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1. Introduction to RL



Reinforcement Learning
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What 1s AI?

Artificial Intelligence refers to systems or machines that mimic human
intelligence to perform tasks and can iteratively improve themselves based on

the information they collect.




What 1s Intelligence?

Intelligence is described as the ability of a system to effectively operate in uncertain and
diverse environments, striving to achieve goals and adapt behavior accordingly. This
adaptability is a key characteristic of intelligence, allowing systems to succeed even when
complete knowledge is lacking.

Intelligence involves the efficient use of limited resources, including time, to attain objectives. It
entails the capacity to solve complex problems, process information effectively, and improve
performance over time through learning.

Intelligence also involves appropriate decision-making based on changing circumstances and
goals, and the ability to learn from experiences.

Ultimately, intelligence is linked to achieving success in a variety of tasks and environments,
showcasing flexibility, adaptability, and the capacity to learn and improve.



What 1s ML?

Machine Learning is a field of artificial intelligence that involves training
algorithms to learn patterns from data and make predictions or decisions
without being explicitly programmed.



Machine Learning
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Machine Learning

Machine learning is progressing swiftly due to theoretical advancements in
neural networks, as well as rapid strides in hardware such as GPUs, data storage,

and the Internet.
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Machine Learning

Three categories of Machine Learning exist: supervised learning, unsupervised
learning, and reinforcement learning.
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Reinforcement Learning

Think about how a little baby starts learning to walk. Imagine being so young that
you can't really grasp what your parents are saying. Babies take on the task of
learning to walk as a personal challenge. There are those days when you take a
step but end up falling right back down. Yet, little by little, you keep at it and
eventually learn to walk through your persistent efforts.

Reinforcement learning is a way of learning by trying things out and learning
from mistakes, all without someone directly telling you what to do.



ATTEMPT 1




Examples






http://www.youtube.com/watch?v=V1eYniJ0Rnk
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Example of Env

Environment: Game

Agent: Player

ATTEMPT 1

State - Location of player and obstacles

Action - Jump

Reward - Score



Example of Env

Environment: 3D physics engine
Agent: Humanoid

State - States of body

Action - Actuators (joint motors)

Reward - Distance between body and
destination
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Example of Env

Environment: Game
Agent: Game player

State - States of bricks and location of
player and ball

Action - Move left and right

Reward - Score




Reinforcement Learning

Basically, it's a trial and error/evaluation approach.
Data is sequential and non i.i.d.
Reward delayed

Action may cause a change in next states



Goal of RL

“Learning how to act to achieve a target task through trial-and-error”

A goal in reinforcement learning represents the desired objective or outcome that an
agent aims to achieve within a given environment.

“Learning how to take actions that maximize rewards”

The agent learns to make decisions that help it get the best total rewards or
outcomes as it takes actions over time.



Sequential Decision Making Problem

The concept of Reinforcement Learning (RL) can be understood as a method or
approach used to address situations where decisions need to be made in a
sequence over time.

In reality, we encounter sequential decision-making problems everywhere in our
surroundings. For example,

Stock trading
Car driving

Game



Sequential Decision Making Problem

When we talk about reinforcement learning, we're really talking about solving a problem that's
all around us: the sequential decision making problem. Basically, that just means making a

series of choices that build on each other over time.
And we encounter sequential decision making problems all the time in our daily lives.

For example, let's say you're trying to study for a final exam. You've got a bunch of options to
choose every hour from: (1) you could hit up the library, (2) watch some YouTube videos, (3)
catch some Z's, (4) go out for some chicken at Chick-fil-a, or (5) just head back home.

So, how do you go about making those decisions in a sequence?



Example

Study (ctart state)

Watch YouTube

Go to Chick-fil-a

Sleep

Go back home (terminal ctate)

WX

Your sequential decisions could be like
1-5,

1-2-1-2-1-2-5,

1-2-3-4-5, or

1-1-1-5



Sequential Decision Making Problem

studying for an exam, you're actually faced
with a series of decisions that build on each ”

other to help you achieve your goal.

oy
gy
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Even in a seemingly simple scenario like _ i V‘
L | y

|

Each decision you make puts you in a
different situation with new choices to
consider, and each of those choices can then =
affect the outcome of future decisions.



Sequential Decision Making Problem
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Reward

Our goal is to maximize the cumulative
reward.

Reward is scalar.

Reward could be sparse and delayed.




Action

Discrete values

Continuous values




Agent

An agent functions as an actor, engaging in actions within its environment.
It embodies the role of the brain in a reinforcement learning algorithm.

Guided by the state and reward information from the environment, the agent
makes decisions.

The agent sends its chosen actions to the environment that sends a new state
and reward to the agent back again.




Environment

All components excluding the agent are referred to as the "environment.’

The environment plays a crucial role in shaping the agent's state following its
actions, and these shifts in state are labeled as "state transitions."

While time could theoretically flow continuously, in the context of problems
involving sequential decision-making, we conceptually divide time into discrete
timesteps. Within each of these timesteps, both the agent and the environment
engage in actions, consequently altering the current state.



Pros and Cons of RL

Pros:

Versatility: Can be applied to various domains, from games to robotics.
Autonomous Learning: Can learn from interaction without explicit supervision.
Adaptability: Can adapt to dynamic and changing environments.

Complex Strategies: Can discover intricate strategies beyond human intuition.

Continuous Improvement: Can continue learning to refine performance.



Pros and Cons of RL

Cons:

Sample Inefficiency: too large space of states to explore.

Exploration Challenges: Balancing exploration with exploitation

Reward Design: Designing appropriate reward functions can be difficult.

Stability and Convergence: Learning instability and convergence to suboptimal solutions can occur.

High Computational Demands: Training can be computationally intensive (High CPU bound envs)



RL Applications in Robotics

Learning and Adapting Agile Locomotion Skills
by Transferring Experience

Laura Smith, J. Chase Kew, Tianyu Li, Linda Luu, Xue Bin Peng, Sehoon Ha, Jie Tan, Sergey Levine
Berkeley Artificial Intelligence Research, Berkeley, CA, 94720
Email: smithlaura@berkeley.edu

Fig. 1: Agile sKkills learned with our proposed method enable the Al robot to jump repeatedly (left) and walk to a goal location on its hind legs (right).

Abstract—Legged robots have enormous potential in their
range of capabilities, from navigating unstructured terrains to
high-speed running. However, designing robust controllers for
highly agile dynamic motions remains a substantial challenge
for roboticists. Reinforcement learning (RL) offers a promising
data-driven approach for automatically training such controllers.
However, exploration in these high-dimensional, underactuated

Reinforcement learning (RL), on the other hand, provides
a powerful framework for autonomously acquiring robotic
skills. However, learning agile locomotion policies end-to-end
remains challenging for a few fundamental reasons. Foremost
is that tasks with such high-dimensional systems—12 degrees
of freedom for the A1 quadruped—are woefully underspeci-




RL Applications in Robotics




RL Applications in Robotics
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In the near future, we could expect something like thic!



RL Applications

Robotics

Game, Animation, and VR
Recommender Systems
Cybersecurity

Trading

And the list goes on (far beyond your imagination - Nearly every field)



Learning Physieally Simulated Tennis Skills from Broadcast Videos 4

Haotan Znang’', Ye Yuan-, Viktor Makowychuks, Yunrang Cuo,
Sarmga hidder 0 Xue Bin Peng’ *, Kayvon Fatababan

» whin

' \l'nkrl : Ao P vk
O unerd ‘'SANVIDIA ‘roionio Y e



http://www.youtube.com/watch?v=ZZVKrNs7_mk

Markov Decision Process



Markov Decision Process

Markov Decision Process (MDP) is a mathematical
framework to model a decision making problem.

The concept of MDP might appear intricate if
approached immediately.

Hence, let's commence with a gradual introduction
using a basic model.

Initially, we will elaborate on the Markov Process,
followed by the Markov Reward Process. Lastly,
we will delve into the Markov Decision Process.

Markov Process

Markov Reward Process

Markov Decision Process
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Markov Process
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Markov Process

The diagram represents a model of the final exam preparation scenario we
discussed earlier using a Markov process. In this process, there are a total of five
possible states a student can be in: studying, watching YouTube, sleeping,
eating, and going home.

The process always starts in the studying state, and after a certain period of time
(e.g. 30 min), it transitions to the next state. Going home is the exit state, after
which the Markov process terminates.



Markov Process

A Markov process is defined as a stochastic process in which the next state
depends solely on the current state and not on any previous states.

The probability of transitioning from one state to another is predefined and
follows a certain probability distribution.

We call it transition probability matrix P that describes the probability of
transitioning from one state to another.



Markov Process

We can represent the Markov Process for this scenarioas vp = (s, P),where
S={s, s,,s,,s,,s,},and Pis a matrix where P__, represents the probability of
transitioning from state s to state s .

P__, is a conditional probability and can be expressed as P[s_, =s'|S =s] .

The sum of probabilities for all possible transitions from a given state must
always equal 1.



Transition Probability Matrix

study youtube chick-fil-a sleep home
study 0.6 0.4
youtube 0.4 0.6
chick-fil-a 0.6 0.4
sleep 1.0
home 1.0




Implementation

import numpy as np

# Define the transition probability matrix P

P = np.array([[0.6, 0.4, 0.0, 0.0, 0.0],
(0.4, 0.0, 0.6, 0.0, 0.01,
(0.0, 0.0, 0.0, 0.6, 0.47,
(.o, 0.0, 0.0, 0.0, 1.01,
(0.0, 0.0, 0.0, 0.0, 1.011)

’ ’ ’ ’

# Define the initial state distribution
state = 0
# Simulate a state change sequence
sequence = [state]
while True:

state = np.random.choice (5, p=P[state])

sequence.append (state)

if state ==

break

print ("State change sequence:", sequence)



Outputs

import numpy as np
# Define the transition probability matrix P
P = np.array([[0.6, 0.4, 0.0, 0.0, 0.0],
[0.4, 0.0, O. ! .
[0.0, 0.0, O.
[6.8, B.8, 0.
[8.8, 8.8, 8.
# Define the initial state
state = 0
# Simulate a state change sequence

sequence = [state]
while True:
state = np.random.choice(5, p=P[state])
sequence.append(state)
if state ==
break
print("State change sequence:", sequence)

State change sequence: [0, 1, 0, 1, 2, 3, 4]



Markov Property

What's the origin of the term "Markov process"? Well, the name Markov carries
significant meaning. This stems from the fact that every state within a Markov
process adheres to the Markov property defined as

This property can be summed up as follows: "The future is solely influenced by
the present.” In essence, this signifies that when calculating the probability of the
next state, the outcome is contingent on the current state. Any prior states
experienced do not impact the probability of the next state.



MRP



Markov Reward Process

The Markov Reward Process (MRP) is a variation of the Markov process where
rewards are added to the states.

The MRP is represented by the tuple (s,P,R,vy) .

The reward R represents the amount of payoff received when transitioning to a
certain state s.



Markov Reward Process
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Markov Reward Process

Reward

The reward, denoted as R, signifies the reward granted upon reaching a specific
state, s. Mathematically, it can be represented as:

R = E[RtISt=S]

This calculation of the expected reward value is necessary due to potential minor
variations in the reward even when in the same state.

In the context of our illustration, we previously considered a scenario where the
reward was constant.



Markov Reward Process

The discount factor y is a value between 0 and 1. It helps to distinguish the value
of immediate rewards from those obtained in the distant future by multiplying
the value of the expected future reward by y several times. This makes future
rewards less valuable compared to immediate rewards.

For a clearer comprehension of the discount factor, it's important to grasp the
concept of "Return,” which signifies the accumulation of future rewards.



Markov Reward Process

In the context of MRP, each change in the state results in the acquisition of a
corresponding reward. Specifically, when transitioning from initial state S, to
subsequent states S, S,,, ..., and eventually reaching end state T, the associated
rewards are denoted as R,R, ...R; respectively.

SO7R03 SlaRla 527R27 « ooy STaRT




Markov Reward Process

In the realm of reinforcement learning, such a sequence of states and rewards
constitutes an "episode.”’

Within this framework, we can compute the "return” denoted as Gt, which
signifies the cumulative sum of anticipated rewards to be obtained from time t
onwards. This notion can be mathematically represented as follows:

Gt = Riy1 +YRi2 + Y Reys+. ..



Markov Reward Process

Gt = Riyy1 +YRii2 + V' Regs+. ..

where R, is the immediate reward received after taking an action at time t, y is
the discount factor between 0 and 1 that determines the relative importance of
immediate and future rewards, and y¥ is the k, power of y.



Discount Factor y (gamma)

y is set to a value between 0 and 1.
Mathematical convenience

Reflecting uncertainty about the future
Reflecting people's preferences



Value of state (State Value Function)

In MRP, what states are valuable and how can we define their value? The value of
a state is determined by how much reward it is expected to receive in the future,
regardless of the rewards received prior to reaching that state.

To obtain the value of a specific state, we need to calculate its return. However,
since the state transitions in MRP are stochastic, the return will be different for
each episode. So how do we evaluate the value of a state?

The answer is through expected values. But before diving into that, let's first
understand how we sample episodes.



Sampling

In reinforcement learning, sampling is a crucial technique used to obtain certain
values, and this method is known as the Monte Carlo approach. To demonstrate
this approach, let's consider the MRP example for the final exam preparation that
we discussed earlier and sample several episodes from it.

For instance, let's assume that the current state is watching YouTube, and then
we can obtain the following results through sampling.



Sampling

import numpy as np
# Define the transition probability matrix P
P = np.array([[0.6, 0.4, 0. y 0l @ -
[0.4, 0.0, O. . 0.0],
[0.0, 0.0, 0. . 0.4],
1e10) Clsltly (s . 1L 00
[0-0, 6.0, 0. . 1501008
for i in range(5):
# Define the initial state distribution
state = 1
# Simulate a state change sequence
sequence = [state]
while True:
state = np.random.choice(5, p=P[state])
sequence.append(state)
if state == 4:
break
print("State change sequence:", sequence)

sequence:
sequence:
sequence:
sequence:
sequence:




Episode 1

Episode 2

Episode 3

Episode 4

Episode 5




State Value Function

To determine the value of a particular state, we need to define a state value
function. This function takes the state as input and gives the output as the
expected value of the return. As mentioned earlier, since the return varies for
each episode, we use the expected value to calculate the state value.

The formula for state value functionis v (s) =E (G, 1S,=s), where v (s) isthe
value of state s, G, is the return obtained after time t, and S,.=s means that the
current state is s.

For example, let's find the value of state s. (YouTube).



Episode 1

+0*y Ay +0*y

Episode 2

+0*y 1%y +0*y

Episode 3

+0*y +0*y

Episode 4

+0*y +0*y

- +1*Y +0*Y _‘I*Y3 Y +0*Y



Episode 1

Episode 2

Episode 3

Episode 4

Episode 5

+0*0.9

_1*092

+0*0.9°

=-1,81

+1*0.9

+0*0.9

+0*0.9

= +1*0.9

+1%0.92

+0 * 0.92

+0 * 0.92

_1*093

-1

+0*0.9* -1%0.9°

-1*0.92

+0*0.98

-1*0.94 +0*0.9°

+0*0.9°

=-1.5661

=-0.6095



MDP



Markov Decision Process

MDP stands for Markov Decision Process, which builds on Markov Processes
(MP) and Markov Reward Processes (MRP) by adding the element of action.

While in MP and MRP the next state is determined by the transition probability,
MDP involves an agent that selects an action.



MDP

The MDP is defined by the tuple (S, A, P R, gamma), where A is a set of possible
actions.

P is the transition probability matrix, which differs from that of MP and MRP in
that it incorporates the action component.

Specifically, P?__ represents the probability that the next state will be s’ given the
current state s and the action a chosen by the agent.




MDP
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MDP

In MDP, the reward associated with taking a specific action in a given state is
defined as rR®_, which represents the expected reward received at time t+1,
given that the agent is in state s and chooses action a.

The use of expected value is important because the reward can vary even if the
same action is taken in the same state.



MDP




Policy Function

A policy, or policy function, is a function that determines which action the agent
should select in each state.

m(als)=P[A =alS =]

For instance, suppose that in state S, the possible actions are a,, a,, and a, .
The policy function determines the probabilities assigned to each of these
actions. As an example, m(a,ls,)=0.2, n(a,|s,)=0.5, and m(a,ls,)=0.3, and the
sum of the probabilities must always be 1



State Value Function

The state value function in MDP is very similar to the value function in MRP, with
the main difference being the incorporation of the policy.

In MDP, the action is determined based on the policy instead of the transition
probability matrix.

U (8) = Brlrers +yrese + 2+ ..o |Se =]

— Eﬂ- [Gt|St = 8]



Action Value Function

The action value function, which is a critical concept in MDP, assesses the value
of a specific action that is taken in a particular state.

qﬂ—(S,A) = EW[Gt|St E S,At e CL]

This equation expresses the expected value of the return you can expect to
receive when you choose action a from state s and then follow the policy 1.



Prediction and Control



Prediction and Control

Given MDP there are two tasks.

1. Prediction: Problem to evaluate state values given policy
2. Control: Problem to find optimal policy, "



Grid World

So S S, S3
Sq =i Sg S7
88 S9 S10 S11
S12 S13 S14 Si5

Start: s,
End: s,
Reward: -1 per step

Policy: Uniform random



Prediction

->S return = -1

S 15

11

S117>8,07>S147>S 5 return = -3

811'>S7->S6->S10->S11->S return = -5

S

S11778,7285728,7285728,7>5¢7>8, 1725972513775, ;778,754 7S

iS5

return =-13



Control

Optimal policy: 1t is the policy which return is
largest.

The optimal value function, denoted as v*, is the
value function that emerges when adhering to the
optimal policy.




Bellman Equations



Bellman equation

Given MDP there are two tasks.

1. Prediction: Problem to evaluate state values given policy
2. Control: Problem to find optimal policy, "

To solve the prediction and control problems, we are going to use the Bellman equation.

We're going to explore how to compute value in the value functions we learned previously.
At the center of this process lies the Bellman equation - a super useful formula that allows
us to calculate the value of a state or a state-action pair. So, let's dive in and take a closer
look at this equation!



Bellman equation

e The Bellman equation is a formula that helps us understand the connection
between the value at one time ( t) and the value at the next time (t+1).

e It also tells us how the value function and the policy function are related.
e It's arecursive function.

o If you're familiar with those topics, this equation might feel easier to grasp. But don't worry if

you're not - just take it one step at a time and you'll get the hang of it!



Bellman expectation equation



Bellman expectation equation

The Bellman equation is also known as the Bellman expectation equation.

It can be a bit daunting at first, but it's actually broken down into three versions
that make it easier to understand.

And as you go through each step, it gets more and more intuitive.

Co let’e take a clocer look at the three vercions!



Please recall the previous slide
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Ver. 1

’Uw(st) = Eg [Tt+1 2 ’Y’Uw(3t+1)]

QW(Staat) = E, [rt+1 + '7Q7r(3t+17 at+1)]



Memory Test

Now, memorize the Ver. 1 equations and try to write them on a blank paper!

’U7r(3t) = E, [Tt+1 2 ’Y’Uvr(StJrl)]

qﬂ'(staat) = E, [T't+1 + ”YQW(StH, at+1)]



Expected value

It's worth noting that we use expected
value in the equations. The reason
behind it is because there is a
stochastic element involved.

When we look at the state value
function, we notice that it includes s,
in the formula, but we don't know what
s, . will be at time t. This is because

t+1
S,.; depends on two probabilities.




Ver. 2

Ur (8) = ZaEA m(als)qx(s,a)

g-(s,a) =71¢ + 723’65 P o)

In the second version, we have two different expressions - one that represents state
values using action values, and the other that represents action values using state
values. Let's take a closer look at each of them.



Ver. 2 - State value function

2.a7(a]5)4x(s,a)

This equation tells us that the state-value function for a particular state can be
obtained by taking the weighted sum of the action-values for each possible
action in that state, with the weights given by the policy function m(als) .

In other words, the state-value is the expected value of the action-values under
the policy 1.



Ver. 2 - State value function

Uz(5) = Dipe s 7(al$)qx(s, a)

I e

i g Dl Value of

state s




Ver. 2 - State value function

e d(sla)=1.7
pi(a,|s)=60%

vr(8) = 22, m(als)gx(s,a)

— n(a1]s) * ga(s, a1) + 7(az]s) * az(s,a2)

=006%1.7+04%2.3

= 2.86
pi(a,|s)=40%

® ((sl|a,)=2.3



Ver. 2 - Action value function

Value of state

Valge 0 Immediate
action a Feward
give state s




Ver. 2 - Action value function

Gr(8,8) =78+ Y ace Privy(s')

— M ay ai
- rs + Pssgmy ,Uﬂ' (ngy) + Pssorange ,Uﬂ- (Sorange)

=05+0.7%x1.54+0.3 % (—1)
= 1.25




Memory Test

Now, memorize the Ver. 2 equations and try to write them on a blank paper!

U (8) = 2aca m(a]8)qx (s, a)

4r(s,0) = 19 + 75 PLvq (8)



Final

Ur(8) = Dqca m(als)(rs +’stespafvw( s'))
dr(s,a) = 1§ +’7Zs es P Za’eA m(a'|s')gx(s',a’)



Final - State value function

Ur(8) = 2., (a18)8x(8, @) = D Loc s (al8)(rs + 7 2y s Py vn(s))

Substitution

Ver. 2 qﬂ-(s, a) — ’rs +7ZS be=g Pa’vﬂ'( )



Final - Action value function

qr(8,@) =75+ 792 yes Pyvn(s) =15 +92 ges Py 2weca™(a’|s')ax(s', ')

Substitution

Ver. 2 'U7r(3,) — Za' 7!'(0,’ Is,)%r(sl, CL,)



Memory Test

Now, memorize the Bellman expectation equation (Final version) and try to write
them on a blank paper!

Ur(8) = Dgca m(als)(rs +72865P0,vﬂ( s'))
qr(8,a) = 1§ +’723 es P Za’eA m(a'|s")gx(s',a’)



Reward Function and Transition Probability

When computing the state value function and action value function, there are two
key pieces of information that are essential:

R? - Reward for selecting an action in each state

This represents the reward associated with taking a specific action within a given
state.

P?, - Probability distribution of the next state when an action is chosen in each state

This describes the likelihood of transitioning to the next state when a particular
action is taken in the current state.



Model Free vs Model-based

These elements are integral components of the environment. When we possess
knowledge about these aspects, we refer to it as having a "known Markov
Decision Process (MDP)."

However, in many cases, this information is not readily available. In simpler
terms, when we need to learn and make decisions without prior knowledge of the
MDP, we employ the "model-free" approach.

Conversely, if we have a clear understanding of the MDP, we use the
"model-based" or "planning” method.



Bellman optimality equation



Bellman optimality equation

These functions represent the maximum expected return achievable from a
given state or state-action pair, under the optimal policy.

Once we have these functions, we can use them to determine the optimal policy,
which is simply to take the action with the highest expected value from each
state.




Ver. 1

v, (st) = maxg E[ryy1 + vy (st41)]

Q*(sta a't) =— IE:’[’rt+1 + ymax, Q*(St+17 a',)]

Pi?

Expected value?



Ver. 2

vy (8) = max, q«(s,a)

gi(8:8) =75 ¥ 9 . sca PYivels’)



Final - Bellman Optimality Equation

v (8) = max, qu(s,a) =maxg(r§ +79 ). 100 Poivil(s))
05, 0) =78 + 7 Y oo P08 ) =98 + 93 oo Poymax. guls’;, &)



Final - State value function

Vel 8) = max, gulee) = mes, (0f 9 so Pl (s’))

Substitution




Final - Action value function

gl 8,8) = 2 ‘l‘”YZSEsPa'U*( =49 Y g P2 a0 §.(88)

Substitution

Ver2 U, (3) — INnax, q*(s7 a’)



Memory Test

Now, memorize the Bellman optimality equation (Final version) and try to write
them on a blank paper!

v (8) = max, (75 +7).. ESP",'U,.:( s'))
Gl 9, 0) =78 + 5 ) i, A%, §.(8, @)



How to estimate value and policy
functions when MDP 1s known



Planning

e We will learn how to evaluate the value of each state given a fixed policy m,

and how to find the optimal policy function assuming MDP is known.

o  Value function (state value function and action value function)
o Policy function

e Our goal is to find the optimal policy function that maximizes the expected
cumulative reward over time.
e Planning

o Inreinforcement learning, "planning" refers to the process of using an assumed model of the
environment (MDP) to explore sequences of states and actions and optimize a policy.




Simple environments

To begin with, we will start with simple problems and gradually increase the
complexity.

A small problem refers to an MDP where the size of state and action sets is
small, and where we know the reward function and the transition probability
matrix.



Grid World

Consider a grid world environment with
16 states and 4 possible actions. The
agent starts in the start state (s, ) and
the episode ends when the end state
(s,;) is reached.

The reward is -1 for each step, and the
given policy is a uniform random move,
with each action having an equal
probability of 25%.
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[terative Policy Evaluation

Iterative Policy Evaluation (IPE) is a method of estimating the value function for
a given policy in a MDP.

The basic idea is to initialize the value function to some arbitrary values and then
repeatedly update the values using the Bellman Expectation Equation (BEE) until
they converge.

To simplify the problem, we assume that all transition probabilities are fixed to 1,
meaning that the direction of the action chosen determines the next state
immediately. We also set y (gamma) to 1.



Step 1 - Initialization

To start with iterative policy evaluation, the first step is to initialize the value
table to O.

Although the initial values don't represent any meaningful value, they will be
gradually updated through an iterative process to converge to the actual value
of each state.



Step 1 - Initialization

SO S1 S2 83
S, S Se s,
s s s s




Step 2 - Update state values

To start, we use the Bellman equation to calculate the expected value of being in
state s,.. This involves summing up the expected rewards and discounted future
values for all possible next states, weighted by their transition probabilities.

Ur(8) = 2aca m(als) (75 + 72 g5 Provn(s'))

vr(s5) = 0.25 % (=1 +0.0) 4 0.25 % (—1 + 0.0) + 0.25 % (—1,0) + 0.25 * (—1 4 0.0) = —1.0



Step 2 - Update state values

0.0 0.0 0.0 0.0
0.0 -1.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0




Step 3 - Update other states

Update all the 15 states except for the last one in the same way.

0.0 0.0 0.0 0.0
0.0 -1.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0

»

-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 0.0




Step 4 - Interations

Repeat step 2 and 3 until the values in the table converge to their actual values.

The number of iterations is denoted by k, and as this process continues, the
value of each state converges to a certain value, which is the actual value of that

state.

It'c magical how the iterafive process can progrecsively enhance
the accuracy of the valuec in the table!



k

1

-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 0.0

k=0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
k=3
-3.0 -3.0 -3.0 -3.0
-3.0 -3.0 -3.0 -2.94
-3.0 -3.0 -2.88 -2.4
0.-3.0 -2.94 -2.4 0.0

Kk
-2.0 -2.0 -2.0 -2.0
-2.0 -2.0 -2.0 -2.0
-2.0 -2.0 -2.0 -1.75
-2.0 -2.0 -1.75 0.0

k=20

-59.4 -57.4 -54.3 -51.7

-57.4 -54.6 -49.7 -45.1

-54.3 -49.7 -40.9 -30

-51.7 -45.1 -30 0.0




[terative Policy Evaluation

So far we have learned how to calculate the value of each state given a policy.

If information about the MDP is known and its size is small enough, the value of
each state can be obtained when the corresponding policy function is followed
for any policy function.

Now, let's look at how to find a better policy function by modifying the policy,
rather than in a situation where the policy is fixed.



Greedy Policy

Take a look at the results of iterative policy evaluation.

Let's say we are currently in the blue state, s, which has a
value of -54.6. What direction should we move in now to get
to a state with a higher value? Moving east or south would
increase the value to -49.7, making it a good choice. Based
on this observation, we can create a new policy, 1, as

follows: mn(a, . Is;)=1.0 or n(a, , Is;)=1.0.

R| ht Down

This new policy is referred to as a greedy policy since it
involves making choices that maximize immediate rewards
without considering the future.

-59.4

-57.4

-54.3

-51.7

-57.4

-54.6 =

»>-49.7

-45.1

-54.3

-49.7

-40.9

-30

-51.7

-45.1

-30

0.0




Greedy Policy

It is possible to find a better policy for all states in a similar way to finding the
greedy policy at s, .

k=©° Greedy Policy
-59.4 -57.4 -54.3 -51.7 — l
A
-57.4 -54.6 -49.7 -45.1 —> l
-54.3 -49.7 -40.9 -30 = l
Y
-51.7 -45.1 -30 0.0 — —> —| End




Policy improved!

As we saw in the previous example, by using iterative policy evaluation to find the value
of each state with a random policy, we were able to determine the optimal policy for a
single state.

This led us to the idea of using this approach to find a better policy for all states. By
taking the greedy action in each state based on the values obtained from iterative
policy evaluation, we obtained a slightly improved policy.

It's worth noting that in more complex problems, the new policy may not match the
optimal policy, but the important point is that it's an improvement over the previous
policy. This is the key idea behind the policy iteration algorithm that we will discuss
next.




Policy Iteration

e Policy iteration is a two-stage process that involves policy evaluation and policy

improvement.
o It all starts with a random policy.
o Inthe policy evaluation stage, the policy is kept fixed, and the iterative policy evaluation method we
learned earlier can be used to evaluate the state value.
o  Once policy evaluation is complete, we move to the policy improvement stage, where we update the

policy to a new one using the greedy policy for v(s).
o  We then go back to policy evaluation with the new policy.

e This cycle of evaluation and improvement is repeated until the state values
converge and stop changing. The converged values and policies become the
optimal values and policies.



Policy Iteration

In summary,

1.
2.

3.

Initialize a random policy.

Evaluate the policy using iterative policy
evaluation.

Improve the policy by selecting the Vo
greedy action based on the value
function obtained in step 2.

Repeat steps 2-3 until convergence.

starting




Early stopping

In policy iteration, the policy evaluation stage involves updating the value
function for each state using the Bellman equation until the values converge to a
stable state. However, in some cases, it may take many iterations for the values
to converge, which can be computationally expensive and time-consuming.

To address this issue, early stopping can be used during policy evaluation. This
means that the value updates are stopped before convergence is reached, and
the partially updated value function is used to update the policy. This can save
computational resources while still achieving good results.



Early stopping

One way to implement early stopping is to set a maximum number of iterations
for the value updates.

Another approach is to set a convergence threshold, where the value updates are
stopped once the difference between the current and previous value estimates
falls below a certain threshold.

By using early stopping, policy iteration can be made more efficient without
sacrificing too much accuracy.



Early stopping
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Value Iteration

In value iteration, the goal is to directly find the optimal value function and the
optimal policy without the need for separate policy improvement steps.

This is achieved by repeatedly applying the Bellman Optimization Equation,
which expresses the optimal value function in terms of the maximum expected
reward achievable from the current state.



Value Iteration

The algorithm starts by initializing the value of each state to an arbitrary value,
typically 0.

Then, in each iteration, the algorithm updates the value of each state by taking
the maximum expected reward achievable from that state according to the
current value function and the transition probabilities of the MDP.

vy (8) = max, (rs +9) g Pots(8))

This process continues until the value function converges to the optimal value
function.



v.(s5) =mazx(—1+1.0%x0,—1+1.0%x0,—1+1.0%0,—1+1.0%0) = —1.0



k

1

-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 -1.0
-1.0 -1.0 -1.0 0.0

k=0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
k=3
-3.0 -3.0 -3.0 -3.0
-3.0 -3.0 -3.0 -2.0
-3.0 -3.0 -2.0 -1.0
0.-3.0 -2.0 -1.0 0.0

Kk
-2.0 -2.0 -2.0 -2.0
-2.0 -2.0 -2.0 -2.0
-2.0 -2.0 -2.0 -1.0
-2.0 -2.0 -1.0 0.0
k=20
-6.0 -5.0 -4.0 -3.0
-5.0 -4.0 -3.0 -2.0
-4.0 -3.0 -2.0 -1.0
-3.0 -2.0 -1.0 0.0




