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| Numerfcaﬁ Am%sﬁs.
____!_i_gl:n‘x A%&@mm
volufion : Let nel* . We demole [nl=$1,2,...m&.

Det : A';mq;krf}x s o ﬁ:‘SeJHovn, M: [mlx[n] =€ . The seb of
ol mabntes s witen  €™= M M:DmIxt] =€l
A read walrix B 5 o %1jed:€ov\ M: ulx[v] > &R,

o and R™™=3H | (wIxGd RS,
notation : W(¢j)=myy =mfij].  or:
| (W myg -y |
M= ”?glv Mg oo Vﬂ?u,

L Wiy Wigg - - - My,

¥ Hatrix Aglolx‘ko.m,

_D_g{_'_‘i Let ABec"* L
C=At8 @Y(ij)elm)xinl: cj=ac+ly

Prop :

a) AtB =Btk | ¥ABe c™M |

8) (AB)rc = A+(Br), YABCeC™™,

Y Motrix Huﬂ:‘f,ﬂl‘ml;t‘ovl

Def : Let AeC™ ,%ec‘","ﬂ and cee™l
C=M& cy- “zl oubuj Y (43) & [mIx[e].

Prop :
a) (AB)C=ABD) |, YAeC™™ Be ™k ce a:““zl

8) Algrc) = MBrAc , WAec™", Bea™ , ce™
0 (1A= BAYCH | ¥ Be e, cocn, he ot



¥ Scalor pmduof

Det - Lef‘ he € qud Aec.
B=dA=Ad & K- Ay, ¥(0)) € GrlxGo].

_Er_oﬁ__; For QE @

DA AAE VAgecm
8) (Asp) A = QA%F\A Yheg ™™
< @t‘rf”"" Ak = p(AA) ¥ Ae ™™

L A04e) = (148 =A@AB). , ¥ AeC™" , Be CK,

| Transpose / Cow\i,u%a)a [Herwitians

Ded + let Aegmm |
a) B=ATec™™ @)‘)fﬁ?.j) € mlx[n]: aij = fjc (imw{'«»e)
) B=Aecmme ‘V(i,j) e m)xMm]- Kg = n*;j Ccomjua-uLQ)

O B=APe ™™ o Y(i,]) « X H]: Gij~a¥ie.  Cronmibion)

Prop
;L(A’)UA ] oamrea
8) M7= (AAJ = Aa
o (MBT=AT+BT | (A+R)¥= AM4p¥
d) (A8)7= BT AT (AB)= BHAY.

;"5‘pec1'a,Q-; marrices.
Pet -
@) The _Zero watrix_: A=0 @ ajj=o0 ,'V(l}j)eﬂwjxﬂaj,
Q).M tdoutily mer'u(__F A-1le 8ij = i{ , i:j

- | o , z',;j.

'Prog
a] Ato=0tA=4 VA
&) 1h=Al=A. YA



®

_Q_g_‘i’__'- let AcC"™ (a square wenx )
P A .s»amm.elm‘c < A=AT
9) A hermibon & A= A"
3) A orthogonel @ AAT=ATA=T
§) A uw‘\mné & AAR= AMA =]
s) A {i&n%owqg & O\Ij=0 ,V"#j \
6) A upper {fn’pm‘augqr @ aij=0 V0>
) A lower {-n‘qwgupo\r@ agj =0 V4 <.
Prop: (Closare  properhes)
ﬁﬁ ngme.‘:vfc. LJPMB,AB, AL AT AR symmebric
9) AB howilian = A48, 48, A4, AT, A% hamiHow
3) AB or%o%owo&, 2 AB, ART oanoaouaﬁ, o

'0-]-’?*' b—are—real—odso—tha AL D are—ortagie
4) AB wnitany = AB, A", BT umi w&
S)A,B diagoval = ArB , A8, A4 O{wawtxﬂ
6) A\B upper Mauwﬂm - M8 AB AL upper quaupor andl

AT A fower h‘an&uﬁw.

7) AB Lower Jrﬁowauﬂmv =5 A48, A8, ﬂ/’r fower tHanguder and
K A ugper quaufnv.

¥ Uabrix Inverse

Def + Let Ae €™ Lo « SqUOre rﬁqbﬁ‘x‘,
B=A"e> AB=BA=1,

Prop : (lnrerse of orthogoual /um mqf:r:‘ccﬂ
;S-fé- A Oru\b%maﬁ' = Aa has mvc::wa awd AT =AT,
B A witeny = A hes mpese  and AT =AY
o) 1} A‘-"‘L‘ﬁ%(ﬂ“qz,...,an) then
orto,¥Viem] © Ahas mieye A= ima(Un”{[%P .., Yaw).
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__Q.ej___ : (Permu#u(:iows) ]
o) & ﬁ:‘jecja‘on o:[m]al] called o peMu‘mHoW of ondey n-
The “seb of o -ﬂijc&fbhs o:1am] s wnllen a3 Sw,
@) Le,{: €S . The. stah og' 0oy
s&aw(c’) =

Def = (Pelerminaub). o
et Ae €™ bo o wabrix. The deferminant of- A 1 :
. detA= T siay‘(:rﬂr a¢e)].
o €Sn

o 16[n]
Thn : (Cramer's u\aorewx)
_“) Let Aed:"m. /Ax hay o unique nrerse & J’QJIA’%(J .
8) Lt Aec™ with debtA40 oud 22C! ad be€™.
Jg A:[Qg Cltz-"Qw] Ae{’l’l’)e B; = [‘3 ag - -~ GWJ.
Bi=(8a, --aiy b ay ---anl
J l 1 |
Ba=Lo. antb].”
Then ,-u«e. so Qubion o Ax=b unique aud. aa‘rm Qgr

o detB) | Yie[.
R~

Remark : A" cam Be compuled Hhis wau By posing. ik as n syshms
ot e form A’Ki’—{o . Most uqmén‘c Pm«.&d‘; are ﬁu?:oi

, wm Ye Coﬁfowin& Hrosrem mslmd..

Thm : Let  ABe @™ ° Then =

o) det(4B)=detA-detB

8) det (A7) = det A

<) det (AA) =" deb 4




Vedor spaces in €Y.

———np——

;._ng__t Lé{? JSQGZ"',..M_,,we‘ say Wak -
a) S su.Q,spme. ouc C“@¥v,,vieS,VQ,,Q2€¢ : ﬂlvc’r ﬂzvi €S,
g) s S(I.R-Sfﬂ& of Rre¥vvzes, ¥, l,ek: Wtdewmes.

Def - Lc{:ﬁ\ V;,Vg.,, Ve £" Ge W veclors. Ue sy Wt
,Q) Vi ,vg,,...,vv,‘ Qmenv fmb{e&w‘[:_‘w,@

'M (int ‘!‘QQVQ'\'““!'A):VM“ 0= Qu“-‘ﬁz: =QV1 = 0),

Q V.,Sii,;w-:,vn pwumr% iefem[mt@ Vij- . Vi Mot Z‘neadﬁ ;'ua(epeolmf,

Def : ek v, vy, .. vne@ fe w vecdors. The sppce spamed. 8y these

vedors 15 debined. qQs: " ,
span {4, ..., § = {JZ_ ijj lﬂj ediz.
=|

ﬁ__&gg_‘ Let ViVa, ..., Wy e €,

,a.) spon {V,,.VQ,..‘,._,\_M {15 a ‘s‘q&eqm o{’ <,

2 Vi Vg, ... ,vni,, ar .meuﬂ&&fmdareo‘@u‘&, theu
Be spam Vi Vg, ..., Vnf &2 Junique e dre€ : Q= Avitdevat -+ Dnvi.

_Q_c_g'__f Let Vi Ve,...,yueC™ and S suﬁquaz. of C", We say Jhat
Vive, - in$ Basis of S < iiV:,Vz,m,Vn? Qmeur?a luo(%yeotéh .
S =span iV, Vy,.. . ,Vn
Thm - LEt S fe q;.,..w.gquce. o‘E o,
a) S hay of Least one Bass st B.
,Z) 1 By ,Ba are Basis b s= ’5:1"-’52.]
P\emark'- The mk‘&ma@a'}a,a{ Basts sc"s {‘b S oa um‘que, num fer
,,Iul\i'c‘n we call ollmmww of S, ~ oh'm,s, ,
o4 Bes

Bl=dimS. }7’ B a Basis of S.
B Qmm(za (_g‘alﬂpeo(nwl:




®

) '7 Si-quiur&. Vectc;r spaces 0¥ o m‘cd:rfx.v

Def :let Ae€™™ fe given.

&) range(Al = 5}_‘%6 C" | FxelC": Ax;,&.%,  (rome of A).
C8) wull(A) = Sxech: Ax=08, o (mdgiyq(e of &)
) rank(4)= dliw frqnae(ﬁ)). o (rouk of A).

_P!_QE; : Let iA"‘[a, Qg ~‘-0v)j € "

a) spanfe Qg ..., du} =mwae(/’c),

4) rank (4) = mvxk(AT).

<) dimbull (A) +vank(A) =m . -

™ pavl;fmg.ﬂr AeC™ |y a square. ma{frix s “
d) ravk(A) = n & mﬂ(ﬁd%o@@ detA 40 @YQM%&.(A’) =C" |

4 OV‘QM%OMQI%,

Def +let x,:&e’d”)" fe two vedors. We defie Jhair dst pmJu.LL Q%
{xly> = ? x";m €.

Def :let S=9%,%a,...xn}e€ €. We say Hook = |
Q) S are orthogonal < Vrges: xdu= <xlyp>=0.
8) S are ov%onomaﬁ,@{’v’xe&" x>=1
S oY%o%omxﬁh o
Prop. :let  S=Txxg..., e CM.
a S oru«oaonaﬂ -5 S fmeqr%‘ ithzpecl(’mJC.,;
2) A"—‘D(»Xg_““ Xn] unﬂun&@ S or on«om_uQ; .//./
A:[& Xg_—~-M] OYHAD%MQE-@ S SilRm A S oru\ommaf,.

_D__C;‘_E_LQ'E ST Qe saﬂquces O‘F c".
a) SLSy © ¥xes, ,V’%ES@‘ sx,g.i or“w&omf_. ,
g) st= {%eltﬁ“ : <xi3.,>,=o 5 Yxes§ (or%o%omﬁ Comrftmau{').
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Prop. : Let Ae €™
maal Tfen | rqw%c(A) = nufl (A¥),

Def : Let 5 fe o subspace. of C" and B o basis of S.
B orthovormal ass of S @{B s orthovermal.
ﬂ spanB = S,
fggg__ ¥ By is an orhxonormaﬂ Bass oFf S aud BUBg on.
W‘wowomq}?. Bosts of ", then

:::: st = = span Ba .

Vec’cor and. malmx norws .
Y Veckor vopws.

| De(: A vedor vierm on € 15 & Juuchon §: €' &R such Wk -
o) {0 yo ,Yregh o

) cxw?é-?od:r?( Ve
9 22 - 1314 ’Mem ¥xe ™,

__Dg_'E_ : Lﬁt xecv’. h n , L/P
,00 The p-horm op X 15 % Hxllp -'—'(I. lxj‘lf)m

Q) The eo- Lo-vioym o@ X 15 ﬂX" -fnm ”X"p—— mox 12¢l
Pt 1en]

_Er_gg‘ The ﬁlmeMS ﬂ;bc) ”XUF and. foo ) =llXllee  are  veckor noms.

XQ_‘L (Ho.ec(ﬂr m u.O-Ql
Q) 14 (A/p)+(4q )-- i===>3c/x,%e € = [<xly>| < Ul ]l%liq

‘ @ S ecm.Q e P:"l =9 N SClawan% Cau mequal:
fo!&e ch ‘(x!%f>léllxlz“glig, d‘a-



M: (norm cquivagewca
Yo b elotew) ,3 ¢, cq 6lopm): Yxe€” : clxlla <Jxlleg callxla .
In particular: ¥xegh:

a) Mxllg € Uxlly <ynlialle,
,@) “'X“ca < “Xﬂz < W"X“m
) e < Mxly € nliXleo.

¥ Malrix ‘noms |

Det ¢ 4 mabrix worm s o Pumchon £: €™M R such  Half
o) F(A) o | Yhe gman

8) §(M8) < S(AI+HB). |, YA BecH ™

A SN = Ny, Viec ,YAecm

Def : Leb Aeg™n. |
a) The FroBenius worm of A s given ﬁ?f |

| v g
— .12
e = (L 3 jagilt) "
) The  p-nowm of A is aiven By lAlp = sup Al
- AR S e R W A 78

Prog : The F_roﬁemius worm  and e p—horn of o wakix
AeC™ are  malrix voms.

o) #Ae "™ ¥Bec"™ : HABH,P < IAlplBllp.

) Yheamxn ¥xecn : lAxlp <lAlpldp.

<) ¥Ae ™ . AL, = mox [Z h*‘le
Jeln} L tem]

D¥hec™: Wlo= max [T h,jq,
1efm] L yen]

¢ he g™ lasi| < A
AT i ol Ml B e g 14
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£) ¥Aec™™ = IAlg < NAlE <V Al
Y Sl‘n%ufo.lr; va.phL nQecgm?oshll'oM )
Thin_: (svD thoorew).

YAec™ ,E’[i ULty tmbe €™ ¢ such  4hak
CLv=Lv,...vn]ech™
Q) U,V are witny. |
8) UTAV =4 (5,0, 0p) € €™, p =min £, nS,
) 6>69%--->0pFe.
nomenclature : Ol ™~ sin%up_a,tw values o{: A.
wim 0Ll s?uaufov veclor,
| Ve oth h‘%H: s«‘m%u,lnv vechor,
Thm : (Ronk defecienay). V_
Let Aegwm kqw,u siw%t&ar values O 200% - POR> Oy = --- £0p =C
Then = ramk(Al =r |
nafl (A) = SPGVS{Vr-rL,-. ~,vag
qu%e(ﬁc) = span § ..., W%,
Thm - (Norms  awd. U,SVD).
Lt Ae €"™. hare sxmauf?qr values o7, 00,...,0p -
o) JAl,, = o7.
D) Mg = (%4084 400) 2

Def : Let 4 eCm ol S=1BeC™M : lA-Blg <€f . The eranl of
A S O\CS;MeA. LV ,, :

ol (Aj€) = min  vank(B).
Bes

Remark : The comept of e-vak helps diaraderize  malrics %qé

are  viearly ronk J;e{:x'c.tenﬁ. of coune. :
lim vank (A€ = rank A.

£20



__T_h_m_: Le{: A-eﬁmx’(1 wflh sfw%u?uv \mﬂues 07,04, ...,ﬂ'p- and.
bt Sk =3BeC™ :yankB=ké ~ mxn walvices of rank K.
with kelpl, Then
: 'm;Yl nA"Bui = Oy

BeSk | .
Rawark : s s the 'distmce” of 4 from Yo “nearet” wabix B
| with * rauk K. N ,,

Tom : Lt Ae €™ wih >im8ufar values  61,04,...,0 .
rqqk’;(_/fc, € =rd&d 620> - 205 >€9 0py > - > 0p.

where p=minimm§, o

Bomark = This Hheorem  allows w to errsd% charaderize. Y

huwvzn'coﬂ Vu\rt\L o¥ c\;‘md.{’n‘x-

:V Condition ’mimﬁer ad. SVD.

Def : Let Ae@™ with debA 40 . e defive he condibior

nuw ey ﬂg kP(A) = ﬂAuPﬂAﬂﬂp,, )

Thim o Let Ae€™™ ulh det A£0. and o
S=56eC™ : detB=08 ~ space of st‘wauﬂqr matrices .
Then miy nllA«*Ble - i
Bes A, k(A
Bemork : The condibion vumber weaswes the 'distane? of A from
Yo space of siw%ufgv makrics. 4 matrix  with fuwd& ko (A)
5 neavx:a; sl uﬂnr ~ f&-— cochkomL ‘
Ih__vg___'-Le% Ae€™™ av%«ﬂor simauva&es 07,08 ,.~.; On - Then
ka(A) = Ci(A)
on(A) | |
Rewark : SVD pmv{&os !orn\ o “’“‘6‘ {m Jelevmim, wkd‘mr o m:én‘x 13
- cond.i{'n‘om&, or W,




Thm (e uivalence ”\zovem)
Va,ﬁ,e(o to) , 3 ¢),cq elojt@) :HAC™ : ika(B) € kg(A) < colalA).
In pqnl.\cuflqr, YAecnsv |
L koA & (A) < mice(A).
kw(»t} £ kg (A) < iea(4).
k; (A) < KnoCA') 4%9‘141 )

Remark : lﬁ o wabrix l”*(om&!‘ho‘)ﬁ&/ we will see Yot in ;<q(4‘)
wdepedont of a e (o).

Prop. : Leb ABEC™™ . Then  kp(AB) £ Kp(A) kp(B).



zFuvl&aneng:xQ PTOQQQW} m_ Linear OE% ea@m:__

1) Linear systems of equabions.
Lek Ae€™ and Ge@ Qe a.{wen. &)nu)c xeh y,\da Halt Ax =b.
2 Egenvalue problem. ,
Le?i Ae@™, Want (3,x) e € xe™ sads bt Ax=dx )
3) Umlera[ekfmh?\eb\; slaslew of eq{xd[ﬁw). :
Want fo sofe Ax=b for AeC™, xbeC" with m<n.
4) Overdelermined. saﬂem of equabions,

 Same , for mon.

Linear S&.SLQMS of equc&s‘o\ﬂ}

Cramer's -Umna frovicbs an qua@k closed ~form  solidion.
Numericel cost ~ 6 ul ~ mek %onJ.. Vse obber mnothods.

|} 5?ecia,Q co.ses

| Case 1: 1 fizsudre CM s um‘luya, then  the ﬁ:ﬁo‘win% Hreovem
applies >

Thn : B A wiitem = A= AW

, So Ax=bed “x =A%), "

Horeover ,l‘? A"-tal d.g--‘oen] " ‘u\W\ ele{:A———j-n; “0.5”

v
CCase 2: 1€ Ae€™ iy fower driav whar , then det 4 ==T_T ]
an 'H«Q sogu};ion “:o Ax:.() can .ge compu‘eol = rewrstvrlté

b

" 4-1
?L{:(@i—'jz agj?g)/’aii y 4=4,.m
| =1

'Xi = gl/au.
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Case 3 : 1§ Aetﬁ""” is upper %uwaul?uk ‘Hrelo MA 'iTaa

and e sobdion o Ax can be ‘fe’”‘l‘"&‘"t "‘“”‘;u‘& 2'&'
X(*’(h Z ijxj)/aﬂ =2,

'{H

An = gn/ ann.

Another ecw& case 1€ ik ts Measyh Lo sopve Ax = 6 u«en ‘l: ts abso
POSSlM'E }soﬂfe (A0 x=b  where U, Veg™ using. HML
go@owmtk Hroorem: |

T ( Sherman- Morrison- leod fu ﬁrmupn)

W deb(1+VTATD)£6 = (Arv) = 47 A"QU(HV"A”’U) VAT
)l@ }ﬂact and. A% =0 , then (A+uv"’)x b fws SOMOV\
| X= %-'__{1}_‘3?_,_-2' -

L+<viz> | R
1# the sV deco osn{wn A< UAVE of A 15 known , then
beb hus oo cobaben 7= VA% , where
N = diag (/e Ley,, ... L/cm)

MThe V0 “can abo gue {vm; of Ethv wore mfb
Olclzor macjxw.s , , . .

1.) QR JAQCD‘MPOSI‘HOV)

) LY olec:omposaﬁom

avre Qe $$ EXPCMSt Ve,

QR cl.emmposi Jciov) |

m ¥ Ae€™ JoRec™™ IReC™  such b

a) & 1 um‘nné,

8) R s H%MZ qumauﬁur

c) A=0GR. ‘ o
FProst : We wll ai've. an Jaon'-[’btm to compu)ve. & and R D.
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The Wmﬂ wWea, 1 Yo ebiminq‘e. He Llower quz%ufnr rark of
a watrix , wnJgjn siuccessive um{ugg ;J:mns;oquiov)s:

s -~ -
¥ ¥ X X X X X ¥ X

x x %

A={x v x x|, WA=]0 x x x|, HghhA=|o x x »
D S S ¢ 6 x r ¥ 0 6 x »
Lx X x % Lo x x X 0 o X X

Evem&ﬂ\a B Bnmi--- th A = B h‘%l& ‘!ﬁawauﬁqr.
1 Hxlﬁz,-;.;Hﬁ are um‘{w\& we  an wnle
A= (W BIR =GR
There are two kinds of bramsform we can we.
1) Householler  bransforms.
- 9) Girens rotabions.

YHo,useLoMQr Vemc(n'ows. o

Def :let uec” qm‘;rlwve €" and define A=laiy]l By e =devi
We wil As=uev=utv. )
Def : Let ue€” . The Houscholdloy m?fec{-iom around. w15 dofined.:

Hw) = 1- 2 _ ueu. e CT™
Zulu)>

o) B s samml:h‘c— aud  wiitory , Yue €,

.@) Let xe@® aud 2=(1,00,...,0)eC". Then
F(xxlxlgz) x = wlixlly 2.

exdmgge |

For 2= (3,4,51) = u=xtlulyz = (9,1,5,0) =

=2riSiu) (-3 -3 -45 -9 ] |

=) H(u}—"—é—q— -3 53 -5 -1 | has -H&fmper’\& H(u)x = (-6,0,0 ,0).

, -4 -5 499 -9

| L-9 -4 -5 53]

Clover uw of House hofder %ﬂn){bm} ollows us Yo zen ok

the Lowey Hau%uﬂnv (Jnvjc of A .
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Bemark.: There 1 & way o ompale  Hlx  withodd formung () :
Let xate €. Then:

Jull2

- (1.2 qgyut)y o o 2 #
%—H(u)x—*(l fuu)x X ltuul(uu Jx =

’_37’3"”“*3"}"‘ Zn‘.ucu*)t‘ = A - i VZ‘Z uy¥ x; =
we f5 ¢ e = 4
= xg - 24ubx> ., . \
Lulwd i
Th‘gy'c{-o:rg_,)’ M 'Fo”owt'h% qfaov?utm will mmpd]-e Hlwx.
Maoyiim : Leb xue "™,
= - 9 Culx> [<uluy,
,106{: {21, ..,mtla( = ?(-i'!'gl((i_. |

Suppose thab  colmns 43<4,...,k-4 of A€C™ are wper ﬁn‘w%ufar.
To wmake column jok upper %n‘a.wauﬁqv, apffaa H(u) , w
w=xxlxllz  and. ' e
X = (.O)Zj*;!tlo ) QK N O.LK‘H‘KJJ;.,.,J .Q,mg,),
2=(0,0...,0 1,0,...,0]
To com?utt KA we qpp&é Hi) on columms K k#l, ... m of 4.
1# we do tws & all n-t columns  we oltain:
H’(un-;) s H’(u.g) H‘(ﬂg)A =R =
> A= (H(u“-,) &(u,))" R=_
=(H“(uf]l{“(“9,) ... 4 (.uws)) KT’ QK .



V Giyens rofm)cious—- reqﬁ case

Let S,c:‘elﬁ‘ suck ot  s2ec2=| and xR,
Waut 5, C such ‘MAQ.IZ [C ’5][7(11 = ["'}
S cliXy ©

SonQ: i 5X|f‘l’CXq_ =0, , = -—-C(Xil)(}) %hzremcore,

524cl =]
57'{*(.7-:[ &) ‘Cq'(—)-(-% + {,) = ié“? CZM =l @ C2 =_....?.£‘E......
, . % x 2 xt4xd
/ Clnoow_ c= Xy o Then s=-clxe/iy)=_-%2 .

V2 xgt VA 2axg
Tdea: We we tramsformabions suchh ay dhose o elimiwale A~ Glvens yoiodion

.Qe_f_i Le& ,u,wew* and JeR aud. (i,k)etn], We Jegihe Jhe  Givew's
ralabon G (D) e R™" 4o Lo e wakrix
Gk (D) =1+ (E;+E g.() cosd + ( Exe ~Eix) sind
w\ruve. Ezj e A" has aﬂl t:omponevn{') c«:lqu {m O amL
Ye (4',‘9 (.OM(IOM{T ettumo. er 1.

__T_b_l[l__i Gik@) s an or-l"aoaowéﬁ wakrix  wodh G':v{'(lﬂz‘ G-sz—S').

To eﬂl‘mihqlzt _AG lﬂm’ we qyf% : G'vm Gu-g--- Gy A= R
where : | |

Gy = Gia(Dg) Giz (dg) - - G (Him)

Gq = Ga3(Va3) Goy (9151) < Gg (V).

Gw- = Guet,n (Oner ).
wlw,he we cheose ‘Hﬂl angles ¥ (actu c, 5) Subln %d?
,{:l«w} zevo ot e Lower 'l’h'qwadnr far of A.
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Vol rohbions - Gouglx care

Let celP;,, seC such Hd c24lsl2=1  and 2,2, €C.
Want 5 suck uak {c ) 5*]{%:};[\««/} o
. ; 8 o JdLZ22) LO].

l.et 2;;—"1*‘3\41 29 = X9t qt. , S=a+@£ .

sl o{%ﬁzf-c"» =1 (), )

Wat -5z tczg=0 & sa; = €2 B (ou@l)(x&g;{)" C(Xﬁ'gz‘)@
& (ox-4y,) +(q%d@m (= cKetell &

-t =l HE G
| @ Lj nryh [g: ?L;[Z;]@ o

o o= XXt ¢

& 'x“iuafl o
b= ~%a +7‘«4A‘2- <
Lt A= M,f and A= %Xy
v . 'x‘u‘éi | ’Xﬂ'*"él
.Thevx —~Q.c and_ ﬂ Azc . R
otellitcl=] & A(AL+AdH) = L@ a4t

ARl

_Clnoose., L= L e

Then ax= A  aund K= ﬂi .
Vatalzyr  {ddin

some dea  as  fefore




Def i let nelN* and ceR, seC. and (kel). A Guen's yolation
Gik(s,dec™ s e walyix:
G'CK(SIC I+(E¢¢ f’EkK)C +Eéks "‘EK(.S

Thin : [ Isl2+ct=l = Gul(s,c) s ’uwnlnné wrth G{J(s,c)=6—‘k(~s,c).

Remark. : Given's wiations can fBe $oxi@le  whhen workm% with
‘ Bavded.  wiakices . ﬂneg ore. alio wore stolle. Yaan Dowchafobr
wl-B\ L& comll l‘lo\neot

B | Agg” !{6!‘%%* the OR decomposiHon

et Ae€™ Wil ar ‘&(omposiziom. A=QR. |
@M Livear s?j.skm Ax=b can fe sollved a5 follows:

Ax-b& QRx=b< a=R"'QThb.
® The delevmmant con e COmpulfJ. ﬁ'& deb & = dob(0R) = deta-dok. R

and.
’ dot R = ]T Yo
cll'l:& Tr( C“j )‘/2 o

=1 4]*1
~The OR mehxont is wmore rofust . The U mjchoo\ b B ab’scusscol

is wmore efficieut.




S——

LU cLecompoSnI?io‘ﬂ

.I'."lﬂ...‘ LeJC, “Aetf—“m be o square mu{‘vix avol AKGCMK

o kxk suBmabrix of A suh that
Y @D elxe] « Acle)i) =AGr)
hQ Vke[h-ﬂ : AetA‘K 40 =3 L, Ve C™ uch it
o) L s lower;%g’fmgﬁnr I
BV uper triavgulor.
) lii =1 | Vieln).

1 o mabrix A has au 10 decomposition, then e Ax=b
pvv.wo.m con Be  selved easip% sme L and U are cesy o imert.
12 il extsts | the olecomPosi{'\‘ou has the form:

Qn Qe ag3 Lo o Uy Wi U3
Qg Q92 Qg3 | = 'eﬂ e!l‘ O || 06 Uqe WUer

am ass aszd L by Dzllo o ug
This  expands to He poﬂowin% R n? equakions -

i Lawwg e Leg ug {—,--~+Qi£uzj=0~<'j

| Tke% can Be solved vecunivelxd,

i= - L1 uﬁji—ﬂizugjf c--t liiujj -0y

iv]: by u,j+l¢1uz5+ R F? W = aij -

Thee ore  m2+n  unbwowms  “so we require fic =1 YieDn.
3-6 Croubss alzaondchmz

A!@oriu/\m + (Craub’s LD &.ccom‘)osil-low
looUP (=4,...,m: ﬂii ={

fbop 3?—1,9.,...,?1 il
zoof' i=i,,..,j P = Ay 3_3 {muxj
. ~ [ 3~
Joop | d=jel, e L. ..%:.é.(’a(j -:%ﬁ;da@ 2'_( L'Kuxj).
emu.oop D.

This oﬂﬁormﬂw\ wmu% reaimangcs eyt ectuajn’ons m  the n‘ak{: order.



Bemark* Tlne EKl‘Sk\O(—Q 'éko.orﬂM Far ‘l’LuZ. LU JQCowlposl'ln‘m 40es ho{:
| couqrqwke. that ol AeC™ an Lo iecompomi . Some  addibonal

're.Swub $ollow :

Def :let AeC"™_ e Sety Wt A s{mu% ehu%tomaﬁg, ouinonl
it

A4 s e 7 ‘lﬂ('\l ,
: Vel ol > 3e[vi]-§%§ X

M: 11?- AH l‘br Jta%oﬂﬂﬂl& JOWH'WQWIZ =>A hus an LU olLCompole;'o -

t—’L« {441‘3 case the Crou{: a.%orlulm4 (mef work.

LD Jec:ompos’i]ciom ,kw;fgfl pivojcim&‘_‘ ,

D__e}__ : Lek 5'17:-65», @e 'I’WO ‘,per'mmluéfans.
Q) We debwe ceeSn B (e0))= o (x(0) ,¥ee)
8) owmd :’}: o l(d) & o-(j?-—%i. o

©Def Lk ceSu and ASR™. We soy Hab A is de permuobion

malrix of ¢ i o_,:j: { L, 3-'-0—((')
S o o , othawise .
nolabion  : We wrk A=P(e).

Prop : l_cl:kr cteSn Le permul-u.l:iov:s, -
a) Ploz)=P()P).

8) P(e-)=P () = PT(e).

Q) det P(o) = Sf%" (o).

cl.) sita’o (ox) = 51'%.71 (e) 513‘" (z).

For our 'c\ma%sts we are x'vakres{-c& m a pquwwﬁqr é%f&
of pevmu@qakoms.



@

Def: A permul—ukom €Sw o _tronspost Lon ©
@ d4jel] { ol(i)=4 Aol(j)=¢

o lew=k, ¥rell-14,i5.
‘noéqlzl‘on T 0 = U j)

Prop i 1 oeSn tromsposition = dot P(c) = sign(0) = -1
Tké ihyor]-uu;ﬂi of Hase Lodks {;o;&ows Afmm H WDwim%_ rcsuﬂ;:

Thm : )
Yhe ™ ¢ doeSn : Ple)A kus an LV clecomf"’Sf{:ioV}.

1—-9 The bruke fore uypdroack is to {*3 all permulmhohs 0 €n
ond find one for whid He Cm't alaorﬁntm worls.
Beller aeproc\.cldf Cov\{l'ol.er or a gren je ] He etlua(:iom:
Wi = aji “F lwwg 4'6[3].
YT
lc'J = .Ti—.- (Qij - 2;.! Lk'”-kj) . dE€ [V\] "[j]

Y
Nole that 4 for =] the equql:t'ovx for “’jj t5 Wdenbical o
the etz‘uo\,:iovx for ﬁj Qxceyé,ﬁr e division .
Then we mcua, permui Yow 3 wiH\ o row k'>j'-
Y |

X

®

o

%
e
b
X

x ¥
* X
* LS
X K

%

IR % »

This effective c\nqvx%es which malrix 4 = J.Q(omPOK,NPA.

H nﬁm wmakes sure %Q‘L "JJ #O and. ui" >>0 so uult

Yoo qf?soﬁanm s stabl.

From uﬁ,u?y;BUS{.l,j,uf){-g,,S,...,umj we choosc Ue @our
lux'\ ovd. qup rows . This boqu& e q\rotol Cyoubs QQ%on m
gmqem% down avd ve accamubale He rw peamutskin o eSy



hat works. The aﬁ?joripww now  can Be cast a5 follows:
Aﬂckonlchm E “(Crou{: wi“t PW"%'”%‘)‘

0
o= 1.
¥ ﬂooP i:l,.-.,'ﬂ : li{"—‘-i
loop j=1,9,...,m i1
EWP i"‘izr;fyi : uij = aij = Il' L'k unj

K=

=]

S il
Qoop (Q'-‘-}*'}...,M : ltj = ai\)' —-2_; Lew ij
 Seleck fgj =mo}</§uﬁ,ﬁju,5,ﬁjéz,j,.‘.-,fwj%
. qup rows (j,k) ‘o{: .
fool: i:j(—l,.-.,h : ltj‘-‘-ltj/ujj |
UUZO“--. (_i oo # remomber He row p,ermuﬁhons so for,
‘endloop. | |
note 1 This qfaori\“nm works i} ,a,'j,ﬁij‘, ucj  share. He some
m!::nor% Lhde. A He ev:J.,,,, e LU ,,Aecovuposd'xow )
red.

i e ;Qo,@owm% form ;
Uy Ue Uz Uin -1 : e
loy e gy Ugy

13{ ng_,;_ua;wugn
LIm 4 Qui, Qu,.z, Unu]
b b wmplied et L =L so wvie shrage s vewsa

for Mab. The o accumdales  P(e) Su:g: Wt
Ple)A =LV,

A??ﬁl‘(dztl'o’/ﬁ , o ,
@ Leb Ae€™™ and 4e€" e gtven. Wont 2e € sudy ‘Hnut Ax =b,
Ax=bo PE)Ax =Pl)b £ LUx =P(e)b & x= V'L P(a)b.
The L ,U"‘ can Be qPPl&goQ_ with H\».Mp of recuysiohy
we. wanHoned, eowM.Thma, can fe dene widh the &Uowm%
oj?jor'r“"‘f\m;




€,
Mofonélnm (Back sd%s@?hﬁ‘ow).

4= cb

Xy = Z R

loop {= 23 CoXe -—4@4—2: Q‘ij

Y = X[ Owp

doop - 4=w-1m-g, L x4...&.;[7c¢—jlma‘_,x5] |
L"’Iw ‘l’lm nyflm we qssuwuz,%m{, Zq L cMcl, 'h«a.{: Q(j
L shes L owd U e expquwzc',
@ Debeyminants.

ol
Ple)A = LV = det (Ple) A) = dek(Lv) = deb(P@) 8 = deb (1) deb(v)
o deb A = oebl-deb) _ detl-det) s,-an(ﬂ el deb ]

| det(Pe) suaw(«r) i
Nok. ek | "
OLELL=-?TL‘4‘= i cmuL oleiv-—TTua"-

_Fiw uol:mz Hhat ‘M LU O{Q(GIMP 0.0 or:u\vv\ 1¥ovms o as
o Qf}otbldl: m[ oL 'l:mv:sposrlwhs a
=0,09-

- s0 @‘6 Yre esl-uﬁ&s\ne& re,swu-x
.

Snan(o-') SIBM(G-‘) o)
T bolows had b A< GO"Lﬁ wi



&

S?eciq,Q ffneo\r s%slﬂms pro%m&

Y Trtilqgo na.a sté,skms .

Deb © A wmabix AeC™™ s called {'riohagoml iff
agoss =jVisjrLVia-t

\Q»A i {jn‘o\&?xafoinqﬁ, Han HNL ymgﬁew; Ax:@ 15 Cﬂ,@éﬂé e

a Jcricl\q%om)l S%sk’m of eqUGJDfOVS . :

Remark : A Jm‘o(\q%om& makrix an  Be writlen as:
i J.o No © o ]
A= Qt ‘(L % O
o flr\--‘l- A-n-‘l Un-4
Lo o L, d-t)
In ?fwzmﬁ, it s Bek fo solle %ese pro%ms widh  Girens rb%oi:ions
and GR o,lacompossﬁow.ln mg_ma,, 5pecm,Q cases howerer, He Thome)
qﬂﬁor%m con  fe wedl msl—eao‘.

..Q‘E_g_j Let Aeg™™ }Qe, a \tn'a[m&owqﬁ md;rixv,‘.:We .sma{"«n:t
A olmq:omﬂq J&mimani: @'V { e{o,,.., M?’ lehl > wili'l’b(i]

wlﬂzre Uwe c(x)ssume lo:O qvxol., Un-; = 0.

Tom = 1§ Ae€™ 5 a Jcricim?sm& matrix which s inotmafomﬂﬂ& dominat
than it can  fe Jﬂcomyosei m LU | |
do o 0 o L 0o o olfoco 0 ©
A={4 dw o |=]|a, Lt oollo & ¢ o
0 L\_wﬁ olnai Un-4 | O,Gm,_i 6lio © @,m,g_ Cn-g.
0 o Im-t Aw-) Lo o ay, Lo 0 O QM

@34‘\& Tho mas a%on‘hmu




®

Agaor{l‘\/\m ‘-,(-n'!olmns )"*syea‘aliaal:{on of Cywb) aﬁgon%m (no P’Vo%)'&).

b =do

a, =l /do

,foap K=, m-L
Q= Ek/ﬂkvl

@K "-'-(iw_ - &QK:l aur.

enowoof

‘EO?F;, ’f»-,"—uO,w.,i./'h—-i P Cp= Uk,

A Qu’neaf sas&m Ax=b can now Be solfred. aj {:oﬂows'.

A!%on‘l%m

x=4.

ﬂoof k=1, .. m-L° X =%~ OuXye)
An-1 = Xn+ /ﬁn‘l ,,,,,,

Jeo«o() k’“"zr--zi‘ Ay = (XK'QX&:H)/‘QK,



®

| Y Rank-1 upcldle of quu(\J wakrix.

,Qi_‘f'_: Let uve€ B fwo vechors. The JJ‘RC{- IPMJ-UOL' A‘-"L(@Ve—(ﬁmm
’ is Olﬂﬁl'"ei 83 cua - ui\/j.

Def: Let Ae€™ and wve €. e say #at  B=A+uev
_ 18 a crank-L updak of A

examples | |
Oleb wis o e wd o, g4
i ) 1=4o a

Thew Atiuev & thae mqln‘x A* w:lrb\ﬂ o:uaijaiv the ((.0130)

}
1. 1,4':‘0,

The Atuov 15 the wabix wal’h e 4o yow repﬁchoL
3) “Let u(=-€4‘—a£30 and, vj = {0, 1 3

v L, e
The Atuov v He wabix A wh fe jjoJCoﬁlmu replaced.
I Solows Wat “He followira modificabions are rumk-1 u‘)o{o\kst
a) Kepfacin o spec{ﬁ‘c watrix  elowent.
3) Repfoxcma a co,&mm, , B
9 @-eﬂmc;‘wa & fow.

| en’ng.
9.) Le Ug = %0 {440 OMOL V5 ::.%gﬁ"o%’oj

Def : Let Aec™ u‘y& W, Uy, Up Vi Ve, Vp e €. We say Hat
B=A+ 1 U; &V
{={

1% o val(-?. ulpolqje of A

lP-‘ A s knoow  er 9“53- k compuk Ce-g;, A s ‘Ha[maomwf) then
e nverse 01( rank-1 aud mm](-z u o[~p> o-f A can be eaﬂfg




~ Com Pu]‘ﬂl p

Alaoﬂ%m t C“Shermahm - Horhssw)

Let Ae@™ aud uved”. aud Be€" e 8(\&‘1.
To sofve (A4uav)x=b :

Solve A "l; Nl&

Sofve A‘?.- UNu

x '3 <V\‘%> -
~ RPN

Aﬂqori)c'nm . CU)ooc[.‘@ule.

Let Ae €™ and u“v‘ e V(e[p] and. ReC" fe 3{\4.\;\.
ch ?oﬂow\m% oﬂ%onpnvn Soﬁws .

(A +z Ui ®Vi) X = b.

ﬁoo? k=1 . Sonve. A2K=UK ~ Zy.
Zx= Y.El Zq -- 2?] € C“xr
V={vg---Vp]

H= (I+VH%) GCPP ~ Cuﬁg_gLnn& wnabrix

ComPulﬁ K- proﬂfuv: size 15 pxp . Swall pmeasa
Soﬁve, A = ™

x_ﬂé-i Cut-(v %ﬂ |




®

Y DPositive  defintle A - Choﬂzskq, Jecomposfhm

Det - Let x/%eC" and Ae C"™M, The quuelrml,lc form <9<IA\13> |
1y odefimed Bc& |
<xlA\%>= <xlA%>

Deg’ Le{: A»e%“m JCQ a square qu{'nx (V’EQL)
Q) Q A poscl:me semidefinike & YaxeR": <x1Alx> %o
6) A pobIJc)V'e o[e{:m;le L ’V?CEIR" Lx\Alx> >0,

Thee Leb AR™ B o mabic A A=lag] and feb
Ace=laiile K% fe su@mqjmcos

A posil:ire defintle © Yrem]: detAx >o0.
Coromx%: W A po,.SIJnn‘Tt ;cle{m”‘f_ =n A \ﬂa) an LU o\acomposfl'-'ovu
5 posi & than Hhe LQ Nﬂq,cownposf (—:’vm

| s—ot—Fhe-



| The _eigenvadnn  proflan
¥ Basic 'o&egivu' ‘LI'OWL

_Q_e_{" Leb Ae€™ fe o comp@ex Square mal:n'x.
o) The polymomtall  p@)= dobGI-A) = Cua"+Cun@* Mt oot Co
i;cqﬂeg\“&c'/« cheristic peluwo of A.
8 Tre ssb AW =12eC:pl)=0f =10, Ag,... Aud s callel
Ye sgec{‘ruw\ of A.
G) ‘e —Sq%‘%\.qt ﬁe( ,ei'%gnva)n.ﬂ. og‘ AS QG/Q(A-)

Def < Leb AeC™ aud, Ael(A).
o) The Vvo[wqucz E(ﬂ];&)r—iked“:szQx% s colled Yo

elgenispace of

.5) X};C“ s aw &a_g.gﬁmgj_mc_o{: A wih ez‘aev\voﬁuz, | o xe E(Q)‘A'),

Def : Let ABen. We say fhat
AB ar similar < A(A)=Ac@) |

_P_‘ISQ" I_e‘l: A = dsa ;{AL,;}Q.,...,QK)G(E“X”. Then
Q(A)=§ﬂ,,ﬂ§,...,2w§i q M

Remarlk : He—purpos To +in () we way o

a) Sobre Yo equ“mm detz]-M=o0 ¢

8)or {md a alm%omjz wakiix D such Yhak A0)<d)

Numexicaﬁba,, (8) 1s° ta Lost qrprchk-

Y Simifarihy,  and iwveriance

)

ng_’ let Scen fe a subspace of S. We say. Yt
S iy iwarlavt wt A © %Axlxésgt S.

M: Thal: eiﬁi:nquces E(R;4 for Ned(4) are tvrortant
wr A. |



_D_g_{:__i Let S;,VSQ, 15k Be sugquces of cY. such 'Mnat’
5:nS5 =& Y (uj)efixie] = ¢ #3.
o J
amol -M: B;',Bi, ,Bn Le JA»:L Comsfonim% Lasis -
S¢ = Spqn B¢ V4 € [“]
We defive +o divek dived sum S of S,,5,...,5 @8:

6954 =5, ©52® - BSx = span[U B¢ ).

Remqu TW. otlmehson o;: S is x
: - dims = {U&] zwn-l«l:msn

4=] : {=1
Thm : Lekb S c€" be a swhspoce @{'ﬂ and, Ae €.
£ s \quvlqw(‘: wrt o A, M«ew
FAHA) : s= @,E(ﬁ A

Ie aﬂ mvcmuwi wri: A suﬂsches o]t " are o(ntd‘ sumy O'Y' some
et%enspaces of A

Thin : Let ABXGC“M

6) AX=XB => range(X) u mvnn'qu{; wrz; A.

4) AX = xB L A(ﬁ)sm) and.
rankX=n <

) AX=X8 7~ /A(BI Q(A'} = A 9 are simifay.
,o\e{X-?LO and. mna.eX 15 fmforx’qn{; wek. A,

Remarle: In case (c} AX?XQ ==-—7‘B=X"‘kxf ~ Simt'PnYl% Yrarsform.

cmm\% : Leb Aec™ aud Xe@™ wil dobXdo,
Thon A and X 'AX are stmidar.



| ' ‘c'l‘%gmvaﬂwz_ m{wmn[a‘om_
.Dﬁ{_'_‘ Aolet Ac€™. The trace  of A 5 - ‘LVA=-§;.Q4'<',

Thn - Let Aec¥™™ ilh spec{'rum A(A).
a) The drace v ¥ sum of Yo QIS(V\\MJML}:

AeA(A)
B')«ATLQ oo lerminant 15 He PNJM& of Y EI‘GtmvaMS?

debA=TT 2.
AeA(R)

c) The condilton wumber xg(A) s guven 3«6 :

v ()= e 131 : 3 Acwd

win 3131 1AM

A) Tre singular values  $61,69,..,003 of 4 are Yo
agenaluzs of  A'A: A(A¥A) = 30,00, ..., 005,

M Leb xu e €™ oud Ae €™, The quuo!.m,{n‘c form <xlklta>
15 clefmed —@% (xl/’rla>= (xlAa}. |

;_Qf_‘f_ s Lek AelR™™ | (e say Yaak A.ls;j_)OSl'HVQ defmile &
& Yxe€™: <xlAlx> »o.
We say Yhat A posikve semidefmle &

© Yxecv: L&A > o.




kT\r\m= Let Ae@™m
«) A fo)ljdlre JQ&W'%?%-‘) Vﬁeg(A') . A>o
Q) A posil—\“n~ sevm‘o\&%vu'lﬁ_ @V?\eg(&): a>o,

Def : Leb Ae €™ oud f: "SR be o walrx nom |
Ue. sc.«a_ 'Mud: A’ 15 s{‘o‘w ) TL\Z Secluomce. Xn ‘-"—'S:(/‘f“) 15 @own&w(..

Thn_:let. Ae €™,

o) lf mox {lm:?\eﬂ(ﬂf)g<i = A s st

AR immx S1dl:de dMS <1 <> 4 s stoBle,
I’M=\'r\a.|=i.->ﬂn+r'lz,’v‘ﬂ.,ﬂ1 69(/4')

Remqr]t/().e{' : The quumh‘)-a S;(A)= mox {lﬁhﬁe/r; we coll
M,hs.pe L ro . 0¥'A.

Y Schur o&comgosf{'\‘on.

T ¢ (Schur eaorem).
Lt Ae€™™ =3 Qe such that

q) Q wm#u ) o

4) afAq = T upper *nowada.r. -

3 A;q%]‘.=(ﬁ,,’(\g,..,,1n) ‘where ’:\(,’lz,,...,ﬂn, ave el'a-envuﬂwzs
0 A. o R

Remark : 14 4u a pluty Ut o +ram{ovms APAG,  we frin
owy wakrix %Jco ! !?A:’?er +m:& alor fom teon we hore %
Foundl Yo a‘c&mmfnu_ What aéow{', ecaenwchh?

Det :let G*AG=1T 4o Yo Sobtu\f oLacompoM'Hon of A egrxy
andl. Qr—[q,({i... c[mj,
TL\Q Veo‘woks ‘1{:‘12./'-- / q" eC” are cog@zw( ‘HAQ_
Schur_veckors oF A . | :




__Qe_._{‘- Let Ae€™™ Ay wormoJ. & AYA = RAY.

I\lm_ Leb Aeguwm,
Ca)ld Ae@ o vomal = The Schur vecors arve ef?jeweo‘ors of A.
O Jwiley, Ge€™: Q¥AQ- oua?f!(ﬁ.,ﬁh,...,ﬂn)‘

.V_Din%,om,p.l‘a:fﬂ},a'%. '
Det - Le{: Aeg*™

S a) A s dagonalizable #5 IXe ™ XVAX s o(!.“%"ﬂdﬂ.
) Ay deleclive & A s net ohaaowqfr%aﬂ&‘

ji\_m__’- 1¥ m Ae(f“m s a c(m%ov\all%cxﬂcﬂe mq{'rh( wi&
XA = 0 (Q,,A({,,., w)
C\MOL X= {X, XQ---“V‘] ‘HNW Xk € E‘(QKIA')

;Re‘mqu’- H: s wnl w)mm A o(tq?gor\nuﬂ)‘&alvﬂc. Hos{: ma@n‘ms o{} ,
fﬂkm‘: con Be ‘o(ma‘ommllzeo(, OH\-QY(HI%Q., ‘Mﬁe, ﬁes{: we cau
. ;a{,o 15
Ihvp__: (Jordan decom \'Ja‘ovz).
et Aecm will ,O(l'S'l:I'MOé el'%&h,\lﬁﬂims AQ(A)-:M”Q:,-.-,QJ,L
Then FXe€™" = X'AX = JMJC 3,3, d8)  where
B 1 --- ; ]
i =|O ﬂ(."“ -\ e C
: Wi
L 0O O --- a{ .

wm(¢)xm(d¢).

l o

: L
and. 3:-'! m(ﬁi)an.

.’_D_g_f’_: The inlegers m(Ac)  corresponding to  eigewvalae ,o;' A
@ are cqﬁ@e%j. aﬂ%«e@mt‘c mu/&::\v/&‘dt%/_ of A




The J;omowina Froeosfl'fom gves an «cgeascd_ weua L cowl(q}t m () :

Prop. = Leb Aeg™  wilh davackerishe  po womial, p(2).
: e m(ﬁ)z- 1”00{; muﬂiﬂu‘d% of P(Z'g-,zbroo{: q.

ﬂ,D_g_‘_E_'- let AeC™ wand Jedin.
: laecmejeﬁg mu.ﬂ:iplftl'% of ?l =»c11mEm¢;A)

Remork : The geomebnc muﬂ;‘pﬁ‘c”& of an ex‘ﬁcumba an Ko
-0 e - s Com oL (1Y {nﬂows'.

olim E(,A) = dim {xec” ’Ax=3x§=

. dim {xech: (A-11 X=O§=

dim SCnull (4-21)=  ~ (im(mllA) + vaukt =1.)
= n-rank(A-41). 0.

‘Dm%onqﬁtznz:ft"a, 15 oieiermfmol, —ga 'HAQ {;ﬂpwm& Wswu,‘-

Thin : Leb Aegm
A o{mcaomaﬂf%ﬂuﬁ & o[t'mE(ﬁ,A)ﬂn(Q) ,Vaeg(ﬁ).

U

ton

Revnur k

At AE-@“"“ 13 ob.(cc{'\re ‘Hﬁaw an XeC™ aud «a obaa»hwe,
matix D still exst  such Hhat  AX=XD. Howerer X = has we
iurese  auel  wok aﬂ;oF it co)hmm are. e:'achveoe'vrs.

Thm - LQE Ae™  Defme recupsively-
‘ QoRo 15 O.R-oLeComPost;low ofF A

A =Ry .
QuRe 15 QR*o(/zcvmposfl-wn of Ax.
| Awsr = R Q. | ‘
14 A b ollqaomall%que = /6'111, Ag Is  upper %‘qmaulqr‘
K- too

Hémavk‘- Numzn‘cqft W\L'H«o(ls \m'ol “o wﬂm ‘H& et‘%enm}.u, pmﬂem
ave ﬂaqaeal. on '“A&s “Aunm qmo( “& qssumyiwm



et A o th%omaﬁl‘%a.@&.
lf o wakrix 5 J.cqaomoﬂt‘%a%, We can defermine wLbH»U

it s 2

V’ .D_e_£'-Le{’. AeC " qm;( 1‘—':@"""‘—»1& o mq'l’.rix norm. v
We smd, ‘Han(, A s{mﬂge & Tl«e Jequenoe Xy,.—--‘?(A“) 5 ﬂounefeol.
Thm_ s Let -Ae€ Be o diagonalizalle  wabrix
~st ¥y
S e e -VQIlQQ.é d ﬁl"—‘lﬂi’ =
A stalle o= % mox 114]: ded§ <1
o VAdedw) : 1A=L = m(l)=1.
Remarll : The c[uqv\{wl-z f(A)‘»' mox $1A1: AeAS u called Hle
, S?ec K\Lﬁuﬁ_ °¥‘ A. :




L 4 Eigl.envaﬂue, pro@@em namerical  methods.

To find He e(‘aevzvafuﬁ o o ma.%n'x c"
1) Balance the M(L‘l‘.rix
9) Reduce Hessenbera  fovw. |
3) Cowapuk the Scaur J.ecmpos?@:‘o\q, ~ ez‘a«emvaﬂuﬂ.
1f ,%%‘\wtl:v}x»’\,s . S%Mmel:n‘c. , te  Schur J-ﬂ(amposf\lfom also
Ives H»,eﬂéi%mw&on, Genermﬂ case t o
a) Dse SVD olecomyosfln‘uh Aon A-11 for ’AeQ[A).
2 0) The - charackenshe Popﬁanom'ul methool |
¢) Invene Theralion. ,
() most roBut bub inefficient
(B gqood  wiadhiods. |
main 13; . Dse tromsformakions of the form A _——x'AX & @n‘n3
+he Mqlzrix Lo Sdhur form. Best 1o we uwijmrg X, cHarwiye

Covwlikow nuwBer  will woaease.

v Moirix ,gafancina X

It o hecessary for ,nows%wmein‘c malrics. ~ heob.\ci,‘s elanwuﬂt&
, senst tivity .
Transform B=D'AD uwhae D 1 a Jcaaom)?_ ‘%malm‘x
such et B ovews avd  columps  hare o some \n{:l\ni\a_
woem. Thak & i8¢ -
- Becol(eryeq, ..., cu) = vow vy ..., tn)
'H\.?,V: P lceloo = e lloo. ,
T 'reo!uoe \mumot-oq‘ _ervor we U a D 0)0 “’L Fbrmi
D= diag (45,4, 4%
w‘/uut J 1 He dix  of the cowlpukr (usuww‘a, Z:g),



Aﬂgon-l:\ﬂm : (0sBornae quciw%).

= dua (ll, ) ,Q=i
uLo s
QooP L= 1
o= it coﬁumn of Alo
P =“t“‘rvw of Al
. =i o ) I-Q Beezrs
o lmaxgmel: ciBt 2 ] olhenube
L: i 0] ' \B 41‘“ L &y
- maxszmell\i c,!Zi“"”" | >-n§ ) £ oloruhve
J,‘ YA , |
Qnou.ooF
P J-‘Q% Q‘i‘/"lir olu)
A=P7AP.
D=DP
wL\QQ U:emma}:m% CoMollhow -Mse)

dhere e %mmdma coulion s

Vieln]: _Cedd4re go.5.(citn).
di

l‘nj_n__ T\ms qﬂaon%m Balauces Mvma&n‘x

and.  lwivales  m fnite Hma,




| Y \-\essenﬂer% reducion

_[_)_Q£ Lotk AeC™™ . We sy that A s a Hessmﬂer% mabnx &
3U,5 €C™ sudn * that
a) A=U+S
2V upper +ria wlar
) S= [sij] With Sij = §L,a5 o {=4+l
R 0, otherwire.

txqm¥h
2 e ’ma%fjx

Up  We Wy Uy
A= o Ugg Uz Uy
O g Uz Upy
. O 0 Q3 WUyy |
5 e Hesscw@era_ makvix_ |
Tl'le o.o‘.\m\vl*u%es oP o Hcssen@er M@Lﬁx are -
q.) &as&a bo com‘m,)g q{g,{:A ~N O(nﬂ).

8) Ea5n3 o compu(e QR Je,com,?osil-fovr ~ o(nY)

&) Closed undey a QR 1leralion

These ave ,esl-uut‘sw 33 the &%w'ma Hneortms .

Ih__q_y_\_-.l.ejc Aed ™" Be o HessemBer ma.ll:rl‘x andl AK=[04'3]€(E"“K
weth Kelul «ee. MM. n suﬂma 'CRS A‘I""-v--:AM-

Then - k-l e k=
det Ay = Uuk det Ayt + %1{(-0 Unmi det Aw-) ;Wmaj ]
det A, = 1.

:T_‘_\_gr__'-l.e‘t Ae€™ Lo o He)gﬂﬁ.ﬂﬂ% watix  with QR JQCDM‘)MIL\OH
| A-aR.
Then RQL s adso o Hessenﬁer%, ma):rix‘



To do o Hessenbera  reduckion we QPPA& o Nouseholdor
‘ Jaori'ul\m as Fo ouws *

A %On’nﬂm
V=L
ﬁOOP = i,ﬁ,.“, n- :

Compu!-e kqugtjao% B sach et HA zeres ou% {4)« co/eumv\
A=HAHY
V= W HI # of’l'l'on?

evuwoop. T " "

~ The Hessen reduchon 15+ B=VAV" or A=1U%B)
where B s a um'l-uy-a madrix.
LQ , 'Idou. woM%: xo Com()ujg el Vec['ors Uﬁem v muil' Qe Cou«plL[t(L
othervise b &5 wob veo:lmilrr.urM

We have aﬁreq:)‘a shown  an eH:t‘u?WL wwd. Jro Com/u‘ﬁ A

va qrh‘,cufqr , , ,

3=§(u)x => ’5( = 764'—-1,<ub‘>, U¢ for 1&,7(,66:““
11}

L <ulw> o ued”.
Now comsicler ;«asz(u), for 3,;,xe<f"”’.

¢ N
Y= ) = Y(l-—ﬁ%{ﬁ (wow) = « (1- -i%ﬁg (u*eu*)) =

= X — P2 %u*uf” = X-—,__?:_.._ <Ul,x> 'M—*H- =)

ulf% w2
ERTER? -9 Lul> u¥
- <Lulu> ‘ |
,To compu[ﬁ HA Qﬂ]&a 34‘ = N¢—9. 22"3:: Us . L QM coﬂumhg

To comPaLe AR" o;ppz& 3::7(6-9, {ulx} uf o ol rows

Luluw>
I:W%eneml—



o eQim:wdle *H»e K co&lmn b Hessehﬁera, 1Q>YW|=
56{: x=(o( OrK"'Ioi Atk Kiag ) - - a-ull)
z:(oto‘.,-,o,i,o,..-,tJ) and U=X+E lxliz

K
Y Schur c(zcompos&r‘ovl

The 'simppkgé Awa% b c.mqu the  Schar dxzcomposi);ion Y e
Ho =A , R,-‘-"—-T.
e zoo‘a k= L,2,...

Hi- = Qufe

Hi = ReQu.

2 - P
enddoop.

| p
12 A=P*TP s He Schr Jecom[;osl‘ervx of A, thwn
f:‘m PK='~P and. ﬂim He=T.

K4t KAt

Nole that each tlerobion (@R ilonblon) 15 a simu'ﬁun{\d_
,%mwsFowno.l:tovl :

| By = Re Oy = QEQKRKQK = QE Hit Qe . = Q;, He-1 Q.
Badh @R dlecompositon 15 an  OW?) operntion .

Pr a Hessevxgena_ wadrix , OA can Be calmpwltoL ICGSJM‘ with
T YD"‘WLl'OMS, The qﬂdori%m we  Hhew is:

Maoyi
Ho = U“AU ’ H,:"v
ﬁooF k=i,2,i..
Hy., = QeRy ™ Uising n-1 Givens rohations.
he = R Gu
PK= PK-(QK-
encw@or.

A; a kmimal:ima wuo‘il’l‘M monflor Yre clnqwb.e 7] Jfk oha%omal
lomonts ofF 7 Hy.



The ci%a\vqf.u%‘ of A are e J.m@omaﬁ. elomnts 07[ T
whave ﬁA=P"TP.

Thw : 1§ AeC™¥ hdii i with  Schur Jacompos&fon
A=P*TP =T s olmaomag. T=°La%(q|,...,ﬂw)

Coroﬂu%,: ’P;:-‘[vtv,;--vw] are ‘Hhe. el vec)cors ej‘:
Y e dﬁewmﬁms ’A;IQQ/...,QV!, &

ST e %emrnﬂ case Cowtpu,{'\n% e eiﬁemveokvs > wmoyre
iffrewlk

Y Findivg  eigenvedters  with SVOD.
\Y AY

Let Ae€™  aud Aed(h). The eigenspace. ECA;4) s
E (QJA)= S(XGCI:“ : AX:QXE? 3)‘-64—‘" ’(A.’QI)X‘ Of

- wall(A-A1). | -
let V*AV=D 4o He SV J.ecomposfl‘wm of A
Helbhy willh 0= dia {01,01,...,6%5

V=LVl§9_“‘V\O1 v

v.SU.nﬂ% dmE(GA) =1 = £(4;4) = span 3 v .
In %emmﬂ, it oy >olonz0 ten the eu'%ewealw- is At .
H’Z Oty = ~--=0n=0 J(‘«zvn ) E(Q}A)-:bpom {Vsm,...,Vnﬁ
This gure Y %gome{:_ni_g_. muﬂ:‘np,ﬂt‘cf o A l{vm.l,._.,v,nil. |
Comparing wi He o alsebade  mulki .Bx'q'% we con deleck
delechive ¥ matnces. This s g'{:, west bﬁur{ way b dead with

etaevuvt(}wrs..fo applta d o we needl @ wwa. bo compuk SVD.




Adgordlam = (SvD o(.QCowcpoSiHom)
LCL Aed:mun
gtwe Gurens wohabions © B=Vg AV 4o -gh'mé, A inko
Itq%oml \Q:rwl

di i © o |
B=1{ o Ag_ 'Fi o)

o O. ‘lluﬂ 'FV'"I

o O o cQ.vs

2) Afﬂé GoM kahan tkml:iOVlS on B auntil ot Comer&es: fo
- oha%avmﬂ form .
® The Golub-lkahan tleradion

Lt 8- Bidog (dy,dle ..., dn 350, Fa, oo Fnmd).

a) Set
| T:[J\%*ﬂ% Olm{!m ] m=n-1.
A | dinfy J}f'fm"
Let ﬂ;.ag,é(f Be Yo euﬁew(\h_&s of T. Sei: Qectua.ﬂ b Ye
one Yt O=mtd— s doser b oy Hefig
L) Fnd  « 81\1?»5 rlshon 6 such Yot
Ll Ll
dl‘?l 0

,‘c) Set B=B6. New Here 1 an | unwauteot ® nopzero elwant -

‘ -J-lg\ o 07.1,
Bo= |+ oo £ ©
o o dut fud

o 0 o dul

GD Use Gvens YDLm'l:lows 'Lo clmse + o'.owv! VNL ﬂtwgonaﬂ

xx+o'1 [x x 0 o
=BU'B=]o xxo| B=Blg=|oxxo
' 0 0¥ X o + X x

. 0 0 O & L0 0 O X



Y Chamcleri&):z‘c joﬁémmiqﬂ szcLool

HQQ'\DGL V{:OY'K ”
l) Cow.pukw% the o\mmckrfsi:l‘c po&dmow\iuf.
9) Cow;fu.{-iw%, o eu‘%mw(}ors i+ mabrix wot Hermi’:iuw.

Thm_: Let- ke €™ 4e a Hessmﬁer% mabix  of Hhe fom
"‘ll h\‘L hl,n-l km |
H=1@a ha hguy hay
0 ag henyu huem |
, o o) Q- hvm X ‘ .
O\WOQ. Qet Cfo(&)"'i— :.(fl(%)::kn“/ll tkvw{. , k-1
@) = Chie=A) e (A + 5 5™ bk oo (DT g
w=| 2 w

Then :

a) deb(H-1T) = gu(d). S

8) ‘£ W ois J.m%owqﬂf%uﬂp,e and. QGQ(H) an el‘a,envalu.e ; Hhon
x=col (% Xg, - Xn) with
xw = c(’u—l UA) n-| v
Xy = (07K - (A)'KW a, Ykeln-]

=K

| 1 H»z mmsPomle% e\'%cmvec}of, o

Remoyl - For Jm‘&q%waf. m«kn‘&s He 63“"“\ an recurst on
reduces  to

Gx (4) = Onuc -Q) Pu-t (3)— hK«-hK Q-1 Py-g [Q) |
: To gmo{_ ‘H/Q el

dors  of am arﬂt‘{'mnés Ae ¢
m 2 A=U%HD |
of M. Then the Ja‘a?fom?.itqh‘ovs tresorem

=XTADX  where D= dia (ﬁ.,?lz,...,ﬂn).
are the et‘%em*ec&rs of H.
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'X X O Oa
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Overall B= (,vv?-t '-‘-VU{") B (G—; VQ_-"VM—-g).

 Remark : To ‘“qpp% Wis  lembion b & s mcessané for Fiedo.
T&apico)l lerminaltov  coudihon  is:

| g eQdilldind) | Yeeld .

12 Por some ken] Sc=o, then we muwt spM'

B:[Bl 0, K
0 Bgqlmn-k

and ap_p% furbr  Goluf- kahav ilerabions on B, Bs .
A died way. b do this s the fp,ﬂﬂowiu% aﬂa,onuw

AQ%OLI{M

B=VHAV ~ didia
Qoop, {=L,,..,,;.‘,,,Vt-,i,,'-,,.I.JC Nagénl € .8_,(,.lgz'dHam,iﬂl) then agin =0
Lind, ﬁa;rcaesf q and _smaflest p sach Yt
[Bu 0 o | ¢ By d&tazolal&
B=

3@;.@-%@ A

6 By o n-p-q Bag ~ monzero supemlm%onuﬂ
6 o0 B3 q
P npq 9
i? 4n :
x} an ohu%omfl evxfhé in Bag 05 2er0 then zero Sugferollqa,omnﬂ
evléh& own same. nw
elic: Apply  colib-ahan ilebion fo ez
end.if
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a) Reoh.l(.Q Jro Hessemﬁer Fbrw;: l)o‘*AU°=H.

) Complﬁtle A04) Qa, Sdur ol.ecomposfhov).

c) Comfulﬁ ei%evwedors of H: 2,2g,...,206C"
a’—) 02‘"01‘14 e\‘%emveol'ovs r /‘f: V= Do ZK.
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