- CHAPTER 4

THE FOUNDATIONS oF GEOMETRY

7 v va{v&o?&éjc[ovs |

- The o\eveﬂo,pmevjb of Geovnejcr& begins with the introdu chion of
,cevjcqiw‘ ¥uvmlownev'jm/, concej_){fs wkig we do mo,Jc QHQW\F{ ‘Fo ,
define w dews of other ,Comcepjts.vlm}:(u& we mtroduce o
colleckion of ;svéajttmen’:s 3 colled oxiowms ,‘_{h‘a{ desarifle ‘U{\g R
Behaviour of the fundomentod c,evxce,pfs., These shatements therefore

are ow indirect "defimbion” | on _oxiomobic defivition , of the
Fundomentod concepts. We Say that the  fundomentsd cowcep{S od
the oxioms together are the foundations of peowelry .

In his study we will foous Fh‘_vnun' on _plave _aeometry
The first  oxiomatic __deyel‘?opmev_r{: of _emo__me_{rg lwgs;.._c?locx{se__ >
Euclid (330-2758C)in  his wovamental  Cwork " EdomentS!.
HLQQ&*{: d.wereeoQ a cownpfek ovd. ‘h‘%ofou& &eﬂimiow&fl‘c,%eova
of %eovne-l:v v 1899 in  his classic work o Grund Lagen ’
der G'eow\_ejcr!'e”). Hia@cvf"s _Jdneov% IS Ve,vg cowueﬂl‘ca)cf fecouse
he develops .aeomdna Com fejreﬁa from  scrodch . The {heoré
we will devedop here w"f£ $e™ wuch simpfer becouse we “will
tale as qiven both el theoy  aud  real vumber theony .
This  choice wakes it Suﬁsjcomb‘(o)% “, sivnpfer to deal wl"H,\G Issues

of cow)ciwun'i-a a o |

ot



Y The oxioms of %eo\me}m
' 0

(1)6 (V\JCYOOLHQ 'HJ\Q "Fo@owma ‘Fu\mcko,mem]coﬂ, Covxcep{‘S

o) A set of poiuls &, which we E»Qu ne
Q)A -F\mc{ww P EXE— m, whith we caff ol»{umce

c) A set of suﬁseés of &, wku\n we devele as K andt
The elements of £ ore cqﬂeoL Qives .

Given these Comeﬁs,' we assume the Foﬂowi\na oxioms

r" Axwvns of 1mc\<mce

. AY\IOW) 1 Fov 0“\8 'l:u)o Fom{s A B %\m lS o lme, (‘E) ‘Hqut
passes 'Hnroug\ﬂ these Fem% - | -

(¥asee)( T ef)(Ape®)

Axiom 2 ¢+ 1 dwo Lines (&) ond (¢9) poss 'Unroug\n e some

disit  poivts  A,B , then the dines” are | identicald.

(¥ &), e eR) (ABele /\ ABE (e)=> (e - (62) )

Axiom .3 - _For every Mlive (e {here i aJc Loost ovie Vomjc A
ot o\oes wot  fie on  that ﬁume

A

Goc2)Free)(Ad) \ |

, (
A Consequsnie o{: *Hn%e 'Hnree oxioms 5 ‘H/\u{: IC‘-’T R
oy two  Awmes &), (Ez) ove ow( Hhe {oﬁéowma hos to de
‘l:“ke.
a) The Lives do not jufersect : (&) n(gq) =
8) The Ulives tulerset ot ondy oue pomt @ (B)n(er) = 143
¢) The Lives ore idewticed (s) = (&q) . o




r—’ Axiovﬁ O\( .’ poraﬂf,’QS )

Definbion : e say thot oo fives (e awd Go) are pormllel
- C (S,t)//é'l)) il aud ,,o\nﬁg if ey Lie om the some
pﬁqn.e, _emd. _ﬂz\ea hove "o ,,pom{saim Cowmon) . i

(0| e G, Go e A onteo=p]

~ Adiomb: B dwo Jwes () (60) poss Borough the some point 4.
~and are Bolb  parollel to the “some Line (O, then
Jd.nea ore  idevhed o o

1@t = W Ao A (el » ) =(6)]

~This  oxom s ‘20\"(!‘&90? ) l(wouo\n oy ‘c‘udb_d,‘s; oxXiom owi , i{:
sqa;, el we wou wet  cost  more thon owe Fmaﬂef Ei‘i/:e“
to" a given five from he _ ¥ some Po,;,va)c. There  has  Been

Cconsideralle nlerest i "von-Suclideon” .,%eevne{h‘es where we. drop

e Pow{fCquur“ oxiom, , o | e
,,,,, (¢1) || Note +hod Hhis oxiom does wet ousert

| __,_»,_.;.- = | the existence of ove povolleld for avy |
-7 () , N pm‘ut A. That asserlion can  fe proven
o , (€) ; as o ‘P'\e,ovtvy\, from the oxioms of

« ?crpemdicufo\ts. ,

r’ Axioms of o\fs{o\ﬁ& |

, T]ne estollished  notation  for dhe dislowce VCA\‘.B) Between
- dwo ?01\4'\5 AB is  plAB) = AB . We will' veserve however
the fetler p lo dewole distome for o few coes  where te
estoBlished. welation  Is  inconveuient. , |




Axioyn 5 T\r\e c\u{QVWL Qe‘h»Oev\ o Pom‘l: amL (‘l)d@ S aero

‘(VAGS)(AA - 0)

Distonce ﬁe{uoem two gom’cs is  independent mc We
ovder of the powxfs (ie. it 15 a sammejmc.

funckion ) |
(¥YA8ece) (A8 -8A)
C The -Lvt’om%Qe imquaﬂ:h}

(YAsree) (ABLAT<rE)

A diyet  conséqueme of Phe distomie  axioms s
Frorosihom wkz‘c\n need wot be toaken a5 an aﬂ'om ijcsef\e

Axiom 6 -

Axiom F @

Hhe %ﬂowhﬂ%

Proposu{novs The distonce  Belween o\na {wo Fom{s {s oﬁwaas
Fo;l{)l\’e oY  20Y0: ,

(VA,BG €) (Ap >o)

Prgo?

AB+AB) =

(
(AB+BA) >

ll

—> ( Axiowm 6)

{1

— (Axiovn 7)

AA =

\Y
}ol-- ‘?~°l"- P"“ P]“"‘

—s ( Axjom 57

0=-0 = AB>0 , ¥ABec& o

U



®

| ‘,r+ Axiow of combipuity
, ; d

The oxiom o¥ ,c‘om{imu{.}\am _e,s_s_\rvx{m@va A,ﬂmqlxes the S{u%emeni
that every five (el is isomorghic , . o certain way,

“with e set of reel wumbers. K. The “certoin woy TS
cf%eﬂ\a. ,reQde&wi-‘h,.,Jche notion of distomce.

Axiom & : Let (&) ed le ouy aiww Line. Then , there exists
o wogping 1)2:,(2) 25 R sach thelt el of Yhe
following © stalements ore tue:
a) 1\)[@]‘_‘-‘?]& o
8) (aBe@ (yA =y =>4A=8) [y "-1"]
| O (¥ABe®) ( AB=|ypm-y@)l)
ple ol y a com’o‘,nui*é map Jt%e Live ('57’.@4Jc “
Properties (o) aud (8) WMeon thot Y is o ,‘,;ig'ec oy (every
Fo{fnjc covwsponoli b a J-fj,:iwd: nquerly.wc\ ‘erve ore fo\‘wjtfg
for the e\n{im.sekofn' real wumBers ). |
Progerty () meams ot  the woapping is  Hose
| mﬁgk«i& with e distonce %mcjciovz PP 3 ! %
A dived consequence. of the pxtom ,o‘F, Com{imulééé IS that

evera -Ql‘vne “ kas iw@ivn‘ie ,Poimjrs. More specn‘?fca :

Pro?osi{i,ow : ;EVEY(A ﬁ.\'mé‘ ‘lmsr cnydimuﬁi% i‘m

F©el: 1@l =a%

Proof

Let ()ed be ’ ‘~Nh‘ | Le‘cr 1\)@)—» R Lo Hhe com{inui{a
W of & (Axiom 8). o o o ,
i W£(9)1=|R = VY s a @{jec{foln = (g) ,IR, ore equivo.fow't
\J( "ir‘l" , o ‘ v , : ;
- @ =1Rl= 2% o |@=2% o



r“" Axiow  of lexfﬁe\n(e.,'

Tn ovder for a five do exist o o , we veed the
existeice  of  Hwo pomfs A,b. However 4hat has never
Aeen ossev)red, ‘Ldet So, we iw{roo\u.(e | the oxiom -o{:_

~ exiskevce | | |

Axiom 9 : There exist ol Leost ‘!;'ublov distinct poivts A,B.

JABec®R: A48

, r“ Axiows of perpﬂncl.fcuﬂo\rs.

The oxiows of perpendicufars  owe statements  aBout dwo
Covxcepfs tat are wet  fundowenlof  lhat  can L defined.
@8 'fhe ‘Fuw&owehtqQ Cémcepist Jt\ae se%vnevrt Qisedo‘r ond. }

‘ Une, Tperpeml:‘cufo\r yefob’ah,,

Definition : Let ABe& fLe {wo distind Poivﬁs A+B.
Thoun +the | seqment  Bisector 1. (A8) is Hhe
set of ot Pon%jrs Haot  are equiynx'shmt from
Aovd 8

L (xe) = $Heg | AM=np}

Axiom 10 : The VSeammt Bisector 1y  a Qme )

CUITENERVORE D,

This s ‘om ety e;cjrrew\eﬁa | Pow‘w‘(:uﬁ. 5{&{vmwf:. It meons that ot
the oxioms we assume Jor fMe; ablso aﬂ}% o “H'\Q,
Perpen&kq?&r Rn‘;edor |




Axiom 10 _,mql(esr t‘f:» |

/._L(AB)’ _, 05>1Me to o(e{me ‘Hl\t
?evfevznlz cu.‘Qq‘r rvﬁaﬁovw

De%mi{io\n Le{ (Eﬂ (Ez) =3 ﬁ Ke 'lwo ﬁmes h)e say. 'Mmo\t

,  they are Qerpem&tcuﬂur 119 nuetov\f,a (P there ore
twe’ ,.‘pmvﬁs A(Be(iqj on (g2) such *an‘t (e1) is
{\'\e seamev\{ Qtsedor o{l AB. |

@)L eDer T ABe ()t (8)= Loe)|

s
ol [

@ | % N

Mot Hat te L redabion i symmebric. Becawe ik s wot
‘Possnue Ao prove dhis from *Pv\e o’cl'ler} oxioms | we m{vodu.ce

it avm%er ;, cxmsw:

| 7Axiovrn ii : 12 , (&).L(Ev)_,,, {\nen | (EQ)L(E?V)»

(¥ e, (sq;) ef)( (1Ll —» Céz)j, (2))|

| _;Thi:s ) vneounrsk 'hnu{ Wwe _con ?:wi pom{s A' E;' oh (SJ suc)n "&mi’
Leq) s the Seg)mwf Bisecdor of Alp!:

‘ (517.1.(52,) A ‘"—'1"’ | (Ez)l(ﬁ)

—h o« AL 8w

(&
,(21)“~ R EP - Cf‘l)




|

j I—-' kAx\'om, of Ho@FQ‘plst‘

‘ ‘Thib oxrlomh slé{es 'U'\e. tAea. ‘H/m{ a Q(we chvtc\es 'h\e
,Yflmne inte dwo \,\oQL pfomes R

V:Degmnjcmvn Le‘l‘. ABéé’ Qe ou ‘}wo Pom{b T\ne Seamevft AB

ls o\efr‘meo!. as._ %ease{: o‘F ‘)om{,s M s-uclq 'Hna't |

AMA NG = AB : :

| 7&@ - {MeE| AMtMB=2BY|

M

De'Fm&zom : re., eﬁ’C&) (e on or@l{mrg 5eJc of l’°'“{s
We Sﬁ% ‘Hmt Gy is cowvex i and om% if edhe
AB oke‘cl\ne& Qa uma fom{s o Q) Lies

T

Gy comvex4=p (.V ABe Gg)( AB < (ZQ ‘

/_,,' B ’ N B
A ‘Covwex o B "~ not convex

eomple

Axiom 42 @ Fer ever eme (e) ei there are {wo sets of omfs‘
H;,Hg_ea?(*@ such ‘H\o'l; {’\'\e, 'Foﬂ?ome 5{u{emw{s o
are o ‘lmc N ,
o) (e)VHyvhg =€
8) HinHe=g (‘éMH""CS)I).HHgff—p’. |
c) HL He are CoNVEX

d.) (VAG u) (¥ BGHO(H r E(E))( Anle)=1rd)



®

> We coll Hhe sets  Hy, Hg  holf- pfawes | and. (6)/‘4L/H1
the  half- pfume pqr‘cnjnmn of -Hne Live (e) . An immedmk
covxsequeme, mt QMOM ii is '“r\a‘t *qu ha?? Ffmwg Fuv‘l:n Lum

is vuque, :

Proposition : Let (&)/HL/HQ_ L8/ 6/6q 4e 'luoo ha0f - pﬁom,
FO\YJCt{'IOV)S Then if:

Ae Hy AAéG'lj“:P_H_L:GV'I A Hq =Gy <

Prook

First we show Hat Hy =6y |
(=»): Let QGHL::'-b EQHL ( H}. ‘cowvez‘c}
= BN =g (. Wyn&)=g)
=» Reé (oﬂnem)tse A6G|AB€G9.=>
| - ABNG) 4 2)
Hrerefore (VBGHL)(BGG‘O:" Hye6 (1)
(<) : let BeGy = AB € G| =» ABN(e) =0 = B ENL
erebore (¥Be6) (Beh) = 6 Hy (@
(0,0(2) = Hy =G, <

Now we  show *H«m‘t “Q Ga. .

Let BGHQ_@G{FG(E))(AGA(E) ir§>
- &> BcGy -
| Jchereﬁam | (VB)(BG Hoe=r Bé Gg) = Ha=6g9 O

\ | _ Hy
, (_s) | r

@
Ha 4 *




|

In e kff?mﬂ'ma $e_<£l‘ovxs we will frove  some i.mmed.iul-t conse ugnces
of our Gxioms. These chthQW)e.n%s' will oppear ivluibively  obvious ! ; S°
the purpose o{: Hhis cieveﬂo‘wnewf is to show {'\mt our choice of

oxioms Is s%row% ewouz)n +o evxcowxpass all %ese oﬁvious s(:u{emem‘ls.

Y Consequences of the ‘con{hnuf{\i “axiow
; 16 3

First we develop o  lewma %u’c- 5vaeha{\nem the wnb'hufjra

oxiom ; ,4

Lewmo. = Let 'A,B,e(e)‘ e two poichs on the Line [¢). Then Hhere
3 o cou{:imuﬂ“a wap  Y: () —R such Hhot s+ o.QSo has +he
Foﬂowi\na prbfeﬂ:ies'. | - ’

a) ly(A) =0
é) % (B)>o
Proof

> Lt o de o com{iwf’ra wop of (€), whose exishmee s

>

asserted. Qa the oxiom of conbivuity .
Define: Q:% 1 it %(B)>IB)(A) |
L, 3B Yol
(note ot A+B = %(A’)% Yo (@) )
Defive : (M) = ﬂ{‘%(M)“Wo(&)] , ¥Me(®
We cam eas\'% veyity Hhat: 7 ' ;
'Y(A) =4 [\PO(A)"‘-PO%A)] =0 ,
p(8) = ALY (@) - yo(A)] = po(B) - po(a)] >0
‘H remoins {‘o s‘nowi ‘Hnn\{: 1V s o COW};RVJUH'& YY\QP _o¥ (s). |
Q) ylOl=R : Let XxeR e given.

xe yLElerd e G(K) = e |
> (IMe) (AL o (M- po(m]=x) &




®

e (@M@ yolM) = Yol +._.)

(\{’o(ﬂt) 4-_%6 Wo[(ﬁ)] IK - J;Ne. VKGWx .

,Thevekm ¥xelR X € ﬂ.(e)] = IRQ [(e)] fcu'
B\a construchion  afso 1};[(&)] CW\=» 1}»[(9] R

’@ Le{', r Ae(Q ﬁe alven.
p() = pla) = ﬂ[\yc(r)~ o(A)] = ﬂ[\yb(A) %LA—)]»
; = \Yo(r)—'\Yo(A) .
= =A

| Jckere&re, (V r;AG(ﬁﬂ(Tytﬂ W(A)# F A)

| ,c) Lejc FAels) ﬁe iven . Rem& -Hntd: lm i Then
Lyl - q)(A)l-— 12 (o (1= Yol A7) = A () = yolaD) | =
o —‘,/\\ l‘-\’o(r)"Wo(l’c) LPo(A?-i' Wo(&)l
= A e () - po ()] = VrAecs)

:Frém (o) V,(@,(C) nl. caWowS'RnoJc Py T> l‘w’n‘:\ee&,’ o c%%inw‘{a map . p |
we ho(ﬁ u?e -H/us lénﬁw\@ +b‘ ane 0,’ ﬁeQ VQSuu') ,,e\@oub "@ﬁﬁéqvij% l’ |
- rl,De\tivn{‘WW t De swa 'an’c JC\me om}s A B,r‘e € are cofmeqr ng owo( |

| ‘Jﬁ"“% odyouly 2 there ts o fine Cs) 'Hnn{ _posses *HAroua\r\ ol of these
three Pom{‘s | |

ABTEE are coﬂfne&f#(g ©)e2 Y ABT e )]

N “"' ,_Thme co.@menr ,,fofmls.f‘




,Theore\n Let Atereé‘ ge 2 pom‘b o{: %\e pﬂone T\nen
. | A+l = Ar = A BT collinear

Prooft o

Suppose. 'Hno’t A,B f ore. V\oJc coﬂmenr ,

»let () e the ‘unique ﬁme defined 4 A r By oxiom L |

mLet g (&)—+IR be o cm{:mm)ré map .sucln {l«o'b
Y(A)=0 and p(M)>o - )

plet A= L(AB) ~> YA)=4A8. (L

‘ /N o Nfo{.eu 'Hndt A,‘,B,f novi - co Wiveor = , o
O L > B¢ > B+A , Bewause Aele) =
A A T = BAvo ().

Aso wole Mot :
(D= W(4)=AB >0 => \P(A7>o | o
p(a) = AB = AT - BT < A[ = lly(r) «y(A)) Ly (] = y(r) =
= pA <Y | |
therefore w(/ﬂ p(4) & 1)1({’)
To olevtve. o Com’tm&l chw nok 'Hmf
= ly(Q) -yW] = 1AB -0 = AB -+ AeL(BA)
,FA-lly(M P = p(r)-pla) =
- Cy(r) - ya) - A8 = | p(r) - piall - A8 =
= AT - AB = (AB+8T)- Ae =Br=rg = realn"(“)

Rewever, 4 oxiom 2 we L'O\VQ,

Are_L(BA) A Are&) =5 L(BA)-CS)@ Ae.L(ml) @c AeCE) |

= BA = AA = O &— CDvAmdfc{ion »@ecauye , GB,, (9.) BA>0 . 0o

- The cm%m.f:ox‘%ive of Wars  theorewm s  the {rot‘qm&& L‘weq‘un«(ljné :



®

Theorem : Let ABTe® fe 3 pm‘vxh of ‘he Pﬂone. Then :
AB,Ir »noh.—-coﬂmec&r = AB 8T >Afr

Vroo'{:

The Cow)tro.poSl"lYQ of %e previeus theorew stades:
- AB§ nou-collineer == AB BT FAT (1)

By oxion F: ABTEr > AT (2)

) Alg) = ABiBT ZAT a

Another 1W\‘70r{'ou‘: consequence. Uy ot o fine 5 o fomvex set ;
ever amew{: AB de(meo\ Qg ~lvm:» Pohnlrs A gels) 1105 .
evx{:m@é on (g):

Theorem : Let @€ fe o line. Them:
(¥ ap @) ( A8 = ()

Pl 00{:

AB e() . | AB
Le't m Qe a\v?h SIV\QQ &
- Ag =iMe&| AMimB =488 © | ‘

< jMet] AM, B co@@memrg (Aﬁ = AMIM B --»>AM B collintap @
=9iM GEKEI (S)ei)( A/M,B e(S)?%
"iHGElAM 66(%)%" ~ (33 oxiowm 2_>\
=3Me&] He&)% = (&) =
==’-'/‘°t_Bq§C€7 o

Finolf anokher  fupdomeptal vesult 5 that 8wev1 o pom{:
Mele)” there are OVJJ.; {'wo powds A4Bels) such thak
AM=MB = X where )c> ° 8wem This is also an tmmeo(n'a{~q
cond eciuj?va of— the axiom o# Cow{:mm { Eﬁm vafeu‘r%

M=% for sowme fom{: Fele) , then [ 055 etther A or B




®

Theoren: Let (€)ed e o fwe , Mel) , omd Xelote) - Then

(GaBc@) (a0 Ameis A(¥re@)(Mr=xes T=AVr-8))

\'\\;\‘_B\ |
- ©

Proo‘F ‘

‘Ld: Y- e)— R Re o cow{:\m\{'\a\vnqp Thw)
M= x& [pO-yml-xo

© -y =x V - p(M) = -x €

& yr=yMtx V ¢r)=pM-x & |

& =y tpMx) Y= yry0x) @
Choose A= ly"tly M) +x) and
| 8=yt (y)-»
Then From (1) (Vre(eﬂ(ﬂr cx o T=AVT=6) . Abo:
x>0 =p ylMItx # yM)-x > ALB
Finally :
AM+MB=l (M) -y (4] + 1 yle)- q:(n)l

w(n) (yp (M)erq)/Hl( (M) =x) - plm)] =

Ix1+1-xl = 2x = (y (M)+x) Cy)-x) =
y(A)- w(6?~llv(»c )-y®)l - A8 = M eFB 0

L



oy

W HlMert's febvemes rdabion

Dovid Hillert inbroduced " bebweenes! , o demory relabion over poivds,
s o gum&umewﬁk ] ,C.ane‘)t.lvx, _ our 'Formwﬂu{;i o Hgie‘kwewess can
be studied a5 o defived comcpt.

Definition : Leb ABT b any dhre pairls. e soy Hoat B 15

Betweery A and T, ond decle i o5 A*B“‘T,, if and ow%,_
if BeAT omd BFA, BT S

A~|3~r4=> BeAl N B#A Npdr| =

- The goﬂwivx%““ are  trivial  consequences o} e definition:
o) A-B-T =» I'-B-A e N
B A-B-T =+ A8 T collinear
Q) A-B-T = A#T ST ]
The wore involved resulks follow from the  Followin kpmposi%im
Phot relales Belweeness with the wcmjdmilé“mupv Fir;ac‘ we preve
on qux‘ﬂioré Jewma. about  absodute  values: | ,

‘:Lémmit (Vq,ﬂ,elﬂ)( [al+18] =la+8]le=> a%},'o) |

B “

let o belR de given.

lal4lel= (a8l e Clal+180? = lare]|? e
> la]2+2loli8] +1812 = (at4)2 4>

> o2+9|o]ls] +4%2 = al+20b+82 4> ',
 lollgl =cler labl=08¢r» 0830 N




©

Proyosilcion: let ABT €&, let (g) Le the {ine defined 2«3‘

AT , and et Bel. Let w:(e)>R Lbe o Com{inu.ijﬂé map.
Then  4he %ﬂfowi\ng eqmanemte> holds - |

A-B-T e p<pEI< (M) V p(r) <y (8) < plA)
Proof -

Fiest  wole at:

BeAT4> AB+BT = AT4> |
o |y(e)-y(A)] + lyr) ~p@)] = Ly -yw e
 |p@) -]+ ly@) -p(e)l = | (p(r)-v®))+ (y(8)- wian|
= (p@) -y (pr)-y@) >o “3 Lemmo)
= [(y@)-yA) >0 Ay -y(@) >0

V(y®)-pirgo A pir)-ylB)<o) J+=

o yAyBI< YV <y yw) W

I‘)L ‘(‘oﬁooms ‘n\u't '

A-B-T e+ BeAT A BFA AB4T |

W o= (yW<y®I< YOV yr)<pBI<Yia)) A w4y Ayie)#lr)

= PR <y(@)<y(r) V y(r) <y (@) <p(4) o

Theorém: let Ap T el) Be oy three ponts en o line. Then:

A4B+T#A = A-B-IrY B-T-AV T-A-B |

Proot " |
Lt p:E)— R he o continuily map of €,

A+B+T #A = w(A) 4 p(B) + p(F) £ pA) >
| pA)<y® ¥V ¢(8) <y(A)
=» % P <y ¥ pr)<y® -
w(F) < pla) X p(a) <yp(r)



@

= Cyp<y@< v V yr<em<pA)
Y (y@<pr<y) Vo wa)<y(r) <y ()
Y (0 <yAyd) V oy B <pr) <p(r) -

= A-B-T V B—T—4 Y /-4-8 a

This theorem shakes that For awy 3 distinet poirks on o e,
“one and ondy one s Between the other Huwo.

Now we show an ex.l'sjttmet resut Hhat s o{zkv\ u)f& W
f%e ovne’l:ﬂ‘c;\ av_aume\ajcs, |
‘-n'leort’m : (.fxf;lemg .,o,{: ;Q,el:wemﬂ _;,.pniwb) i
Lt ABe(® Be 4wo poubs ou o Lwe with A48
Let xeCorm) Be o real postive wvumber. Then: |
o) There is o wn u.e_ypo;mJL Telg) suh that A-T-B

and AT/r=x
1{re@) | A-r-8 Aar/re =x}l =1

) There iy osuumig\.ué,y\.égmf Tek) ’sqdrys foat  A-G-8T
and _AB/BC=X -
14T e®] A-p-r A Ae/er=x3| =1

‘c_) There s q unique, Pm‘ﬁt ré&) such ‘Hl\uft ; r"A”‘B’
omd  TA/AB =x o T
[ire@| r-A-8 A TA/AG =x}| =1 |

| Prooj |

Let P ©-=8 bk o Cev&\'\'\\&“% mop such %oit
pA)=0 and Y(B) >o. S
Then  AB =] y(B) -y = Y@ = y(B) > Ap-p(®)




@

o) Assume A-T-B  oud solve AT/TB=x for T
A-T-B =» w(A)<xy(r)< w® V p(A)> v 7 p(e) =
> yR<p(F) < p( (4

therefore :
= lpl-yA] = lyDl= v (@)
re=1 vy -ye)l= y® -y®), (3)

- %0 ' _
A Ly YOy yr) - xyE) -xy() &
B Y(8)- q»lp) | | :
b yl= ¥ 7= v {X‘Y(@ } ()

1 +x 1+x

It '-&@ows ot

AFB/\’"; =x =T = 1}1‘1[__3_(@2__} «

4+X
=)+ Conversdy , Lt T= yt [M} . Them
| | 1+X
| x>0=>o< <L=P0<—7—(—‘1'LQ2—<1P(B74
| i+x ‘ 14+x

= Y <yp@) > A-T-B.
Given that, ferom the comverse of (4): Ar/rg=x <

Thereore .
A-T-B 45 T= W«;[ xv(g) ]
AT/T8 =X | L1+x
So , | l ’
1§ ete)] A-r-8 A Ar/re =x%] = H xy‘i[ xy(8) B‘ -1
| {+x |

0 (=) : Assu\me A-8-T  and solve AB/BI=x .
A-8-T = P(A)2p@) <y () V y(A) »v@ 7y(r) =
| = (A <y(B)<y(r).

-+ Br=|y)-v®l=v(r)-ye)

So, we howve :



\

B MB) e v@) - xp (- xu(d)
B A

o )= (M-’;z‘?“-”)z.=> r%-lri[(m;w) } &)

tcfore A-B-T A AL x o 7=yt (1000® ]

(=) : Goweueney , Let = 71[ (“x)‘l’“’))} . Then,
i et R
Cxvoms MK Sy () = (D (B) 5 y(8) > p(A) -

x X
= pM<yBLyl) > A-g-v.
Given this, it follows Fom (5) theat AB/Br=x <
“Theretore {A,,‘B—-r' hay @ unique solubion . for .
AB/BI =x B |

A Can fe proved dy reusivg  (4) .

‘m= life(e} | FA-6 /\,rAlAe?xU - |
= 1iTe@) | B-A-T ABAJAT =1/ }] = ) ®
D .

A coro@or c¥ ‘HM'),, ;Jdneore\m r$ %Q en‘ﬁeme ,cmcl ,umh‘uevws}

,of— e miéev ot  of o ,seamew{:.

:Deﬁ\nijciov; : Lt AB 6(83, Be %o poiﬁjfi of ;’{Me 'ane ’7(87,,7 | ;ﬂ/
A Fm‘vn{: MeAB s alled ,%Q;Wé‘zom{: of the segtmem{: AB
i and 645 ouﬂg ig AM =MB. S o

1" m(«L[IoM‘tO{: ngF* HGA—E /\ AM = MB
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; Cor‘oﬁeovgé : EV@YS sc'ameva‘t A—B— has o um‘osué ma'O\Pofm{S M.’

W rpeg) (T MeiB ) M midpoint of A8)

> Becqu)e ‘Hne wrielpo:‘w)c ) uhique ) We wifl deno{'e i‘(t Qs

M=m(AB) =

A weoker restalemewt of  dhe “Eheor'em we. prvvénl, says  that
‘ }w o.v\a ‘(',wo poimjts A,Qe(e) on._ o Rinc, {'hefe s & Poin% _ e{ween

‘hnem, o Po{w“: "0?1 "Hne \"\'a‘nt" O¥ sz@ 1 nm). o Poiw{i on %e Qeﬁ:
of 2B e | | - -

COYO@MQ, kK v

o) (’V‘Afé e@) (3 T el) Ex2edpd (A-T-8)
6) (WA e (TIre@ (A-B-T)

Q) haBe)(ITel) (Fr-a-8).
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¥V Consecutive poivits  on o Live
]

The "lebwemess " relabion con fe gererslized for oy wmber of
points  with the wotion of _CPnsecu£ivi+%,.,_ o

i Dewtim‘)cioﬁ : Lé’c [.'0] *’{l,i“‘,’..; mS ‘Hne*n Lrsjc no{uro,Q nuwlers .

We call o fivile ‘Sg;guem_.ce.f.of _poivts ~owy _wap A:nl—E

This  definttion  can e 6emer¢£izeol o tromsfinik sizes -
oy follows : e |

Defiwition : A .s,ec&nem.e,,,ﬁ ,g-mmjcs, Is any wmop A:a—>E
where Aebu ony ordmal ,,_,numﬂer.,, N

» votokion : It is  common o demole sequentes 03

 A=LAlied>

/T\r\,i‘) meons ‘“'Wd: e dowom. of b is dom (A) =2 oud that

(Fie)( A =A7) , Hot s, Ai s the value of Fhe sequence .

,gvr K- %iven. ted .

Defimbion : Lét, A;’ <Ai41 1ea> geyi,k,q sequence of Féiml‘s . ble sox& 'hm{:

A is comecutive it owd ou%, i for any (<j<k , Ar - Aj-r,Au_. 2

A consecsbive +» (Vigik 6 ) (1< <kan Ap=Aj-hd

Mibagh i 15 gooible o disoss brushalle sequences of comecudie
: poin’cs', LA finile equences  ow of real -pmvclcfcq,eu uxe, so we -

will li,vni, ~our Aevelopmkevﬂ:, onl% o fimdte Yhose.
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r'*’ Criterion for céwsecul;ivih

Thearem - Let A= (A;\te[m1> Re o fiwle sequence of pomds.
Then:

ACovxsecu{:tve,@sZ A Aiﬂ = A;A—n
' t=4

P‘(ocv“l : ; ‘
(=) Suppese ¥hat A cowsem’cive
Let (9) ﬁe 'Hae zme okeQWle& Ga Jdne oM’(S’ A; Gn&
Lot i) — R ALe e Com{:mm% map.o(: (), such Hhal IP(A‘RY('A")
A Cov\secu'lllve #(Vlé[“‘i])“(At Atﬂ."‘"‘li’i> g
q@‘ze [w-2]) (W(AL) <Y
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