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Abstract

In this paper, we use the Darboux transformation to find the solutions of the com-
plex MKdV equation. The solutions are separated into the real and imaginary parts,
and then we analyze them in different cases. We obtain smooth solution, periodic so-
lution and shock soliton solution, and as a special case, when the imaginary part is
zero, the real part satisfies the standard MKdV equation.
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1. Introduction

Consider the MKdV equation
ur + 6u2uz + Upge = 0 (1.1)

where u = wu(x,t). Regarding the MKdV equation, there are many works done in last
decades [1,2,7,8,9, 10, 11]. Let u = U + 7V, where

U=U(z,t), V=V(z,t)

are real valued functions, called the real part and imaginary part of u, respectively. Plug
u = U 41V into the MKdV equation, we have the complex MKdV equation

U + iV +6(U + V)2 (Uy + Vi) + Upgz + Vizz = 0.

*Email address: txu@spsu.edu
TEmail address: giao@utpa.edu



2 Taixi Xu and Zhijun Qiao

Separating the real and imaginary part of the above complex MKdV equation, we have the
so-called Coupled MKdV (CMKdV) equations:

U; + 6U%U, — 6U,V? — 12UV V, + Upyy = 0 (1.2)
Vi — 6V2V, + 6U?V,, + 120U,V + Viyyy = 0 (1.3)

The CMKdV equations can be derived from two dimensional Euler equation and have ap-
plications in fluid dynamical systems [3].
The Lax pair of CMKdV equation is:

A u
P = [—u A ] ¢ (1.4)
—4\3 — 202\ —4uN? — 2up\ — 2ud — ugy
o = [ 4ud? — 2u )\ + 2ud + Uy, AN3 4 202\ ¢ (L5)

There are several ways to derive the Darboux transformation of the CMKdV equation
[4, 5, 6]. Here we use the Darboux matrix method.

For a given solution v of the complex MKdV equation, suppose that we know a funda-
mental solution of its Lax pair (1.4) and (1.5):

11(z,t, N)  pra(z,t, )

LN =] Gy (et ) donlart, N) (1.6)
Let A1, uq be two arbitrary numbers and
o — P2a(w,t, A1) + pidar(z, ¢, /\1)'
b12(w,t, A1) + padni(z, b, A1)
Construct the matrix
D(z,t,\) = A\ — M [1-0® 20 (1.7)

14 o2 20 o2 —1 1"

Now, let ¢'(x,t,\) = D(z,t, \)p(x,t, \). Then it is easily verified that ¢'(z, ¢, \) still
satisfies the Lax pair: (1.4) and (1.5), but with

’ + 4/\10
U =u .
1+ 02

Therefore, for any solution ¢ of the Lax pair (1.4) and (1.5) with u, D¢ is also a solution
of the Lax pair with «/. Hence (1.4) and (1.5) are solvable with v’ for any given initial data
i.e. the value of ¢’ at some point (g, to). In other word, they are integrable.

The integrability condition of (1.4) and (1.5) with «/ implies that v’ is also a solution
of the complex MKdV equation. Using this method, we can obtain a new solution of the
CMKGdV equations together with the corresponding fundamental solution of its Lax pair
from a known one.
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2. The Darboux Transformation

Starting from the trivial solution v = 0 of the complex MKdV equation, one can use the
Darboux transformation to obtain a new non-trivial solutions. For © = 0, the fundamental
solution of the Lax pair (1.4) and (1.5) are:

_4A)\3
e)\m ANt+0 0

<I>(;U7 L, )‘) = 0 e—)\m+4)\3t+5 (21)

where § = §1 + ids is an arbitrary complex number, and d1, o are two real numbers.
Let A\; # 0 be any complex number and p; be defined as

Al=a1 + iﬁlv
o =0= e2(a2—if2)

Then
_ Poo(x,t, A1) + paPoa (. ¢, A1)

o=
Doz, t, A1) + 1 Pri(x, t, A1)

or

o= estaf{—siw?—zualﬁf—2z’z51—2m1+24z'ta§51+2i52—2a2 )

Thus, by

/ 4 4/\10
U =u ——
1+ 02’

a new solution of the complex MKdV equation may be given by

2.2)

A(an + wl)estaf{—sz’w?—walﬁf—mﬁl—2m1+24z'ta§61+2z’52—2a2

/
= - - . 2.
u 1_|_(esta-{—sitﬁf—zualﬁf—2z’m51—2m1+24z'ta§61+2z'52—2a2)2 (2.3)

This solution may have singularity points at

= —40[‘1)52 — 1201%012ﬁ1 + 7TOZ? + 12a1ﬁ%ﬁ2 + 40[2ﬁ% — 37Ta1ﬁ§

2.4)
8ai1f(af + 33)
and
. —4a} s — dagf + Ty 2.5)
320161 (0t + f3)
Letting v’ = U + 1V and separating the real and imaginary part of u/, we have
(4ae? cos B — 4B1e4 sin B)(1 4 €24 cos 2B) + (4aie4 sin B 4 431 e4 cos B)e24 sin 2B
U= - (2.6)
(14 €24 cos2B)2 + e4A sin4B2
(4a1e sin B + 4B1e4 cos B) (1 + €24 cos2B) — (4aje? cos B — 481e4 sin B)e24 sin2B
V= - @.7
(1 + e2A cos2B)2 + e*A sin4B2
where

A = 8tad — 24tan 3 — 2zay — 20, B =283y — 8t3} — 2z + 24ta2 ;.
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3. Analysis of the Solutions

There are four arbitrary constants a1, 31, as and (2 in solution (2.6) and (2.7). In this
section, we give several special cases by taking different values of «, 31, as and 32, and
analyze the properties of different solutions.

31. Casel: oy =1.01=1,a=1,0,=1
We have the smooth solution U1 and V'1 of equations (1.2) and (1.3)

(4671617222 (cos(—16t — 2 — 2) — sin(—16t — 2z — 2))(1 4 e~ 32t ~42 =4 cog(32t — 4a + 4)

Ul= -
(14 e32t—42—4 cog(—32t — 4o — 4))2 + e~ 64t —82—8gin(32¢t — 4x + 4)

(4e—48t=62=—=6 (¢in(—16t — 22 — 2) + cos(—16t — 2z — 2))sin(32t — 4z + 4)

+ -
(14 e=32t—42—4 cog(—32t — 4z — 4))2 + e~ 64t —82=8 5in(32t — 4z + 4)2

e Pt ET T4 (sin(—16t — 2o — 2) 4 cos(—16t — 22 — + e 32t—4z—4 65(32t — 4z +
4e16t=22=2 (5in(—16t — 2z — 2 16t — 2z — 2))(1 32t—dr—4 c05(32t — Az + 4
(14 e—32t—42—4 cog(—32t — 4z — 4))2 + e~ 64t —82—8gin(32t — 4z + 4)

V1=

(4e=48t=62==6 (cog(—16t — 20 — 2) — sin(—16t — 2z — 2)) sin(32t — 4z + 4)
(14 e 32—dz—d cog(—32t — 4o — 4))2 + 64828 4in(32t — 4 + 4)?
Apparently, both U1 and V1 decay at infinities. But they have the following singularity
point:

T o 1 + T
Ty TR Ter
The graphs of the real and imaginary part of the solution look like:

RealPett U1, tine f singulasty

maginary Part V1, time of singulaity

0+

10004

-10004

The real part is smooth, but the imaginary part looks like discontinuous. But actually,
both of them are smooth. The following picture gives us a close look at it.
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The following pictures are three-dimensional for U1 and V'1:

The teal part U1 in Case 1 The ainary Pat Y1 in Cage 1

32. Case2:an=1,01=1l,ap=1,0=1
In this case, we obtain the periodic solution for both the real and imaginary parts:

U9 — —4e~2sin(—8t — 22 + 2)(1 + e~* cos(—16t — 4z + 4))
~ (1+ e *cos(—16t — 4z + 4))2 + e~ 8 sin(—16t — 4z + 4)

—4e7 0 cos(—8t — 2z + 2) sin(—16t — 4z + 4)
(1 +e*cos(—16t — 4z + 4))? + e 8sin(—16t — 4z + 4)
Vo — —4e~2gin(—8t — 2z + 2)(1 + e~ * cos(—16t — 4x + 4))
(14 e 4cos(—16t — da +4))2 + e~8sin(—16t — 4o + 4)
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—4e~ 0 sin(—8t — 2z + 2) sin(—16t — 4z + 4)
(1 +e*cos(—16t — 4z + 4))? + e 8sin(—16t — 4z + 4)

_|_

with the following 3D pictures

The Real Pat U2 n Case 2 The Imaginary Part V2 in Case 2

33. Cased:a1=1,01=1,a0=0,0=1

In this case, we obtain a smooth solution U 3 for the real part, but imagery part V'3 has singularity at
x = 0.1073009182,t = —0.01341261478.

4e7168=22(cos(16t — 22 + 2) — sin(16t — 22 + 2))(1 + e 32! =47 cos(32t — 4 + 4))

U3 =
(1 + e=32t—42 cos(32t — 4 + 4))2 + 648z 5in? (32t — 4z + 4)
4e 486 (5in (16t — 2z + 2) + cos(16t — 2z + 2)) sin(32t — 4x + 4)
(14 e=32t=42 cos(32t — 4 4 4))2 4 e~641-825in? (32t — 4 + 4)
V3 —4e7 161722 (gin (16t — 22 + 2) + cos(16t — 22 + 2))(1 + e~ 32747 cos(32t — 4x + 4))

(1 + e=32t—42 cos(32t — 4z + 4))2 + e~64t—8z 5in% (32t — 4 + 4)

4e48=6(cos(16t — 22 + 2) — sin(16t — 2z + 2)) sin(32t — 4x + 4)
(1 + e—32t—42 cos(32t — 4z + 4))2 + e~ 641—825in? (32t — 4z + 4)

The left limit of V'3 at the singularity point is —oco, and the right limit at the singularity point is
00. So, V3 is kind of shock soliton. The following pictures show the graphs of U3 and V3.
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The Real Part U3 in Case 3 The Imaginary Part Y3 in Case 3

34. Cased: a1 =2,01=1Lay=1,0,=1

In this case, we again obtain a smooth solution U4 for the real part U, but the imagery part V4 has
singularity at z = —0.5714601836,¢ = —0.01786504591.

01742 =2(8 cos(88t — 22 + 2) — 4sin(88t — 2z + 2))(1 + 327824 cos(176t — 4 + 4))
(1 + e32t =824 cog (176t — 4a + 4))2 + e64t—162—8gin?(176¢ — 4 + 4)

U4 =

e81=122-6(8 5in (88t — 2z + 2) + 4 cos(88t — 2x + 2)) sin(176t — 4x + 4)
(1 + e320—8—1 cos (176 — dar + 4))2 + 04— 1638 5in® (1761 — 4z + 4)
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1642 =2(85in (88t — 2z + 2) + 4 cos(88t — 2z + 2))(1 + 3217874 cos(176t — 42 + 4))
(1 + e32t=82—4 cos(176t — 4a 4 4))2 + e64t—162—85in? (176t — 4x + 4)

V4=

eA8t=122=6(8 co5(88t — 27 + 2) — 4sin(88t — 22 + 2)) sin(176t — 4 + 4)
(1 + e32t=8v—4cos(176t — 4a 4 4))2 + eb4t—162—85in?(176t — 4z + 4)

The left limit of V4 at the singularity point is —oo, and the right limit at the singularity point is
o0. So, V4 is also kind of shock soliton.
The following pictures show the graphs of U4 and V4.

1d st singplsty ine V4 o singolaty time

These are three-dimensional pictures:

14
The Real Part U in Case 4 The Imaginary Part V4 in Case 4
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35. Case5S:an=—-1,51=1,as=1,0,=1

In this case, we again obtain a smooth solution U5 for the real part U, but the imagery part V5 has
singularity at z = 0.6073009182, t = 0.04908738522.

—4e100420=2(co5 (16t — 22 — 2) + sin(16t — 22 — 2))(1 + 32 +4e =4 cog(32t — 4 + 4))

o= (1 + e32t+4e—4 cos(32t — 4x + 4))2 + 64t+82—85in? (32t — 4z + 4)
4eA81H62 =6 (in (16t — 20 + 2) — cos(16t — 2a + 2)) sin(32¢ — 4 + 4)
(1 + e32t+4e—4c05(32t — 4 + 4))2 + e641+8x—85in? (32t — 4z + 4)
VE = —4e16122=2(5in (16t — 22 — 2) — cos(16t — 22 — 2))(1 + €321 +40 =4 cos(32t — 4z + 4))

(1 + e32t+4v—4 cog(32t — 4z + 4))2 4 e64t+82—85in?(32¢ — 4 + 4)

464814676 (0os(16¢ — 21 + 2) + sin(16t — 22 + 2)) sin(32t — 4 + 4)

+
(1 + e32t+40—4 cog (32t — 4z + 4))2 4 641828 5in? (32t — 4 + 4)

The left limit of /5 at the singularity point is —oo, and the right limit at the singularity point is
oo. So, V5 is also kind of shock soliton.

The following pictures show the graphs of U5 and V5.

105 ot singulatity time 5 et singulariy tine
1000

&0
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These are three-dimensional pictures:
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)

The Real Part Ui in Case The Imaginary Pat V5 in Case 5

3.6. Case6: a; = 1,61 = 1,0&2 = 0,62 =0
In this case, the imaginary part V' = 0, and the real part

46815729072

U= 1+ el6t—4z—14

exactly solves the standard MKdV equation: U + 6U%U, + Uy, = 0. Using the Darboux trans-
formation, one can easily restore multi-soliton solutions of the MKdV equation.

4. Conclusion

In the paper, we deal with the complex MKdV systems by using Darboux matrix approach and
obtain some explicit solutions both smooth and shock solitons. In case 3.1, both U and V are
smooth solitons vanishing at infinities; in case 3.2 they are periodic smooth solutions; in case 3.6
V' = 0 and U just gives the classical solitons and multi-solitons of the standard MKdV equation.
But in cases 3.3 - 3.5, we find new kind of solitons - shock solitons for the imagery part V' of the
complex MKdV systems. In the future work, we will figure out multi-shock-soliton’s interactions
as well as the real part solution’s interaction.
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