RELATONS AND FUNCTIONS

Y Corles: ann  Product

¢ A\a or«leml» pair (x,%,) (s de?{md, ay an
Or(lerc& COMCO‘HOW of ‘lwo QQQWIQV)'I) X OWIJ. lé
such Jhal i s«dis?:‘es {he oxiour:

(xuﬁ,) =(XL,lég) & Xy=%g A ‘W%a

> JI com Le shown Jual an erdered pair can

be vepnseulei as a set defined a$

Cxoy) = 1%, 314}

o e now deline te @rlesiay _proiud AxB
o lwo sels A and B a@s: |

Ax® =4 (‘A.upl xeA /\%elﬂ
1t Pollows Mot

(x.%) e AxB & xeA A 1665




* .R (s Q«t&z’;a see. h.a,(:
XA=Axpg-=-20.

* [de also Ae?:’ne Ae”-'A)(A.

EXAMUPLE

For A:%l,i; aud g- 21,33
Ax8B= 30,2 ,03), (29,(2,33
BxA=71C,0, (1, 27 (3 0, (z,z)f
AL :AxA = 1(L 1), Ll,i),(i,t) (2,23
Nole fat Ax8 % Bxa.

EXAMPLE

%003 Jhat Ax(Buc) = (AxBM(Axc}
Pro o

() € AX Bu) & xeA A eBuc o
" e xeAAlye® Vye ) e
& (xeAA e—B)v (xeAl\ e )&
& (ky)c Axe V (x{ Ye A\)c &
© ay ¢ (Axe)U(AXC)




EXANPLE

Show Hat C%p AAxc=8xc= A=B

Proo

Since C%,é Jhere is a €q .
lL ?OMOW$ ""4‘1{: ’é

xeA & (xdeAxc [ yed]

& Cx(‘é)e PXc [A)(C:BXC]
&) xegbéec [c[e?.]
S X€B,

ExAMpLE

let AB Be sely wih Afg ond E#ﬁ. |
Show Hat AxB=BxA = A=8B.

Proo

L«‘-’Jc '3613 .Qe amn Sihce. B#}’J.Tlaeh,
x eAs (x, )eAxB L del.]
= (X, )eBxA [ Axe= BxA]
S xeB Axe A L[dof]
= Xebh
thes A cB. (q



let %e A Q. 3ivas , Swce At o
Theu |
xeb o (x‘%7 € BXxA tdef ]
o(x, 3)e AxB  [BxA-=Ax8]
= xe§ AnbeB [def.]
=) Xe A
lhee BeA (9
From (1) oud €9): A=8B.



EXERUSES

D Let A=§xez lL1<¥ €23
B-93x-4 | xe No<x <43
Lisl— Hie C[elmeu*s O-Y AXG.

@ Prove M for A,B,C sels
Ax (&n0) = (Ax@)0 (A% O

@ Prove -H‘e. Qoﬂowha
o) AxB=9 & A=V B=g
8) (Axe)alexD) = (AnC) x (Bno)
) (v (cxd)=g& Aac-g VBaD=g.

@ Prove Jhe Pollowiug . |
a) (Axp)ulcxn) ¢ (AvO x(BUD)

) ipqicA> (Axi;z})uUa[?,sz)gAyk

@ PYOVC «“’la ?odeow:wz
o) Axb=BxA o A=g VB=gV A=8
D) A4,d¥BA(Axb)u(BxA) cxc —>>A B c.



® Lol Thodact and TBufact le indoxed
sel Cowcl{aws and fd C Qe a set.
Prove dhe -?oﬂowim%-.

Q) (U AQ)XC: U CA@XC)
del

Ael

) ( ﬂAQ)XCr- N (Aa\CC)

ael acl

A N (AaXBd=( N Aa)x(n Ba

a6cl aéel ecl

@ SL\OW }Lm“c s\or A,B seb

U lU %sxT}J ¢ P (AxB) ‘
$eP(A) Lte?®) |



¥V Relotions

e Leb A®B Be fwo sels wills A4f aud
Big. A relodion R '?rom A 40 B is au
subselt R < Ax®. The Sed 0? ol sudn
\-€Q94;0h$ 5 denoki RCQ(A‘ﬁ) I{’. ’YoMOWS

{hat

ReRel (AB)© Rc AxB

¢ Let ReRel(AB) Ge a relaltion, and

(el XeA and 16(:5. e se Hal x aud
v are  felaled i? and. on% a’f (x,tb) &R
UT‘M},

\Lxe), :’l«é’eBt x?ué =) (xt%)eﬂ o

lﬂe c&ia o{e?ine; |

o) The dowmain of R - -
dom (R) = §x€A ] EI%&B : xRa}

é) The Yomze 02 K |
rom (R) = {\3 e®ldxeA - xRé?



ExAuPLe

Let A:z3xy,2} and B-—-{z,z,;',fzé
Then ?\r—i(x,ﬂ,ué,i),(zﬁ),(x,i)
is o pelotion with ReERel (AB).
dom (R)= jx.y

ran (R) = 1%,3,5%

xkha , xR2%, zRS, yRL arc drue.

}" The relation R can ofso be )‘CP#‘C}C‘{[(J |
%come-lrica&‘é U.Sl'ha Q vem, 'uliazr‘qm;
x | Q B

y! ~ %

—~ ¢ ran(R)
T . 7

A .
£a¢l\ Pair (0-(@"') %ive; ‘“10. @"‘0«/
Q@ Py —— ]
e A relodion R on A is ang subsel ol Axh.

We de¥ine
Rel (A) = RelCA N

heRel (M © REAxA.

Haws



¥ if{uf\la.a ence  reflodions

o Let ReRelQ(A) Be o veladion ou A witmh
Afo. We Smé Jbat -

R re?Qexwe & Vxed - xhyx
/8 sgmmeﬂlr;c &) VX; eh: (x Rq =0 R)c)
L& bravsilive & Vg zeh: (xﬂahakz = xRz

ond

R ve?gexivt
A equi valence ©9 A stymme-(n'c
A draunsilive

EXAMPLE

Clet ReRel (7)) suda fhat o
XR%@ Ux-—‘;’g Cveq .
is ow equ{ valence

Show haf
Proot

o P\epﬂe;qve- .
PNy-Sx = bx =23x) = lix-Sx even =2 xRx.




. Sammel:nc
A soume xﬂ‘ézz) x-Sy eren =
253IKel: . iix»';%-:-iK.
pe! ?oﬁlows hat
Hu-Sx=x~-%q-lbxtl6yq =
0 = Qk{-lb%—lsx < é
=2(k+913-—8x) =
=N ﬂ\a;Sx even =) %Kx.

¢ Transilive
hssume xRy AaRz—. Then
xRy = llx—';'z even = Jaell: lix-5q = 2a. (]
13&2::7!()3—-9% even ALl - llé-—S%:-i@ @)

Il' co’lfows u.m(.

115‘-';22. ((l\;(—g(a)-&C{[‘é_,gz) "‘CB o
= Q»Q."’Q@-é} = 2(@{@_33) =

= llx-92 even . o

= xRz .

Thus R s an equivaaena.



I Equivo.Qen(Q Aasses

d Le{i ﬂeRe(( A) Bt’. O GQM'VJEVI(Q. ?Ega*l'ow by
A oand (et acA Ge %{wem. We delive He
equi voleuce cdoss &) o

lk(od-ix eAl xRa$

e The gel oQ oﬁ@ ‘)ossiﬂgc equdvoﬂeh(e (Q,QSSGI
Oolq o? R s Aemo‘c«l A/R . MQ‘?- QDVM“Z%,
Wwe o[eQme

Ale = UA{P\(OJK

ﬁ PfO[ICrJrie; of 0‘1"‘""0‘£€ch elasses

{) | k@)= R0 L «RE

p'OoP

(=): Asseme Rla) = R(E

A equIVaaenée = olha = o Rl %% acR(b)=>
Ala) =R(Q)

5) O.RZ




(<) : Assume Hhal akS.
B xeha)= xfRa %—.-,.7 xR& = x e R(8B)
o Kb

thas Q) ¢ R(E). 4y

I xeR(b) = x&4L "\%:» xRa. = X eR(a)
aRd = LRa

thee R@Y SR (4)

Fromr (O and (ﬁ): P\(a\=ﬂ(@) B

9) 'P\Lobm RUW) =p & a K6
Proof

(=) : Assume  REIOR(R) =2,

USQ, PWOQ @3 COV\{TOJI-{C“'I'OV),

0 okl o> aelhl) 1o acll(l) <
afha. = o chia) o
= QAla) NRG) QL/D' <« Cowqucl,_fdl‘oq&

Thug afKb. - R

(&) Assume &}(@

Ve P’OOQ ﬁ Co vr[“raou 011'0'4,

0 R R 4 T xehr x eRQQNRE) >

-——-752 X€lklm) - i *Ra = ia("\x =
x c R(§) ¥ R x b5

- okl <« conbadickon,

Thus  Rla) nR(B) = B8 D



I Equivalonce  llasse; a5 parlitions

Reclll ok a colledion FP-= i/‘m.l 0.61}
otQ Seh Aq_ s a ﬁ@ar"‘i‘[’t‘ou OP A l? l'“ SaAiSQié.s
llr.e ?ogﬂowiwb ?mpev{{esz
a) Veel: Audd
B) Yalel: afb > Aol Mg=g
o) U Aa.‘-'-A.
acl
We will wow ardue hat A/R is a parh"io«q
of A | provided Hal R is au equivalence
Leaq}c'on oy A. ”
We Gesin Gu  Formum ay ndex et T(R) &
" % $
CLooSin a rc()regem Hve eQemeuJ: *vaom é’ac’n
, eqdv«éme CQaSS, Simc, 83 rroeeflﬂé 9., ‘H’AC
equfvafenqg cfzqsses art mw(uu% J-«‘Sj‘m'h{’," t‘i
, $ollows hal TR) will Sackis
o) Vo bellR): afl S R(A»%R(@)

2) U p«[ox) = A
acl(r)
| —nrw.s, lhe set A/R  reads:

AR = U %Rla)g = 10) la EICR)Z
oeh



De how show “han‘

I\n_tﬂ_'. P\GRQQ(A) %:) A/R Pﬁf'}f“on oy A
R equivaﬁewce

Proo

We show +he 3 gropemties wg poujn'lz‘om:
@) Let ae 1(R)
aRa = aehla) = R(a) ig
Hiu - ¥mei(ﬂ\): R(o\):gﬂ
6) Let a,beclR) with o#f.
otl = R +R(L)
=3 aﬂ@, fcom[mpost (re 6? ()"Of 1]
= RGN AB)= g Lprop.2]
fnag: VYa,lel(R) - a8 = (ZCoon R(4)=#.
c) 83 dchm}wq A

U -4

ac1(@)
From (a),(8) ,(0) : A/R pam[: ou) QA o



EXAMPLE

We \nowe, Prcvious% showy -H,.ml. ‘Ha@, rer&iOh
Rekel () wilh
xRy & Alx-6 evey
is an Q«iévaﬂeuca. ‘5
Find He ee{uiva,aehcq, (.Qo:SSe; 09 R.
SQQM‘l(‘oﬂ

Tnb R(O)
x cRb) & llx-6.0 even & lx evey
& x eve,, (Lc. ig x odd 9 Ly oddD
has  RloY: {xew L x evend
<39%x [x ez}
TV% (DR
xeR(L) & dx-6-1 even & o
& 2‘1\€7L: 11X"5= Q.q\ |
& Ux=6423 = (29+0141 =
=240+ 1L
S My odd &
& x odd (bec. if x even = llx eren).
Hos  RVs {xeZ| x odd] -
= 3941 [xeZ.
Simce ROUVRMAWY=Z = Z/ =1 Ro) RADF
aud a pofsiﬂe @) =io,13. .



EXERCISES

@ Wrile e dowain aud ravye $or dhe Po”owi\«é:
repoc}iovus. Ar!- ‘Hnub vzmelﬂvf, Sﬁmme-ln'c., ‘
tromgthive ?

6) Kzi(a,q),(‘\ld},(q,c}; ov Af?alalc{

0) R=1(a,8),(8,00,(c,d), i), (a,al, (hb),

(c,0) (4,41} ou A=fab,cdf

A R=%(@a.), Q] on A- %a 3

d) hzila,a)d on A={al

@ Show el e Qoﬂowimé rﬂﬂahow, ore
e‘lui\laﬂclﬂu’é aud el'vnl 'Haz Corhtspowdiua
equivalence classes. ‘

o) ReRel (722 wils akd Lo a{ld eve,

0) LeRel (IN¥) wil aRé & ali82 even

O ReRel(Z) with oRB & 3a-74 even

d) BcRel (2) willh aRL & 3|at98

e) ReRel(Z) wilh okl & 4la®?-§3

P) ReRel (1) with oRE & 5] 2438

' @ | S‘r\ow Iat ~Hae -Qoﬂo“’“‘g re aa‘l’t‘om éh 'Z&XK*/
are equiVerv.ce) : | - - |
o) CKH%JP\.(XQ_,\ég_)Q:-) thg_—-)(g\lbl < 0

6) ‘(x..ﬁn ﬂ(xi,uc‘,) ©I0eR*: x=1 Xg,Afglr -’QSQ. |



@ L)H"e. Jlac Ae?iui{‘fows ' U)\‘Vzb ({uavz{f‘p{en,
for e Po@ow,iné ‘,,Sjmkuaewf),,, Here R 15
a R’Qouls'om ou A. |
a) R is wol vedloxive
) A s ot Szmme*‘n'c

A R is uelt brousiive.

lel ReRed(A). We say Hat |
A crcdar © 'qué,?,(—} ) ¢ (xpvé AtéR% =2 1RK>

P!'oyc 'u;q‘l:: ‘ ,
K CQuc'Valenq 2] R ftp.lexirc AK C-’vmﬂtzr,

@ ld & kg Be relakions ou A Show
hnal.- ig p\(,ﬂi are equwafeuce; ~h«an
R, nNBg s ofso an equ.ivaﬂe.hce. -



v Mmm)imbs and Fuudions

clet AR Ge two sels. We say dat ¥:4-—8B

(2 is o wmapping Fhat moaps A 4o B) i,Qow,.& ov&,z iQ
Q s a velolion QGR@Q (A,B);Swf/\ Haat |
iL 50:}:359&5

&) ¥xeA :E%GB : Cxué)eg

¢) 'V(Xuéﬂ,[)(gtéx) G:-Q : CX\‘;‘XQ_:-)) 'g‘:gz). |

bllqterjpre*ahom . Considey a Veuy c(d'ouém.m
vepresetation o? Q.

B

Pary.

]

[

A

Condilions () aud (§) above lave ]lLe 90%:1}:‘143

ihkpm{a{ionsz

oﬂ Qverc& eﬁeheml' 02 A [na} an oul%oiqg
Qrrow 40 Some. er,w:eth o B.‘

Qa) we Ao hal QUow aw«é eaemem{ OQ A
‘lo kav*(’. more Wav, one ou‘[ oin a_rrodz
Ce%. 9_ arrows BO;V‘% to 9 Jiﬁ:'uc eﬂommf;



o 8
Nole H«od:ﬁ id i Posw'aee Hal

Q) B na l'\are eﬁemenb 4"/@{’ ho orrow
oes do.
e) ?)Tu)o &,EQQ?HEIM'; eQaQO(S o? A can 30

lo the same element in B.

o we see -“r\q{ Qveng e,aeweu{: )(éAwis mappei

1o a Uni que eQew\m{ n B

a) Do dewole Haad uniﬂue e@emeuL as —P(X)

&) Fo?t S EAQ we‘AePiv\e : |

) = $ e xeggé— image of S.

or: %G‘?CS)@ BXGS : ¥(X) :5- _—6— T
r* Dowmein aud tande

Recadl +thal siuce Q:A—%B is afse a maoql«'f)'{l”,
it has a dowainn aud rauge Ae?l'hed. ajf

dowm (0)= $xedl Ty eB : 6&3)6!%

vanr (§) = %yéeﬂlﬂx e B : (xu) 7
We will how show Jhal |

oA B = dom@) <A A vanl®) 1)



P rOo’?

X € o\om[?) & XeA A(;l eB : (¥, 133 e?)
. & Xehk 2 ? |

e cause 3q’XGA 3 e& s ()([ )E Q c[e in:"how." :
Thus  dow (§) <A . § C d |

Simi lour

er«w%)@ cB AGxeh : (x yel)
b 13c B A(IxeA - %Qfxf)
W {:) %e%A\éeﬂZ(x) |xeAl
ran (@) = B Sloal xedd= BARw) = LAy,
becawse L(A) €B. o T

¢ Thas A r's He Aomam mp ? A-B m,.l,
P(‘c) Vs H«Q Fraund e B i “«e codomain ome P,-

I—-) O\nQ-"’o-ov\e, amc‘. Onlo WQPE““Q%’

Lei- 9‘. AAB Qe o Mq‘)p;hé (Je Sa:z 4’(/;0_{ o

$ vy v e ¥x, xqed: (?(xo—-?(xz) = X(= Xﬁ
?— Oh‘o ?'(A')’ |

Noke thal in generol TS




b lh{erphe‘l'w}iom

QO In a MA-t" haagpind V: AuB we do wok
Mow 1wo arrpws From Lwo elomends o£ A
{o wmap infe Hae  Same Jomeut tn B

m tn awn "ou{w[‘ hnappn','/hé ?’-A-—*B ,Qvervg Cﬁemem(:

) 09- B ’m‘ls aun I‘Mcomluz ofrow :9r0m soelve

Qﬂemen{: oQ A )

Aa  loute " wappi ua :



“C aQso 9(&3 Jﬁ.at

2 @i&edi\re £ _? gy g1 AP ool

| P 21\‘(&‘4\& aud mS\Lrictlt'ol/_:
Let ?l% be dwo Map')in&s, We Sa.té Hhot

Peo o 51 dom(§) <dom(gy A | (equalliby)
¥xeh: =g

9. [g%) damfy)-;Sc‘:Aom(v) Cvestrickion)
0 3Vxe$ :?cx)z%(x) 5 |

o In eveval o Ae?;‘ne_ o anpp:‘vub we heed
oL Amkmcnl: ot delines {Le J_p&nm‘h of e
(Mam;:ub and a 9{q‘-em¢nl: 4that o(ee(nes Q(K).



EXERCIS ES

@ L)Lfoln op H.e Qoﬂo.ﬂl'mb_ rezwliou; are W\appiuy?

Q P-102),(2.2),(%,9%

6) 0-1(2,0,4,3), G271, ,5)
P (%,&);

) P=50,1), 20, (3,0)f

@ Let QIA——QB le a wuwh‘né, ond Let
SSA and T SA. Prove Hiat
v = P (D
B iCean e bl
O bty cles-1

l?— we 9ur-"hevmo:rc Qssubne
prove $ual:

D Psat) = I(rafo
) fe-n <)~ fm

@ Le{: g A‘-—-—)B, qml g:AQ—f—)Bg ﬂe
m.aﬂ){nbs c\mL A{QI'VIQ o w\a(;p;‘n

*lhé{ g‘-s "1"'5.“

hiA-\XAg-———»Bl)(Bg_ é

with

¥ (.. x9) eAxiq h' (ko x9) = (9 (1‘),3 {tg))
Prove Hwk

h ﬂljech‘on ) 9 Qijecjrl'o; AB ﬂl‘jc&ion



@ Let P!A\(&——&A e a lmo.ppiué such
nat | | |
Vix. x)eAxe : ¢ (ko) = ' 9
Prove -)L.oc(:

o) ¥ ounlo |
8) B-5ai = § "1
) B-%a 8} = ut “Yr?

@ Urile, win ququ{t'ﬁer nolatioy , the
Aegimil—[ows ‘Pof e QOﬂowim} 9“4"6»,2!4“5

Q) 'Q'-A —— 8 ho"i OWQ-‘}‘a-Oh(_
/) Q'A—a 8 Vto'l; Ovr'o



¥ Fundions

» A ?u.(ndva ? 15§ a W\a()(ih'é -YvA-—-’)lR
wih\ A+¢ ond Aci® .

?’ p'umc‘fohé-—? 2: AR AA‘-}L%AAQIR

r'* PVOBCAFeS o? ?uhc{'iolﬂs,

1) Even Jodd
Y even & ¥xeA: (xer M =P
0 odd & VxeA: (-xeh A ex)=-0txy

1) MO-VIO“'OVH'O“":@.
et BcA .
7% ¥riggeh- (xi¢xg o lxo<tap)
P B © VX, ,xg€eA: (xicxg = tx0¥@ixed)
Termim:Qo.b%: i]B — ¥ S‘}Hcl'lg ihc,rquiné

in %,
9 J\)B ——)¥ S*ric”ﬁ Jecs-eas'wné
in B.

3) Bouudedvess '
Let BcA. |
! Bounded ob B I%elRY - VxeB: [fal €]




I—* O?era (otrs w‘lk fwnq[iou;

1) Addition

h < ¥+%<=; % dorm (1) = dowm () ) dom(a)
¥x edom(h) : hix)= gCK) 1’8(%)

9) Muﬂ-ipﬂi m"ioq

he by & Sl dom (la) = dom (£) 1 dow (g)
Yxedom(l) : hx = Paogo

3) Scalar Mulhpat'(q.‘ioh

h=30 & Sl dom (b) < dowr( £)
VXGAOM Un) : "\[x):ﬂp(x) Ca

EXAMPLES

i) Le,& Q’A——-—)‘P\. owud %-A-——alﬁ Q(’. ‘hao
funclions with £7A Qw{ %,ZA .
Show %cg: Q‘P%lA |

Proo




Sublicient Jo show H,at |
¥y yger: (xo<xg = (Y%)Cx.) < C¥+3)sz>).
Let X, xq €A Qe %iven with X <Xq.
PZ2Ao Pxa<fuxed ()
LA alx) <qlxg) (2
F?om (‘J 3;\%4- (3 )
gf‘m)f%,(x‘) L pqu.)f 3(Kg) =
= (4430 < (F44)0xg)

Thuy  we %e{: (P-l'%)jA D

: ?_} Let ?(x) :-.ouc'lh@% tc (dl"ln ‘a>o . SLOQ/

that 9‘] (-8/(a) , o) .
Peoof

Let x,,xq € (-8/(20),40) e qiven with x,<xq .
~ Thew |
Dexy -Qixa) = (axZ8x, 4 ¢ - Caxg +bxyt ) =

= alxl-xg) +8(x-xq) =

= oy -xg)( X1+ ¥Xq) FBCx-gy)=

s le-x) Lalxaxd+8] ).
Succt'cteu{ to show +hal QC)C() "Q(\(Q) Lo.
Si\nCe
Xt,¥q 6 G8/%a te) =

X ~Q>[£q, A )c9\>~@/9.a,:-=7




= Xetxg > ~8lee = alxixg) ¥-6 =
T

avyo

< alx. ¥ t€ 20 Q)

SihCC. X(4X1 =) xv-}(i Lo =

»

. : A}
< (x~¥g)[alx txg)t8] <o =

= Yoxo-Qxg) <o ch,) <Q(xz>-

Tt Qollows .ot

Yxixg €(-8/2a,1a) : (x<xq = ?Cx¢)<PO<e)) -
= ?.7 C“Q/ﬁarloo)

3 let Po- wilh §:R-{c3 R,
X—-c
S\now %qt P (s oue-"'o-oue, 59' C#b-
Pon

Leb X,,¥%q €lh-33 be %wcvu
§ucct‘cieu{ o show that

Cova -Lexgy = xi=xg .
Colculale :

Qv -Poxg) « X Xq




\(((¥Q-C)*X1(¥(-C> -
(%(‘C) (X2~C)
- ¥i1¥Xq9g —CcX; ~X(X2+C Xog _
| CKL"C)CXQ.*'C/) |
. ¢<lxe-x0) (n
(X(vC)C)Cg—C)
1t follows Haat
(ZCx(s=9(xi)_x> Q“t%QCxu:o =
< C(xq ~ ¥ -0 <
(xi-c)(¥g-0)
= ¢ (Kg~¥() =0 =
D c=0V Xg-¥,=0 = Luse c#o]
= X(~Xg=0 =2 X;=Xg.
Thes
Vx“xq_e[ﬂ«%f (g (x1) =QCKL\ = X[ =¥Xg) =
=) Y— Ohc«“o~0ne.

H

I‘_’ For chuo‘ﬂiuesj Proops we Wy -Hae.
YO«QQDLJ“M} m«.ﬂls Qrom (o@ezq et(laeQrQ

QMJ, P re.Ca,aCueuS .

Yalech: loitl ¢ lol +16] |

Yo, bel- o8l = lall€l

VaeR : Vbelh-10 : l__g__, _ _lal
é 161

LV)(EIR'- [sinx ] <1 A lcosx[ €4




W el ROR gl y: BB e dwo fuuctions
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