SERIES SoLUTON OF ODES

We Q;eaiw Lg Ml&n:‘m%, cma‘. v Sewe cayes, QXJ‘U/;&LI%B,
 resulls QIBWI Calewlus T needed for Sonng fincar  ODEs

o COV’VN%%JC Sevles  Methods |

VTLNL GOJMW\& ?Um&iﬁw

DQ *QLO-QQ QYO\M m Co.gmg,u) 9% thjmve MOL?S ‘Hae A&ft‘w'Liou
‘ OQ ‘hqe. Qa(l‘vrioj- Qust hﬂ-& Aouzb ‘Pﬁt“ﬂfi&i:

»fadoral:  fOL=Y n
| Ynelh®: nl = ETK:{-9,~3---~‘W
=1

;'fb Doullls FQA—W;QQ: ol =1 and U}‘:%\
Ve ¥ (Qw)“ =T (9_(,(): 91 !
le=|

Vel (Quedtt = TF (ki = 155« (3ut)
le=1

The Gamwa fudion T gegalizs Hee Fudorial
. OMA (s o\egime& , %vs{' on (.0,_{‘09\ avid. ‘l“nam o0n a {,Ji«:i-‘?r
- &e.L Qs Qoﬂou}s

Deg': (G&mma QUWA‘{QVI on Co&wl)

teo
Vaelowmr: T =] e d

ot




| ‘. Tkevxl we. S‘now “AG},

o) Yhnelo doo): (e T() i'mle%vaﬂ Couvevaes
B T =1
O Yne®o)iT ht)=nl (W

1{ i edi Q‘JLA gomu» Hook

VV\QNY’ E T(Vﬂ = (Vx-Di.

aut n n a COW“'\‘W\(leS VQY(zMQ QMCL r(“‘ LH%’ MV\
dehmed  on e (oto) So, T() 5€Mam,9-i’é£5 e fodorial

v a COV\'{';M\JOULS SQ{. e A WView Wse J{\ne; eﬂualriov;

T = T/ e o o exdeud He dediwilion of the
Gmmma yuwd’iom iolr he%o&iw_ n a pvﬁﬁo.psg

Ve (C1,0): T < Tt

11!
CVwe (9, Ty = Tlr)  _ Tled)
v nintt)
Ve (3,-9): T = To) _ Tlne?)
v () ‘e (Wb2)

Ov\sL 3‘0 on . Tlae. %m&raﬁ CLQ&VN%;OVI o?— j(L-Q Gammq_

gum’ﬁah gor \ne%q‘ctvﬁ mm@avs is-



; ‘ngi! (,G—awwwl gquc)tiav’! Qor Vleg‘uét\,-g muw;%w))

_VK eN* :Yne (-, -1t T (W)= k\:[\a’r@ ) I (ki)
g | ,TTt m-a) V() (-0
L , , Q=0

@ Pﬂ)cg‘ 0?' Vro(k)&[‘:fovl

Thae ‘?Yoog ‘/‘eﬁtui?‘es ‘H/\E Qeﬂ,owiu% ﬁmma_,

lomma: |Yaeks i x%e ¥ =0
- X & o0

Proag
el acll @e cz‘wvem. e CL(SHM~3U‘DL\ @e{ww/\ the Qa%u}iu% Cases .

(ase 1 - For qe(«m(o) , we ‘no.ve_

(Do x% -0 h by e* <0 =2 fin x2e* =0.
X=to0 X=to0 X -4

(ase L = For =0 , Wwe ‘mxyg

fim x*e ¥ < Qim ¥ e ¥ < ﬂ‘tm eX - o
X ateo Xt Xt

Case 5+ hor 060, t®) , we Atgine Vl:hsw(SLKGM Q,—k?&?g.
{ﬂe, E\IQQAOJQ {"’1& Qt’quC : a\é aﬂ%iu De L‘%Sfﬁ% nel leeS:

IR on P PR Sl (PR S AR CE0D Sy

kX*‘kﬁ X<t pX X | oX
, . a-hne) -
= o (o-0)--- (a-u) fim x qe Y 2o
Yatoo

gtcwse.i Qﬂé Aegiwi\dow 010'\4, G;—(M.E-Q <0, d



For \qne. cOv\vevtbehce_ (wo@? we Use gae ?sﬂswiw} !j{/\E.OYQWS
- \Qmm Colades T -
) Comparisou Lest |
Yyes - Osgﬁqé%/(@ g_-}) S Qg)«&x Comveryes .
S$ %[x) o Couverges S

| 93 IZQ{:fo LQSJC

\V‘XE% : (gbﬂ) Z0 k M?»O)gm (K)Ax QMUY Qs = f@clx ColVeyg t)
I - :000 >U$fa ¢ ag >SS( %J

Xag %m

. T\ne ?voo& ore  ay QOﬂOUJS'-
Vvo&?— 02 (o) s LQL he (O,’rm? de t;ivzvt.

Ue wr&lﬂ ) ;
~ + - _ _ %) -
- T= 5 @ X‘Mex&ng X" (QXA\X-}’J e d
O+ gf

For dhe  (Lia) taleagel, e dehe
% Yxe(4 to): Y= ¥"e™ >0
el gba= /270

 owd Wm-:

B \}XE‘ (&("’59) : g(x) - del €~¥ : Xixh'_{ .Q;X = XVH'L Q_y:
ol A9 G ) 2o (1)
X too %(K) X doo ‘

From Eqﬂ) aud He pabs Leh i &@ows Utk



‘(‘09‘ m__‘ -

n

S dy cwuev%es =7 5 X" e ¥ dw COV\VQVZQ$ (2)

¢ X*

‘Fc:V‘ Sf\na COA) (m\fcx,aﬂ. ﬁei 3{6(0,\) Qe 3wem M

xelo ) = 0Rx<] = -{<-x<0 = 0<e*<e® =

- 0<e X<l = O x"te el (siuee x"‘“‘>o>'

Tt Pollow Hhod

Yxeloa): 0 <x*te™ Cy¥! (3

Fs’om Eq. (3) owuL Voo Huz cown(mmovv \[esJL e cm(s)ue 'Ll’la.{f

nyo =S n-{vr-l = S‘ X" dy comvevbes >S x"le ™ dy C°“W“S€> y
of ot

Frovy E‘{(ﬁ) owd Ecl (4y - Tl)= g%o M~ (Q')C&x Covxvevaes D

ot

| ?Voog- 02 (@;) . CQmm T(Q:\

+o _ o 00 Yoo
rm:s xl’le"&xf-g x@e:xax:j e’xe&:laé’j .
t +

o o ot ot
<l (<) =lim () = (~0)-(-¢®
X=+too xaot

P‘Yo&? og © = Claiwm Vn € (o doo) : V(wr() =l (n)

LQ,JC e (O(%@> QQ— %t\rﬁh_ —uq@_m + )
®© ©

[ (asd) = g e (hﬂ)—&e-x OLX = j Xw QAX&\C = J X (— {X‘)[&K
ot o*

Kx ﬁ“lo*r - g‘mCx"‘)’(ﬁe")o\x=

=l e~ (o) - g (- g¥) dy =

X {oo .



| Yo
=0-0 H«S e Xdy = W
ot

_ovr& Jr\aere?-ore \]'n € (Oﬁw) : T(MH) =nl (‘\) I8

® Voluwe of TG@: |T(/a)=

To show dhed TUD =T we we the Qouw;ug et
‘?’Vom Cch,uﬂnS ?7?

j ;c J .Lé T, Y= g““’ jﬁ&/? (rcos s )

0

Prost
(Ve &e?—{ma u:& =7<£ur: &X =) X—-/i&‘x=ﬁ&k
9x |

and nek, 'Hf\a,{i X=0& =0 and.  Xateo &D || teo.
Tt Sotowy oo
r(l/‘i)z 5m x”i'&e'x dy = S’r@ x'uie’x&x r_S ,u‘z%&

ot ot ot

=9 j+mexF (.ui)fhk =

- Lra/@];: 9 vwﬁ?‘F (u®dn I { 9 j"“"w (-v® «1\1} -
j S “dv exp (-utv®
)T

j G/QA& exp (=2 o)~y 2sintd)



.}
=4 S exp (~r(sinl}+ cosy))

=4 Ym Snli & exp(«“) 4 S b exp ('VQ)&S Q] dir
=4 ij v exp(-v9 () dr = S 9y exp () o =
A ﬁf ] dy = m [ exp (-rf)ym -

© ©

Hﬂ@ (-ex(;(vv‘*fﬂ»(—exp (fo))l = lo-(0]- 7

= T = VTl =-in, ()
Siee (Ve (i): e $0) =
= Ty =14 SJ'“’ exp (-u? du o (2)

o]

From £9.0) and Eq.(0) & Jolour HaF  TlU2)= T



EXANPLE

Use ?roog @3 ivdudion fo show dhat given  ou a el CON*
it CONE T-xIxeNS = 442,73, 3 | we bae

M
FrneN€: TT (ki) = [lntira)
! Mot

L—? —ﬂm vesldb @5 VERY m{)—uﬂ bor ?*ewnjc{m% VTOcLu.c (i
GVWIS 02 Gamma QLMCLOVIS
Colution

Fov V\’-&, we {nqve:

T[_ (ko) = ((4a) = (T (at) _ Tlotd) _ T(tlte) _
=t
[Mat0 Tlat) [ (at0)

- T (nttia)
[ (o)
w
For n=wm , e assume Jcl,.a,{ Tr[(,q(\): r(!M'leo_)
le=)
' Mot
mt
Fov n=wtl, we will sho that ‘UJ (ki) = T((mp)) $11a)
oy go%owsz - l'(oh)
mtt

(ko) = (M'}Haﬁ‘% (k) = (mti4a) Tlmtlsa) _

| <t Tlat)

_ (k) T lnttra) _ Thntitad O - T(Gut) +140)
Mot [lat)) Mato)

=
[y




EXERQISES

@ Leavnn the proots of e ?Qﬂaumé slalemends:
a) The Meémﬂs HOE 5 e  dx Converges for wvo.

o

D T
A Ynelr: Thtd)=uTh)
O Tl =V

@ Show  that VmeJ[N*‘ (‘iuu)“' g 'im47;>

@ Q\e(o,@i ‘?Vom CQQ(U(QM) 9\ ‘“nc& 'qu_ @mau«iqﬁ seyies Iy

tven Qoxé
to y
VYxeGrd: (ax)2= [‘l> X
n=o h
h)i('\n (0‘) =4 aud. (Q) = -\T o+l — 7 \/VIQNK
° Wh WK=| i<
Show Hnat -

a) Ymel*: Quq O GRS T S A o T )
n (4l Vo Tl
) Yoe( o) Yuel* (([m) - 07T (n-Ya)
n T T/

n



@ S\now Hnak'-
a) Vw x(1x+23)% € X dx = 5F

"'e,) S*“’ (HOK-0€* dy= -0
o Vx )
Q) SJ@ ([x +2) e ™ dy = 400 +6

o

d) YQO (v ([x -1V e dy=6- i]n

Y
o

@ Use #Le Vha'u\o& og Suﬂysu’ukon om& R\e (;awxma“ guug}n‘om
l'n&’ﬂbyok {'o show ‘“Aa}t

§
O\) S-kb ‘[; e?‘?(')&)&x = W 00 5 (me)a&x = -0
E}
)

oF
y rv 9 . 0 2) J( VIn(L/%) dx= _LT(_L)
° i\‘ﬁﬂi o+ 3 37
Q) j‘ & _ /7 A 5* (xudtde= 2
ot Ulux\ ot 9.t



¥ Review 02 fowsey Sserves

U)(’. review @Q‘;{‘L vesu% ?vom COQLuQui K (Ovv(emiwg ?ower

Series €Kpawnion cﬁq ?uuédows.

@ Deginijciomg

* A _?Ow(’\f Sevies 1S A Senes O‘Q hne govm
400
VX€A1 gg(¢<)= T o, (x-xo)"
-0

o wilh a €5eq ® aud  xoelk

» The Aowam /l is  chosen fo Qe He miAm{ {79)56@& Su@wé
‘ o:Y 4 -gor whida 4\/& senes  Covwevnes . [2 A= (Kc‘}’, Koﬂ@ {{42‘4
we sacA ‘;\Aq{ Y\zo (s %\Q v’ag

iy oQ convevacuce.
[&]

_D_e:%: Le£ Q’AA& Be &Quwdiow will xo€A. e say %af
—9 cmag%scic o& K=%o &

& TaeSeq®: Tuelopo): Yre Geomp oip): fi0= T ol
h-o

Q av;aﬁ%’n‘c on SQA & one§ : ?auoﬂékic onn X=Xo

e Wc St)cu.e og QQQ. Quhdciom avalutic  on $ (5 AQMoﬁcL
as GY (S) Nole Hhab cY ?)‘5 C|°°C9) w‘nfdn Meanus



: thl i, %ewmQ
e (o) o Tecm(s),
, uowe\rer, J(\AQ ouvene 5\%1}:%\*42!«% p) uo'[: Qﬁulo:? {'rue.

® G.evnemQ Vvoyerhes 0{3 power series

Le,t E;fb Q:c "wo ?uvu}-om H-?;{', ole a\AoQ;zm. 071, X =Xo suds {'L\ui
Vxe(xo-y,xaw) :(gm = 7 Qn (x-xo) Aoo\bd i@M(x K)"’>
W =0

Wem, Wwe Cﬁm 5(\40(0 L\A&{
) (V xe (xo- Y,xo’c\r) £<x 43()0)6) (YvelN : aw=Bu)
1y VXG(KO -t Ko‘r\ﬂ) g(x\{%(ﬁ) = i (Cm-ﬂ@;n)(.K Ko)"

c.\) VXE (Xo'—\“‘ks*v>‘ ?(K)g(.)()— “‘9 KI Qxﬁw\-u] &*Ko)m
K=0

&) Vxe(sc.,—ytxow); 160 = 1 N (oxc)™
u=l

o ¢ Kl
o) Yl Yxe (xo-g(xo@:gw(x): +Z W‘ (m'@:{ e (x-%)" "

o}
= I Gun (.X-Ko)
- h=k (\n-—k)‘
) Yy, g €0kenp ko) g"“i&)& s [aw ("t Qu;}
=0
X4 (

- {%(Cm o) (oo™ ]

= n+l



® Sowe inpoAamJL Fower devies

+to
. VXE (‘Li)i L = Z X = &-‘*K*(')(i%'“
: {.—X k=0

Ve CLO: ()P = T mx - Lepy PO Fﬁ” JC
h=o

+oo
Vxelk: =7 ootk X I x? 4o
. h=o wl 9! 31
| A P
VxelV\f- s‘smxzf(~() tl = X-— X? 3 xg .
o ww 3 5l
YxeR: CosX = 2:(-1)“ in I x* + X e
| wo o (qu)! 2. ik
jo v
Vel bl = T con ™ _ o X 4 x2
h=o Nt % 5
}o0 %
Vxe (43 Archanx= T (ot ox- @ 0
n=o Jntt % ©

—ﬂqg &QLmQQ& 'Hfleorg on Jr‘qe aﬂxove Sevey b %{vwz i v»\g
CQQWQM} 7‘ ha[f&

® Cowrrgence lesls

The Vroags of Y reszchc He orenms Q«w series S olubioun
Q ,Qmeaf ODEs o{epeml out kf\.z Cowmpoyisen 1[65{, and the
alsolule vobio lest. AWQWL ow power series 'hzeve lests ve&huo,
bo e Bollowiung  clafeuneds



@4Com?arison led

| Given 0,@63@1(@) aud Xo€l , {len

VK(:@\'- ( 3 Vwe(N: {(lu\(QW! = *zoi Qw()(")(o)h Cowevaeﬁ)

{00 =
T B (x-xa)" Co.'mrae) nee
h=0

%99—‘" AQ»oﬁu.\{, RQLEO fest

(rivewn aéSQf{(ﬂD’ oud Xo€f | theu:

to
.in, Qi (X -%0) <i = 7T aa (K—Ko)w Colvevaes ’\/xeﬂz
neN A n=o
: |
fimg | B X-¥%0) 15| o f o (X=%0)" Atva%n) , VxeR
welNd QAun n=o0

Im onch'ce, we 3&Jc convergence -Por' Qrea via Jrhe U’L’Qevaw{
‘J(heorems Qay We sohe J(L‘e ,inear ODE . Reﬁﬁu—e e aﬂ.ove
CoV\\/Qthemce )—?)\’S Qe omQJa ‘ret{u‘uke(i (v -L\ne '}7?0995 o‘? L{/\Q_

We,cmané Y eorems .



| T[‘\Vq : Le{ [ﬂh\ Q.MA- ﬂm\ -@c 1wa SZ(iuQ_h-(_d (vl‘ﬁ/\ VICN
e ST w(/iem Wwe \/zave,
L 3&1 [Qv\\ Lovwi%{:S

hso {*“’ -

Z @v; COV\\/Q{%@S

Nev ems {‘\neoYCW\ (own @f— Uleét S CQ‘; éo mu/@: § o

[wwer sevies @aqu)e w(neu —g/..e C-ov\vevae W[L\ié Couverge.
ab

a@foﬁulc@a J& DL&QQWQ, 9‘/\ AC&L 13 ‘lo t/\ojnz

l\’xei (foc) i oone-xo) A (x)- Zi Qm,(x-,u)“)
" ‘;\,Jrinevx il QQﬂvwc lf{n E |

{Veeh Q(xi%(x) {3& oy QW*K] (w—ye)”

K=0

, For moe &eloxtp-( (ex wab CanuQu) ‘iL ﬂ@c




EXAMPLES

DJ Un"fe Hne Sevicy pramiom oVouud. Y% =0 o? H,,Q Qumo‘(w

la= ¢
Ixet
QM:L Qmi J(Lze, m&m s? covxvef%emm.,
 Solubien
; UQ L\Qve:
R TS S SR :rw K" erf (»-%)"‘j
U+ | ’&_M(.,‘ix) w=o ! n=0

= K“’Z‘b )(V‘ J(\E"f (»D\/\zhxk} -
hw=o wn! i-o

DN S
h=o0 =

 The Serbesy P awyion 02 e® Converpes ©Ou K. M Serred
expansion of i/(i*@ix)) requiyes -] <} Since
o< o o<t @ ol <l o [x< e
& -la<x<l/a @ xeYa Vo).

@> wﬂ\-ﬂ j(‘nfc Seyie) exflavinon og 1{"/\,& pu.hu ion Q(K} —“-QX (09K
| avid inw\ J(‘no, Mciiuy 0£ comvtvymm
_ SOQA;A')'O*/!

- Simae:

© oo W an
| X(K):excoﬁx:[i X HI (~0) X -
5 =0 (‘Lmy,

nw=o0 h{



_ Ji"" i‘-\ [X K (D% yin-LK :{
O % TR Y
: z {XQ.KH | (,[)“‘K X?M 9% i( _
oo | (g (30 900!
N g

k=0 (9! (Qn-2.)!

iR F‘ L ]xi"‘“
hW=0| W=o (‘iuh\‘(qvn’%‘)‘

!
7 1
+ —
M:
T
=
X

A Wrile @ sericy exganyion ,og fr=sim(20  around  x=0/%
avsA &'w\ M sraAius cg cav\ve_v%euc,e,
Sodutiou

Loy = (@) = sin (O -nfy +0l¢) = sin (2 (c—n/8) +nl4)=
= Sin Ci[x-nIQ» cos(Q[Y) + cos C9—Q<’ﬂ/%)> sin(n/yq) =
(ﬁ/i)[ cos (4(x-n[8)) + sin (‘L(x—nlﬁa))] |
_J_E_..[% (v falc-areif™ 5 g [ale-n/ ) Sl ]
A | w=0 (20,)" n=o (Qutn)!
P B eqt + T ar 129 (cars)
g () wzo 9 (gnnl!

I\

I




00
_ _ v G- n teo |

MT:O (-0) _1______‘_@ (-nj@) 4 ) " 20T (xenfg)™ !
T\n (‘Lf'\) . hzo (?_mH)‘.
| e Coweyene sot Yor ol sermey Ezc(mhsibm he 1 R



EXERCISES

© Soow ek
Q) Yxch: silx= T, (ot gt oo
R (AR
b) V)((i(:?.(ﬁ-): X - Jrio (_._}S__)M
§ox  w=t\R
) Yeell: sin’x=3 Jf (B et
;q = (1-&02

d) Vxe@ttb: Qh (\/?I._): ‘rf g2t
| X =0 ?-V;H

e .
‘ C) VXG C"h‘) : { ’:: 1 I Sinn (3‘“—6‘\{—9__) Xh
)cq”+\C+ A @ h=0 E

@ Derive, ‘H/\t sevies CKPGM)QOMS Lr J<LD_ gw%)w;ug Qunclcéow} :
arouud. fhe inLicaled \?oiwk, aud QM:L Hmz comvevagmq rodis.
a) 3()<)= e” Sinx (Q\muvl& Xo-‘=0>
O Y- 5m(90  Covoud xoe0f6)
C) g(ﬂ): e~ QMUHO (avound ¥o=0)
A‘> Q(K) = _ (05X (mrouul Xo 50)
{ -x* |
Comsi&xr H/\Sl gumo?‘}am D &?im& Q?j% Vowar Seres
fo = 3 Cor_x |
nso Q}V\ 601.31
a) Sow ot He power -5erics Converges v B




D) Yo Hab Yxel: P60+l - A

Comsio\JZr Hmz, ?mnckiovx ? At’Q{mecL Q'é ‘“n& Poweir serie)
?ch): f (oo
o 92 ! () |
Ct\) 5‘now jr\m{ an seyies  Couvges Ou W\.
0) Show ta Yxel: X”"(\Q%XQ((K): (-




, ‘ Seriﬁs Sonam a(r) Qud- order Q.ivmcw QDES

UQ cow){Aer Y CL\&«Q{AOJ ineaf orcLivmvg @L\&frewliqg ectuatz'on

‘02 e germ

?}" @+ PR \é‘ ) +<1Cx)g(x) =0
amd  we S&k ‘kn?— mmk S«Q,ukov\ awvotho.‘-ei oy Q
power sevies  @rous. tue Foiu{ K=Ko.

e c\b{'imbuis\n @Ql:wem Hr\c \Qaﬂowimé % Cages:

i) =Ko [t @ %@% ?(-X) ah&éhé &JC X =Xo
)"e?rugar ?o{m{ | f\(‘d ngﬁé%\‘c, u{: X =Xo

ﬂ X=X ) & X zXo (5 NOT a re wlar ?m‘mjb
*Ca,uﬁmr simqvﬂar & 4 (x-¥o) ?(.X) on (n‘c Q{'- X =Ko
‘Zgiv\!: K ()(«\(o)q’f‘&) o *ic a{: ‘X::)(o

ivreaufar  sivopdar & ( (X-Xo>?()<) NoT &waﬁg’l‘c ab yoxo) V
v ’ ( q \
Ihim% V (x-xo) j(x) NoT ﬁwa@ghg of X =Ko).

“T‘\Q ?{rs‘t %UD Cay@s (An QDQ 50Q\/€&7w“hﬂ COW%Q"& Powtk
Sertey \/V)(‘JH/\O(&&, TL\Q, &dm‘rtL CoJd@ = Canu @e amﬁ«é ik\/ﬁsjﬁtbo.u
w{h,\; as(évnvwn‘c Leclnuiclu.e) oy wzw?I Q@. cwrebi:‘ "‘CSeCU‘LLz,




%}-—-’ ?\eguﬁav Linear  ODEs

Tkm : Cownsider amn imixlio.Q value Proﬂﬂzm o£ H‘e ?ovm

‘ SL %“(&)Jr?(ﬂé‘(xﬂﬁ&) g({):o

, .. ‘8(2(0>:Qo A%[(Ko)::o.‘ |

with Pq € Cw((KO’\‘;Xm‘P) (i P amazg-ic al ¥ =Xo)
Sm.\n %\a{‘,

Yxe (Xo'\" , xo‘rv) : (F(x) = éoljo Pu (x-Xe)" Aﬂ(‘d - zo g (x-xo\w>

The Wique SOQuL’;om to {LS tmiL‘aQ value {MOBQQW, is 3§\,€Vl gé
Vxeﬁxo—v Q@QW)J 13(,‘() - ’f o, (x -Xo) .

| with aeSea‘((@ a sequenc Mo(zg;weo( recuni\re% @é

Yo el - &Wra =_ -1 ) [(Km Oyt Prneie -1»&“%_“]
(hi(eg) *=°

w'&\'\ Qct(\‘ep\ %i\'ﬁ/\ Vi jrhe O'Q’Oke fmlfc& Cot/\AJ‘l’ist.
L

 Bewarks
ﬂ ﬂlc lmiqut S equen@ Ab&ne& @ H«e u@omkecwsiaw
combined. w(lﬁn im‘tioﬂ- values &o‘QlelV\ willl Ge Oh’ma[e&
20\, owtniwme qy:  Qus< Am(&o(m( ‘:1).
9) The Comvergence o the power Sevies Eotf \é()ﬂ is Frovf&e& Lor
@«A h\e Hrcorem and  has Jt{ne. same  radius 0‘2 Coywa/vaemoe

oy {’(ae. 'gumoLiom Pcét,-u‘ {s {{10"390"& Vlo‘: hec()iahé i‘i’
ectablishn Cowesgonce when SOQ\/EVL} f\ro@ﬁems.




37 To %W&. l"/I"— Jﬂoo Ql'meay im&pem&nﬁ Sou»%aai %\131
e Soqre,, Q% Cow@n@?ow, the Qoafowiuz M‘L‘aﬂ vqﬂu{ Proﬂfems:

; %\%(Xo):l. — %‘(K)zf QVI&'—XO)

qé‘(m:o 1o
o} = DR CnlX ~Xo) "
%%?g(x) ol s Ypto= X 0
0T

Wethn Yur el : XL Qi = Am({;oiy,@
Cn= /&n (Ol\ ]. ?;@
To show Yeat ‘b‘ ‘Lé?\ ave  inded inreaVﬁg fho(éfewiewl: We
wote. Haak
 Xo) = | U, () =0
%/ ‘g“ (xo) =0 A \%a;_ (Xo)tv{
o.mc& %BPGQQre‘.
w[ ' }(X{b = t()ﬁa) (o)
Bds %,(xo) %2; -

= W, "(51 .Q.imeav\aa imiq?w&em[:.

| Lﬂ Xm Pm&ic@ l'L ls Cus{-ﬂwt% “o éev'(ye %\e' fetwssion
‘Y»o(muﬁa Ew “}“/\Q Fow erey o a  case Qé 89e ﬁash,
HOM{VCV, 8‘tven Mg “/Q@Few, c‘lc ) net vxe,C(DHV% SN ?vﬁve

| o) =41-0.0=1

0

—
-~

Co V\\/QVBBWCQ.



EXAHPLES

o) Find JrL\e c:)e,v;cvai Segu{‘fovx 'Lo 1L"-e Hiv% €quar 0w}
vkl value  proflem |

{
Y Cx)—ngx) =0
% \6(03=ao )\'g‘(cﬂ za,

Sog..,&io:a
Cowmsider 2 sofution of e Yorm
o0 )
‘B(K): 2 Qu Xh
h=o
and wole  Haat beo too ]
@2 n-1
13‘&): d 5: a.,\x"‘: Z NonmX = Z (Mt @us X’
dy h=o W=t hz=o
OuzwL oo . v ’ -
13"(\(): e () g, X = L nlwtl) Bt X7 =
dx n=o h=t
¥ A
= (Mt D g X
hzo
T\qen( we L\Qve_'. *00 Joo
“(x)«xz(ﬂ-“—o_@ 7 (ed(t9) a,,,*i)cwu )(Z Ay’ =0
‘\9 W0 h=o
o o
WH
o L Lo, x'- L anx’ =0
h=o . Wh=o

Yo v H’b | )
& L it ang¥ - T X' =0
Wizo - w=]



= "
& [0+ (0t og 47 HMQ(M‘DQ\Q%"&W&IX -0 &

h=1
4:») g Qg =0
ZszetN* t )M Qwig Q- 30
A___\I‘ § Qg =0
J(VVIGXN*‘: 0\\_,:_;%. = Ay -
e ) (e 9)
(= § Qg0
l nelN-40,19%: en=_%-3
nin-L)

ib Nm@ we.  cawv &ev{ve_ <Li\re(}c muﬂs fﬂr ‘Hae sequewce au.

$arking !;rowu O, We o\e,jc 03 Of ey KB, ...
,. J i
e L\mvﬁ‘
w n
Vaelh? oy =0oll 1 o T 34-2
L0101 0G40 08-2)
s o LT[ (34-2)
(3n)! A
= Op 3" “P(’ (’(\-—f./%)
(3n)! éil

= Ouo ?)V' Y(v\..?JZJrD

W) T (=203 40)

- Qg ;M r(hJ—UQ))'

(3n) ! TCU3)

oml We \noié 'anJC 'ufnis C@\UO\L,{OV} 13 oﬁﬁo qungieo\ ﬁov nw=0.




e

S‘{QVXIWD ‘fYOM 0‘(} e 3Q£ &(1,(1}1 Q'&M*l)"*
. Sva thcvegore

o VVlE,N* ARy = &‘W |
. A1 G0 (GA0 -1
=o, 11 14 - o7 30~
A (304D 1.1 (20~ M’J;’l\(’bﬂﬂ)
e b T340 < T -y
B0t 4= Uv&’r =
I M O (21O NN ML (ealz)
(30! T-4510) (3us))! T(2/3)

ol we M;Le_ u;o;z His equabion 5 abo salified
;wfor n-0.

S ageo, 4 Sllows thd Yuel:asuazo

| H Qﬂows ajb 3/\«;@, %év\emg Soﬂujciow is.

v=o

,,,13(543 1 OMX “I\Q X +Y~ 7)\4H

2% O 2h rﬁm+\?> +i 6, M)
o GmirOm Wo Garlt@n

= Qy %‘()Q 4’&1\%@‘(%)

1y b= § 3ty %Ag (o j:" I (relz) Y7
nzo (n)! T(U3) Cow=o (i laln)



ET‘n@.ﬁe $Qries mfﬁQ Couvevae lLV\thVM.OM oW (R Qmo(,

&egivze R«Q "’u]o Meav‘QM QV\&QDQMC&J—H{ZC) L‘GWOA‘L\"CO@

SOQA'{()V\S #Aol S‘Oo.v. ‘UAQ V\M,QQ_ SDOLCQ OQ

)\ vd__ @q uqk 0.
0 !

&—5 Ih Ir\ne aanve om\mmen{’. we L.m,e u\eJL ‘f’&e.

Q ﬂfiowlvw}‘ lokev}l'\l

TV (Kto) = Tndar

{ k= [ (o0

‘{0 e—-Q(VY\(YlIDv 'h/\{ DV'OAM [ ‘hﬂ@ '?c\rmwﬁk QOY‘

u\m qmo\ U, (X) mw\. Qme&. %ew VO&JJ‘M ‘[

Com neld o mel.




EYANOLE

Sone, e lnear oL - 'té“(x\ + (o5 (x)%ﬁ() =0

'wih\ a Sene) arouud.  x=o

SOQUHOW ‘
wQ COmSu&W Qa 900}1‘?0-« 0? h\e. Q‘JVWI

%(xl = '2 Ay

(M& Mo\f. J(\nal\ e \
~ lé(ﬂ* & f me Z hu,\\cm-‘=§: (VLH\&W[XM%

n=9

%(\()“ & I (V\frﬂo.vxﬂx = I Nt ) 8ng X net

W=

= 2 ! (,\fl‘f 9 ng\\(‘n
n=0

Qud

oo (9\%){. W=o h=o
t 1o Q1 too
i} I xH Y QQWK‘M i S: X " Y Qim Xﬁnﬂ
hap @th N=o n:o (444)(, n<o l
tw W _ L W _ )
¥ ¥ x(an-94) 0y, X%l T T [X‘I_n L O*i et
h=o k= @‘w*%‘)‘ h=0 k= U—m Zky et
SN DN KGR D N s P P
hzo| k=0 (‘},M'ik\‘ n=o0 | k=0 (Q.VI“QJ‘JS



’PC ‘POQﬁOu)ﬁ J[‘na‘k
%“ () - Cos (x)xé(zc) =0 &

o e 2
& ] (019 Queg X' «Z PRI e

e £~ (9- 1)
1 L Qg ] X 20 &
‘ "o k=o (,itr?_‘ﬂ)} .
& {io (QM'H)(Q.VI-F?J Qq_m(_g\ - z QQJ‘ -& X " +
h=o k=0 (g QM‘ .
* At
+ L ((wa t\“'D((QMH)* 9.) 0@t g = 'Z Qe X =0
hW=o lczo @M h)i
ta
& [CQV\{'O (2‘4’*2,7({2 wtg T ‘Z Qau ’J X ’}‘
h=0 k=o (2m~9."t)( o
Jm’ Wt |
[CRDLADIVIAE ST IR
h=o | ’a (Q\u 9JL .
(9t 1) Qe 0y, g — ) Oax — =0
k=o (Qu-9u)!
5 Vlﬂﬁ "
C2m+9.)(%&7>7&q,,,+9- 7 OQgu = O
l:‘n:o (9u-%u) !
OL‘Z — { Oy
)| Ynel): 32 ) (w9 =0 (9n-00)! (0
O“lv-f%: : L. Mgen A
(9nt9) (ivx{f}) koo (9,-9u)!

1?1!\’\\RQI‘?':‘MB L{/\KL FOUJQY SRViCs VECKQH’E) Qo QMGL .



1—’ Nok jr\'»oJ: it Vle{ ?o)s(@ﬁz Jr‘o ﬁi(yei) JCLQ series  \u
Mlosed Povm. We com ngla ye. Ea(- © 4o obevmrafe. o
nau Seviey wan ) IA%'LecL. To o@[~mm iwo lee&v%
;wiw&vew&?w{ SOQu‘ﬁom \é((x) aud Léq_(:c) We EW?S‘waW:L E‘i-(&)
u>{v4% (o @)= (1,0) aud (&9‘&\)2 Co ) kc}ygé%veﬁg, {0
T(m‘s wi()ﬂ %iqﬁ& He VowQV Seyes Qov‘ glL&) e\w& ‘39_()()-

1—* In orAef l’ﬁ mu}aip VONQf Series Qx[)aw)iow Jto
CQQ(uQQSrQ, C,OS()Og(X) Wt \M& HQT{'&&AU Maeotfm —erow
*Mé Co&u&h) 9, anh& Viofey

+ 00

L2 LR W[R0S [ ek

ro W=o0 h=0 W=o k=0
Z @9\ convey %e.)
h=0

TLQ hzcluiyeck Q)Suw‘)jriom are nﬂw&é) m&;%qi Qé Yoww

Series wiihha J(\,uziv‘ Cov\vev®emta {\n(wvao..



EXERQSES

; @ Show ‘vhm{ Lermde's ¢ watou %“(K)-Q_xg(x)’viq (K):O
w(lﬁn QG(OL*GD) ‘naa ‘dAe. Qo,@ou)iu%_ V 'M&\V% {u cuékw{
sollutious - |

Y= T(Lta/e) 42“_ (0" ()"
:‘:‘O (9m)! T (ofa.-ne)
9 0= T(latelD) T (0 (59"
hzo (9wt T (e/g-n+1/9)

() Show Hoal Chebyhevs equation
({~x"')\6“ <) "K‘A' ) +'a9'3(x) = 6
[;Jijr\n ac COL{TD) 1/~Qs ‘HAQ Qo%uikg in ?anAé i‘n&{l@m{m«i
50&1&‘\0‘43 ‘e -t | |
‘3\&); ey .}__[W (k- u“ﬁ] w2

vz (Qw)l w=0
- o w-|
g0 = X & +I ! T (4bg+]-aD) [
W= | &Mt>l kK=o

@ Show Hhat dhe Gctuqhotn 5” (X){-Xé((x) +g(z<)=o las
Jsze QoQ(Zou)'M szmﬂ»é iuo\e()eu&m{ soﬂd’iom:
dee S W

13‘(@: X
Vizo Q.M%" .

i '
go00= ) (0" A P
w=e (9ut)!




B) Soow T e equebin 1604 0 4y
,L\OS “‘AQ gcﬂawiuz (bl'vwﬂvﬂla 'MI&EPQAJ@A{ Soﬂu('l'DuS?

. DYRSE L*f iﬁl[TﬂT (3«-9.)i] v

V\:l‘ (%V\)‘ K=
bib() =X+ Jf (" [Twr (%«01 NCA
W= (%14- N L

g@ S‘/\cw '“/\Q‘\ “m:/ ec{ua{‘iow 5‘0()4’ X?‘“(S(\C)r-o L,as wuz\e
OMohﬂm% Qihp_avﬂna iwl!zpehiw{' so i ous:

goo= 1+ 2 _E" [Fr : ]x‘ﬂ«

R VI Sl B 7
to

u b= 1+ Y _C0” P“r { }x”"‘“
vty k=0 e

@ COw)l&py %’L.n equa o0 “(K)%o? ) =0 wiha QE[R‘
Use Hhe Fom\r-%&hes hnf:)“’,\ml 'Lo Wediscover “ﬂi
meQﬁ-‘.aAowM %QVLQHLQ SoQ,ul\‘om v.é‘ x ;{(\; COS(&K)"'Q,-LQ;M (O)O.



RC%\;Q&V ‘Sx'wguﬁcav Q'Mzav- ODEs (FVo@emiw meﬂw&)

wc Comsidar a inear 00€E o? He ?orw

fye PO iy =0 (\)
‘é X -Xo ‘é (X*Xo)ig

or equ}vaﬁemx |
| (% - xo)2 Lbu()l) + (x -»Xo)(?(x)tg(x)‘c q(x) %Lx)f_o
; {ui“h (Iﬂ &mqﬁgkc OL X=Xo wii‘n Power—seﬁc’} Qx[mmious

o 1o
- Yxe (xo. Hot): | ple) = : (x> N gt =Y q ( -xJ‘")
celipronp (0 L oo™ Ao =296

9ime x=Xo I net o peaular Voi‘njt; e ODE does nol adnd

iQiViQQVQAé in&epw&@ﬁ $o Hous 5&\:)‘39_&) %L.a’ﬁ can e
_expmseo( 05 O Dower Serits. Nokzhneﬁ(fss a «%ewemﬂ S0 Ledion

1

Wl’i«o& Qor Qq.u), w‘«ere X=Xo |5 & thau ar  Sin ular
« Qoim& ) \na) QQ,QM &CVQQOV&L Qé Fw@e{/liu‘) Qy Qo%ouﬁ*.

f@_?___‘- Comsider o qui«i—iou g &egihei. as
| ylx) = Yol T @ Cxxo¥"

it laﬁx) solves gi,(a)“,:o Fhew « .

| @) Fllpogor= Acd-0tphtq.=0,
@) Ynelye F(f\mlPNc\o) on= - L I_(k’rﬂ)giw%ﬂﬂw’“l&“

L " K=o




K(Vnﬂ\lkf
(@) The ?ongomimQ F(Mya,«{o) iy flhe Ivtil‘cia,Q EOQL{V’O‘MM/Q
ovd the  equabion ’
A-0 + podtqo=0
is the iwdiciol equalrion associoked wign “ng 'Q"W?df
O0F 6.0, |
(@ US'M% he vecurrence for e SeqUME QA %CVEVL Qasa be
Q@Ove Pro‘ws}liow wih/\-q %ivew imi{zaQ \/aﬂ,ua Qs , We (qu )'lnow
{\m{: G, g,..,0u,. are \)mpor’ﬁamaﬂ lo Q, Qud “th. b'em%v%
Sequence w L be J.Qwolel Qs
el au-acdn(llpa :
wiUn Qtt\egei (R) V‘e?wseu(iug Yoe §€1uCMUZ) Flig,,..,]?w)...
aud ch ,%%;,‘_’ctw__ Na*t ~M-.a’c SN iwie(em:‘.n og Xo.
Q wﬂ wm now &eeime Jr{de %ewemf. guwc}iov‘
\ékx,ﬁ Ipeq) = Ix—xol ?Z G (A lp g exo)”

F’“ Wl,OSJt V°~QU-Q> OY A ‘hm‘s ?\md&‘bu f&«e) vw{ SDQV‘t E‘{*[L)-
| F\!om Hee Qoﬂowimg f)ro(losii'ions we. See ‘knﬁx(l \é(}c(_g[()(!@
Sog.ves ET(L\ Whan A 05 eme o’? “A?. Leroey og e
ludici 39\ ectuut'iaw _

Proez W PLE‘ Covvevgl. own CXo«l‘,Xo’rp {"\':Q_h the Serie;
echoms‘(ovz r %QCA ?Pc[) aQ)o . C:obtvev%es Qoi{z\ QM&VW%
Qua QE,OQ“UZ% 6wn C)%-Y“zco {'t’l




Brop o Leb A= (o) ok Lb L CH YA COOY
. @Q '“4& Q.«'bue,o\r Oe(’fb‘}‘)\f‘ Q)Siodaj’ti u}sz\ ‘”/\.Q Ql‘mear obe E?a)
[ Suda S(Lm{ |
I Wie W L)< yie+ 09 ulen e 9y
‘A \8 : g X~Ko. % ) 3

; C\C—"(o)i
: u 10‘0@00)5 1%\.2{'. ;
Lté(%fl[{?:ﬂ - Dexol2F (Al o
= l\(-—Xo\A~q~ &A(A'O*‘VOA +l\o]

, Usivu}) e alore szﬂs aud lnmlu('foui , aud. some Qic{f{'{OMQQ
, Comsié\ua&-}@ms ha&ei‘, Qov M Ffoa&, we esLmQQislA an main
vesudk: B
Tom: Lot A dgeC fe Be zeces of e tudicial polpuomin
F(MPo;C\Q aud with o Qoss o¥ %ememﬂf be esume hat
HACAPANGHTE Y disbinouiss Oebvea dhe Q\omwiu caes:
I Case - 10 ﬁl}lgz A Q\L—ﬂgétw* Heeu Et[.(ﬁ has oo J%ueavfa
FM&Q()QM&QML S‘o@u‘\‘ws %x‘vev\ Qgﬂ: ,(\k»

Wb =yled lpg)- [t Mizoém(ﬁilp,ci)&«xﬂ‘

e (Yo-t Yotg): o
Y2 b =Y (x, Aalpq) = Ix-to 4 Z:chm (A ,{ﬂ‘]m("%)“

M_QS..\E_E’;‘ [Q i\ﬁﬁil fhen J’\’K’- b inewl‘é fwo(iepzwllet
, SOQM«"‘KOWS are ‘

!




0, 60= 40 Al puq)e bl E 0 Upg) orod®

h=o
= 9
\éi(g) __:_)_:_\_é X(;\[Vﬁ()l,‘x‘ﬁ =
= %1()0 finlx—xol 4 Ix-Xs\Q‘ f Bu (x-x0)”

by Yael - b= 9 %(My,@{
L a4,

k Lase % i f‘\t*ﬁif'NE NF , Aen the o Y.iwe#vﬂ'é
ivchQ{)ewA.&“: solubions ove |

' $eo
‘,(): CA ‘jzl -O\a( v\( “0\4
=g lpg)= bex Eﬁ’ Aulpq) (K -xe)

W= 9 N
Mg () _‘.}_’A_‘[ (A gq)%(xtﬁ\?(@] }q:ﬁq‘ _
= C. \3‘()0 lnlx-xol + (X~Xol‘q£ f— Cw, &_x,,)‘ﬂ

|t G- gimg L3¢y (Alp)]
“ag

VoeN: Cos 2 [(A—Qacbmc%lm)”

24

1<%y

L friven 'J(‘ne o flubions %\(,K\ omd Léim . fne
%Cmen& SOQLA‘QOV\ Y .
<) = Clégm FCaYs 00
with’ c.eqe k.



| He\thoéoQ&o\q / Rew avks

(@ % i age,commeu&ee( Wt wou we the abore  theortms
:avtéx on\)osilium Jro &Q.Lcwmme Jt{nQ th'u‘qﬁ ?OQEMOMQQ QWL
‘ the (e cuvrence V‘QQ&“EOMS{M() cie_inu'snB 1['na Se‘-’tuemce
C\m:\’lod?vz Q({h‘{) A“‘Aoug\a @ajdn can Qe oQanilnei ‘?row;
SuQ:S\L{J(uhm% {"AQ SoQMsriévz 20"/“5 ’L,D ‘R\Q Oﬂ'%iv,\OvQ 00€,ﬂ»0£
lewds Lo Ce  cumbersome.

(@ Am QKQQ!’GL Qx?iﬂsi'am Q‘or Qu oy Q Q\mciéom ;og A is
heeded er (ayes T35 in OV&Pr lo L‘W@eu{ialt %wa

toilr\r\ \-e;ve& 4o A For case § iL s ino(: macbz(. ; aud. it 1
Su@\‘ciu\{ ‘-0 L\a\re )ch()’li:(L eﬂuatv'ows Eor Q. Om% 1Qw l\:@,
C\v\n& 'A=Aq.

{:d Fov 'sz Canu,Qahow o?- gq_bd (1 cayey 23 fL is ow-ew
V\Q(Q}SQ\% \Lo canuQsCh: h,,q, AﬂﬁvaLive) Cwiﬁn vespecH\o Q>
o£ a ?—wchom &eptmi 8y a ‘)vo&ucjc or \fw!z‘o o¥ o qu ¢ = _
VN!MQ:QV‘ 02 Dodms. A &edav\iotua k"owh Qy QO ch‘y/\wlt CL erehL‘otEl‘Su
com Be u)ea. ¥0 Gvaﬁnalﬁe sucha Pmc&u&s Qs QouovaS:

L]:T{ (6ol T pam]‘:“[ T . ?J(x)}

6\ x| o= ?o»(z()

o Qowa as Vaelnl: atado.
(J.LGGMM&, gamc(‘iow) ore wed to Gimpﬁ»& .&wear pro&m}si
T Caxel) = o 1T (kel/e) = Q1 Tln+11b/a)
! W C(1+6/9)




D(A M?Les

| Q) Sole lt%e Qiueqf OPE
xig“ (x) 4 x(x- ([fi.)é‘(x) + el =0
with o sevtes  ewouud  x=0.
Sk
e vewrile J(‘ne O0E as-
g” i L CX*‘IQ)«é‘(xH—_L. ‘ \é(x):o&a

Pt x‘LT

§4=——7 %H(K)k P& 5‘(x)+ Q) %(x)=0
b4 x?-
with ple) = x~ (g — f%ﬂ,‘;—-l/i A{),—;iA Pp=ps=-- =0

; aV!(; C‘(X): i/‘L;—.—) qoziliA(\&'{_il:,_’ﬁo
i Covxsic;&r a Sofux'\‘ovz

; () = (%[ 9 'R 0 X"
Su&hluhué La "7 lhe ODE aives Jdne imc&(‘u’oﬂ Po%momiaQ
F =830+ pliq, = AQ-0-(und +1fa =
= 40 - ) Ay = A-yy(4-0

Caud e pecurrence el |

Yoeh® PO ons - L [(4ed) po +9unc] o -

; k=0 |
n-% ~

== [(n-142) P 0] e - ;21 &(MR)FW%%_K] e

e [(V,;.Q\«O?, *010&%4 = - (ntd-0an, 6'9’



| & (M=) (Mn-0anm = -~ (-0 aue. ©

S (9((’\“’ L{Q)QM = - Qu &) Q= -1 Qu-¢ .
Ren-11g,

U bollows sk .
Yuel®: ou = a0 0 -4 ) -T2
= Ark -1 k=t Do -4s,
SOQUM? )l(«e. mdicia €<{uaja‘om2 ,
FW-o & (A-t@)3-0=0 &5 J-tg=0Vi-l-0 &

o A=yg \[4=1
Tor 9\:(/&: P g
VnelN¥: aw-ao I _ L PN I | B S
KU gt e-Ue =1 I
= Qo ..(_'_'_Qt‘.
h!

oud. %WPJ@& '“'\(’_ Q{vsl L\owoaemeo/u) )’oﬁui'\'om 5 (
I NGRS g MLL GO LR N

h=0 mn! h=o 14’_
For A=1i: . n
VV}GN)?" Q= QOTT -1 = Q, (’i)“ W i -
St k-t k=1 wilfg,
- Qo (0" ﬁr (w/a)]“': oo (07 (T(MHH/Z) r
W=t

T (i)

- o, CONTOA) |
(vt 2/9)

aund L\«grejm te secoud ],\owocbemeous colubion is-




i
%1()(3: \x| I (-\\“\'U/?) XW
"7 Tlize)
}Tlae (Benerﬂ»Q Sagk&'t'om {y:

{> : »
%mzx e o LAl T CONTGA X
“=e [(w3f2)
gfh(c puﬂ\ cowev%q ou W\, ‘H'\e 3%@@@ seﬁnsn‘om \6(‘4)

cow{v%es on 8.



;@ SOQVQ 1“42 Qleav 0De
x (1 x)g“(xwr( a‘(x) -600:0
ovound X=0

! SOQHEOW .

Do wole thal

x (- x73“(xw+( xhé(x) zm 0 &

S \a”(g —'\X—“\(S by - L ‘é(") o
Xx({-x) x (k-0

«3“(,(“,{ ‘(x)Jrf Dl %m—m
X2 x|

| & g" Cel _L_.. P(x)}j‘(x) +_ ' ci(x)g()ﬂ =0

(A)(“\ P[\():& = i ()OXW =) ?0:'!. A?l:()i_: e = O

a\m}\ C‘(X) (X)
1 4 &“X =0

o 1o
E =S e = T gl
=0 Wz <o

=2 9,=0 A (=qq= - =4

| Hm\t, lhe Cowevbeme tubervad Qo 9qlx) s LA,
, US(VI Qa cavtA A.o..) SoQuwn

460 - | A S

hzo

;wc ’?im& ‘l"na{ g fhiiCzouQ Vo%mowd&ﬁ 15



F(Y = ACA-0 woM%: M08 )eo = A0G-LF) =12
. oud “’Q 52‘10—(’.0\(2 Qu Vuuxt: 5&(%5 ‘
V\n ENK-_ F(A*VAQM = "'Vfl [(k*oﬁ) Fh._u-(— q“-m] Oy =

K=o

- w-
= < Z (k*ﬁ) ?m-b{._au - 1—\ ﬂv\rK‘ Oy =
W=

) k=0
w—t

== 0- L (0ok= Qotoid—40u &

k=0
, & CA‘(’Mvi O = Qo0 {--""i'ﬁln-'{) VV}E‘N* Ci)
For n=1: QD% as=-00 e = _% (1)
’ 2%

For w29 e V\o{’ﬁ jr{novi» (’C\M«L)iau,\ = Ot t---4 Qu-g
oo Mrc growx Eﬂ-(t)
(W& (ﬁ{—hﬁam = (aotait---4 Qu«g) O =
= (g{,—ln‘nq‘&w( + Qo =
- [0m- 0% 1 ow, &
(= Ou= (Yen-0t 41 COWN
(D)2
Nobe fuod Tor n=t  (4n-0fed= (Aed-048 =424y 40
Se eélu@k‘m (3) does nob  reduce o ectud\‘on @ % nel
To \mik%a\c_ J&e&, Wwe Choode ao:&?—ﬂ. Theu:
o= At (-2l
(Ae)® (A%
ank o Yollow Hhal
Yo e % Q\q:ﬁ‘ (/AJ‘K’D(LJ‘&
= (e




Son‘w.b JCb\e_ im&(u‘&ﬂ. Qéiuajn‘an %\‘VQS”-
FM =0 M%20 Moo <« double 2.

 For &=o: . ) |
: VWQXNK: An = Tr (OH’(’”OCL*i - &. ‘ﬂ— [‘[M*\SQ*’.]
| “ o (ow)? (ul)» W=l
b !ﬁi (ke 1)
(W% keo

‘ ow\ok Qo :Oé"d;h quvepore “nQ, Q\'vs% L\omoaemzous §ofu¥1‘on
iv %ive\a Q;g o -

§ b= i+ 1 { b W(k"—uﬂx"‘. |

) W=l My& k=0

aud Yo secound Qa‘wzwﬁ;a Q\Al.:z()ewbz»\{ sollubion 3 8Mn Qé:

to
. ) = \(K)QVRIX\ t I @mxv’ wi-“n ,?yw - BQ»A k
‘89- té w=o )q /A

=0

To CaQLuj,a{fe Q)mi W, VIOKQ L’na&

Qo 2 9 (470 =2 o Loz 2% K :&A( -0
o PERR L Aeo
oud

VYhely®: dow - 9 ﬁ_ (Qe-OL 44
| A 9 k=i (4O
:%\r ( (Deie- %+ )[ T CEANA -0 (]
< (O el (Qpe-D? A
97 (Za/oﬂ)(am] .

=t D




- ﬁ‘r 0Pl } [z W) o 4 }9
| = (e ® k=t (A 0% k=l e
o - Q0w - Bn 3:[ 9. (-0 A I -
Mol el oty A
 can T [ vk o[ (o] l:
“IL ok [GH)QHI

= O i 1 94t ~ 91 — 9 (K2-9u i) } :
el (k9w b1+
A

o D UL T i -
o

B

= (Ul -2
= Q, Si 1e-1 =
U (k-9 —9)

()2 k=0 =ty (6% 91-9)
IJ‘ 90%95 \l(rw& H\Q §e(.ovlc£. Soﬂu{'fov\ 15 %fy{n ﬁé

3 m:%mb&tiff A ?ﬁ[u‘tm S: 2 e-9) %
. ot |yt e

le=1 I/LCKQ',ZK’QD
aud the %chmﬁ solubion s %(-K):(ALLA\{“\H”((\Q%‘ZW |
The Soﬁuh‘otn w&M Cov\\!ewbe on C*(lh WIS {7 COWE*@&
on R and 9 Cowve_v%izs own [*(40.

-4 ?—T!Ck"—mzi 2 (g }




Q) Sove {'Tne ﬁ.imemr ofE X\é“(x) { 23‘ (%) ‘“%(\()?O
lufkr‘r\ o sen®  around Y =0
SOQU&HOVI
Ue wole that -
X960 +24100 - Y =0 4 Y60 + (940 WG -yl =o
& "' 6+ U LU ¢ Clx®) C—x)'gtx) =0
& g”(x)# (s V(x)a‘(k) b ({lx?z)qm%(m =0
Cwih |
A Ry
au

qQ = -x = ?:jﬂvxh = CID;O)\%:_L/\%:%:W -0.

Usim«?i Q Cﬁw&f{p&f salubion a(x): XXl(A im qMXM

hnz Correspovdiu iwo‘id&ﬁ Fo nowiod (3 e

FQ)= A0-0 rpadsqo= AR-0 190 = Alh-142) = 4 (hey
oud Qu 30&&5?183'-

Vmeﬂ\(k"- F(g{"‘t)amz "wj;l [(K&'&)wa« +!‘M~K]&K =

k=o

h-( -l
= - I (_kig)Yn*k‘. Qw — z::-o ﬂg}‘_uak:

kK=o
;; - O -—q‘ a\'\'l = "“C“OQ'/)-—{ = O.k-[ é—:'_)
o (Mtnt) an = ay & o= Q-
. (Y410 (Bat)

and thepelore \q’melf\l“: O =00 I 4
= (k) (A



3 SOQV{WB H«e iwch‘daﬂ ee\u&!r?OM %t\ms) ‘
F=0e Al -0 & AoV dt=0e J-oVh=-1
 For N0 , e have "

C Gn= 06T L Ul D S

“=I (opur) Co+) STy
" “
[T T T
k=g K k=t et
n+| nii
- &O Tr i - ﬂo W 4 - QO _
n' k=9 k nt =1 K PARUNTIL
=@ Yael®
] ()2t “ |
i oud “ne Corm)?s{/.cgim Son}iow (5t
too X“ %
‘él(x): 1

] h=o (n!)Z(nt)
 Since O0-(-0 =1L ) Hae Se(om& solution (s

] tAi(m:— C\ai(z)ﬂmlxu (™! %f Cx”

=0
o Usihg 0 () = Oo, we hawve: o
6= D LA o] < Do [0 o 1
Aacd A==\ (A+0 ()

= ﬂ(‘m Xo - Qo = Qo

-

-t g -1 tg




Q\ML

- _%_, [ CA- (.o)w(m} 3 [ au(:\ﬂ&
.

SR o

= L[(&%\)ao‘ﬁ“ L ;H  Ynely™
IA k= Qere D Qe A 1=

e Ai)hmzun\n belween “ﬂ&f Q°MQUE"'} (@ ’

For w=e:

Co= 9 ‘3 (.(MOOLDI

T Qo

] ao‘ |
ﬁ\:-( ﬁf’l

For n=1": | | |
= 9 I(QH)QO L :H _ i Qo H
| A ool 10, 24 Ldwg 114

_ I a0 (/AN (A ” 1
(At - { 9\4@1

"

-1

- -~ Qo _ Yo _ _ e
i (- (10> %
CFor muL-
=2 UAMQWGM\* _
| - 22 ﬁ=-{

'\

.~._?;.{ O ya, T ( L >”A B

75 (’MKH ) (Ark)
. 9 o, 1T T { M -
o2 1 1‘1'(9\{4&1 k=9, ('A“ﬂ ) A=-1

«:%Bl | (ﬁ £ >‘l]
R R SV =9 MK

P
—

N=-1



{4

0o Lt (\Z‘r 4 )Q'\—blm)(ﬁ\*w)ﬁ; 4(»1»)(%;&&

Minel \E2 Qi N inel =2 A

IV (ﬁ L ﬂ L 41 e I
Apntr 12 400 Nemvt k=2 Dy N =
% W
~Jdvi g = {fl

“lyndt k2 {4k

A

"

"

= ~ Qo _L_(.ﬁ:[_&__i _{_4-»\5:'_ LS g
3] k=t W n = 73

i
|
S
Q
by
’—-’1
~~~
S -
=
—
)-&
—
I
_*—
s
‘,s
| WP

W b
. _ - % UpeY b
nlln-)! [ w le=t
Nole Haak 4his resudt, or n=l  aqre Wil our

Previcus vesull O n=t 1t Qo,oﬂou)j Iak e second
soﬂuHm\ (s

+oo h }h :
‘3&"" ngl(,oﬂhm bl X 1-7 4 r J&i_‘_}x]

VN A L L S e

T[«c tbevnevaﬁ SOQ».*‘EOV\ (s lA(X) = 3\[ 16‘ () {—ig(ji(\() :




EXERUSES

| @ Show ‘Hna{ {‘{ne Qua on 4 | “(xH?, (G 1yla=0
“nqs {fLe %&Qoqiw : 2&'\42,«1\/%, (mzé{)emiﬂu{ésoﬁuéo@

%L(K‘:‘I (0 x

h=o (QM)( |
to
12100:&(‘{1): (0"
h=o (iuﬂ)‘.

@ how Yot the equa‘how 3{1—3“()‘01”))((3%(){-(‘jxi,()é(xj:o
Las Jr‘»\e goﬂowiu h«em% (mc&q)emckem{ Soﬂhsu'oms -

( % %o
y 0= 1113 [“i (0" 3" ﬁ‘r ___L_] xi“l
( K:( Gk¥2

wee )Y
32&):&1“"3 uj‘f (O"%" ﬁ— 4 e
> )" Lt bue
ne  @n). k=1 bk-4

@ S\nou {’\qoi 'H/\Q eﬁuq%‘cw xﬂia‘%(xi«?/%)
¢ .. /.
x*y () ¥ (x 7/3@)\(}3(1\:0 ' |
’ ‘/\as llee; Qoﬂiuo);utz ianOJ% im(kef)ehiem{ Soh‘\'inm)
\b‘mzlxﬁ“[uz 03" [1’{* L]
h=l 9}"‘\,\(. K=l 3K+%

| \A,Lcmis(!"%&uf COn3” [an -—L—“—]X%E

n=loglvn LIS De-s



@ Show 1t Hee ualiow ‘XQB(!O()+ (xq-_\()\é‘(x) +3(K)<0
L\as HAQ gﬁuowtwé }iweqv% im-:LQPChA(’vi Soﬁukov\
w 00 = Ixlexp(-x)

g to0 '
= nixl (‘\Y‘H (‘D "
‘39.(’() 5@1 Il + x| [E! - PWM X ]
Wit tpli) = i A
K=t &

S\'\OU %Q{F’UAQ Qﬂugl‘iow |

) (1) ' () + (\~9;<>}3‘(x>¢ byt =0
lnos une }opﬁowiwg ﬁimemgla {mle?elac{@f& Soﬂ,uhom .
LS (len)t " | :
n=9»0

+oo
Yq () = 134»0!2(4 el =27 <"

h=|

@ Show that the e'-lu.a{(au |

(x% 1™ %" (x) - (xtx?) 5‘ (x)Jr\é{X):o

»\40-5 h«& Qoﬂﬁowiw% Qimcavﬁ% imc{e{)we&-&m{: S‘oah{’«oms-.
o= x (%) oo

WO lé!(x)ﬁmbcl + lxl{*‘lx-i )" X"‘J

h=4 wn(n-9
3 Show Bk fhe equakiow

Xa(éu(x) 4 ‘I.Ké‘(x) + K‘A()Q =0
, \no.s fhe Qoﬂowlué ineavo.g . Ml.q)ehlémlu Sof.ujn‘omS:



\}M: , Af GO

h=o V\‘.(V\{'l)! o
Yl = - 4,5 fulx] 4+ [~ [{ T 0" (spU-nty) x"“(
} L v win-o!
with YnelN*: gl = 2;(,(‘/&)., | |
Show Yhal the equabion x(1-)y() ~%xy 0)- 40 = 0
L\m H\e_ goﬂnwiwé Qimeavg)ké '!MAEYQ,“«A!&,«JC Soﬂd‘iows
(= x(1-x)7% ,,
tAi(x)= Wi 60 el ¢ ([

i, Vse dbhe Frobenivs method 1o solve Yhe oBoue
i Werenial efiucAmm,



Y T‘neovz\) og 5€SSQQ Xumc‘io;ns

® Suwmimary o¥ waiv_ resulls

’ T\\Q BtS}Q‘Yi gumc)novx jQ(K) {5 tlcmei via ‘“4?, ‘?oQQowimé

, Fower‘ Sevries T

{o

okt o | (|
0o ! [{uitta

For 1\,,\06@ a=Wm (-,N‘ fe ,aﬁmz Jker(LEMn Veiucos Lo

{vxew\-%o%: 3M<x>-—‘_§__\w3i° ()

n=o pnl (him)!

- This ?umdion Tavises gmm usima ﬂne Frofewius MQ{LOCL {o
Sogve J(Le_ F)esyeﬁ eriudtio", w\nid,, (5 Bivm @-8

x %"(x) ’rx%‘ (x) + (x2-a?) ue=o , VxeR-39%

Uihn Who chs og ewein\% we Wil asume “ﬁa{, azo
(_S\‘oCe. Jc(ﬂe '{vawsgwmoiiom a-a-a Qeuve& Jdne %Pﬁ)eQ eﬂ]Ua{'ioh

imvaviawD.To wwile ‘H'E'(bequﬂ, 90%1914 Jm H/;e Be»eﬁ
Cqucxhom we Aistinéuiv‘n @e{waw ‘Lhe, ?oﬁenwin Cayey



Case ) - ué[N (will a?o) then JcL{ cbemeraﬂ sofdiou i
Yx cR- ?o? 1500 Ao 00+ ﬂﬁ a(x)

; '(0512 - w 0=0, VJcLevs Hne, Bemevaﬁ soLAim\ i
Vxelk-303: 400= 2. 3000 + ’Aq_“S"GO

, bo\;‘\n ja (x) %wm [

| Yx elb-303: 3000 = 3, (K)Q».txl ;0 w)( }%

2 (Wh)*

| with Ynel™: plu) = i 1 Ou& ce(o)-o.
le=1 14

1 Case? : lQ ac N, lhew e %eme solution is -
YxeR - 303 %(x)—ﬂ Tal0 4 4g 3 %60
wil'L\ ‘S’Q(K) %.vem @é , .
“3ok: TO() - Wyl = \ (u )! 1
Yxe®-303: T%(x)= Talo) dulxl _!i_(}{_) le'_o - (X |
\ a1 L e tp(uta) in
.._;(_%1([ gl ](x)

n!nta)!

3 QﬂvLca (on 0¥

T‘l\e_ above Tesells canm Q;e, OQ t\mcc& @
\Q Sqacldou) (cxf(uﬁa&;om.

1‘.}/19, F(OQDQVIluS Me'hamL macL o ﬁ{ ]



| ® ong?fh?s &02 Be’SeQ Qum}io&ns ,

(e prove  sowe Mlcrea{wna ?vowr {er og Bessed «?um, ous

}amci. Qeave, {‘ne beslc qs exercives .

| @——W Vxe@"’ Vie@r: G(X i) Eex?(_}i_x (’v%..)) z % Jupt"
‘ ' | h:—ao ]

??oog R ,
Let xeff aud tex fe .:b\renu '?ofﬁows Hat
Gk d) = ex\,(umx& L6 = exp (A expl-(1/2) (/)

R |
&i V ( )“‘1 ‘t‘(%)]
3 x”? Z Colxd |
[r’“’ 2t p! ” o 93541
T T [w« daka }
oo PR

ght
LeJ( n= ?a\ T\«m n Yavlrb.s grsm - 0D Jco 4+ le. e Ve?ﬁqge

the sum over p wdl, &% Sum over v lhe Sum oyev ] (s

retaived . We woke Yudt P=wiq aud ?%1‘:\/!&9.5‘_ aud h/l(?)‘?om

SR ] _
qe fy‘““\(m gt

[{”‘ X" [4)‘1 9 )},
- " c\"o i‘iﬂl@,\h\)l

[t“ .zs.)"‘ (o7 )”1)]
- z ='° i (uigt) ~%

Gled)

;H

1!
)
’I“f&*‘ w1 e g




lo
= X {V‘Sm()ﬁ)
%)

-

N -
ol (BT kel - Ta 0 = ()" Jon 60 |
2y T

_ Let el and V)QEW»* Qe‘ BiVéy’" Usiu% }_lne_ le\llaus
Ve)\l.ﬂ, Wwe h_fie ‘h'\a.{’, , e o ,
Gx,-UE) = L TulOGAUD" = T 0" Tatat™ -

h=-o h=-0
o .

< T CO'Tawtot” | Vierr
hz-oo

avd.
6 (x, -4 = exp (_}i_x((.m, _5;_ )):Q;g?(é - fc -(.aD
- ey (__}{_x({-.‘%.)) 6 - ?ﬁ ps o Vigt

I tollos Heak -
Vel T LT b= T Ja0E

h=-

= YuelN: T wl = (0" I-n 6, 0

_ s IJ[ Qoﬂows gww\ l‘\«a a@ove resudd J(\,.o,jc ?or iu.[-eaer |
OYAQY‘ ) -Sm(f) and J-n() are ho(: Qimewﬂ.«a (wchpeui-?uﬂ

This 15 the veason u,k;s i{ Qecomes heces;qvg to in‘ro&uw,

, ‘hﬂQ Qunclrion j&()d wlxem (Q.GN \ear 56(0:40[ Soﬁuhgm,



@* ,\Q/O el Yx c(04): Xj&(K) = aJa (O = x Jat (O

-j ?YOOQ
, LCJC (D\EW\ O\AA\ XE(O\‘@) Qe,
, je,.(‘lq

sz ﬂ/\(’lﬁ SW\(Q
“ ¥ o (<()" (y )ivx i}
9~ V\ 0 \ni r(h*‘:a‘l'\)
oo . o
d I (“E ( X )Q. '(—‘SL -

"7 Nt T'(vwrah)

oxJo b= x4 (x )9”“‘
| | olx \n o =l T(mm

zxf (-Q)" d (,X )‘im‘os-
:"0 W T (ntar) dx \ %
X Zw (0" (gnte) (X )%*“' ; (.i)
nzo T (weat) % 92
9" (guta) (% >9-h+cs - |
%

n=o wr(mmo

33

1

I

az o (_x__)‘i"‘*o‘ %%‘f (0" (2) ();)1“&

o LT (wiat) n=l T (et
‘o
aja(@ i Xz 1) " (X )wa&-i
W=l (V\ O T niot) 2

NS S ) (X )9.(141‘0’:0\*5.

w=o ! r[(hh)‘fa.{—() 9

= afa () -% f o ( X )”‘J’m‘)
n=0 y,( r(h+(0.+t>'§“l> 9
:&—SQ(X) -~ S(‘SO:H (K)

it

1

n



@*—“-? VXE(O,{WD\): j‘/g\(lo: 9 Sinx
N e

; FYOOQ
Le,{: ¥ e (0 i) Q}(’, %’wem_ Thew

z/«i(‘Q (l—y/i Z}G (’Oh ' é«ul +)( Y“
i

mt/a ] M

|
v;
i
5

w
%\h*\“’ {

=0 Gl
9w

(

{ 4 |
<X j’ﬁ & h=o ;‘E (aia)‘.! AX
( y )l/i q ) X:z,,‘ .

n=0 (imw (gur))

(Y XM

,3\<__ ' |
h=o (QVHQ |
- ( 9 )‘/‘i‘ ‘S_i‘i Lo bt

X h=o (‘1“40‘.

= (L)t/q‘ ShX = \/_._9:_..._ St
ik My




EYER CISES

| Given nely aud  xeCo i) , show  1he %Wowiwa
| lien% ir\?s ‘
o) XTI ) = -nTn 00 F x Jn- t()()
L) ‘ljm ) = Ju-1 - T (W
O I Tnd = x Ljh—*l&) % -SMH(_K):{
D (@D Te00) = =X Tt (0
&) () (x* Tua) = X Tu- )
) (/) (T 60 Tar () = % (T 60 = Tk G

1—5 We have aQremLé chowed el
¥ T () =10 Ju0e) - X Tngi (60
This s,emﬂ, cau De CO\M@(M(L b)]'hn (o) 40 Prove
fhe o“ver W)uﬂ),dihnoa& Aivu%g lx)l‘uté ?ower SEV1€5

Qﬁ\qusio ns,

@ (siven wxelo do) show  that

o) ‘5(19\&) / $inX

6 Jyal)= cos X

I - Siny
O gy \/ = ( " cos><>

0T (AGE - L (L o ,s;@

p e




H(\M '?(O}QLXC

The Bomﬁ o‘g Hais W\imi—()voseb{ i {a esxa\gﬂisla 'qu,
- ‘QOMD\U&M% iV\&C%YG«Q_ Y‘Q[)r—e)eu{‘d’;ovft

Vel e RE 3wfx>=_i_3“ (o3 (00 - x5 9 ) 49
11

O

e recadl {hal Yoelk: Qi,s = 0591 Lsiwd,
) Show that explixsiud) = G lx,e)
,@ ch (o) Jto GSJmMis{a Hle QDMWW% irietn'li{'iew

+

cos (xsiud) {f 95,00 cos(‘ivxm] - Jo ()

h=0

Sin (XSihS): *f ?‘jiwﬂ (‘() Sl"‘((ibd'oa)
W=o

(.) S‘Aow ‘lha{'.
Valel : S“cos(a3)cos(@9)e§_9= %o ;i a8

0 flg. i{ a-0
Yo be - jnsim(QS) sin(£9)dd = 30 il s
0 | nlg i’? a4

& Combine the vesdlls (&) gm& () o show fhat
n
S COs(hﬁaxsimf}) 9 - 1 Jnm

(Hih{,? il bﬁﬂ 8& M.QCQHQha ‘(‘*0 CS“)“H%UJ‘SL\ Qe{weem {uao

ases. wn even VS, W odd).





