Y Sp\nen‘cqﬂ harwouic Rxpavsion

Let IY(QLY) ﬁz Qa ?tem, on a sp\f\mre wMe

_ ‘ Y:Simg it cgz%vz %h&

Then  9Qup) B potodic W & aud hage  approprale Eouuclo.wé
.c.owJ.\"c\ow m‘k e poﬁes P::H" Suul,\ Izaml‘wm have &

, S?lum‘cqﬂ. harwmonic Q)q‘)q\asioﬂ :
‘ N o t®

'q}mzrl) = 2—;—;0 Ehml WWM YW\,VI (azp

where . Ymn(0) = the sphavical  harwonte faneHon o ovder (mm)
and s ie&wzo‘. as:
%04 (vnﬂ)

Ymm mq‘) = Pmm (rl) e
P (”)-_—[ nk (m-m)‘.]iliu_‘rq.)”"/l A‘v::: )

2 ()}

?m,n (ﬂ) t Yo usshciﬂ»l-eel.. Le%eu.olve gop‘umwquﬂ. OJ"_‘ orJ-@r (‘M:VQ
P'n(.r) is “Hrﬁ Le{&?h P nowual e@U QVDQ-PX' n,

Then I ?mm t{mﬁ repres ow of y[ﬂ,p) " s?hﬁmﬂ haymon'e space
or, sh , S spoce. .
Nok Jt{f:xd!:: f P
‘ot
\Ym‘t'): v%o 2.;\“11 bl YW‘M(QLH -
_ f 400 {\{,}wm Pm(r() eini(\‘nr/l) =
= T aaied)
LG, k] S
Then He Qﬂpq\?\sio\n cau de evnﬁuu}eo{ kar £ in two s’re‘)s‘.
. Foo
Yan [l‘) = vjs;tvm\ Pou B (r)

An<wm a) ()

o
l{'m‘)ﬂ = v%o Pulp) e
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Fbr ¥ N‘. ) ‘“& u&sociqleo[ Le 4 o VlO\Mh.Qs ove W‘hno O"O'Q
wi)c\'\ l:rgnngomuﬂnka Comlihon: &W "~ Pyg 6
L

JL ?Ynm[\l) PW\;SL“) J-r = Sn),

so the 2;,5{. sky can Be amwk.l. The secomdl. s\‘ep is o Fourier '\'mvasl?um.
| To%el'her, we con  oftain 1?;,,,, o V(Q,,ﬂ Qe his:

L
| o =] ol Pl

-1

| | i sa‘t’m'[‘) Jailmd) )1

’Emﬂuuh\r\% H& &SSOQQ\%L Leﬁewlre’ ?oa?;anomhﬁ.

The problom 02 evalluakiv Pvnml) kl‘S ve new-triviall.
For \‘L purposes o¥ ‘Hnén:’ﬁmg rszQopm:‘éxi we olzg'lv»e:

Qmmt}‘)= _ﬂ%@_ ond. Avnm-—-{ 9.;\;}] (n—m)‘.]*[i

(nim)!

Then Pmm (\4) 13 %{ve\ﬁ ga :

Pmm \r) = Amm (- 1‘1)‘“11 BGwn lrl')

Numeric ,Amm; Yows ga,clvﬂ” omoL Qi) v‘oum‘s\ne) eaul-oﬂ
. %0 we :ffam{ Cowtpx%g Gmml\ﬂ t Pmw (,4) Etmﬂg To Jﬂﬂ‘maf\%.
velotows Lr B Pm,h\qﬂ we  veeol relatioms for Qmm(r). ‘
We nﬂso mqh uye o-? He ‘eoﬂow{ma rv:)wus ‘?or Leoevwb'\: P°%"°W‘°ﬂ’:

D Bt . By
‘ P\‘lﬂ (.‘4) = ._9:‘."_*1_. r‘ PV] L[‘) -_V__ PVH [W.

ntl Nl

%) (L~\4") i';“ = (;‘:\'3"\ (Pn-l[r) ~Pani [y))
‘-') .:4:_.. (- q‘)_‘i@‘."_ -_—.—-W[‘)Pm )
& |t ] = - Bl
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To oleuQ wd% w-order o\np-?evw‘tmﬁow we uiR % Lﬁﬂml{% lol?wmwt
an) Bq«)] (*")J;“"() G- )

shere (ﬂ K [m T
| .Evuﬁuahm\ he Qwmpm bu)

Qm,m-l (r\)- °L P"‘ﬂ(}') =

gl o B g)- n_fur ] -

,,LT,’M[ Ntl

_ um o{m t,‘P l‘\")] n " Pract (t') =

Nt N+ m

o= 2;\":: [“" ( (JfK Y) J_M “Pm(\‘) 1_ “Y‘\[_‘ Qwm- l(tﬂ =

::‘l {(m) ‘,lﬁm,n()‘) -\—(W\) Qm«n,u(ﬂ)} Qm,n ‘(P)..
= In¥l Y_‘A Qmm[r.) +m Gw- \,\n[,fl)] ,n-:qu),

This vesult  will Be use?-uz Lxl’ﬂ" FHV\ this form:

Qm,m—L {r) = ntl [r Qmn (rl) +m Qwm- t,hlr)] Qm,n ‘(,4). a)

n+i

To om-um o yecuvrevke ¥W Pmm ) however  we wmﬂ: }'n eﬁl'vnivpnk.

the Qm_h“(}‘) P}gm To i&-‘{hs consider : J_P[)
w[(w&) al et Pl n -

Am ‘ [ V\(er)P [r)} = -w(nH)Qm nh[-rl)

K

om?. of lemal:weﬂ-é :

;’:“ [(2;)_ olf;be)] dfmB‘,,i?"("“"‘t""’"*"t")] .
- (408 Gy (4) - Qmmﬂ]

Intl

P“w“‘é; ’&\ex bwo velaltows -Lo%el"ner we zrt-.
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- - n( =
nWt) Gm-1n (‘0 ‘;::) [Gm n-1 (TI) ~ Qwmun l]l)] =
{'Gm,m\ (‘4) Qw (}ﬂ l

| Sugsl:i\-u}t Wis o {’Lz.vemmwce'.

Qm‘hﬂ [tq) Q.VH’] [F Qm nlr)'\'m Qwm-1 m (‘J‘)}.— — Qﬂ,uq (}4) -

=‘> Q\M-\,ﬂ (Y) =

y|+l

2"’*‘ [ram ml )4— e (Qvnmﬂ[.\") Gw u- ‘(Tl))l e G- ‘L}‘
m—
i::: rﬂm n(ﬂ-&- “”" Qummn — .__"l’_‘._Qvn.vs-\ - “H Qmwl“(?‘)‘
¥ N+
= inH Yawm(r)k Gw, w1 — m:f Q-1 () =
n
= w1 = 2‘“" i . - () =
(1) S (12 = S5 p G ) 4= 2 G )
= Qwn = nH _ nem -
Y Qwwtt ()A) m?n-}\ [‘GW"“[I"] Ty Gwmpn l(}»’)

This &5 o wicey recurrene Beacawse ol e & po nowmiols have
‘H-Q. sawme orotkr m, o.vd. ‘“m'l‘. SI\MPQJPIQ) mawpula{% Qu.lu‘!

Qm,ml[tl‘): “9:";1‘ r& (r)—' ntm va\—\(}'\)

n«m{-l

For m=0 this recuwene redues to ove for Le wlm )aof;)mw'ozs.
Fov Vf-ﬂ?ltﬁ!:'ov\, Iaou & Cau cLeck 'l"/\o‘l', 1’: SQleg Sdl:tsfws

Que () =3ra Quz(,r)w-'—(ﬁri-.%) Qn.q(r«)s-’—(35r3-—l'5’4).

To @oo{&m ‘H& reauvsion We Meel an lvu{:mR tov)oln‘l-\o'h
From dhe Jeemltlov\ we Ymow thal

| Qm,ﬂ (tl) (o) , ¥ ndwm
Bum(p) = an , ¥nejol,q,. .3

kw‘me_ an 15 o constaut, to fe delermined.
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To oao %\a{, we Weed l~o use 'Hne oviainal. recurrenee Because
it commecks  Qum (p) , ¥m with Qo (p) , Vu:

Qg = Qnp (“) = 2“’” [‘4 (Al n[V) + 1) vam‘(tl)]
= -f-zﬂ-t‘-—{‘..o-r (\n+0q“].-

Qurin- (14) =

| 5 0 = (Q\n{-l.)un =2 Qy = (Qm—\)au-»\.
Recnﬂl ’“Aui', 0.0 =2 Qoo (‘l) = Po [)4) 1< au =—‘T (ﬂl(.- l.)
mreﬁm I:Hu% A: all- R%@\’Lm ‘H'Q Yecur'sion fw Com‘)u‘l:lh%

Gm,m (‘4] {5
B n
% QM "= (.rl) =0 Qum (tl) ‘-‘-T_T (ik“l—). ? ¥Yne i‘)i; —--g

o

‘AQvnvs(r)—' VHM Qm,wl(r) %E%ii 3
¥m>m

o ﬂecwrremcz ¥or asSocm.‘ecl Leqmo\re p°£‘XW°WI|CbQS

Rell at
Fngn (1) = Aemn (14" Qo 1),
wheve Amm hm) QQ ob?me& as: {
Anm = [ nd (n- W‘)'} &
2 (ntm)!
Humn f,a oHﬂ bules og ‘Hae Yecuyrene 23 (L—- ‘-lf)m/i C\V\ol Sugslci\-u}e, in
the qssocm\el Leazn&v& Po%nomiaﬂ,

P‘W],V\‘H (P) - 2"‘1"1 Y &Mﬂn{}‘.) nim Pmm-l (H) ==

Am,uﬂ n-mtl A‘mm n-mt| Am.n'\
% Pniws (\4) = _dnrl A“”l“*"hﬂmm (t{) ntm A P n- 1(}4)
‘W\f| M‘n “ W\'H A‘ml’n.—

An Mk\res\:in@) result  com Re oltoived. ¥ we SQQVQ ‘Hm’s refation
Qor “Rﬂl\ﬂ t*):

-mel A . _ m Awu 1 -
p Fmin (40 = A:,:a [P’""’"“* T e ‘(*‘)l'

< n-mtl  Amn Pml"ﬂ(f‘)"\’ wwm  Amm Pmmol(,r)

In+l Amme el Ampey

Now cl.egi“e :
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n-wtl Amn ad Be ntm Amn
94'”'! AWN“‘H Int| Am'y\-l

and. suzsl:f{ule HI"L (Leg\vn;:um 207‘ Amm

o=

-

{sz (n-w)! |2
o= N-mtl Amm = n-wmtl L (nwm) -
Intl AM.“H Intl {3\413 (V\--Wlﬂ)l.]’/f-

L (ntmi)l

N-m+l [Zm\ (m-m)!  (nam)! ]‘/9- -
~ nH rd  (hmi)! (wem)l
- N-wt| y[‘?_-.uﬂ nimtl }’I" [ (n- wu-f)z Mrl vewtl -[1/1 -
Iyl LIvtd  nwmil (Gni): 3 meml |
- ‘___"I-;On ~wm ) tw 1) y/l - [ (i)t ]”’-z

(2a40) (2n13) (20ne0-1) (@Lne)3)
I (m11)L -mt 1
4ne)2-4

Int| (\A-M)‘.J”"
@:: iwm AW\|V\ = _Nim [ L (VH'VH)“ =
Mt Amw-t 9t [ivﬂé—l (n-m¢1)! T”-—
L (mime)!

- )’.ivu-\ f.h*m)‘- (h+m—1)l. ]m};

rt [ -t (m-m-D1 (yym)! , ;
nm [im.( N-w ]‘li_._[ mm)l dnH w-wm ] “ =

. -

Wt Lin-Lt mtm (mt)2 2n-1  Miw
- [ (vw)n-w) Y”‘ - l nl ]’/1-
(@n)) (4n-1) 4nt 4
l{ s, Cowm uve o c\\aoL 2 aou. wu& ‘Vnol:wce. '“Ac&. ‘Hﬁmﬁ ave.
Np-né ows *
DQQ"MQ E—MM za Ew\m =[ “‘l_m?_ ]{Iﬁ
A 4nl.y
Then / A:.':H
nmtl” Emm ﬂVWL ntm Amm = Emy
Wnt Intl  Amm-

oand  we omw\iv\ Yo Qumowimg recuvrevce, -

erm [r) = Emmiy Pam,mn (l{) t+ twmn PMM-L.
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That itsel is o wehdl vecumena. For e purpeses of solame
evolun)tm% Pm,m\y) we wnuJL o SO/QVQ l’c ¥w Pm,mﬂ()ﬂ
YF\M.MW)“ S.m,m-\ P’m,‘m-\ (t‘) + €mm P‘M:“"IGL>

| = E€wmynn P‘W\’v\ﬂ (tl) = \A P‘m,\n(f) 38»«,\0 P‘m,'n-l [Y) =

= | by ) e ’AP"“'“(V)’ = Pm'h )

This ’H«L lrecumme, Yt we uwse im pmd—u‘cn,.
.». Iml:mp. Cow&‘}‘f(m Lr nswquleo‘. Legewo\n Ooyl{wommﬂs.
Siwn QAV%'

Pan ) = omdl Pagn ) = An (1-p20"%

k:‘neve Av\ 5 a cwsl'qht 8\v'en

Aw = Aun Qu ) = Anm an = [Q"Zf' ("l"")]} Tr(flu 1) =

)Ll =l
nt M‘ ) e -\ =
(2 l) L@ ) 7' THZK H-= (1 H> [Ir: muu-o} J-r\ (1) -

- Y -1
(9.1/\{-\ )‘M- 'ﬂ‘ 2&2& ‘2;] 2 (im-l )"’-‘n-[ 9u-1 ]
-yt 4 )
Numerimﬂ-& An is well ~hehaved.:
| Al~08(’ k lono*q’l
o = =413 A\oooo <7 5’
Aloo -9- 37‘ A\oeooo £ 1335

To summarize, we hove
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% &,n—i(t{) =0 , ?m,n(?)"-‘ An (i— r%)“ll

P (tl) =

1 p Pon i (r) » S Puwa (]1)

&M:"*’l

= Empue

= [ Inxl va | 3 N ]

An ( 7 ) %P[Tzﬁlh(hg:)
L_ma\Y2

Emm 2(:“9.:? ) )

T\Aé Je?di¥€~réﬁ : Pm'm (y) com fe evo;QumleoL 2«6 o\iﬂerewlm{:‘vx% iy -

reccurent ©

ith |

w-1/9

i Fni (=0, Panlp)= nAn p(1-p)
ow,nﬂ (\4) =+ | ( YIPm’,n Ltl) + ?mm(.w) 2 Som ?\m,h—l (rl)

Emnt Emnt




®

:Y Properhes 0-2 nssociql-eo\. Le%emo\ve. ?oﬁéwomiues

Keicm 'H\o.'t Pm,m L’O = Am,n (i- Y")”mlq' Qmm [rl)
Wt ‘

Amm = [- int] CV\‘-'M) } thk Qmm (r) &, P‘n ln)
2 (m)l

We have aﬂremhé shouwn  the Lfﬂow‘m% Lewmas :

a) Qws,w\-t (r) 2”‘“ [r&mm -)—W\Qm—qm[}l)]

iw(‘ [Q\mmn(‘r) - Bwpm-t (y)]

c) Gm,nﬂ(y) = :i\::ﬂ ra\mmtﬂ ':W:H Gwm,w vl[r)

We hove ofso shown that

o) nomil  Awmn . €nn

Qw -1 (r)

ntl

! ‘B,) Gm—mn (\0 =

Intl  Awpan
) e N
g.) nim mm = EW\W‘ where EWIM - ______,v!._______
ML Amp-t fnt-L

Ft'vmfﬂ& we ]rmve. uﬂwn% o\envenl two uJJ?Vl{.\JQQS

PPmm(y) = Emmtl Pm,nfl(tl) + &mm Pm,m—llrl

Pmmﬂ L‘ﬂ = t‘ Pmm [tl)  Ros Emn Pm n- [}l)

Ewn ntl

Mlﬂ‘ﬂ

Now we dedve o gew wmoret

'@ Polar diffevenbiabion
For Leaev.d.re, fobammhk we have shown that
(L-Y‘Q.:%l_@_ = (n41) &n ?;-, Ll‘)"" Ena ?’;n ff)

wil'h E“ = E‘DI“ - n )
Vimt-i

1'\: lﬂ»\\"ns out Jc'\m% J&m‘s %g,vw—uﬂncs -k,».
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(L-rqm = (n) Emm P‘mm-t qﬂ ~NE€mmn P’Ml“ﬂ LP)

To show 'Hms, we Cau Yeuse some 619- 'HA-Q. proo¥ ME the. Y‘C)wu:
lov Y Le %mdn polywomiol
Recoll  that Pvnl)l = y,C‘\,,m (14) with

In = and. 9mn = J):n (YLD“ .

The yroog for. M Le%tmar{ p nomied  wos based on the
geffomm«a Ldew’:l\'a

1) Qe () = (mﬂ')mm,.(r) + W\i i’;_' 9wttt (y).

The f"’u"" for the Q.SSociul'eoL Le ndre poﬂav\owxio& cav
Le olso pu.{- m terms of ﬂMm(}‘) Nnk Hual -

@\Mm[rl)" d"Paly) d’ [\'Kn‘]u,nl,ﬂ]

= A}rm Qum ‘-r) n Jmen, nl

Given these | we it vedue Hhe pwﬂﬁlm down o GQwiu \14)

B\erelnve, Qwmm l.r) Bu 1»\{.“ i lrl‘)

v (L-p T G i) } €
/“uv:‘g'/m@« ( 2l Y
m VWV—G@W&—#

(1-4) ) - (1) [Amn(i-—t!t) " G 4 | -
o Am,nL_"L(*-iv)r(kl o i) + by T g )] -
:-—Yﬂv[/\m,w(l 0" Qg ] + A (4-p0) ’i[(t W @m,nl”
== By + A (10" (12) B o )]

e aliesdy have an tdewkly bo liminale p Pon (). The problen now



reoluuzs l‘u QVJAQHMB'.
(1~ ‘41')._4:... melf) = (1-141') Qwmtin [v) = (4-")‘7’) Kmﬁvm-nﬂ,‘n (14)
To eft‘mim,le (i.- \ai) we o Pja Heo zemwm. Lr qmm (r)

m(‘c"\ m -~y miv quo\ we obtoun:

- Intl

= (mintt) r[lfn qwn ,ullﬂl + m?::-;l g:'“ [ e Qmpnrt m1 b(-')] =

LB Lmtnﬂ)tn&mmlp)+ m-n-1 T Qmmn (}4).
‘ ML Pwn

Recall that T - 9(ne) =219 .

Wil

Therelore - (L-r“-) oLGJu;w W - (m*m\)r Qm,n(ta) + (m-n 1) Qm,net b@

New, Bock 4o Hé.,or(%inul } PT,O,»MQMP
1) B8 = o () A (45 [ 1) £ Qi) -

(s- Tﬂ) dABuwinly) _ Uh{(mamﬂ') L (,r.) + (min)-gn-1 Guatmt, qu -

= -y Py 4 + Am.,v\’ (- ri)wi [_(mtv\’r\)\u Qwpm ltl) + (m-n-L) Qmnei (}4)] =

= ~'mr P‘mm lr\) + (mintt) r P w lr&) +(m-n-1) Awmm [Ammn (i—rt)wz Q'“'“"‘(I‘ﬂ =

AM)V\‘H
= lnt1) p Runly) 4 (mong) Amin Py ()
Amus
Recoll ihat
n-mil  Ampn Smmt| = (w\-‘n-l.) Awin = = ([9nt1) Emmil
ih‘\‘l AM&“{" Am,“ﬂ

, and, r?m,v,[t«).-_ Ew nt| Ym,mt[‘:«)i“&mm PM,N—I(.F)
Suls&i\-u\n‘na Pese two we %d;

(i-tth = (n#) "[Evu,m-t Pm,mﬂ (lﬂ Temn Pm,n-l [)l)] - (.iv\ﬂ) Em;m\?m,hﬂ [}l)&

= (n4 O em,n Vm,w-t (rlJ + [(wfﬂ *@wﬂﬂ Emntl Pﬁ,nﬂ (}l) =
= (nt1) €wyn P‘M,h—l [tq) —NEwmnn meh ['1‘)



®

® Quosi ~€l'%evxPuvx({'l'W] resu@f:
AR owh\t\o.v% LE‘&M&N ‘Joﬂvamwu'uﬂ»s
_.OL[CL— \49—).51&‘_[‘.‘).] = =nlm) Pulp) ov i{[l—ﬁ).‘l_@ﬁﬂ@ ) = —n) Qo (y)

Wi asSocc‘q\w:[f Le%emlre foﬂamomtqps ais 6eme\qu\%es 'H:

| 7:{_{4__ [QT%}OLPW“ )] - (-w(n+1)+_£?{ ?mm(p-

T° show . Hois, we Begin & vevaliting the resuld 'For Qo (})
Lo Qmm(tﬂ. Comsi&er:a $ ¥ 8 3

i) 3 i ferlg e
= (":) (1-14‘13 Quwum (}0 + (":) (—ﬂr) Qmm (}l) +(\;‘) (-2) Qw-im (?-l) =
= (&-\4") Qg [\4)— im’n an.n(rl) ~w(m-1) Qi M (rl) =

= U.— r‘t) M - W\[‘ir Qmm(p + (_W\*‘l) Q\MH,VD [}nl =

= (5___\41,) o{,Q:lnm[H) - iﬁ"" [[L_ri_) o\,ﬁo,m[Q].}.m[ir Qv m lr)if(vn—l) Q’M—\MLY)]
r‘ wl

No(:i At%e:ﬁi‘;q‘e foth sides mv{ Y , sudstitule Yo NQo\Hov\ ‘?or Qom lrl)
av s'mnpi .

L1049 i@;;w@] -4 [(L—@M] £ (3 G D Qo (4] =

wit

WTIRIGE (8 S
= =nlntl) Qumn(p) + W p‘f Qe (1) + o) Geni w)] }
= [W\(W\H) -n (WHY_X Qwmm [)-h +m [_ir Qw1 n (14)]
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e olfon thew dhe go@owm%r 3enev‘uQi%u{'ion=

A. Ui— V) é%_;@_(p_} [m(mﬂ)«—h(\nﬂ)l&mm (y +9.mvan+\m(]4)
Now Aeime S ‘t‘) Awin j; [(brz)m/au_yq otam ")

Ve wish fo devive o resull Jor  Sm Swy ()fl) as  well %Jw&
chaw% o mr“n e JGYWQ‘HOVI

5‘“:“(10 Amm (5.- Yq i d [(i \!1) °LQ‘MM ] +

b (gD dwan) LT o0 - S0+ 55 )
where "bSnnn ) = the 19"
oit 8‘) the second )R.YW\

wmm

The #Im\: Jrerm con Re s.mp&l?.eol Qa *“Q previous resum:

&, (1) = Awin [1141)””'% T (ws) -1 (131)] Quugn W)+ Y Qutn lp)% =
= [ ) =401 Ponyn l}h +(i\m\h Aman (1- rq\m Qvati n ll-l)

For ‘“’\Q second, 1rt\nm mo\e Wak
____X(L“ )™ /2.] _*_rn__(]_ P‘L) wie-L (- ir) - _mv (1- “tq w/g, - L

= Ston ()= A . () Sl [y (1™ | -
= -—'mY Amm (L—Y’-)M&
Pupt'm'a thewm  Both '\‘D%ﬁ'“ﬂﬂ“ we obtain:

S ()= Y_vn[mﬂ)—n[nﬂﬂ Poam ly) +my Awmn (4 ri)w'ﬂ Qmnyn l,a).

Qwtin (Ix)
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| Now ComsiAev Hhe LHs o'g— ‘HMZ tdmh‘\% Wn{' we \ocmjt 3,0 ‘)VOVG.'-

jﬂ“‘\‘q ‘ij{‘“w ] = ;; &(L—t«qj}{;{Amm (i-r@mﬂ@vnmﬁrﬂ -

- .SL_ Amm(l:rqmﬂ(i“ﬁ') dQwm '\"AMM (L-—t«‘q me(wi{fi— q_‘)"’/ﬁ]
” [ dy oo ! ]

= Smm ('4) +fAmm .LL_[ (L—t{t\ le\nb[l) (—mr\) (i- k{q')m}i—!'] =
= S“‘t“ {Y) +A:‘“‘\V\ —_— ‘-"'mr (L"vq')‘m,i QW!M [r)l =
= Sen (p - ;LET\: Pm.nnr)] =
= Smunly) ~m [ Pan() 4+ L Pn(p ]| =
-.-.[_m(mpﬂ/—y\\v\-uﬂ B (t\) '”“P mm (1- ‘Aq“)MllQmﬂm “Yﬂ}m,/\nlf) - W\r M =
= ['mq'*‘“(“’f\ﬂ Poan [tﬂ +mp Amm (4- 2_)'"'/9. Qmrin — M ME
pn i p S

Meada we see that we hare oflaived fqv“: of de R\’(‘f.
Consider  the lost denn: vila

dfmn (1) - & X_Aw\m (L—W’) Qwm [t‘\’)] =

_ A"m (L——\.\Q’Mﬂ Qi (‘4) + AWI\V\ QW)m LI-I)._‘J:._[(L- r‘l‘)w‘/i.]

= Awn (x—rt)m’l Quern 1) + Amn G () [-wmp (4 ,ﬂ)“””—“‘] =
=-? —mv M = --W\\I Awn\vu [L“th')mm Qmﬂm («tl) + Tf\g‘ri AW!M Qvn,nlrl) (i- FQ)M}Z-’,

Pnr)f 02' Qqsk lm'\o\f\ COLVICQP,S Yhe MJ.J.QQ Lenv\ QV\J, e 'xg}u}m
.EL_[(P‘AQM] = Y_Yni—\n[\nﬂ)] P\mlhlr\ + (W r)q‘ A\m,v) (L~rQ) f2.- Q\mm (Tt)

= D) | P ) 02 () Avm (L»rl)”“’ " Qa4
Qumn (-rl) -

i

-
+ ‘mq‘Amm (L—Tﬂ— -1



= {mqmvx(uﬂﬂ ) (v m> P, uly) +Vng~. ?"""“. ll’!)

{ vmnﬂ) } ] P [l‘) f‘

h)e QMQ!V) Jd«evx W‘:{t

X Prnn [}4)

L{(L-r’-)___.l__‘w"@l)] & i) + i-\ﬁ-

.
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' The qssociukoL Leqeuére_ Jcmmsgovm

The  ossociabed Le«&eml\e '&ms‘?orm 'S an m\emo«lmk skp

the Wo W mQ S kemuk haywonic {'r &mm
Frowm N %oe\r-\'\nozom&a)% condiHon "

| Jﬂmm(tﬂ Vm,m(tﬂc&f =Onw
it eo@om ﬁmlc 1? o Qumhm £ ) cau Re exfmsei @‘3 v

m-ovder Bssociated Le%em\\re exfumsww

‘?(V) I— 'Qm?mm(.t\)
then gvx is N.Qoleol wt‘pv\ -PC'A with

g xgl}n ) fan [ta) o'-r

,FW ‘a«e m{)oscs og ‘H«ESﬁ l'mm‘?crms e €Xleuol Jc]f\e Je\le‘]:m\n
P [14% Y\etaq]cwv. m<0:

?v-mm (}l) = ("l) Pmm(rl)

BQCQ\LSQ E-mm = Emm Gﬂ '“M. fhpevh‘es Qoﬁe.ow "HI\YWa\‘
Also, Yo or‘hlm?fmﬁt\'\a condihon s gor wm<{o :

{

j? m‘n[.tl ?m,u(\d% &) (~0ijm,n[tl)Pm.u V)o\r = (-1) m%mg Swm
e may thon _debe_dhe Jmkms n guand .

1o A~

2(]4)' hzlmlg Pmm [}4) 5 ¥(y) Pvn,n f)r) AY\

)
ﬂuc\uoqwl ‘\‘m“y?om . '?wwnvo\ "va s? oM

Nos;e %\qjc ze«xuse Pw:m(}l) 13 (> ho{ o [)OLQ’ onaL

it i mjc onu) I+ We cn uye (romss Leaembe uadroture.
Joo disarebire ik, We discuss Yot mext
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Y Drscrete brpnog(onoﬂiﬂ coudi Row,

Recall et Pran () = Aw:m (t-ud) IZQmm ). fr wmyo
Then tl IA DP "

L [\4) ?Q-.u(p) [_Amm (1- Y{)w Qwmw (}0] [Awa.u(l.—r ) IQQm.x(r)]

(Awsm Am.v\) (1- rlq Gwmmn \4) Gy ( r‘)
m\t g“{.?mlud: is  a ?o%mwuoﬁ To covn()q\g the clz%re,e,

| &e Qm.m()fﬂ 498[6 1*"*“1“‘10} 6[ j_;‘ ol ( "\"(L “l:.
" =o\e?j(1— 0%~ (min) = Qn -(mn) = n-m
H\e\"egore, .

Bpmm (.Y\) Pwa,K (r) = o\ea(ﬂr ) ‘\'Aea Qi [F) t Aea Qm‘u

= 9w + (m-m) +(v-wm) = ntx

_

olen;\ P (IA) Vm.u[r) = Nk

Nole ‘ul\a{f the Aeree, >} W\O\Qfec\ml: '2 m,
Reall Wt N-—mso How  Gausy~ Le wbe_ e

; %‘ %vu%wm i e&ntk
u_;‘h ee\:egb e n Xm IS a Po’%v\owaﬂ uf oleamq_ N-1.

ZAS( ’?m.w(m"))vmtr M) =S YrgeN: 1 bl Aol
J=0 , ¥NelN: nik <A1,

This com bo  alse vewibied evic 1 va we use this
xewﬁ, -Lo d)'m&uuz -Ko, o\wuﬁll V\s ﬂm

' DISCYC]te_ qssocm)m‘. Leg(emln_ Jrvnvxsgorms

?pox Dot Qo o Zwevx M>1ml  we wat Ho considor
gv\\nc*:loms {’Ltqlc Can Qe ex[)qmoteo‘, as:-

g(}ﬂ Z_ w@n P [[%)

n={m|
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e woldd flke o resolve the wvene with Guusy- Leaewlm
q‘uno\Yb}ure.. Nv\e ’Hﬂﬂk .

Moow
dea i) Ranigd = de [(1 D Boicy) ) B ]_...
M M
| —;hg‘v\(“ o‘eaﬂm (lh)?m,w[v) = mox (Km) M+4w .

To  resolve -en S]erl Pmm(tl(lr “VlV) GilWIl we heeal
&eahmmmtrwqw L, ¥neilml,... M3
4 HenSON- ¥neflml .. .M © MM <N-1D N» H+—;T—-é~)
© Ny Ml H,m?m

N2> Ml = ‘?'n = P A (")gtr (N)) pmm(.l-l (N)) ¥n e%_hm g

Given o Ir'(&opuLio\q N> Mt Mwe sample ¥5=£(T'j(m).
Thew %\e ¥orwmro\ and g)thqurJ. romstorms are:

2 Ty | Tu= A0t e )

with hGil\ml M'§ and. j@{o i lg
For Mfﬂzmew{u%o\n fuw()osﬁ We \ma ttpresewk !&Jck ‘lmwr?ovmujnom

Wl'u"ﬁ a W\n 1%
= Pum (m( M) Y ( n)e%O,.-.,N%%Xﬁ lml, ..., H M,
It s tvaor-‘-M’c o 1 tis 15 wt o square wanfX:

St

M- || >

[Vl
PR A



H’ we u)ula]( )«: wnle_i

B; nin Bin= M
i :%""‘ b B
1= I- % F“:S Fv;3=- A3 Hjn.
Prec ]cwt ql)nx Mt Su‘p?\‘u vit &r o!m' ‘L‘mvveo
ow‘&:l 6 \'P(’ l:l‘VlS .Q M% "

) 0
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Y‘ﬂ\e Sb\len'ca,Q qummm‘c -Quwcho\/\

e ieeme 'Hae (\mm) -—onler 9(»\\2)/\%:& harwonic Puwo{-ion ,
where (mp) € 7. xN @a

Ymm ('/\.r)z 3 Pram (tﬂ m,‘ ﬁ{ztnr' m>o0
O™ Pm,n(tx)em for m<o

Tk Cowlmov\ bo edend the delinibion of  asoclaled Leatmlm, ’
vzowﬁ
MA P—-mm(}‘) (- D Pwm(r) V'm 7o

Smca Emm = E.mm O-QQ ‘PWL f eﬂ\es o‘? OlSsocm\l’?ol. Leatm&re
LA“OW mQ) Jd\q we anveo\ '% ovey ex}emlro).
c\e?r\m\:m\n The  extended clzgml)non a&ows w o wnle,

Yonn (i) = P'm.vn(rﬂe ,wm.vn eTxN
Y Progerld es of He sp\\m‘caQ harmowics.

Two S’r:per esﬂlé o\ve cl«\red' coroﬂ()qnes ol? ‘)mpe\rlno) o? aSSoclﬂ)‘(‘oL
Le%em po —
D ‘JYmm m\f) = Swmwtl YM.V\H mtr) t &mpm Ym,‘n—\ (ﬁ\:p)

2) (L“r{) ?.YI“%‘.&M = ('ﬂ‘l‘\) Emm Ymm—! (alr) = NEmmti YM,WH (atr)

where Ewmm = ( Ilﬂ?:vni jli
| n=-L

Am{%er PYD{)QY\'B v a o\im& coanvg %om -ﬁna, Fouvier Puri;‘-

9 W\\V\(al = (¢
YBQ H) C{W)’)K Ym,n(a;r).
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A new resuﬂ% s ‘Hao}, Ymmm:r\) 5> au ei&m%ndlm 4‘0 te splmn'cafl
chlqciqw w\\i()n\ D) Je?um[ Ba .

| V- L»L\# o 'gy [(i’)m %J]H

To show ‘“M‘S'-
Vq' Ymm ('c\qﬂ = _Vg' [ Pmm (\A) eiw\ﬁ ] =
- S mll o wm]
: =1:£F—§F {Pﬂm(l“) etm ]"" W[(&’?Q:) ";a_‘; (PVMV) (}4) C(m )1 =
2 -
P .%ﬂ.li_. YM\“ (le\ "‘t‘[—h('ﬂ{‘l) +~j:"—9-'z} le“ (;\]r) -

= [... __!“_Q-_. _nlntt) 4 wmt l Ymm(ﬁ):r) = ‘Y!(“%\)Ym,n m()-l')
Lyt L-pt

Viw{ml‘\r\(%\ﬂ = ‘V)(MH)YMM U\.p
It i "HM'S (?Yberl’g Yoot wakes Sy)nxv{co& harmomtes  wie ¥pr soﬂvi\na_

PY'D%QQ\MS on Q SP re.

-Unere ?we -

Y S?MQY\'CJ hoymounic expoms ion

Let Qz) de up\em‘m a sphore. whae
LA oy e
v_asimf wi‘ga <f= ‘B'Q in:\"ut)-e.
Then 'q}m.tl) ¥ ,(Rn'ooll‘c m A ond has o @ixel vollue =K)r afl 1
ot r=ii. Sudh Punchows have o s?\r\eﬁcaQ harmonic expomsion:

to +o ~ (’(\ )
I \'U(mm Yomgw 1

WMzZe-% y =W

;me = \'tyresml:ni-iom a# \y(}\ll in sphence& hormenic _space.
No\t '“M)Z 'H‘Q ex‘zomsiov\ Hcom Qe ercovnposfoL > pu wse
oo

ﬂ too . N MA
ll)m‘tﬂ =WZ;'L ;IT_;'IW\I Yo YM'V’G\'P\ :m%’ll_ %;lml Yy o (I‘)e{ =

=2 E fylmm Pmm (p‘)lema

meZ, - =zm|



'B\e’regove: \Pm(y)= X %mw P'mm f.v)

| W mlrl) t‘é:::” \Ym(r) Q(“MQ

Bothy Skp& ?qm e iwvvrkuL so “Nz whole  can fe ivnm'kol:
i

f\;mm = 5 IYM[}‘) Pm,“(p)olr

-1

g = L %(“'r)eﬂmn 4

R AT discrele SP}nzﬁw‘Q‘ harmonic Jmms‘Qom

The idea 1 -l'p %mmk *UAe sP‘neﬁcaQ harmonic expmnsion b a "PTVII‘)‘Q
seb of wodes. In %enemﬁ'-

(Q( = w y‘(ng .
Y () (‘%ﬂ Canen Yingn ()
We el T He Mnca)dovx sek 03 Phe RPansion.

AISO ml-e 'Hne C\nw&e n no&ﬁm. We we  Cymm Qbr J({NL

W\mlz Coeppfdehjﬁ v reserve ‘\.Ymm ' Somdhiv% 5€..

® Truncabion awd sumpﬂim lsstes.
Jampuva

The wegt %ev,emﬁ imkres&rlma wey o J.M?me T is fo st

S= 3: Hll,..,o,...,Hig-
T= $lnn)ez2 |- H, <m < Mg A lin] < Nl

where My Mo ave qrﬂrl-mva aud. NOm) s o Funchion of mes .
M, %\{s o{m‘{l we w&Q lanpre.  couckyms m&k& **o dﬂjosi'ﬂé cmoL
the r&euLspeM m-%cm .

Defive M=lgl= MtMg+i

Two cowmon  choices ¥or Nim) are:

&) Trnangular rancation : NGm)=H-1

B Rhomboidal buncation = Nlm) =mHH - |
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However we will keep Hhe analysis %ememQ for uvﬂi\'rmc‘ N b

Now we discuss discretizm \Y(Q ) oud Ymlp).
We o\iscvejcf%e IP(Q.\A %8: % + m\‘

ik = Y(—-mﬁn,é_r. , r&m)

‘w‘nve (N)'-'-‘B\ k'%b oo{', o-e Hle oYcl -N Le J 0 oﬁnoﬂ.
c “NK = O :‘omsbn\a'i rdu\:eul {-o :\)rl\ﬂ) %ew . P%“

We. dfsﬂcve)ci%e: Cm (p) in o simidar wanyer:

CMK = Cw (t:‘(:’))

In ; leyms o¥ ol Hris votehow the trumcaledl expahsion  Cow ke

orithen s N (w)

C\MK = Z Cwmm me [Y\)

n=lm
le

o "« exp [ 4m (-Min .%..):l

Note fhat the secomd slep is o OFT Bub ot exackly

FF TPACK ~¥onm. So we wow distws how b havdle "Hu‘) Compll‘cajdoh.
Bocdeword_

® Forword DSHT (discrele sphen'mQ harmonr'c erm‘?om)

Suppose thal Mi=Hg or Hiz=Hg-1 omd M=HWtHe+l,
Deime 2‘-"—3‘ M/9, . H=evey

(M-0/9. |, M=0dd

ond. rlegivxe, ﬁ"y,,,,,,, i fens of Gy

WSQK =

Yun = i (0" Con , melo ... B8
DM Conmyn o Me §Lt1,., M1

This «leginikw\ re.ovAets Jc‘ne. Fourter quev\uvngefs in  such o

Mavivier  So Yok m \mqtc\n the, oves Covmpuu, g& FFTPACK
DET. An | allermedive stlfwent is to we the woveuwler rervm’cuja‘oh:

W) = im , meforu... 45
m-H , me ... 418
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aml. Wlon.k: ";mm = ["DW(M)

Cw(w) M

R we do o Qorwaro'. assaciq,reot Lcaemo\re '\TOMS'PO"W\ on ‘l?mm
over W o{l‘ order wlw) we ofbuin Vit ):
Vi) ' |

| ) =»Efw(m)l P bt
We So.mpﬂt H(M[_tﬂ os Wwe do Cw (\4)'-
. . \P"’K - wm(\‘&(u))

V_G"U‘!" ._,Jt\m'sﬁ A.e'?inikio\ns we fer‘yorm ‘H/LQ ?orum’rol DSHT o &Qﬂows:

Nllﬂ(w(MQ
lr“\( = Z WMM PW(WI):V\ [“ IEU))
n«.-hlv{(m\l '
. — " * AW
\Pyl( = 31:;3 Wy uexp[in(.iﬂ__]

T\\eFot:::{ltzA% Yoo 8 velaled to He  Ywun () wode.

® Bociward DSHT

’T\ne. ch\a.uoml DSHT Cau QQ oe)ni\ned- Ka MYQY‘HW% *Hruz. Slep;
in the Jorward DSHT:

The fist sep 15 Backwand OFT. In the second slep we use
Guussiow t\uqo\ml-me 1o o compule Yo fvlh"bmﬂ.

i
Yo | Wl Pt (o
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However  recall ‘h\tt{‘, ?mm Lr) = Avam “" rq‘)mll Qun (r‘)

5 wet a Ylovm'up, ¥a =oddl. the upe og' Gauysian
L il jobbed. -

> peg\we for ablyedation furposey o ‘Pomowi\»a seds -
Aw) = dveZ | wlm] <xg Nwt)§ °, Ymedop,..., n-K,
| B=3immelt) ogmgM-1 \neAlwi.
Then vecoll Yhok N
Sl e Ry

 reredore, )
Ywi[r) Pv(w},n (.rl)r- Pw[m),n ()*) %B \Ym,x P\vlm),\& (y) =

=E?3 ?}’m‘& Fw(m),m(lﬂ P (mi (r‘) =

w(w)
=2 {P’m.u[Aw[ml,n(i'th "
Keb "

—
—

wiwfy
Qwlwln (R][Aw(ml M (1- [41') Qw(m), x(.r)]

wim)

= T o (Avttn Avintic) (g8 Bt () B ().
Nok ,%Wi all He MS In ‘H\\‘) Summql:;\w\ ore  po vowmiols
So bwtva w‘mdm{: resof.u{{om N, the i\qlerumL ‘\’m [r) PWhM)m [).4)
o “Re compalesl with Grussian ﬂundm[ure.
The fower Bound gor N s

W-L > qu‘{;a{}vm[ﬁ Purtml, (p)]

(mm) €

w\bu‘c\'\ we will now wm[mk:
Noke that

_ Wiy
4.06 Q\m,h(.‘n = &%[anmw;m(r)] = A?a[_i'_m [t-rq“] =
' = olea(i-ri)“— (min) = I -(mtv) = n-m =

~ ()
= Ae‘é ‘Ym(}‘) Pw(mh“ [I‘\) = olea[ %ﬁ LT (Awtmlm Aw{mhk) (- r‘{)w Q) L)*) Q“’("""‘[}‘?} =

= ;n:; [clea (&-—r‘)‘”[m + 0\93 Qwiw W) +c123 &wtm),u[r) } =

= Wax [ 9wim) + (h- wim))+ (K-W[mﬂl =
keB

= mox ( ki) = N(wlm) +n =-
veD
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= g:)o;s . B <le2S [Wm (rd Puctm) (p)] = ‘moo( [ N (wlw)) M\]

~1
= mas N{wlmd) + wax ox 'n =
M=o Mmz6 neAlm)

-
= max N () + mox Nlwbw) = moax Nim) + max Nim) =
mes m=o meS mes

= Imox Nlw).

meoS
where  recall Fhat S=3-Myy...0..., M} u)lﬂere, K Mg ore
ChOSﬂf\ . SM)’\ ’H“fl; ‘
Mi+Hetl =M
- Mi=WMg V M =Ne-L
T Qo@oms ’Haqf

9N -4 % Wox dea[lym(@ Puvtwi) ty)] ixe? N(m) &

(\ﬂ[ﬂ) eB

S [N max N(w)+]
meS
Thts o«aumeu‘h Skows -“nuJ(. we @w mc\eeo[ we Goaussion udmﬁre

w He® fadward  DSHT aud Frwaes o refation ﬂe{'wmv\ N and Nilw),

Cowsider S?@UBIL Lruncations -
CL) WFOV ‘tnu ugu.v ‘lmwmhom

Niwm)=HM-1 S N?M%Nmm: (M-0+1=H

6) For rhowdoidal ﬁumca‘l'tom
Nm) = Im{4 M-L=> N> wosx[lmlm 1]- Mi+M-1L

A velation Sebween M aud M i ofloived o5 goffows
) 1% M=odd © HitMg = even <> Mg =N, © N tL =& M, = (M-1)/9.
Wl Meveneod Nihe=0dd O Hi=He-L & Rz Mitl <
© Ht(Mpd4L =M M) =M< Hy= Wa-|
Jche?mgore M = i(“ /e , M=odd
Mla-1 H=e\mn.




® The veal ODSHT

B g elR then Yo ¢ rpresealalion  Ymin  inhartly  redundo
gvthly ‘H’t‘: Fouvier mpﬁzx ? ° 1Y b M‘B

To resolve e rednwinuué hebine

’sm\/\ 4J"“!d‘;kelwum = Re[fpvam} and. gt W =1MU},’WM]

~ N
o Ve Qg H Qg
Then it ty- sullicevt b use:
QO‘V\ 1 o\i‘n' “emy aﬂlﬂ

wg ;ft‘&gg\r}\ﬂb AJ.am{e -H%' 5 sequém@ 0s:
"Yol“l \(lm} el 1‘})M-l,\ﬂ

ﬂe(q,w *[‘,‘nq‘l: -H,«e Fourter wO.?QVlU‘NkQT {hn{: Coﬂﬁspo‘ﬂﬂ\& +0 {P\mn
is %\\ww Qté:

whn) = 3w mefogd... 0} where ﬂr—?‘ M2 M= even
m-M | weilt,... M-1§ M-0/e | Mfmu

Now ekt alm) Be e wovenum@er correspovmb'na o Ymn.

We wow show hew o wapu}e alm)_

Nole Hhat:

wovevuwmBer Qg = aveuumber of QWM = wim).

wavenumller of Oguun = WarenwmBer of fum = wlm)
The trick is %o walkh m in ?\)‘"t" with e in\ezw km) n e
Comspomling '@Kmm. Then  alm) = w(kom).

» De,gine K(m) = L) Aw\m = ﬁe[ Na.éulm] Y Am n =1W\{_ No, \n]

Then wote thal e cgms‘mudqmte:r work usv ‘évﬂ'ows: lY l
m=0 =& Kwm)=o

mt] = ado = Km) =

mtl = Lot = Kiml = .-gor afo

NW\&OQW"‘?‘UY‘
;Sf?) oQJcom Yom) v Losed. forw-



®

Km)= o © 3M+l=j,: V 3 mtl = o+l L
M=o M = evev
%o % o= (mtf2 y % a=m9 Lo a= 3 (mi)/2 | wm=odol
‘ wm =odd. w=even 'm/q. , m=even.
It dollows Mok ° i’g m=0
|  Km) =) mn)/2 i} wmzoddl
w/9. il w-eveun and w40,
;‘lik %ﬁt %-i\r{?‘s s o mov\ojcom‘caﬂﬂg l'\'\crmslmg, gmc,“om.
so . Vo . -
k(K-1) = % (iﬁh)/i , ;ﬁ H-1 =odd
: - (m-1)/2 ) i1 M-l=even
- (Mli)/ L H=eﬂ Iy
M-l)/4. i1# M=o
= ¥medold,..., n-13 f kim)< { = olm)= wlkom) = x0m) @s?
o if m=o
=> |o(w) = %(wﬁl)/i ’,1‘1 m=odd

mjg il W =even

Tlapfch values o-e alm) ae:

A A A A A A A

11’9:‘0 th U{im q’a,n ‘yq m Wsm \ch
m | o L & » 4 5
am)] o L L 2 ¢ 3 3
L) R, X
\l’bm \le lrg,m '\hm

,1“ ,“& ‘?1%% we. Js‘, 5\““; {4\9_ com;POVIO(qV!CQ ertweev\ {me
and. {\Ymm omol \now a(m) ewco&es *Ru‘ pJ CorvespOWdﬂhC&.
Now recall that the forward and Backword  DSAT awe:

\Ym"‘ = '—L'Mi{ ]Yj'& &p K"ﬂﬂi ﬂ"] IYMK =Nz(‘£(m)) q’m n Pw(m) n (\*K( N))
M j:o M “=lw(m“ t ]

~ =) ) . . fom
Ywmn = 2—__;.; Ak \Yl K Putw) " (“u ) Yim = éé.o '\ymu Txf[ﬁm j_ﬁ"_‘[‘__]

. v Y,
Forword. DSHT Buc\twcmL DSHT



To obtaiv the vedd (%vwml aud.  fackword) DSHTs we
substitule the DFT skvp wth veadd OFTs  and we truek
Bo warenumbers  with alm _insleod of wim):

: , N (aw)
{l\lmk = Foru)mL RDFT 1*/3"‘ 1?W,K= “I:-:rq(mﬂ IYmm Pq,(vn),n (r |(§N))
a5 pmam (x) A
ll’mm*lz:; Ay ’lyl & Pa(mm (Y“ ) \Yjuk -:.@oﬁac\twc;nl ROFT ‘L‘)“‘K
Forward - real DSHT Bockward real DSHT

RQYA&Y\CS.
o) The -real. DFT i complfcdel te express ut it s
umh?rs\-oool ﬂw.{: it ty Mqim @y a suzrbu}fub
6) Both stepy  owe impﬂmev)ko\, a5 vedhor — vedor tramforms.
In Yhe DFT slep K foops over ke jol,..., N3
In e stoc.t'al-tol Leaev\o\ye. s m Qoeps over meﬁ_o,l‘_._lﬂ—ls
ok e e e Eﬁﬁ ekl bl e
d norin ‘ashng  conerms we store Ak oW mpn Noan
o.?ma %wtl)\q 3sn;e, (M,N), * ¥
The ¢ tnduices j‘K map o\trecu-a Yo e ovem qm:ué inddces.
The same s dmue dor Ha  Im index.
However the = index s meeJ. o n-lam)
CD The coms%rqfwt N 7 mox N(w) +| alumx‘vl ) ‘Ht\a{: on aq
mes ™3

wth  dimenstons  (MN) e su@u‘denf Spae ko store. Goth
the vead and speial  reprosedution of fhe fred_
e) These are te bramsborms used in prachice.
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