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Past and Current Research Summary
— Zhijun Qiao

e In recent years, my research work mainly focused on nonlinear integrable dynamical
systems and hierarchies of nonlinear evolution equations, which provide a strong inter-
disciplinary connection between mathematics and theoretical physics. As shown by my
publications list, I have already accumulated crucial experience and skills in dealing with
r-matrices, Lie algebra, and explicit solution of nonlinear integrable systems.

e For finite dimensional canonical Hamiltonian systems, I proposed a new approach to show
the integrability. Using the fundamental Poisson bracket, I constructed a generalized
r-matrix structure and generalized Hamiltonian functions for the case where the Lax
matrix is 2 X 2, which covered most of the constrained (c-) Hamiltonian systems such
as the c-AKNS, and the c-MKdV etc, as well as generating new integrable systems.
Surprisingly, I found that two distinct systems, one discrete and the other continuous,
share the same constant r-matrix, Lax matrix, and involutive conserved integrals. In
particular, I obtained the first constant r-matrix of the Toda symplectic map which is an
important discrete system, and furthermore found several pairs of different Hamiltonian
systems with common r-matrices. Moreover, I developed my Lax matrix approach to
present the explicit solutions of integrable nonlinear evolution equations. This approach
was proven to be valid through concrete examples. In this sense, I successfully constructed
a useful procedure from finite dimensional flows to infinite dimensional systems. Please
see my representative papers [1, 2, 6] and my book [4].

e Additionally, I also proposed a scheme to construct the Lie structure and r-matrix for
the generalized nonlinear evolution equations. I introduced the generalized nonlinear
evolution equations and presented a general framework to produce the Lax pairs. This
framework embraced the isospectral and the non-isospectral hierarchy of nonlinear evo-
lution equations as well as the positive order and negative order hierarchy. In particular,
I proposed a method to generate the negative order hierarchy and to obtain its Lax pair.
Therefore, I have unified the usual higher-order (i.e. positive order) and the negative
order hierarchies in one generating pattern. All these hierarchies were proven to have the
Lax representations. Please see my representative paper [3].

e These research achievements have already created large impacts in my research area. My
articles have been quoted by experts as well as being reviewed by the worldwide review
journals Mathematical Reviews (USA) and Z-Maths (Germany).

e For more details about my research work, see my Publications List.
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— Research Plan
Nonlinear Integrable Complex Dynamics

— Zhijun Qiao
e Background

The dynamics of interfaces separating two phases has been the subject of intense research
over the years. The formation of moving interfaces is an important part of a great variety
of non-equilibrium physical phenomena, such as electro-deposition, viscous fingering in
a Hele-Shaw cell, diffusion-limited aggregation, as well as Kelvin-Helmholtz, Rayleigh-
Taylor, and Richtmyer-Meshkov instabilities. Interfacial motion is typically much slower
than the processes that take place in the bulk of both phases, such as heat transfer and
diffusion. In this case, the scalar field governing the evolution of the interface satisfies
the Laplace equation. For this reason we call this process Laplacian growth, and its
evolution is governed by the Laplacian Growth Equation (LGE).Although the LGE has
integrable structure such as infinite conservation laws, the canonical Poisson structure,
and a relationship with the 2D Toda hierarchy, an open question is whether it is completely
integrable? If the answer is yes, how does one find its explicit solutions? It is also
important to study other interface phenomena from the same point of view. In the
framework of geometrical dynamics, we propose to answer these questions by applying a
new method.

e Proposed Work

Our research concentrates on new types of explicit solutions of integrable dynamical equa-
tions, both real and complex, occurring in surface dynamics, fluid mechanics and other
physical sciences. We will use a constraint procedure on a symplectic manifold that I
have recently developed and which turned out to be very powerful and fruitful in re-
vealing hidden mathematical structure in complex nonlinear models (technical details are
in my book — Zhijun Qiao (2002): Finite-dimensional Integrable System and Nonlinear
Evolution Equations (English Edition), Chinese National Higher Education Press, PR
China). In short, this procedure links finite-dimensional integrable systems with infinite-
dimensional integrable partial differential equations. This approach uses such powerful
tools of modern mathematics such as the r-matrix method, symplectic manifolds, in-
tegrability, and algebraic geometry. Our starting point is a finite-dimensional matrix
(called the Lax matrix) which leads to a representation for finite-dimensional systems in
a Hamiltonian form. The Lax matrix implies the r-matrix structure, which guarantees
integrability of the Hamiltonian system. We will construct reduction relations connecting
finite-dimensional Hamiltonian systems to the LGE and other nonlinear partial differen-
tial equations describing complex physical phenomena. Our Lax matrix approach yields
this reduction relation in an explicit form. We will generate a new class of explicit so-
lutions for integrable nonlinear equations in terms of Riemann-theta functions, thereby
generalizing the N-finger solutions for the LGE.

e Impact of Work
Successful accomplishment of the proposed research will reveal crucial hidden relations
between complex nonlinear systems, which are very important for unstable interface fluid
dynamics programs dealing with nonlinear partial differential equations and complex in-
tegrable systems. This research will also provide a constructive method for obtaining
explicit solutions of integrable complex dynamical systems.
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Statement of Research Interests
— Zhijun Qiao

As a mathematician, my research experience is broad. Since I began my Masters grad-
uate study, I have been working on two main directions in nonlinear mathematical physics:
finite-dimensional integrable systems and nonlinear integrable equations. They have strong in-
terdisciplinary connections between mathematics and theoretical or experimental physics. My
past and current research work is composed of two main parts A: Finite dimensional case
and B: Infinite dimensional case. More details are in my book [4].

A. Finite dimensional case

1. Construction of new integrable dynamical systems

An important and very active topic in the theory of integrability is to search for as many new
integrable dynamical systems as possible and discuss their algebraic and geometric structures. It
has been shown that the nonlinearization technique for Lax pair is an valid approach to generate
finite dimensional integrable systems. This method is used for each concrete Lax pair. Each
integrable system produced by the nonlinearization method has its own feature. Applying the
nonlinearization method to some spectral problems, we found many new integrable Hamiltonian
systems, involutive systems and involutive solutions of integrable nonlinear evolution equations
(NLEEs). All these involutive systems were presented in the explicit forms. Also we developed
some new spectral problems and Lax pairs. Please see my papers in references [1, 2, 5, 22, 24,
30, 33, 34, 35, 36, 38, 39, 40, 41, 47, 48, 50].

2. C. Neumann type dynamical flows on symplectic submanifolds

An earlier C. Neumann system was used to describe a Hamiltonian mechanical system with
a harmonic N-oscillator constraint on sphere S¥. The C. Neumann type flows we considered
are restricted on some symplectic submanifold via a constraint between potentials and eigen-
functions. Of course this is a natural generalization of the earlier C. Neumann system. The
integrability problem on some symplectic submanifold of R*V is usually more difficult than on
RN because it needs some guesses and technical calculations. Here we proved the integrabil-
ity of some concrete C. Neumann type flows mainly by the use of Moser constraint method
(see papers [13, 21, 31, 44, 46, 51]) and by introducing the dynamical r-matrix structure and
Dirac-Poisson bracket (see papers [1, 5, 9]). For Dirac-Poisson bracket our starting point is Lax
matrix other than usual Lax pair. This is a different idea. We shall apply this method to some
numerical lattice systems. This is our newest task and will involve computer simulation.

3. r-matrix structures for continuous and discrete dynamical systems

The r-matrix method is quite an effective approach to the Lie-Poisson structure in infinite
dimensional system as well as proving fundamental commutator relation in the quantum inverse
scattering. Here, we applied the r-matrix method to finite dimensional constrained flows. It
is worthwhile to stress that our starting point is Lax matrix instead of usual Lax pair (see
papers [1, 6, 7, 10]). In the papers [6, 7, 10], we proposed a unisonant r-matrix structure of
integrable systems. We found some new r-matrix structures being non-dynamical which reduces
the calculation of integrability. Those examples include the constrained MKdV, the constrained
AKNS, the constrained CKdV, the constrained Toda etc (see papers [6, 9, 12, 14, 16, 17, 18]).
We first time obtained the nondynamical r-matrix of Toda symplectic map which is a basic
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integrability condition of discrete lattice system. Furthermore, an amazing fact was revealed
that a pair of very different (one is discrete, the other continuous) systems shares the same
nondynamical r-matrix, Lax matrix, and even involutive system (see papers [6, 17]). Besides,
we developed three other pairs with such property (see papers [6, 14]). Recently, we still found
another interesting fact: a pair of Hamiltonian systems produced by two gauge equivalent
spectral problems has two different r-matrices (see papers [6, 11]). This will be helpful for us
to classify integrable systems, which will involve further research in the future.

4. Explicit solutions for integrable systems both discrete and continuous

The ideal aim for integrable NLEEs is to obtain their explicit solutions. Usually this is
difficult. Here we successfully connected finite dimensional integrable flows to infinite dimen-
sional integrable systems (i.e. NLEEs) through some constraint relations. Using separation of
variables and algebro-geometric tools on Riemann surface, we solved integrable NLEEs with an
explicit form of algebro-geometric solutions (see papers [1, 6, 7, 12]). A couple of successful ex-
amples include the discrete Toda lattice, the well-known Ablowitz-Kaup-Newell-Segur (AKNS)
equations, and the shallow water Camassa-Holm (CH) equation. In paper [1], we constrained
the CH equation to a symplectic submanifold, and it was proven to have a parametric solu-
tion on the submanifold. Solving the parametric representation of the solution, we successfully
obtained a new solution of the CH equation. The new solution has more simpler form than
the results in other literaturs related to the CH equation. This is our important discovery,
see paper [1] for more details. In addition, very recently we developed the CH equation to
a more generalized integrable hierarchy [2] which has parametric solution, and traveling wave
solutions. Our current research involves continuous equations available for numerical analysis
by computer software.

The above ltems 1 — 4 have already formed a systematical work lifting from finite dimensional
integrable systems up to infinite dimensional systems (i.e. NLEEs). See my book [4] for more
details.

B. Infinite dimensional case

1. Construction of new spectral problems and their hierarchies

The major features of evolution equations integrable by the inverse scattering transformation
(IST) are determined by the corresponding spectral problem. However, the main difficulty is
how to connect the given NLEEs to a suitable spectral problem. Thus it is important and
meaningful to find some new spectral problems and the corresponding hierarchies of NLEEs. In
papers [3, 19, 30, 33], we proposed several new spectral problems and corresponding hierarchies
of NLEEs.

2. Commutator representation structure

Lax representation is a very important tool to study the integrable NLEEs. We presented
Lax representation through considering the commutator representation structure of evolution
equations. That procedure needs to solve some key operator or matrix equations. In that
procedure, we proposed a general structure equation of Lax operator, which is able to be fit for
any hierarchy of NLEEs (see papers [25, 27]). All Lax pairs are given in the form of operator.
We gave many examples of the hierarchy of NLEESs, both the well-known and the new, to show
the procedure (see papers [22, 26, 28, 29, 37, 43, 45, 49, 52, 53, 54]). In particular, we supplied
an approach how to obtain a new Lax pair from a given Lax pair (see paper [19]), discussed
the equivalence of NLEEs and Lax representations (see paper [23]), and by using the gradient
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method found that a spectral problem can generate two different hierarchies (one is positive,
the other negative) of NLEEs with the standard Lax representations (see papers [27, 32, 42]).

3. Generalized Lax representation and Category of nonlinear evolution equations
For a given spectral operator, we introduced category of nonlinear evolution equations|3],
which contains usual positive and negative order hierarchies of nonlinear evolution equations
(NLEEs) and has the generalized Lax representation. This is a new generalization and a new
development in the theory of nonlinear evolution equations. A given spectral problem can
produce all possible hierarchies (called universal hierarchies) of NLEEs associated with it, and
universal hierarchies have the generalized Lax representations. Here the method we used is the
spectral gradient and the generalized generator satisfying a operator equation other than the
expansion of spectral parameter. Please see papers [3, 8, 15, 20, 25, 27| for more details.

4. Algebraic structures related to nonlinear evolution equations

By using our generalized Lax representation and category of nonlinear evolution equations
(NLEEs), we found two kinds of algebraic structures, one Lie algebra and the other non-Lie
algebra. Both of them are associated with the nonlinear stationary systems (see papers [8, 25]).
A further aim is to construct the algebraic structure related to the category of NLEEs and to
connect it to the r-matrix in infinite dimensional case, which has been dealt with in paper [3].
But, I hope to continue pursuing this research at your institute.

In summary, I expect to tap into my last few years working experiences as a postdoc, Hum-
boldt research fellow, and university researcher in establishing a comprehensive research effort
geared primarily towards exploring the exact solutions of some nonlinear wave equations and
in studying the mathematical context of nonlinear dynamical system. Both research direc-
tions can begin with a comprehensive effort comprising mathematical techniques, theory and
methods. The rough time-scale to get command of the theory and methods in this research
is about one year (depending on the commitment of students). Within 2 years I anticipate
that I will be carrying out solutions analysis and comparing my theory and methods with the
results in the literature. On the basis of my research experience and academic achievements,
I am very confident that I can attract external funding. I already successfully applied for and
received five grants as the principal investigator. When appropriate, I will seek to collaborate
with researchers at Los Alamos National Laboratory, at University of Kassel, and at other
organizations so as to carry out a broad research effort.
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