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Introduction

Fluid flows in porous media with velocity u and pressure p:

Darcy’s Law:
αu = −∇p,

the “two term” law
αu + β|u| u = −∇p,

the “power” law
cn|u|n−1 u + au = −∇p,

the “three term” law

Au + B |u| u + C|u|2 u = −∇p.

Here α, β, c , A,B, and C are empirical positive constants.
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General Forchheimer equations

Generalizing the above equations as follows

g(|u|)u = −∇p.

Let G (s) = sg(s). Then G (|u|) = |∇p| ⇒ |u| = G−1(|∇p|). Hence

u = − ∇p
g(G−1(|∇p|))

= −K (|∇p|)∇p,

where

K (ξ) = Kg (ξ) =
1

g(s)
=

1

g(G−1(ξ))
, sg(s) = ξ.

We derived a non-linear equation of Darcy type from Forchheimer
equations.
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Equations of Fluids

Let ρ be the density. Continuity equation

dρ

dt
+∇ · (ρu) = 0.

For slightly compressible fluid:

dρ

dp
=

1

κ
ρ,

where κ� 1. Substituting this into the continuity equation yields

dρ

dp

dp

dt
+ ρ∇ · u +

dρ

dp
u · ∇p = 0,

dp

dt
+ κ∇ · u + u · ∇p = 0.

Since κ� 1, we neglect the second term in continuity equation

dp

dt
= −κ∇ · u .
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Combining the equation of pressure and the Forchheimer equation, one
gets after scaling:

dp

dt
= ∇ ·

(
K (|∇p|)∇p

)
.

Consider the equation on a bounded domain U in Rn, n ≥ 2, with
boundary Γ.

Dirichlet condition: previous works with E.Aulisa, L.Bloshanskaya and
A.Ibragimov (2009), with A.Ibragimov (2011).

Here we focus on the flux condition on Γ:

u · N = −K (|∇p|) ∂p
∂N

= ψ(x , t) is known ,

where N is the outward normal vector on Γ.
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Class FP(N , ~α)

We introduce a class of “Forchheimer polynomials”

Definition

A function g(s) is said to be of class FP(N, ~α) if

g(s) = a0s
α0 + a1s

α1 + a2s
α2 + . . .+ aNs

αN =
N∑
j=0

ajs
αj ,

where N > 0, 0 = α0 < α1 < α2 < . . . < αN , and a0, aN > 0,
a1, . . . , aN−1 ≥ 0.

Notation: αN = deg(g), ~a = (a0, a1, . . . , aN),

a =
αN

αN + 1
∈ (0, 1), b =

a

2− a
=

αN

αN + 2
∈ (0, 1).
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Degeneracy - The Degreee Condition

Lemma

Let g(s) be in class FP(N, ~α). One has for any ξ ≥ 0 that

C1

(1 + ξ)a
≤ K (ξ) ≤ C2

(1 + ξ)a
,

C3(ξ2−a − 1) ≤ K (ξ,~a)ξ2 ≤ C2ξ
2−a.

Degree Condition (DC)

deg(g) ≤ 4

n − 2
⇐⇒ 2 ≤ (2− a)∗ =

n(2− a)

n − (2− a)
.

Under the (DC), the Sobolev space W 1,2−a(U) is continuously embedded
into L2(U).

No Degree Condition: minimal information

We assume (DC) throughout. By Poincaré-Sobolev inequality + non-linear
differential inequality ⇒ better results.
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Functions H

Define:

H(ξ) =

∫ ξ2

0
K (
√
s)ds, ξ ≥ 0.

Relations between H and K :

K (|∇p|)|∇p|2 ≤ H(|∇p|) ≤ 2K (|∇p|)|∇p|2 ∼ |∇p|2−a.

Why? ∫
U
K (∇p|)∇p · ∇ptdx =

1

2

d

dt

∫
U
H(|∇p|)dx .
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Poincaré–Sobolev inequality

Lemma

Let u belong to W 1,2−a(U) and satisfy either
∫
U udx = 0 or u

∣∣
Γ

= 0. Then∫
U
u2dx ≤ ϕc0,γ0

(∫
U
H(|∇u|)dx

)
,

where γ0 = 2/(2− a), c0 > 0, and

ϕc,γ(z) = cz + cγzγ , for c > 0, γ > 0, z ≥ 0.

Consequently, ∫
U
H(|∇u|)dx ≥ ϕ−1

c0,γ0

(∫
U
u2dx

)
.

We also obtain suitable Trace Theorem.
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Definitions and Notations

Let p̄(x , t) = p(x , t)− 1
|U|
∫
U p(x , t)dx , then

∫
U p̄(x , t)dx = 0 and

p̄(x , t) = p(x , t) − 1

|U|

∫
U
p(x , 0)dx +

1

|U|

∫ t

0

∫
Γ
ψ(x , τ)dσdτ.

For a function u(x , t) defined on U × [0,∞), denote

J[u](t) =

∫
U
u2(x , t)dx and JH [u](t) =

∫
U
H(|∇u(x , t)|)dx .

We will obtain various bounds for J[p̄], J[p̄t ], and JH [p] = JH [p̄].
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Main differential inequalities

Define f (t) = ‖ψ(t)‖2
L∞ + ‖ψ(t)‖

2−a
1−a

L∞ , f̃ (t) = ‖ψt(t)‖2
L∞ + ‖ψt(t)‖

2−a
1−a

L∞ .

Lemma

We have for all t > 0 that

d

dt
J[p̄](t) ≤ −JH [p](t) + Cf (t),

d

dt
JH [p](t) ≤ −2J[p̄t ](t) + ε

∫
U
K (|∇p|)|∇p̄t |2dx + εJH [p](t) + Cεf (t),

d

dt
JH [p](t) ≤ −2J[p̄t ](t) + εJH [p](t) + 2

d

dt

(∫
Γ
ψp̄dσ

)
+ Cεf̃ (t),

d

dt
J[p̄t ](t) ≤ −(1− a)

∫
U
K (|∇p|)|∇p̄t |2dx + εJH [p](t) + Cεf̃ (t),

where ε > 0 is arbitrary and Cε > 0 depends on ε.
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Non-linear differential inequality

d

dt
J[p̄](t) ≤ −ϕ−1

C1,
2

2−a

(J[p̄](t)) + C2f (t),

where C1,C2 > 0, and

ϕc,γ(z) = cz + cγzγ , for c > 0, γ > 0, z ≥ 0.

In general, consider

y ′(t) ≤ −φ−1(y(t)) + f (t),

f (t) is a non-negative continuous function on [0,∞),

φ(z) is a continuous, strictly increasing function from [0,∞) onto
[0,∞). Note that φ(0) = 0 and φ(∞) =∞.

Let y(t) be a non-negative solution that belongs to C ([0,∞)) and
C 1((0,∞)).
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Lemma

For all t ≥ 0

y(t) ≤ max{y(0), φ(F (t))} ≤ y(0) + φ(F (t)),

where F (t) is a continuous, increasing majorant of f (t) on [0,∞).

If A
def
== lim supt→∞ f (t) <∞ then

lim sup
t→∞

y(t) ≤ φ(A).
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Proposition

Let φ = cz + cγzγ , for z ≥ 0, where c > 0, γ ∈ (1, 2].
(i) Then

y(t) ≤ y(0) + CγF (t) for all t ≥ 0,

where Cγ = c + max{2, cγ}.
(ii) Let A = lim supt→∞ f (t) and β = lim supt→∞[f ′(t)]−. Then

lim sup
t→∞

y(t) ≤ CγA,

and there is T > 0 such that for t ≥ T ,

y(t) ≤ max{3, c , c2}
(
1 + β + f (t)

)
.

Note on the proof. Combination of above non-linear estimate and the
following linear estimate: φ−1(y) ≥ c−1(y − 2), therefore y(t) satisfies

y ′ ≤ −c−1y + 2c−1 + f (t), t > 0.
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Estimates of solutions - I

Set A = lim supt→∞ f (t) and β = lim supt→∞[f ′(t)]−.

Theorem

J[p̄](t) ≤ J[p̄](0) + CMf (t) for all t ≥ 0.

If A <∞ then
lim sup
t→∞

J[p̄](t) ≤ CA.

If β <∞ then there is T > 0 such that

J[p̄](t) ≤ C
(
1 + β + f (t)

)
for all t > T .

Luan Hoang - Texas Tech Generalized Forchheimer Flows in Porous Media UTPA, Mar. 26, 2011 16



Estimates of solutions - II

Theorem

JH [p](t) ≤ CJ[p̄](0) + CMf (t) + C

∫ t

t−1
f̃ (τ)dτ for all t ≥ 1.

If A <∞ then

lim sup
t→∞

JH [p](t) ≤ C
(
A + lim sup

t→∞

∫ t

t−1
f̃ (τ)dτ

)
.

If β <∞ then there is T > 0 such that

JH [p](t) ≤ C
(

1 +β+ f (t− 1) + f (t) +

∫ t

t−1
f (τ) + f̃ (τ)dτ

)
for all t > T .
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Estimates of solutions - III

Note: May happen lim supt→0+

∫
U p2

t (x , t)dx =∞.

Proposition

J[p̄t ](t) ≤ CJ[p̄](0) + CMf (t) + C

∫ t

t−1
f̃ (τ)dτ, t ≥ 1.

If A <∞ then

lim sup
t→∞

J[p̄t ](t) ≤ C
(
A + lim sup

t→∞

∫ t

t−1
f̃ (τ)dτ

)
.

If β <∞, then there is T > 0 such that for all t > T ,

J[p̄t ](t) ≤ C
(

1 + β + f (t − 1) + f (t) +

∫ t

t−1
f (τ) + f̃ (τ)dτ

)
.
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Dependence on the boundary data

Let p1(x , t) and p2(x , t) be two solutions having fluxes ψ1 and ψ2, and
initial data p1(x , 0) and p2(x , 0), respectively.
Let Ψ = ψ1 − ψ2, P = p1 − p2, and P̄ = P − |U|−1

∫
U Pdx . Hence

P̄(x , t) = P(x , t)− 1

|U|

∫
U
P(x , 0)dx +

1

|U|

∫ t

0

∫
Γ

Ψ(x , τ)dσdτ.

We have

1

2

d

dt

∫
U
P

2
dx = −

∫
U

(K (|∇p1|)∇p1 − K (|∇p2|)∇p2) · (∇p1 −∇p2)dx

−
∫

Γ
ΨPdσ.
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The degenerate monotonicity

Proposition

(i) For any y , y ′ ∈ Rn, one has(
K (|y |)y − K (|y ′|)y ′

)
·
(
y − y ′

)
≥ aK (|y | ∨ |y ′|)|y − y ′|2.

(ii) For any functions p1 and p2 one has∫
U

(
K (|∇p1|,~a)∇p1 − K (|∇p2|)∇p2

)
·
(
∇p1 −∇p2

)
dx

≥ C5

(∫
U
|∇p1 −∇p2|2−adx

) 2
2−a (

1 + ‖∇p1‖L2−a(U) ∨ ‖∇p2‖L2−a(U)

)−a
,

where C5 = C5(N, deg(g),~a).
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Differential inequality for the difference

d

dt

∫
U
P̄2dx ≤ −CΛ(t)−b

∫
U
P̄2dx + C‖Ψ‖2

L∞Λ(t)b.

where Λ(t) = 1 + JH [p̄1](t) + JH [p̄2](t).
Notation. We define for i = 1, 2,

fi (t) = ‖ψi (t)‖2
L∞ + ‖ψi (t)‖

2−a
1−a

L∞ , f̃i (t) = ‖ψit(t)‖2
L∞ + ‖ψit(t)‖

2−a
1−a

L∞ .

For i = 1, 2, we assume fi (t), f̃i (t) ∈ C ([0,∞)) and when needed
fi (t) ∈ C 1((0,∞)); let

Ai = lim sup
t→∞

fi (t) and βi = lim sup
t→∞

[f ′i (t)]−.

Set Ā = A1 + A2, β̄ = β1 + β2 .
Let F (t) = f1(t) + f2(t), MF (t) = Mf1(t) + Mf2(t), where Mfi (t),
i = 1, 2, is a continuous increasing majorant of fi (t) on [0,∞).
Let F̃ (t) = f̃1(t) + f̃2(t).
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Continuous dependence for pressure

Let W (t) = W1(t) = 1 + MF (t) +
∫ t
t−1 F̃ (τ)dτ in general case, or

W (t) = W2(t) = 1 + F (t) + F (t − 1) +
∫ t
t−1 F̃ (τ)dτ in case β̄ <∞,

Theorem

(i) If Ā <∞ and
∫∞

1

(
1 +

∫ τ
τ−1 F̃ (s)ds

)−b
dτ =∞ then

lim sup
t→∞

J[P̄](t) ≤ C lim sup
t→∞

{
‖Ψ(t)‖2

L∞

(
1 + Ā +

∫ t

t−1
F̃ (τ)dτ

)2b
}
.

(ii) If Ā =∞ and
∫∞

1 W−b(t)dt =∞ then

lim sup
t→∞

J[P̄](t) ≤ C lim sup
t→∞

{
‖Ψ(t)‖2

L∞W
2b(t)

}
.
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Continuous dependence for pressure gradient

Theorem

(i) If Ā <∞ and
∫ t
t−1 F̃ (τ)dτ is uniformly bounded on [1,∞), then

lim sup
t→∞

(∫
U
|∇P(x , t)|2−adx

) 2
2−a ≤ CM

2b+1/2
4 lim sup

t→∞
‖Ψ(t)‖L∞

+ CM2b
4 lim sup

t→∞
‖Ψ(t)‖2

L∞ ,

where M4 = 1 + Ā + lim supt→∞
∫ t
t−1 F̃ (τ)dτ .

(ii) If Ā =∞ and limt→∞W ′(t)W b−1(t) = 0 and
∫∞

1 W−b(τ)dτ =∞,
then

lim sup
t→∞

(∫
U
|∇P(x , t)|2−adx

) 2
2−a

≤ C lim sup
t→∞

(
‖Ψ(t)‖L∞W 2b+1/2(t)

)
+ C lim sup

t→∞

(
‖Ψ(t)‖2

L∞W
2b(t)

)
.
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Dependence on the Forchheimer polynomials

Let N > 0 and the exponent vector ~α = (0, α1, . . . , αN). Denote

R(N) = {~a = (a0, a1, . . . , aN) : a0, aN > 0, a1, . . . , aN−1 ≥ 0}.

Let D be a compact set in R(N). For ~a ∈ R(N), we define

χ(~a) = max
{
a0, a1, . . . , aN ,

1

a0
,

1

aN

}
∈ [1,∞).

and χ̂(D) = max{χ(~a) : ~a ∈ D}.
Then for ~a ∈ D, all constants appearing in estimates in the previous
sections can be made independent of ~a, and depend on U, χ̂(D), and ~α
only. We denote them by C∗ here aferwards.
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Equation for the difference of solutions

Let g1(s) = g(s,~a(1)) and g2(s) = g(s,~a(2)) be two functions of class
FP(N, ~α), where ~a(1) and ~a(2) belong to D. Let pk = pk(x , t;~a(k)) for
k = 1, 2 be two solutions with the same given boundary flux ψ(x , t).
Let P = p1 − p2, P̄ = p̄1 − p̄2.

1

2

d

dt

∫
U
P̄2dx = −

∫
U

(K (|∇p̄1|,~a(1))∇p̄1−K (|∇p̄2|,~a(2))∇p̄1)·(∇p̄1−∇p̄2)dx .
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Perturbed Monotonicity

Let ~a and ~a′ be two arbitrary vectors. We define max and min vectors
~a ∨~a′ and, resp., ~a ∧~a′ by

(~a ∨~a′)j = max{aj , a′j} and (~a ∧~a′)j = min{aj , a′j}.

Define χ(~a,~a′) = max{χ(~a), χ(~a′)}.

Lemma

Let ~a,~a′ ∈ R(N) = {(a0, a1, . . . , aN) : a0, aN > 0, a1, . . . , aN−1 ≥ 0}. Then
for any y , y ′ in Rn, one has

(K (|y |,~a)y −K (|y ′|,~a′)y ′) · (y − y ′) ≥ (1− a)K (|y | ∨ |y ′|,~a∨~a′)|y − y ′|2

− Nχ(~a,~a′)|~a−~a′|K (|y | ∨ |y ′|,~a ∧~a′)(|y | ∨ |y ′|)|y − y ′|.
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Main relations

1

2

d

dt

∫
U
P̄2dx ≤ −C∗

(∫
U
|∇P̄(x , t)|2−adx

) 2
2−a

Λ−b(t) + C∗|~a(1) −~a(2)|Λ(t).

By Poincaré’s inequality:

1

2

d

dt

∫
U
P̄2dx ≤ −C∗Λ−b(t)

∫
U
P̄2dx + C∗|~a(1) −~a(2)|Λ(t).

(∫
U
|∇P(x , t)|2−adx

) 2
2−a ≤ C∗Λ(t)b

(
J[P̄t ](t)

)1/2(
J[P̄](t)

)1/2

+ C∗Λ(t)b+1|~a(1) −~a(2)|.
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Limsup estimates

Theorem

If f (t) (t ≥ 0) and
∫ t
t−1 f̃ (τ)dτ (t ≥ 1) are uniformly bounded, then

lim sup
t→∞

J[P̄](t) ≤ C∗M
b+1
8 |~a(1) −~a(2)|,

lim sup
t→∞

(∫
U
|∇P̄(x , t)|2−adx

) 2
2−a ≤ C∗M

3b/2+1
8 |~a(1) −~a(2)|1/2

+ C∗M
b+1
8 |~a(1) −~a(2)|,

where M8 = 1 + A + lim supt→∞
∫ t
t−1 f̃ (τ)dτ .
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