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Abstract

A general approach for generating the commutator representations of the hierarchies of nonlinear evolution equations (NLEEs)
is presented. For this approach, three concrete examples are given.

The inverse scattering transform (IST) method plays a very important role in the investigation of nonlinear
evolution equations (NLEEs) [1-10]. This method has been successfully applied to the NLEEs, which are of
great importance in physics. In the theory of integrable systems, it is significant for us to search for as many new
integrable evolution equations as possible. Tu [11] presented a method for deriving the isospectral hierarchy of
integrable evolution equations from a proper linear spectral problem and successfully obtained many isospectral
hierarchies of integrable evolution equations [12-16]. For these methods there is one isospectral hierarchy of
NLEEs associated with a proper given linear spectral problem.

In this Letter, directly starting from the spectral problem Ly =Ay or y,= Uy (A is a spectral parameter) and
not requiring to consider its auxiliary problem y,= Vy, by making use of the spectral gradient method (SGM)
which was invented by Fuchssteiner [17] and used by Fokas and Andersen [ 18] for obtaining hereditary sym-
metries for Hamiltonian systems more than ten years ago, we shall generate two different hierarchies of NLEEs
connected with the same given spectral problem. Moreover, a general approach for obtaining the commutator
(or Lax) representations of the hierarchies of NLEEs is given. In order to acquire the commutator representa-
tions of NLEE:s it is crucial to find the operator solution of a key operator equation. We shall present three
examples to show them. Here, it should be pointed out that the approach, used for producing two different
hierarchies of NLEEs associated with the given spectral problem in this Letter, is a reformulation of the IST
method.

In the following we give some fundamental symbols and notations. Let xeQ (£ is the underlying interval
(—o0, +o0) or (0, T) for decaying conditions at infinity or periodic conditions, respectively), teR, u= (u;, ...,
u)T, u=u,(x, 1), 1<i<gq. fis denoted by all complex (or real) functions P[u]=P(x, ¢, u(x, t)) which are C*-
differentiable with respect to x, ¢. Let

! Mailing address.

0375-9601/94/$07.00 © 1994 Elsevier Science B.V. All rights reserved
SSDI0375-9601(94)00804-3



320 Z. Qiao / Physics Letters A 195 (1994) 319-328

B ={(p1; - p:)"|pie B, 1 <i<s},

C.lA]= {kzlpk[u],l"l kze:Z is a finite sum, p,[u]e B, AeCor IR}.

We denote by 3°( .z P [#]4%) the degree of the polynomial ¥, pi[u]A%, ie.

30(2 pk[u]l") =max{k|keZ, Y. isa finite sum}.
keZ

keZ

Conventions: (- ),=9(")/dx, (+),=8(-)/dt,0=9/dx,80 '=d"'a=1.
Consider the spectral problem as follows,

WX=U(us}')W7 U(u7l)=(Uij)nxn’ Uij=Uij(ua}')ECu[}'] ’ (1)

where u is a g-dimensional vector potential function, A is a spectral parameter, = (y,, ..., ¥,)Te ", U(u, 1) is
an n X n matrix.

On the one hand, for the spectral problem (1) (especially as Tr U(u, A)=0), in the light of the methods
proposed by Tu [19] and Cao [20] we can always obtain the functional gradient V A= (1/6,1, ..., 04/du,)"
(V.A#0) of the spectral parameter A with respect to the vector potential function u. In general, V,4 is related to
the potential «, the spectral parameter A and the corresponding spectral function y.

Suppose that there exist two ¢X g matrix integro-differential operators K=K(u, 4, 4 1), J=J(u, 9, ')
which are only related to u, d and d ~! such that

KV A=A%JV A, (2)

where @ is an invariant constant connected with (1). K and J, which satisfy (2), are called the pair of Lenard
operators of (1). Generally speaking, the pair of Lenard operators K, J are skew-symmetric and J is usually a
symplectic or Hamiltonian operator. K, J are mainly obtained by (1), the actual expression of V,2 and some
delicate techniques. Here, the pair of Lenard operators K, J exactly constitute the recursion operator £=J 'K
in NLEEs solvable by the IST method.

Now, according to the IST method, we can directly define the two Lenard gradient recursive sequences of (1)
as follows:

(i) The first Lenard gradient sequence {G,}:

G_,eKerJ={GepJG=0}, KGj_1=JGj, j=0,1,2, ... 3)
(ii) The second Lenard gradient sequence {G}:
G_,eKerK={GeplKG=0}, JG,_,=KG;, j=0,1,2,...

X;(u)=JG;and Yj(u) = KG,» (j=0, 1, 2, ...) are called the first and second vector field of (1), respectively. The
following two hierarchies of equations

w=Xu), j=0,1,2,.., (5)
u=X(u), j=0,1,2,.., (6)

are called the first and second hierarchy of NLEEs associated with (1), respectively.
On the other hand, write y=max, ¢, ;<,9°(U;). Then U(u, 1) can be expressed as

U(u, 2)=U,(0)A7+ ..., (7)
or

U(u, A)=U_(u)A"7+.... ()
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Here U,(u) (or U_,(u)) is an n X n matrix and each element of it belongs to f. For convenience, we discuss (7)
below ((7') can be discussed similarly).
Assume the nX n matrix U, («) is inverse. Then (1) can become

Ly=i=\y, (8)

where L=L(u, A, @) is an nX n matrix differential operator. Let A°~? be multiplied in the two sides of (8), then
(8) reads

Ly=A%, (%)
where the 7 X n matrix differential operator L=A°""L(u, 4, d) depends on u, 4, and 4.

Definition [21]. The Gateaux derivative operator L, of the above operator L is defined by

L©O=3 Lute, &ep (10)

e=0

For any given vector function Ge 9, we construct an operator equation of V=V (G),
[V,L1=L,(KG)L*~'—L_(JG)L=. (11)

Here [ , ] stands for the Lie bracket, K and J are the pair of Lenard operators of (1), L is determined by (9),
a is a proper chosen constant according to (1). For some vector function Ge 89, we use V= V() to express the
corresponding operator solution of (11). The following two theorems reveal the close connection between the
commutator representations of the two hierarchies of NLEEs (5), (6) and the operator solutions of the operator
equation (11).

Theorem 1. Let {G;}, {G,} be defined by (3), (4), respectively. Suppose that for any {G}}, {G;} (j=-1,0, 1,
...), there exist differential operators V=V (G,), V;=V(G)) solving the operator equation (11) with G=G,, G,
Then the operators

Wm=j§ij_1L""f-"‘“, Wm=j§017,-_1L""+f-“ (12)
satisfy the equations

[Wm, L1=L,(X,), [L, W,1=L,(X,), m=0,1,2,.., (13)
separately.

Proof From (11), (3) and (4) we have
(V;, L1=L,(KG))L*~'=L,(JG)L*=L,(X;,\)L* 'L, (X)L*, j=~1,0,1,..,
[V, L1=L,(KG)L*~' =L, (JG)L*=L, (X)L - L, (Xs)L*, j=—1,0,1,...
Notice that JG_, =0, KG_,=0, and L, (0)=0. Thus

[W,,,,L]=[ V,_,L"“f“"“,L]
Jj=0
= '20 [n_l’L]Lm—j—a+l= -ZO [L*(/Yj)La—l_L*(X'j_l)La]Lm—j—a-H
J= J=
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™3

[L* (X'j)Lm—j_L*(/Yj—l )Lm_j+l]=L*(Xm) > m=0, 1’ 25 sy

j=0

i

(L, W,]=— _go [Py, LIL-m+~o — éo (L, (%) Lo =L (X)L ]L ="+

== Y (LB DL~ =L (B)L-"¥]=L,(Xn), m=0,1,2,...
Jj=0
The proof is completed.
Theorem 2. Suppose that the condition of Theorem 1 is satisfied. If the Gateaux derivative operator L, is an

injective homomorphism, then the two evolution equations u,= X,, (), ;= X,.(u) (m=0, 1, 2, ...) of (1) pos-
sess the following commutator representations,

m
={Wn, L= ¥ V,-_lL'”*f‘““,L], m=0,1,2,.., (14)
j=0
m
L=IL, Wm1=[L, ) I’/,»_IL-'"“—“], m=0,1,2,..., (15)
j=0
respectively.

Proof. Notice that L,= L, (u,). From Theorem 1 we obtain
L= (W, L1=L,(u)~L, (X)) =L, (,—X»n),  L—[L, Wl=L,(;)—L,(Xn)=L,(t;~X,) .

In addition, because L, is injective, we have u,= X,,(u), u,= X, (u) if and only if L,= [W,,, L], L,=[L, W,.],
respectively, which are the desired results.

Immediately, from the relation [W,,, L]=L,(X,.), [L, W, ]=L,(X,,) (m=0, 1, 2, ...) and noting that L,
is injective, we have

Corollary. The potential u= (u, ..., u,)T is a finite gap, that is, it satisfies the two nonlinear stationary equations
N N
kZOakXN—k=0, kzoBkX _k=0 (N20), (16)

respectively, if and only if

N N
[kgo akWN—Im L] =05 [kZOBkXN—k’ L] =0 (N>0) 5 (17)
where o, B (N> k>0) are some constants.

Thus according to the above skeleton, in order to secure the commutator representations of the two hierar-
chies (5), (6) it is crucial to find the operator solution V= V(G) of operator equation (11) for any given vector
function Ge 89. Now, by making use of the above approach, in the following we study three spectral problems,
give their corresponding two different hierarchies of NLEESs and construct the commutator representations of
those hierarchies.

Example 1. Consider the spectral problem studied by Geng [22],
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1 A’u—l

R 12 (%)

From (18) it is not difficult to calculate that
—1
V=84 u=A (w3 ~y3) (fu(w%—w%)dx) . (19)
2

Because of 8’V A= —24udV 4, only choosing

K=4*, J=-20ud , (20)

as the pair of Lenard operators of (18), we are sure to get
KV, A=AV, A, 0=1. (21)

We recursively define the two Lenard gradient sequences of (18) as follows: (i) The first Lenard’s gradient
sequence {G;}:

G_,=0"'u"'eKerJ, KG,_,=JG;, j=0,1,2,... (22)
(ii) The second Lenard gradient sequence {G}:

G_,=ax*+bx+ceKerK, Va,b,ceRorC, JG_,=KG,, j=0,1,2,... (23)
The first vector field X;=JG; yields the first hierarchy of NLEEs of (18)

u,=X(u), Jj=0,1,2,.., (24)

with two representative equations
u=Xo(u)=—(u=uy)x, u=Xi(t)=—=§(1"?)sex. (25)

The first is the remarkable nonlinear diffusion equation and has important applications in plasma physics, solid
state physics and other fields, such as metallurgy and polymer science [23-25].
The second vector field X;= KG, produces the second hierarchy of NLEEs of (18)

ut=Xj(u)s .]=Os 1325 ety (26)
with two representative equations
u=Xo(u)=-2[2a(xu), +bu,], u, =X, (u)= —4[ (2ax+b)ut+2au,d ' (xu) +bu,d 'ul . (27)

For a=0, b=1, the latter can be reduced to the semi-classical limit KdV equation u,= —4v,v via the transfor-
mation ¥ =v,.
Eq. (18) is equivalent to

1{ -1 4d+1
— A7 —_ - —
Ly=2y, L_u(a—l i ), y=1. (28)
The Gateaux derivative operator L, is
L@O=-S1, v, (29)

and L,: &L, (&) is obviously an injective homomorphism. Here §=y=1. Now, for any given function Ge g,
we consider the operator equation of V=V(G),



324 Z. Qiao / Physics Letters A 195 (1994) 319-328

[V,L1=L (KG)L~'—L,(JG), (30)

which corresponds to letting a=01n (11).

Theorem 3. Let L, L,, K, J be defined by (28), (29), (20), respectively. Then for any function Ge g, the
operator equation (30) has the operator solution

26, G —2G, 0 2uG,
V=V(6)=(GXX+ZGX _2G. )+(2qu 0 )L. (31)

Proof. Let V=Vy+ VL, L=Ly+ L,3, where

v 26 G —2G, v 0 2uGy\
°T\G.+2G,. -=2G, )’ T \ouwG, 0 )

R )
Make the commutator [V, L] (noticed=Li'(L—Ly)):
[V,Ll=[Vo, L1+ [V, L1L=[Vo, Lo] =L, Vo + [ Vo, L1 10+ ([ V1, Lo]1 =L Vi + [V}, L1]8) L
=[Vo, Lol =L, Vox—[Vo, Li1L7T 'Ly
+([Vo, LUILT + [V, Lol =L Vs — [Vi, LILT L)L+ [V, L ILT'L? . (33)

Furthermore, substituting (32) into (33), by direct calculation we can obtain [V, L,] =0,

or Lol =L Ve Vo LLi L= — &2 = - KO 1 (kGyL-1,
(Vo LILT + [V, Lo =Ly Vi) L= = 2080 T8y Gy

This shows that the operator V defined by (31) is an operator solution ¥'=F(G) of Eq. (30). The proof is
completed.

So, from Theorem 2 we immediately know that the first hierarchy of (18), u,= X,,(u), and the second hier-
archy of NLEEs of (18), u,= X’j( #), have the commutator representations

L=[W,L], m=012..,

& ZGj—l,x Gj—l,xx"ZGj—l,x) m—j+1 ( 0 zuGJ'*l»") m—j+2
;o{(Gj_,,Xx+2G,_l,x 26, T w6, 0 O )E ’ (34)

W=
J

ry

L=[L W,], m=0,12,..,

m 26, Gi_1.—2G; . 0 2uG; .
W = {( J—1x J—1,xx J—I,X) —m+j ( . 1—1,x) —m+j+1
m= NGt 26 26 JET e, 0 )F ’ (33)

respectively.

Example 2. Consider the spectral problem proposed by Cao and Geng [26],
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_( Ju /1v+/12) a1
Ve=\ew—22) - )V 70

v o (61/614) _ ( 20w, v,
= \easév) ~ \wd —ely?

-1
) (J‘ (evy —2€Ayi — 2uy, yr — vy} —24y3) dx) .
2

325

(36)

(37)

Noticing the relation 8 (w3 + ew3) =2 (2Avy, v» — €Auw3 + Auy?), we should choose the pair of Lenard operators

of (36) K, Jas

K_(ea O) J—( 4v9 v 26—461)3_111)
“\0 4/’ T\ —2e—4deud v 4ud—u )’

Then we have
I(V(u,v)}'=}‘e'fv(u,u)/1 5 6=2.

The two hierarchies of NLEEs of (36) are determined in the following procedure:
(1) The first Lenard gradient sequence {G;} is defined by

G_,=(eu,v)TeKerJ, KG,_,=JG;, j=0,1,2,...

The first hierarchy of NLEEs of (36) is
(u, V)T =X;(u, v)=JG;, j=0,1,2,..,

which produces the C—-G hierarchy of equations [26 ] with the representative equations
(4, V)T=X1(tt, v) = (— v + (€3 +uv?), €y + (e?v+03),)7.

(ii) The second Lenard gradient sequence {Gj} is defined by

G_,=(0,0)"eKerK, (0~ 'v—€d~'u)0=ie, JG,_,=KG;, j=0,1,2,...

The second hierarchy NLEEs of (36) is given by
(u, )T =X;(u,v)=KG;, j=0,1,2,..,
with the representative equation
(u, NT=X,(u, v) = (40(~"v0 ~"v+€d ~'ud ~'u) —2ed ~'u,
—4eu (900 ~'v+ed ~'ud " 'u)—2ed~'v)7,
which can be reduced to
oy =20 (P +€ii?) —2eli, D= —2€i, (02 +ed?)—2ed,

via the transformation u=1i,, v="7,.
Eq. (36) can be rewritten as

Av —€eAu—ed
Ly=A"y, L (—Au+3 v ), y=2, ex=t1.
Here 0=y=2.
_ 62 "Efl 172 _ T 2 e .
L* (é) = é C L s 6—’ (él ’ 62) Eﬂ » L* 18 lnjeCtIVe .
Y | —5%2

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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Choose az=1, then by using a method similar to Theorem 3 we can prove

Theorem 4. For any vector function G= (G, G3®)T ¢ g2, the following operator equation of V=V (G),

(V,L1=L,(KG)L-'*—L_(JG)L"?, (49)
possesses the operator solution
G Gg@» 0 207 (uG® —evGM) 1/2
V= V(G)_(eG(Z) —eG“’)+<—256“(uG(2)~—evG“’) 0 L (50)

In (49), L, L,, K, J are expressed by (47), (48), (38), respectively.
Hence, the two hierarchies of NLEEs of (36) (u, v)T =X,,(u, v), (¥, v)T=2X,,(u, v) have the commutator
representations

t=[Wm9L] ’ m=09 192’ sty Wm

_ 5 {(eG}Pl G2 L,,,_,+,/2+< 0 2071 (uG 2, —euc;}i)l))L,,,_j+1
T A \eG —eGI), —2€d ' (uG 2 —eG{L) 0 ’
(51)
Lt=[La Wm] B m=03 1, 2’ ey I/f/m
_ i': G G, [—mim1r2y 0 ) 26“(uG}3{—evG}l{)L_m+j}
TS \\eG -G —2ed " (uG 2 —eGfL)) 0 ’
(52)

respectively. Here G,_, = (G{*,, G227, G,_, = (G, G2)T (j=0, 1, 2, ...) are the first and second Lenard
sequence of (36) separately.

Example 3. Consider the spectral problem presented by Boiti and Tu [27],
—iA4+iA"s u+id~ly

W":( u—il~'v i/l—i/l"s)w’ (53)
oA/ du —ypi 4yl -1
Viuwmd=| 04/dv | = (i/l“(w% +y3) (A~ 20w + 21wy, + 204 sy y, Hid~20p3) dx) . (54)
04/ s 210 Yy y,p Q
The pair of Lenard operators is chosen as
Jd 25 2 0 2 0
K=|-2s 0 0}, J=| -2 -8 u). (55)
-2v 0 O 0 —-2u 9
Thus, we have
KV(u,v,s)A,=leJV(u,v's)A > 6:2 . (56)
The two Lenard gradient sequences are defined by
G_|=(u, 0, I)TGKerJ, KGj_1=JGj, _]=0, 1,2, ey (57)
G_,=(0,v, —s)TeKerK, JG,_,=KG;, j=0,1,2,... (58)

The first Lenard sequence {G} yields the first hierarchy of NLEEs of (53)
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(u, 0, 8)f =X(u,v,5)=JG;, j=0,1,2,.., (59)
which are exactly the Boiti-Tu hierarchy of equations [27] with the representative equation

U=u,+2v, v,=-2us, s, =—=2uv. (60)
The second hierarchy of NLEEs of (53) is given by the second Lenard sequence {Gj}, ie.

(u, v, )T =X(u, v,5)=KG;, j=0,1,2,.., (61)
with the representative equation

u=2v, V,=—0,—2us, S,==2uv. (62)

Eq. (53) can become

. - (id+2~"'s —iu+1“v) _

Ly=ty, L= (iu+1“v _ig+a-is) b (63)
Here 8—y=1, so we should choose the spectral operator L as follows

—  f(iAd+s —idu+v

L=iL= (i/lu+v —il6+s) ’ (64)
and we have

Ly=1%. (65)

L*(g)=(f3 52)+(.° "‘5‘)Lv2, Ve= (&, &, &)Tef, L, isinjective. (66)

&L &G i 0

Let a=3. Through a lengthy calculation it is not difficult for us to obtain.
Theorem 5. Let L, L,, K, Jbe expressed by (64), (66), (55), respectively. Then for any given vector function
G=(GWM, G?®, G® )Te B the operator equation
[V,L]=L,(KG)L"*~L,(JG)L3?, (67)
possesses the operator solution
0 GW —iG® iG®
V=V(G)=(G(1) 0 )+(——iG‘2) iGm)Ll/z, (68)
So, the two hierarchies of (53) (u,v,8)T=X,.(u,v,5), (4 v,5)T=X,(u v,5) have the commutator
representations
Ll=[WM’L] H m=03 1’29 ety

3 0 G ) mejeiszy (=12 AGAN .
W= j=0 {(G}l’l 0 L + -G iG3) L ) (69)
Lt=[L’ Wm] 5 m=0, 1,2, vee s

m 0 G'}l)l) 372 (—iG}E’, iG}E’,) et
W= 1, {(G}i’l 0o )* tllice o)t : (70)

respectively. Here G;_, = (G}, G2\, GNT, G-, = (G, G2, G)T (=0, 1, 2, ...) are the first and sec-
ond Lenard sequence of (53) separately.
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Remark. In the case of the AKNS (and also of the KdV) hierarchy, the two hierarchies generated in formulas
(5) and (6) reduce to one. Its commutator representations (or Lax representations ) were obtained long ago.

By using our effective approach described above, we naturally think about looking for the commutator rep-
resentations of the hierarchies of NLEEs associated with other spectral problems, which are left to papers.

This work has been supported by the National Natural Science Foundation of China. The author would like
to express his sincere thanks to Professor Gu Chaohao and Professor Hu Hesheng for their encouragement and
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