varopmeiric ,,W.,equ\a,jcipw. 40,@2%1 e,quakom

Ve we Hhe poramelric equodion do obloin 3coffinenr

% viou-collivieay {mivzjo Al%tq Ce.g we ({,( $)=
(0;05,(&;0) o). Fom the % Vohab we ‘{L)QV)

- A‘Z\"VC J(‘/\Q. FQ&MQ ,.G’Gtuo.{:iow. |

- c] .U{,ijce. ‘HML ;‘Qoue.; ,Qquajc'row Qor ,‘qu. FQMQ
DE 3 Yy = 32-t-9¢

e uQ-Lcuw 3{)0%45 o

- W)=(o,0)— A3,

=l — B39y
Y=l — ¢eu»

k=059, 5-0=0 DL 5

ko= G132 2-9)=(1,—9,0> )
= /f?;xfc =@ - t»xt-20=

€. €9 €zl &

E O N T O = S

—
e

= C0let 3oteg+ 2 (Do —4C0es-(03e 90y

= f‘,v,e‘,“'%.em%ﬁ',',(ie.fb f'{,,‘e?? “';(b,eﬂ,( —9eg =
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= (14Qe +(3 ’9331% C-4+0 €q =

= 5¢; ¥Q1“(6€5,= (-9;\),"7»._

(mé\ 'h\QrtQ*OrC ‘ o
ot UoxiD) - [xa D -0hl=0¢
e (5,(,-%)« (c“ém (1297 =0 ¢
& (5 \.g?z)-(xfl,, -%,2-)=0&=
& -0+ B (D=0

& 5%-54u-2-%3d=0&=

& 5’“"5 ~{=0& tha -%2 =9

| ;,av\o\ ‘H"Qrtgore .
(@ 9%4\3;,72%~?\ o
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EXERCISES

Uﬁlt ‘hﬂc. ?Qod/le. equo}l'on (P) Axi B(é'l' Cz 4P=0

@?or the PQ&P!L (p) defived @y lhice
noa-colliviear pOinb ,A‘B,C ,wiﬁq Cooviihai-e;=

&) AL2 D, Blul.e, Cl03,9

8) Alooed, B(4, 4, 00, c(4, -1,
A A(3,00), 801,92, c(i,0,9)
d Al3.22), B(2.53), C(91.9)

1—) To Con‘\-iym (aoux ahswers ! ik i3 Su??tciem{ o
\PJ;?‘A thad the Pﬂodae. ectuo}iovs {s Sa}tswgie«&-
Qta the coordinoles of Hee ?oisz A‘ BC. Nok

{l}{& 3 collinear Fomh define a Unloue
‘7 ohe .

Wrile Yhe VQVQ.VM&{'V&‘C eqw;.{'\'ovas %r Re
@ pﬁo.v;es @ defined Q\é. e %Wowiwé Pﬁme

QQual-ithS :

) (?)‘ Q—K*‘é+7z=3 EN (Iﬂ: Xvé-}%';.-:-j
) (p:xiru-g2b @ (P dxd5y4I2 =9

<) (p- Zx,a%— =5
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L—" To Covxirw\ tapur w,ov-\(, Lse 4‘4& yo&q\mabic
cunJ-l‘oms +f  aeneole % nonceffinear Po(v&s
and  confivmn  Jhat Jae 2 poiuds S&L‘sga

e Oﬁ%c‘ne& YQmae ,Qﬂucu:"iovz.

) ~ Urile %e ?Qaht equo;‘:ions \?ar | te | Y.QoMeS
@ ;(p) d.egimeo( .@«3 e %@Qow:hg ,?alrodme:kﬂc

equq{’ioms :

%= 9426455 (x<ltot+s
Q (p: ) y= i-t -2 ) (pd: y=F+i-3s
=%+t 45 - (2=9-t -9

X=t-s

c) (p): % 3: t49¢ "
2= %t-9¢

1—) To Congivm \bour uJork, SuﬂS‘h'}u‘-ﬁ X‘%‘Q
M lerws o? hs 'prom Mae, ‘)Qrmdm‘c. |
Equo.l-iows in%» the yﬁql«e. equo\;['iOh,aan
conlirm  Had e yﬁwae equ ation is
sahdied  for o values of t and s,
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V Distances _@eLw{M youals / fnes ,;mmx(,_w fﬁ:me}, e

(%)—» Dokance o gonk K fom fiwe (&)

o Y

Ak b
Je [0.;\19:&

Ao = Wbt |

\-QJC De(}‘?]) Suda *an{ HD,L I{IB De‘gme. H\Q_, MIQ-HOY o
;,,,:.;,e\vubge, 9= HAB‘. e ;,,,15\{1!4%“}5‘4 Q)&'lw@h H/-Q, 129»@9&):"3
o ,,;,‘Coses . S
que i Aﬁsume %e [0 al‘ﬂ [
T Ten A AR =MD = AM s
Cme, 9% Assume 3€(n 9.} Thew: o
&(H AP = MD = AMsin (0-9) = ~ AM sin (9 =

= AMsin®

Sh Qobﬂ Corey e le &(M A?z) AMsmﬁ
T follens ek S
e x L= “M‘)MAK 1 Suﬁ = 1A?2 [AM Slvﬁj I
=lABll d (M AB) = L (M AB)< ol

NAgd
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gl)_’ Dt‘S{amce o? Poim{ ?rom F,Qome

Cose 4 : The distonce J-(Ml(p\) detween the point
| M aud the ?Qahé (p? delined @3 fe
[?oim“‘i A, C s %{veu @% -

H |
4 P | T
'A , d(“[(.?)): I(AB XA?C) . HA‘
y C : “AE X;’C n ‘
A . ,
(p) | |
P

PV‘Oo

\.e{' Ne(p) be e PrOjeo\‘fan og- M oow (P 53&‘,
bhat ML . Let De(hn) sudi Hhat ND=ABXAC.
.u Slouows ‘HAQ.L‘=

o bl
_JAm-wnl o 1Ak - CABxRO| .
ol lAsx Acl]




Cose %: The distance Belween H(xo,\éo 2o) and
the pﬂcme_ (p): Ax tBy4+Ce D =0 s
%t've.lr\ -@'-A

d (M, (p))_—_ \A‘Xo-l'%o-i- C’z‘.—o-yD‘ |
VAZ £B2yCE

PVOOQ

Let N, P¢Q€—C[?7 fe lhree non-collineor Poin}s‘

on the P,Q.mae, ([’D wi-k« N(X“‘é{ 20 . Since

NEx g2 e (p) = Ax, By, + (2, +D=0 =

= AxuBy, +C2i=-D. 1

We olso wole Yhat:

(p): Ax+BytC2+D=0 => U= (A8, 01 }=-.~>'
| NP x l\fﬁ. 1 ((7)

o W/NPXNG = J0eR: NpxNG =4 @
and

&(5(0‘.‘60 )207 S =S BT‘H = CXo X1y Yo—Y 2'}0-—2\) (3
N (X&“é\ t’i.O N

From (02, (7 , Usin s Hhe previows res e dE, it Po llows
Wak |

LM, o) = Nl (e xwie) | L. (Aa)]
liNe x ne || 1A il

-
—




ClAGIR-®] _ AL INk-g] . INBeT]

1Aa U B DA
- l(xo‘\‘h‘zo"‘ét ;1‘0"}‘)' (ALB4C)'
| (4.8, ol

_ JAGe—%x 0 4B (yo-y+ C(Zo-20]
VAT BT c:

- 1 (Axo#Byo4C20) — (Ax 4By 4 CED]
VATtesrct |

= !AXo-}rB‘},o“’Cio ""C“‘ D)L -

VAZ+B%+ 2 |
< JAxot+ Byot (2ot D] 0
JA2+B%4CE:

Sy
-

—
~
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- BYerasgs

B Fud fhe dikone  lehueon

Q) The yom{ H® (5 aud Hhe ng.Ud%) '(ms;u}

H«voué\n AQ 9 D and. B(o.0, W) .

O Te ok HALAD and de Bue uta)

veu Q o
(b()kl%) 35{ X+\8«% o

at9z4(=0

| C) T‘ne Fomjc H[Q_‘L HEE J(La QWL ) A&gm@i

We powts AlL L0, B(3 9.%) amL o CYI I

CD ?T‘/\Q Vom‘: HU’: -0 Q.uc‘. Hae, YQame. C?) 3wev1

Q(b

W s -9t +%¢

%x 9.+£+§
h-t-3

c) The pom}C H(l‘).l) \QmL “»t VQCMQ CP) QX*ZS'% =3,

@ Fl“cl QQQ. oach  swda ‘bnoi

Q) The ditance oxe HNCL L, o) 5}mm Uac line u?:)
?a)SM ‘Hnwrou \A A(O 9 9\) qw:L E;(% L O I) e u_q,Q
Ll o 1
Q) The AxSLomce ag M(Q uﬁ) P\rovm 'ﬁqb Q[vu:, |
(g) : {‘Lxhg—ko
3%9% 92=0

9 minimi L d
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;C) TL»Q AW‘QMCQ @eiw?m k«\e, ) O\Vi M (i,a,‘l&.ﬂ)
L omd He plowe el by o poivds
A(‘loi) (200 , QU2 1 equaﬁuLo 6.
| cD The i\sjmmce Qei\uwn Hre 'F°""£ MLA,2) ound

! JVL?. Fﬁwe .(?3: X - %é,{“&%:ﬁv s ;equqﬁ {o o.
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CAL3.2: Vector-valued functions



7

VECTOR-VALUED FUNCTIONS

_D_gg_ A Veclor/v&ﬁué& fum(.lr‘zw, Y o \na_ﬂh o
L 0. A-R? i AR | k

A e, Wé‘br-—vafue& Qu\acjr?om ore Mafyimz o
Nungea 1o o Vewod -

f“’ Limit o? a, ve&vw\rcxﬂuz& P@m&m

_Qgg_ et g'—AAEx& be Q.;VCCl’Df’VOQ.kaL ?umulzow, |

welk? Then - o
fm v o b o -ul=0

tao t+o

 ‘> T‘\ni)',y Aegzw]nom ?t Mgmck) onv dhe C&-Qu@u & V |
o Ae\qimiLiOM o‘a— {’\qe, lW\ch s?or o Q-unétwlf\ 8 A"&

e AeR:

let aeh Ge a Ll fo'w\{ o A , aud 4 |

L %Uc)ézv Veelodwy: ISeloge : Ve ks

s (0<klt-el <% =%7\3£{)—ﬁ<e)

, .“'!Q. meao,cii,ow 09 ‘Hﬂh, c&egiwl:io“ Iy Bi\(%\a Q -
Qim%M%,K@}EGCOL‘{fOO)’- V3 elosod: ZHe;s:W S

s (0g\M—al<S ]\,[%H:) -—Q,iz@,

nvz& We u,)e.,,tj; o Trove _hae. Qo.uoulub ‘H,\eo,.m, -
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M L&k gA—*Q—;‘) Qe o VQ&D(’V,QQ‘LQA Quuc[r'\o\n
! gih A® aud Gt acA Be o Jiwid
L ?O'H::k , o]{2 ) A ) awAG)Sume'}LLCC\

| Yeer A= Ga®, 2D

- LQ{'Q W= (Lh,\Lq_ ku,z;? e R, Theu:

fiw Qﬂc\r—u..éa o

2o

o (B x8 =, L G g2 ug A im0 =15

t+a -[;-—\Q,S {-_4&

T G Hol vher fro Qinds coweme,
o we qu‘rﬁ: :

b $6) = (Lo X0, D yle), D %(H)

- = - U ST T SR o

(=D Asume Aol Q\MQ =, To show Hat

koo

f,gjm kB orty |, oosume ek fon L, v ovder
L deive o codvodidion. Toen,
o Qim,,x({\%u,gv Jeecloda): Ve (0t : A de A

b i (0<b-ol<S A ¥ —ulZe)

C\ﬂ_t?‘u},‘t?,ﬂw some gelodw) sudh at

| Le’tgé COAw? @e,,%{ven avd droosz Some {e/c

VSeloda) : Fte A : (o <H-o]<S A x,({c),eud?Qw -
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, Suc\n h\qk o

-l <S
) lx@)tuh>e
; TLem, \‘: QO.@OKU& ‘hnoft ,
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CAL3.3: Scalar fields
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SCALAR FIELDS

¥ Delinilions

. Ue deline the n-dimewsional spo-ce B o5 Follows:
R = § (xixg, ..o x) | ¥Keln] = xwelR}
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» Balls on RV
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?—% Parbia  Devivatives

o Let foa=2xixg, o, xa) , ¥ Axed wilh AciY
@% a S'caaar ftéjol- amL Covzs,x‘({er '}L\Q wm'{ vec}a.’;:
e< (Loo,... 0 L
Qg = CO,{LO, ,“,(07

es= (00,4, . 0)
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ExXAMpLE

For ¥cx‘%>sx%‘?—Cxu31}"’ , evaluale (3 and 23/’93.
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af o O 1 wu® (x%y ,9—)%].—- |
X Ix [ 3 3 ,
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| ;EX%C\*S .

, @ Evoﬁuq.ce.chbw, -Qeo-o-owlvu,oa YN‘:\QQ' _c&exiv(,k}iivg
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I"‘* Nixed povhal devivatives

Hixed poxhaﬁ deerivalives are Ae?iud @3
SQCCZSSEY(-‘_ FQ?L:OVQ diggereulriakow, oy ,Qoﬂows:
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e Ix L0

D;;a— ) ’v?:s (?fé): g 0!
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let G O cA fJe o q;om{: and  fet SchA be
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- Eougle_wih by 08 406D
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A,Qx(oloj G O0T0) _ fm 0=0
hao Wlto "‘“‘O |
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- EXBAcLES

® Cudde e fflovivg wixed partial dervalive

o) o= sim (343D - P
&) QCXE&-) = xPy>,8 3 o 7) ngi
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@ Find oﬂ a b, &eW\ sucL iha&
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o

. Su{i‘zen ‘Hﬂ«-{T a ,Van‘aﬁﬁL 7z B WLL&L to a sd
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{e.vms M eviors M L aud &
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O CQ.Q(\LQQ\‘Q 'hnc A0y ?rqu%ol—aou 2 'Hflﬁ ;Y'QOQQowmé

o EXPYCSS&OV:S

o) T- %JQ/B e%xx\f «,(M)% o
0) F= G Mmamg Q)% \A e;cf(mb cos(wh)
e =m0 3 ey («mx“*)

A») m= Mo % P ?
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V Di??eremlieﬁﬁe scalar Q,QQAS

° Dired'fowol o\eviqa{ivm o,c.aouvl{: gar -f(ae, Vo.l{ og
change 02 e scalar Qefd £ accross Linear
&iﬁions A proper delintion of J.,igeeseuho,ﬁt(lt}-g
hay Yo occount Por  cuwed diredious a5 wedl.

. M : let T:R" SR e a sclar ?Ezﬂo(,} e say dhatl

T linear & YA 25 el : VX e R" T(Aix tdau)- AT+ AT,

r De gmlgoh ,oﬁ Tobul Derivaiive (Youmé-»?vécl«eg

._Qg__p_: et £: 6 2B wilh ScRY §o a swlar E(QQA;
and. let acint(9).

Ue scué an{: ? $] Aie?(remﬁa@ﬂe QJC, G: ;2 o.ml 0%23 fg
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52\4 xe BB, : Fland =@+ TalO+ Ixll Ea 0

Iim Ea(x¥=0
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V/’\‘ Qg€ lR:t Vx.»ée R : Ta (Aixt Ao ,13) = AcTa(K){'aﬁ_TQ(,é)
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I“) GVQACEW\E og a Scaﬁa\r f?t‘eﬁ&

* Le{' gi A*‘W\ wfk/\ AQ[RW Ge a 5(.(L€QT QrerL_
We Aegine e 3va&iem£ V?:A———)l&” as

VQ' = (D;Q, ‘Dq_?, Dag,,,-, Dwe>
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* NOR Mna.{. V?’ (s NoT o Scagar Qg\eﬁok 1& (s o VQ&W P;QU..
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09 derevtiolle ab o = YxelR: Ta(x) =P (al)= VP )+ x
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CEMRLe

i (‘@\r —Q (K¢ u\ = )(e,lé + X‘)‘ __Cvallus ?((‘3\‘0[(@}-;@>

521”' aQeR io)

b= GROGed i) = b ity =
2 (90)=e0+9:%:0= &JrO {

P et
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EXEACISE

@ Use e gradiod 4o evaluste dhe dirediond
 derivolives ?",.(x%\.e) Por tne scalar felds §
fwn Jr‘vxb. Atfe&von eelR?. |

) ey = 24 2(23-0)? . e=(29
4 (x@: xy? \}W_‘T | ‘35 e=(4,-D
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X iy
«) 5 e=(1D

9 B Arom (e
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V The chain vule

}j_lin_ s Leb Q'—A-*[R with Acv e a swlor Leld

and et a:1—int (D Lo o vedor Punckiou
with TecR Assuwme Haal :

) o (t) dillereutiodle ot 4

8) ¢ diffeventinlle ot alh.
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(4148 L cacty) < VP (act) « & (t)]

» Appaic ton 11'0 ScoQav- Q(@&»S oVl [KQ‘

wilh x=x(t) (=¥ d2 _ R dy +9£ dy

DI For 2:-9(&37} {
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and y=u@s)/ O % 2} F 3y
»413139 25 X 354”93 25

2| For ?:ag(wé)§ 22 x of By
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coofdinates Sushems.
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ExAMeLe

Consider J(laa lwo-—&ine,mc‘omaﬂ ?Ogow Co ovouvinjes saskw:
delincd. via
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%:rsimﬁ
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{Dglzr} - [ Cosd  sind HD?(ax}
2839 “rsind  Veosd 32/'3%
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)
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148

D L v= C‘AL% D be o vedor omd cowider o

o scalor Pl Jxg @) = FOND, Yoy, 2 eR5-103
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| v Cham Kuﬁx. aud Iv,u(?xicﬂ Dtuﬂev&foiﬂeu

® Lmchi'l‘ Fun o | Theorem

Tkt Imqﬂmjc Funchon Theoven ; given @eﬁou, shows
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EXARPLES

o ox ot cowstraived via
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0) Comider dne van dev Waols equabions

Pt ala*ILCvm -1 =8T
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P Qo presswe

| v %q) valuwme )
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CAL3.4: Optimization of scalar fields
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3w (kg ) = (L) ey ey 4ax-1) = yiz (4

% (kg 2= (loy) nygen:x- N-zix 6

42 (x,3,%7 = 27) C)c% rgu%xﬁ); X {43, [0

From (@, (), (0): \7? (<ey 2= (gfz-,; zm(m;)ﬁ

; u S\aﬂﬁows an,{ ,

(g 2) 55 o s‘reé{owayg point & 3 s CXL:;CQ):QV%CKLS(%) |
%(Kuélﬁr—o

& Sl %%lzx(xg): g(‘éf%,l%)ﬂ)&g} ©

%}%é%-ﬁzx =L
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¥t = Q (xt4) X4z = 91()4&5) (%)
& 13%:3 i1 & sage:’Axc%m (8)
[ = AG x ‘é%",‘\% (ze0 &)

uxgi:é%{%)(:!. ,)Gé’rya-?:)(:& o (lo).v

From () and (8)- | I
A2 (xy)= Ax (4D Alx (y+2) ~Z(xta) =0 &

& A CXé £XZ - 2X fz@:o & ﬁ(x%f,z}7 =0 &)
& g(é()(«?:) -0& A-o Vg:o Vx-z=0 &

& d=0 Vy=p Vx=2: (1)
We viole Hrak Qor l=0:
ngo )(3:0 ,
Y=o © {Yyr=o
tX=0 TK=o |
x%%?:nx:i ototo=| «— ivxc,owSt‘Sa[ijc,

thoelowe A#0 . |

w( L\*&ve. OQSD o.smmeo( 8>0 = «5%0 .

It Collows Hat (V& x=2, |

Glhm e S‘askm remains ;‘nv«zr(&né wder 4he bqwsgovma{iou
X— l&\% T X, We can simi Car show Haal

a:x avd 233. T],\us, 4‘[4& s‘éskm ote-gimo( Q'é c.’n;(,,g),
(N, Uo) i .cqui\mﬂen{ {o



x4

T=x Xtextexl-f  (Pxf-f

& 3 X=4=t 4o x=y=2=1  (fecause xvo).

xt=1f3  E

| _[L\Qifgorc T H\e S"Oqlxoua.ﬂé {Jom‘: DY
(Xc‘é '—Z:) ( . 4 )
F s

'\3:?; £ §X='é=?: &S i X‘—‘%??:,é:)
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&) 3(}4%) = Xiﬁé +x{—3 N wi“« .Xé: 9

el ?,&xt,)v:”,x%%? 7 wilh _x‘*+3‘9= {

N Qu,u%).:;x%g% ity X1+3’,L,=Lr

- ® SW:QQ\!QBQM He QDﬁﬂo@i‘v% PuVICHOVFJW o
| Qwo(‘omﬁmv&) S
Q) ¥(w3_‘2) = Xtysz
with Sl,xug’#&%is? R

o ;__‘><9-,4.3,‘;L+U:21 =36
4) @(xc%.,a; K49y 2

Cowith ) Yxsz =Y
I N AT
) Q(‘h%;&) = xq'icgn”H"'
it % x4y 1323

. ,;,MXf%:H o
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D S\now ‘hﬂo{l ’H«Q Powi{‘, ou ‘("«Q p.nae @) Q)lfg\a'—'-c
_ C_,QoseSL "“o 'H'\Q On%\n , 'AG) Cgovc&[wqges CK"L%O)
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A \é -

| a‘ﬂ@,’i &24 Q# -
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QDL%): x>y& VCK%) e (04*00))([0 A—a:)
O ’R\Q um% CIVCQC e
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‘ w,ifi"a ab.ce (o ﬁw)
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Cand. asume Hiab Q(xt) has o moximwm  uuder
e consbramt (}(%) a ot e om{: (xC) %&D
ld‘nl(.\n i9 uh%hov\ oe ‘H\e. gulqe’t V&rtO«QQQ oelh.
- Shew ‘h»\a. S

a) Yaelh: V%Cxccd 3(@7 CX Co.hg (QD “‘1

) The vauae wiulh £€r fa) camsyowlmz o

9»9, ?ohfi (x(a) \éCaﬂ s gwcn Q'é
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o ﬁc@,;,_%__. Plxmr g@)
b T prlem gives a ghysical nberprekakion
" OQ . ‘H'\Q_ Lo.}mw%e Mu,@J?\QVQ‘LO-).ﬂTSLOwS _

LoQ fosk Mo wnoimum valing 9»()5(0)%&1)) ” o@ e o

SQAQOJ‘ ?«QCL Q (noreases as we Mmgeaye {'l«e, V

) @ut&%eja\ro}bu, a. A cwmilar vesult cau O oblaiued |

o He wrost céeweme comsjcvwwe&op{:milalnow

@ Pollzmann Alsjmgulnow
B Comslc&uf , ‘Bn&. ij&m{z%‘ ,?.(&;_‘L\Lg‘«, ("lw») At-eme&aé B
S(-Kt L\(,q..)_....,Xva: 5; Xo... QV'XQ,: SR

o={

- | - ’»X;g.ln.)(rtf\"”X“)-,QV,\)L,%&,,?“'N.‘,‘T )&nQV,\%n,
vk x(Xa, .l Yne(Ouo) subjed ko e
wc:ows&\fm‘w&f, |

% Y xe=N
a=t
LY BevasE

o=|

| pith €, ‘Eqv-,‘--.-, Ev €, Ae (oo, Show dhat Jﬁlag
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emjcroqs,,} 5 mayimized when

Vaclil: xo- 2B

,‘;(o(“'?\ | A':CUI‘DI-\QXYLFEQ R B

b Bl be vabe o e wwht o
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VO}ca*i‘mtijrion ?roaﬁems on o Gounded Se{

Bg_%l Let A< BY . e “ay fat
- A ggoua&ecké:?}Pew\“ '._:.fQ.EZ-C.Odm) T AQB(?,O) ,

Thin Let Q AR with Acp“. Assume Mok -
0) ¥ conttnuous af A o
D) A is closed (le. DACA) |

A A iy Qounded

Then :

3?:!?9_614 : Yxeh . ¥qu) < ¥ éQ(pz),

Ly Thy, ltrcorem i cfﬂel e extremum  value
leorem and it %evxevsﬂf Les ,Ma,e. extremum
volue Hticorem of siv\%&f\mﬁw& collculus.

B The pvo,@ﬁem : Let P!!Rq—‘-*lpx Be a Qum}(avz ,
and we wan] e Opkmt‘k o

under Hre comshaint 3()&«3)%0. We assume Hhat fhe
set ,

S= % (x.4) € R? l %(xtup <o}

is coo)eék QHA- @oun&i.
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C Bwee

~_Find 'h/\?.MlV\tM\LWlQML Toximum og LL\Q ,‘,S'(.Pveo.\r QHM .
B 4N e
~ wwmder  the W,Com*miw{a 'Xi%%a/‘téi, o
Deline 8- im(x..l%l_el&‘%ﬂl,x‘?&%?,I,H,,,,é., 19 o
» lnbertor 5"'«&:{0\/!0.&'-4?0145 I ,
Mhv: QLMD =9
b0y= Qhy Gryyten =2y
(Ka‘z) 5‘}’0&10\40&{ é ‘Ppivvé. _oh lw{:(%)é-? \72 k)= O&
& S Wiax=0 é@@.)ctﬂé) = (0,0) 4 .CXL%),: (0 o €1t
N ‘?%{2\5:9 ) W,Lacaeyk&. -
nJ Bou\a,ciqu_g >Jcoiaowav\4pom{s S
MNole dak 25-% (e et xteytly =15
Degme, ,,%()‘l\k) = 3‘?‘%%“[‘! -1 (ﬂacv. o
‘L %‘9%1 H=9% = V;‘%‘C)Cfu})? (@xtgl,@- |
‘ (}%l)ch 9431% = 13/1 R
kel (e €98 B grem. Thea: o
. (\Ct%)?,, B$ =) Xq"f‘fj.ﬁ =1 = ,‘(X.ué), ‘1‘ (o, 0) =7
| ,z),V%Cm«ép = (9%, %11),.%, (0,00 =
> V }(.%L%) , Qiuia(ﬂé } miqew&h{» o o
 ond M V(xaj)eﬂﬁ :;,V3Cm%), hnwﬂz,iu&gw&@’o-
S Lolbews Wb | o
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(Xt‘? Skahovuo\veé ?ocwj(z@ %V?(&} = ’:5\73&%)&—7 |
» %()(L =0 ‘

(v =%x |
&7 C‘Lx ‘1»53 ACQXIWD A %‘1\3:4\3/61. &
| ,x%_%.‘llkﬂ R &xiegl- Y4
X-x=0 (’A 0x -0
3(0\ %\%'o (3
LLXCL{-%?:_W,«,«(I )

: ANy X=0 |
& § (-YDu=o0 V i(ﬁ YWu=0 & |
&) ‘a:o v %%zo V- A= Lt V ﬁ L( =
- =1  \La=--1 %‘Az L h=-4

& C\(, U Lo, o) Co-n3?

P Vo{mé

w ?(0‘07 =940%t0t =9 | ;L Qo@ows thot /g hoy Winiwum
Qﬁho) =941%40% =3 | ok (00 ond woximum of

A @ =2 E040% 23 | (09) and (0-9).

Qo= 9t02492 =6

! (0.-9) = L+0%2+ )% =6

CQOL)?l?LCQhOVJ,W Smcc S iy (.Qomi nvch @ouniﬁl o



}—-) The @ouvw(:wé p,sy%qh‘ohavg poinjrscan lso be
, ,QOumL, @3 {?QVRV‘RLC"[}M% '}he. Qoum(ané '95

ay Qfoﬂ,@ows .

Gud welhol = Ve porameleize 3¢ watlh

S[x(a scost , Ydielo,9m)

| - ly=9sint B

U Collows Hak 2 |

%U;) = Q(XU:) Lé“)): :?,CCOS{T . g sint) = | |
=& cosll + Yot = Lt (cost +sindh) +3sinlt
=9 444 Z5in2t = 24Dsin2t = |

=2 %'(.Q.: 2 (sin24) = 2-9sint Gind) = 6sint cost =

=% (9sint cost) = Zsin(gd)
Solve: o
| %*(£)=o<=—.:>, Z25in(2h) =0 & Sin(9d) =0 It =kn &

& -E:_K_Il
9.

Stnce teloam) e 0gt<n & 0 ¢ -‘—‘% <9n &
| e V€ Kkl LE 0Lk <Y
& kelo l(l?.c’é?:

Thuy  we -gmet, “ s k‘ohmr% pomjﬂz o

t=0- (x4)=(cos0 Asim0) = Cl0)

b= nfg: (o) = (cos (fg), 95inlnf9) = (o, D)

ten: (x,‘é): (cos n, 95inn) = (-1,0) |
t=3afg: (xté):'fcos(%lq) 1 Isin(30/2)) = (o, -2)

185



186

- @ Fud B winivan owde avivaumw ,o,{)' Hhe

Lty Rucdions cosfrid o ek §

o« Qlwé\ Jixta
 on 5= %CXL:%eW\M Xq"ré?‘ 4&2
) Q’(Xé)z x+\é - Dxu
ol s 3 (x Lé)E\Ri \Xa‘”r\éa' 4 ‘l-g
Q) ?(\(op xH\é‘L 9%
 on 9 {(X@ ele:Px‘HuA’-(ﬁ
,,eb ?(f.é\v ow  S= %(xt%\ GZKQ‘ 'Xq‘l"l ’r\éq'[‘a 41%

4]

::c) Q(xw(p‘- (HH!)Q‘ “5\4 S (m@eﬁmﬂ tug @ 4{% -



187

CAL3.5: Multiple integrals
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 MOLTUWLE TATEGRALS

¥ Delikion o Hulligle indeorals

e o wai,u\%

; Jcrﬁ[lQe, lw]re‘brt& Pcow.ere\r, ,iV\;,_,QYilQ\( n[v e

idoested | h&gﬂwa

minale rey&i Livevwrs ,

- We wi& Suu(: %‘weome. AQQHM LIOV) .:e.or., ‘ﬁat ., 3€h€r:~q .

W —&‘\mews,,'\,p,waﬁ,r ,le&‘bvo-Q ,T\nQAP-QiVHLIOVI is wmeade iu

- ’Lwo SL,QP,S’. - o R , ,
. ;0\) We Aeg,ine {’\ne kuﬁi.p,g,e w\jte%vog over oo (ox Y(Z?o_l/l
. Q) e 4’,\«\2:/: EKLEnL{V‘Z . é&gim,i,t;i,o‘/t wver o %&'\Eﬂ?ﬂ

Bounded. k‘.g;ov:

Fivelly we iutroduce the  Fubini {heorems fhal veduce
- fre mﬁ;vﬂawm{gﬁv& o s‘cm(zﬂer, ,wk%st )

gD—‘ Huﬂ«pﬁc iwlcecg,rqg,, over o Gox vegion

Lot w comider @ sedar Rl B AR wike Ao

OMA ,QQ)Q consibder o Gox ‘thsiow‘

$=.TLQK,Q>K1? B

K=

=Ly o) | Vel s e Lok 815

uih Viel] : Caw,Guelh \ el
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e defe the eyl

U\Stucb V\(QMQ"M _suakns Q) -PoﬁeOub
irvalyed i .¥o_£m§u‘c}. Ye Gox & owo N sulivlevals
Tty vesulls i &‘lviii,w% dhe Box S 1\40]\{‘4 o
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NoeMg(tl W02 me FlgW=min fo

~ Noe No.f({hl,[ﬂ): Hw(g‘lﬁ,m: Vlaoocu,gb% o
S xefy
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EXAMP LeS
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o

= LJ dx x (L4xD J 1exz - __2__,; dx x4 =
% o )
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1
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CAL3.6: Vector fields
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ol Cow\r;ohe,mk, ‘when aSsocicJ-eeL hn‘“q a_ proc{uc{’

NS
rb
)
L)

o
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ex&m({&“ gomao. = Ql %L*‘ci%%f&,%z = Qé
H’-prcsehsis e dot Pw«iu.cL
Howerer, for e veder sum
(94—%{)0. = ge\_"'%a.
no Sumvmation s lmpg.tei. -
¢) We albreviale -{’l«e par{-{aﬁ Auivaiivc 'M‘bxa as o .
We Haus w?f‘%: .
T2 dubes (Tg)as D The = Dadagp
4 To o(cgihe We  curl , we infroduce e LevivCivth
leusor Sofc @S- B '

Eage = (a-8)(8-<) (c-a) _
ya
0 (e,0e1(1,25), (330,303
=11 il Gk e§03,2.0, (3,0, (2,(,3)]
0 )EE &=QVQ=CVC:Q,

Thew, the cudl reads:

| (VXQ}Q.: aa@c'a@'?c

Li[(ewlse‘ ?or 4;‘,0 Vec{for Pie@»s 10‘3} {’tAe Cvox-—’)roc[uo{
veads:

(xga s aagcfeg%c
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e To SUmwn evize - G€Vew ~qu \Iﬁd‘d‘f ?;‘eﬂrls ?;B Ghi
Hac SCaﬂa\r Qeeﬁ& (?:

(2+%>a = ‘Y&." %0. VLY Z(aaL( V£ = .aa.?o.
.Q. % = Qo’%o‘ Vq‘(f': '3&3&&{’ ng = Ea%c_}ggc
I a = tate foqc

b Kronecker defta

e define-
1 0o o
ga@:i{ L il oas8 =[O{ 0
o , i at6 o o |
It follows Hhat ga@,‘?gi-po.,
(fecause in e impﬂleé\ Swmma kion g‘éi,‘l‘% He
onq‘i‘) novi-tero  CowdriBation  eccurs when Qz@>
& COM{TQC‘HO"!} ore po$$iﬁ@€. For QXOJM().QQ:

Bad facd = £oed
(ﬁecquw_ in kne impﬂ.fe& Stumma{'ion Q=< {ﬂt% H«(’.

ovJLé nown - evp CovAr; Qukoh 0 ceuvs wlneh &=Q>.

Simi

> onperhes og Levi- Civita.  lensor

We can  show 1['(’\&{ Cabe So».{is@-é e eoﬂowt‘ng
prope rHes ’
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{) Colc Eg"?Q = QB4 — Bo s ‘h’\(“, g ll
Ea@c Dg ’QC = Oq COW\PoV\CV\L o?— -l/\(, %eﬂ,e‘-
| 0= (o,0,0)

1) | Lobe = Ehea = Tead
£°~@C = - Ceha

3)  Relobton {o de Keonedker dedia

f
S"*P' %aﬁ gar
eu@c_ EP‘W: 85? %Bq g&r
gc{y %cc‘ gc?’

Y)  Cowbrocled epsiQow tdentities

tuﬂc E,a.‘)c‘ = gﬂp %Cq b gfae{ gcp
ia@ri Ea@cl = 9;%{)"1 |
Eaﬁc. 20.@(. = G

Nole. «Pha{ (‘() WO couseqwm(_g o?. (7) . Aﬂl properﬁes
o? jr{«e, erQ aw:L Cross —?ro&uo{' Qe eVl(QPSMQQJ-Q(L
in pvopc\r{’ies (Q Q) . (2)
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}'—7 gecam& AQ{NQ%&VQ}

Temor Vs.o&o.&-iom can  Be wed o eﬂaﬁ;ﬂrs(a «}Le
gbmowiﬂé PYO{JQ/{Z{QS 0bout Ynd A@xivativesz

1) VX(Vt@ = 0

Pyoot

‘_VX (V?)la - an&:c.'a@; (V@Q: EO.QCB@ (’c)c__ ((0 =
= CE&QcDQEc) CF = @o»(f = Bo. =>
- VX.V(f = 0 0

2 |V-(9«) =0

Proof

V-(Ux®) = ga(VX-?)o,. = da Cgaﬂ;ca@‘?c) =
' = EQ@G’B@‘B@‘?C "‘(&Co.é DQ?@)‘QC
= 0 Qc. =0

3) |Ux (V@) = V(v-p)—V2f

Proo
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[Ux (VX o= €abe D6 (ke = £0uc?yg (ECH bP{Z@
= %a@cEC?q B@b ?ﬂ = £cal ch"l B@BP&‘ =
= (%8\:&?%441 -%a.c‘%8[>) B,@EP go‘ =

= 8ap 3843839 Yo ~Baq 58p V0l =
« 3 A M Bt G

= 811 P p) g "g dpo g =
27 99 9p 19~ O2q 9popiq B
= Bc\aa.-gc"‘ BFEPQQ": BO«. (bq?aﬁ*h?r)ﬁl-‘-
< a (V- -V < [V(V'?)]&”Viga_ =
= Ux (vedd= VIV-2Y-V2)

L—* No!{. -"’(/1041,' gaﬂ, am& ¢alc oOue c.ows;auais So
{&eé ?«-ezﬂ«é commute wékn kqe Opairoq!vr 'a o .
Be courem ,‘nowe.ver_ Sclme'(’iw;es it is hec_esscmé

{o WFQ"% ';Le_ P\"OALLO{' \mﬁe_. FOf QKCUMPQQ'.

EXAMPLE

Show  that : V-[(YQ);- Q.V(f.(—(fv‘g
SLanu Qieﬂ.& and 1Q Vec{*of Qcaﬁo[-.

(H
g goivl(LOV\

V‘[\‘?gv = Ba C‘{’Q)o; = .aq C(fgah = -‘?Q,,Bm(f + (F'ao._?a,
=(E-Ne +(v-B=
<.V Lo(v-P) .
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 BReses

@ Evalucte V-F oud VXF .?ov_{‘«% Qoﬂaw'i"lé
TS Vec_s-w,, Q&QAS,:“W B A | |
Q) F(SA% ) ?_,_(x%_,“‘l_xé.,\éz@) S

BN Flrg pd)= CX“%‘F,%‘*) with aelk
‘,Q,F(r‘%‘%)=(%%‘.,2.;4,,;‘5(«3)_‘ i |

&) F,,(SC;}.?L) = Csoﬁ.(%),&lm.(@@,,c),.wiih adbiceh

Q) Fley )= Ce* o (ma) ~‘,,,;_,;i’)?Sim(@,g{), )

D Foeygd = S 4t THc)
N @ E‘f Qou O\Q Vq"‘g ‘Ecr ‘Le, ,QO%U!Wé scc&cuf . ‘QI.QQA) e

o e) 2(& )= qu‘éqn‘%;_%&%% R L

0 ey D= Coslyd
al bc_ué,‘%) = ‘Qu\)t%%\ B
A Tl )= gy

e} g,(xué,%);)ceﬁ sm@)

93 ?'(Xt\é‘:b)::. A

fx‘%&gln% ,,

0 e oo volekion 4o daw Mo Bllowivy idedthes.
M F© Qrﬁ,”;\/@é&r ;,gl_eﬁbwo.ml.; Ef*‘f o 5(Q,er .

e
QD V- (Fte) = V-Fv. 6

N . 0) Vx(Fse) = UxXF £IXG
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A WX (V@ ©

4 Ve(vxP) =0 I
O Vx v =vG.F) - VEF

D VP = (VP + R (v

9) vllF\‘L 9 (F- V)F%FXCVXF)]

) VFO = (F96 +(6DF + Fx Gx 6x (V<P
DV (xe)= (VxF) e F (ke - -
) VxGere = FV-0) - G(TH-FDeHEVE
v V\y) | V‘HPJ;(V@ (V@ B
D \{/Vq‘ \{) Ve (\(/Vﬁg {Vy)
o om) V3G \{D A(fV‘)-‘/Jr ‘L(V@ (V@ +YV?‘&\>

EERIRAN V‘L(\?Fv Ve +AU(Vg - VIF +oVER |
o) TR (Fe@) = F016) - 6 (720499 (o DFbOxliR)]
o PO = VER

;.ﬂ V‘LCWF) Ux(v%E).

@ L%& v (x”x@ \CZD Qe_ a ve&or |

@ Bl kg Qoxa =6t oud Jaldl-xaftl.
(Q ‘Jﬁ 9‘0 J&wwhoﬂ@z scolar ‘Quﬂt:},"ohg Show hsqjt

e LU = 01 Ched X o/ it

—fa-tee M v, el o drow dudd

Xo (MOJ 270 FRUI'ON
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® Comider dhe vedor Rell FGA= wfIvI™ Wik

%= (%X, X%) o vedor. Shew H«Q“Zgorqﬂ X 6“2147){0} |

D M=% = V.F=0 AVxF=0
Q) mAr= V-Ffo AWwF-0

@ The Novier— g{olms éﬂuaﬁow# (%OVEYV\ HML

: \reﬁocil%, 9 d ulx, X Xg D) of an [incompressi Me, | .
. QQ\MCL 1 avd ;,\drluev,\, miué., km}ob hw‘m{io,n,,{lnt,é TQQA -

i ﬁlQuaJDtJr Wedela = ‘,-—,?_o,’y, + VVq'um .
dala =0 «— Cihfom&ﬁi«@wg{g ,CQ?\&(‘HW&) o

,,wisf‘o. v>0 {le Wuid v;i)cost):%

%&«L Yoo w ; Wivd {,&Y‘Zor;, V\w{—m&w‘q, {’L,ai S
Q) .%%u«—. ,g(um\&ng

_0) V%p = -Jade (Maue)

) TThe VOA'iLi\\A feld  de
S,ojci)gtes Hre equo}ciom

%(ij_’_,-[r ;Mgggma:wkgbuovay,Wo, B

ijcn\. ay W= VXu
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¥ Line Ih{*e?‘mﬁ‘;

. Lihe in‘-e%\/aﬁs ave ink%\mﬂs O'E \IZC{‘O!{ 9;@0}5

Ok??l‘“le& ovey <« Pa_,kﬁ

I—’ Deginiéioms concerning  podas
L)

o Lot arl —=R" fe a vedor-valued fuuckion.

We s au Haak
a ts a m%_@ a .:.ljcuka_eﬁz- E 1‘[.10:.,1‘.:;_]
o conbtivuous at [ty {g].
Fur‘&ermare, ig o (s a Po»Hn, we Sa(é Haat
a is o closed pabh & a(t) =altd
o iy an  Opaw gml‘h‘ & all) 4 ally).
We 5“‘3 %a@ oty = im‘l:fgﬂ. Pm'vn{:
G.U.Q.\) = g)ivml pomb
o Couwsidey a ?aLh a s U:uf:q.]———b th . We Sou?, “haa%
o contiviwous at [ﬁu{:i-}
‘o. Smooth Pa,lh @:_;3 o Ai?«?eytw[—ia.gﬂe af (tote)
a. Cohhnaoqs OL{T C(:u‘:a_).
e let a:lbde]l— R (e a pq.\[hj‘o.m& fef
Bcecltidtel. The hesi-rio{ﬂ'm of “at \Lo B s
o\vaoLecL Qs:

ﬁ»':a‘\’ﬁ@i f: B— RV
“ V{QB: () = oD




269

Ce Lot a [ £ R de o path. We say Hhot
o ?iecewbe. Swooth {?u‘“« &= o
& It Ty ettt
s § h =To<T < Ta&k---<Tu=te.
| VKQ[V\] : al ('C\c,-nta{l swoath ?ﬁ‘ho o

Bkpe

ke snodh ol mwé ik G b
B g gta=tg

o {'.L:to G Ca T’"‘; ;

| r——s Conneded | sebs

aleb e Qe givew poids . We defie:
ﬁ fljk (?‘-;(‘6, :Jr’na se:]; 0£ ol Ptecewba S‘Moc'u’l [?04(45 v A

e  wih inrhad potut X aud el poiul 4.
; °La{2 AQW\“; ﬁ;’eu a aivem re?,\'om.. We Sag )(\.,a{'

T g comelh o Vg B i |
A path— discovmecled 4= ;HX‘\éeA:’VA ()L%) =0\

| | b iv\Le‘r()klrﬂ(-aéiom:‘ I\n a. ?éJ:\\eCOhWe(jfL ‘ScL A ) &:eva .
; ;lwo (JO,'lv\{ﬁ X%eﬁ are Covznecu Q_«a aJcA Qeosjc ovwe
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[)iece wise ssmaol'h P&\l"q )

T"—’ Degiml/mw 09 live ihkémg

o Job o: [Eb] " fe a piecevise smooth Po.{'l«
and Ll 9 A 2B Be a vedor Bofd with
AcR sudh Hat o ([t doD) c A. We define o
g.ine, fwkébvoﬁ

tg
J 9.. do = S -g(a.(‘:”* o (6) dt
t

B lnkrgm%‘-wu + (owsider huo \')omb oll) and o (£1dt)

vl db w0 Then a(wdt

Yepx—e}ev\is qu. disturce Betwesn

the points o) and a(ktit),
The dot product §(aw)) = a(Bdt
%ims hne Proo{wd 02 thes poén{:
d sk ce with {he diveced
maémh&e of the WOﬂeoHM ol fu

o (4) altidh)  veder £ aloug the divecdon
le N

| o(egimefl Q’é e ?oiujrs all) and
alt+dD) . Comseq'ucws(ﬁ,gl omﬂé Hne

law%&nbaﬁ Compowemjc OQQ Cowfm’ﬁmﬁes to e fV\‘rC%mQ.

The vormal Compomefajr og Q does wot confribule ot o .

| Y

a(4) dt



Q)

P No La{'iovl

o) When e wrik o fine fwlc%wﬂ in e judeliuile

" po(m as

lzji?-cm

{'Lm Ha& At‘pguenjn‘ag. d,a.. Po{m\s "-a wk\e, ‘:a.ith

0.—![‘:.“{:9_}——'! B over whidn va ivxi-cabum{-e&.

) Am-ervzq@ivd?»b‘ if we deline “Ae_ PcLUA as:
C: o= (W, .. anw) , telt tq]

with G thre)em;iwa e pquf\, e wiay wrike
the Line (hLedbfoﬂ n d?—?‘ivu“r( Porm as:

hﬂgmn SCQ-M

Hefe‘ -l/lr\a Q in é&_ ’s 5vf$£ a Auwtmo& vo.v‘és»gﬁe

tat ()Loeha‘{' e mean a u«u ,u ts ﬁavdmg(.
te we e Qe{ffé Qe as {’(«:A Aﬁ% veviable
n ,L‘ne. s‘vxLe«arOvQS wl‘\em wrs‘Hﬁw {n k\Q, otegtm‘le.
Qovm.
Consider a vedev MQ wthh com‘)onembt
Lo = (oo, %o, ., 0n.00)

ond. e poth at{h:{;ﬂ—-——» R willy |

COW\po mhh :
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o) = (o W, a9, .. 0nl)) 5 Vielt 4q]

The line i»ﬂc%vaﬁ can Qe \Uri‘H{V\ in imAe:Qim‘ie

COM\;)O\/!C\A{ \Q-o‘rm oS

T=12.da= | ¥ day +fadags -t fndan

Qv\;_L iV :oleghnt}{ C@tho\dech Eorm asl‘*.“

[ (
1=§Q-M=) Y dx, 49Q&K1+“‘+QM&X\A

c C

d) For o two-dimensional vedwr fLeeld

?-ka) = (4 (x5 Qa. (x oo7

Jdne CO\M()OVleV\{? Qovms 6?‘ O Qime xhk%an 0@?

can Ge <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>