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1. Introduction

In 1993, Camassa and Holm derived the well-known Camassa-Holm (CH) equation [1]
me +2muy +mu =0, m=u—uy+Kk, (1)

(with k being an arbitrary constant) with the aid of an asymptotic approximation to the Hamiltonian of the Green-Naghdi
equations. Since the work of Camassa and Holm [1], more diverse studies on this equation have remarkably been
developed [2-12]. The most interesting feature of the CH equation (1) is that it admits peakon solutions in the case k = 0.
The stability and interaction of peakons were discussed in several references [ 13-17]. In addition to the CH equation, other
similar integrable models with peakon solutions were found [18,19]. Recently, there are two integrable peakon equations
found with cubic nonlinearity. They are the following cubic equation [3,20-22]

1
m+ - [m@® —u)] =0, m=u~—uy, (2)
and the Novikov’s equation [23,24]

m = u?my + 3uuym, M= u — Uy. (3)

There is also much attention in studying integrable multi-component peakon equations. For example, in [25-28], multi-
component generalizations of the CH equation were derived from different points of view, and in [29], multi-component
extensions of the cubic nonlinear equation (2) were studied.

In a previous paper [30], we proposed a two-component generalization of the CH equation (1) and the cubic nonlinear
CH equation (2)
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1
my = (mH)x + mH — Em(u - ux)(v + Ux)7
1 (4)
n; = (nH)y — nH + En(u — ) (V + vy),
M= U — Uy, Nn=0v— Uy,

where H is an arbitrary smooth function of u, v, and their derivatives. Such a system is interesting, since different choices
of H lead to different peakon equations. We presented the Lax pair and infinitely many conservation laws of the system
for the general H, and discussed the bi-Hamiltonian structures and peakon solutions of the system for the special choices
of H. In [31], Li, Liu and Popowicz proposed a four-component peakon equation which also contains an arbitrary function.
They derived the Lax pair and infinite conservation laws for their four-component equation, and presented a bi-Hamiltonian
structure for the equation in the special case that the arbitrary function is taken to be zero.

In this paper, we propose the following multi-component system

1 N
mj, = (mjH), + m;H + N+1? Z[mi(uj — U ) (Vi + vix) + MU — Ui ) (v + il
i1

N
Z[ni(ui — Ui ) (Vj + vjx) + 1 — i) (v + v,

i=1

njiyt = (njH)X - njH - W

m=u— U, =V —Vu 1Zj=N,

where H is an arbitrary smooth function of u;, vj, 1 < j < N, and their derivatives. The system contains 2N components
and an arbitrary function H. For N = 1, this system becomes the two-component system (4). Therefore, system (5) is a
kind of multi-component generalization of the two-component system (4). Due to the presence of the function H, system
(5) is actually a large class of multi-component equations. We show that the multi-component system (5) admits Lax
representation and infinitely many conservation laws. Although having not found a unified bi-Hamiltonian structure of
the system (5) for the general H yet, we demonstrate that for some special choices of H, one may find the corresponding
bi-Hamiltonian structures. As examples, we derive the peakon solutions in the case N = 2. In particular, we obtain a new
integrable model which admits stationary peakon solutions.

The whole paper is organized as follows. In Section 2, the Lax pair and conservation laws of Eq. (5) are presented. In
Section 3, the Hamiltonian structures and peakon solutions of Eq. (5) in the case N = 2 are discussed. Some conclusions and
open problems are addressed in Section 4.

2. Lax pair and conservation laws

We first introduce the N-component vector potentials i, v and 1, i1 as

a:(U‘],uz,...,UN), Ez(vlv‘UZa"'va)s (6)
M =1 — Uy, n=17— Ox.
Using this notation, Eq. (5) is expressed in the following vector form
- - - ] - > \T /= - - - - > \T=
m; = (mH), + mH + W[m(v +0x) (U — ty) + (U — U) (v + vy) m],
Fie = i)y — H — [l — )" (8 + B) + (B + B @ — i)l 7
(N + 1)
ﬁ]:a—ﬁxx, ﬁzﬁ—f)xx,
where the symbol T denotes the transpose of a vector.
Let us introduce a pair of (N + 1) x (N + 1) matrix spectral problems
o=Up, ¢ =Vo, (8)
with
¢ = (1,21, ... 2n)",
u— L (=N Am
N1\ Iy )
—NAT? + (U — ) (@ + V)" AT — Uy) 4 AmH ®)
_ 1 N+1 X X ) X
N+1 ATN@ 4B + ARTH A%y — @ + B (@ — Thy)

N+1
where A is a spectral parameter, Iy is the N x N identity matrix, i, v, m and 7 are the vector potentials shown in (6).

Proposition 1. (8) provides the Lax pair for the multi-component system (5).
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Proof. It is easy to check that the compatibility condition of (8) generates
U —Vy+[U,V] =0. (10)

From (9), we have

u_ 1 (0
CTNF1 M 0 )

1 I I PN - N
B s LR R TR A7ty — Tiye) + A(TH)y (1)
VX = — -1 k)
NETN 0@+ BT + AGETH), [ (i — ) — (¥ + 3]
N+1
and
1 I'n I

u,vij=U0vV-VvVU = ——— s 12

v, vl (N +1)2 (le I (12)
where

- > \T - - =T
I'i=m@+uv) — W—u)n,

Iy = (N + DA™y — th) — AMTH] — m[ﬁl(ﬁ + 00" (i = Thy) + (U — th) (U + o) 'ml,

D= N+ DA (0 + V)" + ARTH] + NI [ (U — )@+ 00" + @+ V)" @ — ui'],

oy =17 (U — tiy) — (U + V) m.
We remark that (12) is written in the form of block matrix. As shown above, the element I is a scalar function, the element
I'1; is a N-component row vector function, the element I3; is a N-component column vector function, and the element I,

isa N x N matrix function.
Substituting the expressions (11) and (12) into (10), we find that (10) gives rise to

N - - 1 T e e T
me = (MH)yx + MH + ————[M@ + )" (@ — ) + (@ — ) (D + 0) '],

(N + 1)
ST _ oT =T 1 ST = = o o T = = T oo oo (13)
n, =mH)x—nH-— m[n W —u)(w+vy) + @+ U—uhn],
ﬁ'l=a—axxa ﬁT=6T—§;{X,
which is nothing but the vector equation (7). Hence, (8) exactly gives the Lax pair of multi-component equation (5).
Now let us construct the conservation laws of Eq. (5). We write the spacial part of the spectral problems (8) as
1 N
d1x = Y (—N¢1 + A Zmi¢2i> , .
i=1 1<j=<N. (14)
1
¢Zj.x = m (knj¢1 + ¢'2j) s
Let 2; = % 1 <j < N, we obtain the following system of Riccati equations
N
Q= i+ (N + 1025 — 22 Y mif2; 1<j<N (15)
jx N+1 ' 1] Ji:lll’ =J =N

Making use of the relation (In ¢1)x = (In¢1) and (8), we arrive at the conservation law

N N N N
1
(E mi-Qi) = (l_z E (Ui — Ui x)$2; + NT1 1)»_1 E (Wi — uj ) (vi +vix) +H E mi-Qi) . (16)
P . P p i1

X

Eq. (16) means that Zf\': 1 m;$2; is a generating function of the conserved densities. To derive the explicit forms of
conserved densities, we expand £2; into the negative power series of A as

2]
Q=Y wpr*, 1<j<N. (17)
k=0
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Substituting (17) into the Riccati system (15) and equating the coefficients of powers of A, we obtain

1
2

N
Wjo = 1; (Z mini> ,
P
1 1 (18)
1 N N N 2
wji1 = (N+1) | wjo — wjox — P (Z m;(wjp — wio,x)) (Z mi“i) (Z mi"i) ,
p P pa

and the recursion relations for wj41y, k > 1,
-1 _1
1 N N N )
i1y = N+ 1) | 0 — ojx — K ; m;(wix — Wi,x) ; m;n; ; mn; . (19)

Inserting (17)-(19) into (16), we finally obtain the following infinitely many conserved densities po; and the associated
fluxes Fj:

N N % N N %
Lo = Z miwip = Zmini ) Fp=H Z miwjy = H Z min; |,

i=1 i=1 i=1 im1

N 1N N
p1= ; miw, F = NT1 ;(Ui — Ujx)(vi +vix) +H ; miw,
N
P2 = Z miwiz, F,
i=1

N N
E (U — uj)wio +H E miwiy,
i=1 i=1

N N N
pj = Z mjwij, F= Z(Ui — Ui wi—2 +H Zmiwija ji=3,
p p i=1

(20)

where wy, 1 <i < N,j > 0is given by (18) and (19).

Remark 1. The 2N-component system (5) with an arbitrary function H does possess Lax representation and infinitely many
conservation laws. Such a system is interesting since different choices of H lead to different peakon equations. Let us look
back why an arbitrary smooth function may be involved in system (5). System (5) is produced by the compatibility condition
(10) of the spectral problems (8) where such an arbitrary function is included in V part (see the formula (9)). The appearance
of this arbitrary function can be explained as that the Lax equation is an over determined system by choosing the appropriate
V to match U.

3. Examples for N = 2

In the case N = 2, Eq. (5) is cast into the following four-component model

My 1= (miH)y + miH
+ 5{’"1[2(“1 —u1) (V1 + V1x) + (U2 — Uzx) (V2 + V2] + Ma(Uy — U x) (V2 + v2x)},

myr = (maH)y + myH
+ %{ml(uz — Uz ) (V1 + V1) + M2[(Ur — U1 (V1 + V1) + 2(u2 — Uz ) (V2 + V20)1}

nye = (mH)y —mH (21)
- %{n1[2(u1 — Uy ) (V1 +v1x) + (U2 — Uz ) (V2 + V2] + M2(U2 — U ) (V1 + V1)),

nye = (MpH)xy — npH

1
- 6{”1(”1 — Uy x) (V2 + V2x) + Ml (U — U ) (V1 + v1x) +2(U — Uz ) (V2 + v20)]),

mp = Uyp — Up xx, my = Uy — U xx, Ny = v1 — Vix, Ny = V2 — V2 xx,

where H is an arbitrary smooth function of uy, u;, vy, v, and their derivatives. This system admits the following 3 x 3 Lax

pair
1(—2 Am am 1 (Vi1 Viz Vi3
U=g{am 10 ) vV Ve Vo), (22)

an, 0 1 V31 Vi V33
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where

1
Vin=—21""+ 5[(“1 — Uy ) (V1 + v1x) + (U2 — Uz ) (V2 + V2],

Viz = A7 (ug — u1x) + AmyH, Vis = A7 N(ua — upx) + AmH,
_ _ 1
Vo1 = A7 (1 + v10) + AngH, Vyp =272 — 5(“1 — Uy ) (V1 + V1),
1 _
V23 = —g(uz — UZ_X)(U] + ULX), V31 =A 1(U2 + UZ.X) + )\«nZHv

1 B 1
V3 = —g(u1 — Uy ) (V2 + V2, Vi3 =172 — g(uz — Uy x) (V2 + V20)-

39

(23)

Due to the appearance of arbitrary function H, we do not know yet whether (21) is bi-Hamiltonian in general. But we find
that it is possible to figure out the bi-Hamiltonian structures for some special cases, which we will show in the following

examples.
Example 1. A new integrable model with stationary peakon solutions

Taking H = 0, Eq. (21) becomes the following system

my

9

my = Uy — U xx, my = Uy — U xx, Ny = V1 — Vix

Let us introduce a Hamiltonian pair

0 0 9+1 0 K Ko K K

j-|.0 0 0 9+1 (oL K Ky Ko

J0—1 0 0 0 ’ 9| K51 Kz Kz3 Kszgf’
0 Jd—1 0 0 K41 Kgp Kyz Kyg

where

Ky = —2m;9 " 'my, Kz = —myd~'my — my9~ 'my,

K3 = 2m18_]n1 + m28_]n2, K4 = mla_lnz,

Ko = =K}, = —m;d~'my — myd~'my, Koy = —2m,3 " 'my,

K3 =myd~'ny, Koy =myd 'ng 4+ 2myd~ 'ny,

K31 = —Kj3 =2md 7 'my + md " 'my,  Kzp = —Kjy = n1d~ 'my,

K33 = —2n,9" 'ny, K3q = =190 'ny — ny9~ 'nyq,

Kyt = —Kjy =m0 'my, Ky = —K3, = md~'my + 2n,0" 'my,

Kz = —K3, = —n0 'y — 19 'ny, Kag = =210 'n,.

By direct but tedious calculations, we arrive at
Proposition 2. Eq. (24) can be rewritten in the following bi-Hamiltonian form

T SHy, S8H, 6&H, 8Hy\T SH, SH;
(Mie, mae, nug, moy) =J( — — — | =K|—

8m1’ %’ 8n1’ (Snz 5m1’ %’ 8111

where | and K are given by (25), and

H,

+00
/ [(u1x — up)ng + (uzx — uz)nz]dx,

oo

1 +00
H, = §/ [(u1 — u1)? (1 + V10N + U — Upx) (U — Uz) (V2 + v2.0M
—00

+ (U1 — U1 (Uy — U x) (V1 + V10N + (Uz — U x) (V2 + V2N ]dX.

1
Ny = _§{n1[2(u1 — Uy ) (V1 +V1x) + (U — Uy ) (V2 + V2 0] + (U — Uz ) (V1 +v10)},

Ny = V2 — VU2 x-

8Hy SH;

T
o

1
5{’"1[2(“1 — Uy ) (V1 +v1x) + (U — Uz ) (Vg + V201 + ma (U — Up ) (V2 + V20,

1
my = —{m1(uy — Uz ) (V1 + v1x) + mMa[(U1 — Ug ) (V1 + v1x) + 2(U2 — Uz ) (V2 + V2 )]},

1
Ny = —5{711(”1 — Uy ) (V2 + V%) + [ (U1 — Uq ) (V1 + v1x) + 2(U — Uz ) (V2 + v20)]},

(25)

(26)

(27)

(28)
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Suppose an N-peakon solution of (24) is in the form

N N
w =Y e IO, uy =) e 9,
j=1 j=1
N N (29)
v = ZSj(t)e_lx_qj(t)l, vy = Z wj(t)e_"‘_"fm‘.
j=1 j=1
Then, in the distribution sense, one can get
N N
Uy =—Y pisgn(x—qe 9l my=2)"psxx—qp.
j=1 j=1
N N
==Y rsgnx—qe ™9, my =2 nsx—q.
= = (30)

N N
vie=— Y signx—qle U, =2 "s58(x—gp),

j=1 j=1

N N
Vgx = — Z wisgn(x — ge Ul ny =2 Z wid(x — q;).
=1 =1

Substituting (29) and (30) into (24) and integrating against test functions with compact support, we arrive at the N-peakon
dynamical system as follows:

g =0,
N
1)2 —lgj—qil—1gj—aqx!
bie = 3 gpj(Pij + rjwj) — Z (pipis + riwe) + ripiwy) (sgn(q; — qi) — sgn(q; — qi)) e~ Y=~k
i,k=1
N
+ Y (p@pisk + riwk) + ripwe) (sgn(g; — gi)sgn(g; — qi) — 1) e 1971~ } :
i,k=1
N
1)2 —lgj—qil—1gj—aqx!
e = —g | 3N+ ps) — D (Q@rw+ piso) + pyrise) (sgn(a; — g) — sgn(@; — qu) 1919
i,k=1

i

+ (rjriwk + pis) + pyrisk) (sgn(q; — qi)sgn(q; — qi) — 1) elquiqfq"l} ,
ik=1 (31)
N
112 —lgj—qil—lgj—akl
Sie = 51390+ rw) = Y (5@pisic+ riwe) + wyrise) (sgn(@; — @) — sgn(g; — qu) eV
(k=1
N
+ > (si@pisi + rawe) + wyrise) (sgn(q; — gsgn(gy — q) — 1) equqiquq"] ,
=1
12 y
Wi =3 {3wj(Pj5j + rjw;) — Z (wj@riwg + pisi) + sipiwx) (sgn(q; — gi) — sgn(gq; — qi)) e~ ai=1g
i,k=1
N
+ ) (wCriwe + pis) + sipiwe) (sgn(g; — g)sgn(g; — qi) — 1) e~ 4411 } :
(k=1

The formula gj; = 0in (31) implies that the peakon position is stationary and the solution is in the form of separation of
variables. Especially, for N = 1, (31) becomes
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qi,c =0,

4
D1t = EP](PLH + riwy),

4 (p1s1 + )
Me= —ri(pis1 +r ,
1,t 27 1P151 1W1 (32)

4
S1t = ——s1(p1S1 + riwq),
1.t 27 1(p181 +rqwy)
2 i rsi +rwn)
wir = ——wi(p1S1 + riwy),
1,t 57 1(P151 1W1

which has the solution

4 1 Az 4 A3
2 (Ay+As)t — & (AytAs)t
q1 =G, p1 = Agezr W2t rn = —p, sp = ——e 27 AtA wy =

A] A4 1 ’
where C; and Ay, - - -, A4 are integration constants. Thus, the stationary single-peakon solution becomes

4

4 Uy
Uy = Age?7

U = —,

Aq

34

oy = P2 fanegpeal o, Ay G4
A4 AZ

(Aa+A3)t o= Ix=C1]
s

See Fig. 1 for the stationary single-peakon of the potentials u; (x, t) and v;(x, t) with C; = 0,A; = A4 = 1and A; = 2.

Example 2. A new integrable four-component system with peakon solutions

Let us choose

H= [(Ug — U1 0) (V1 +v1x) + (U2 — Uz ) (V2 + V201,

1
9
then Eq. (21) is cast into
1 1
my = (mH)x + §m1(u1 — U ) (V1 + 1) + §m2(u1 — Uy x) (V2 + v2%),
1 1
my = (myH)y + §m1(u2 — Uz ) (V1 +vix) + §m2 (U — Uz ) (V2 + v2%),
(35)

1 1
Ny = (NH)x — §nl(u1 — Uy ) (V1 + V%) — 5”2(“2 — Uy ) (V1 + V1),

1 1
Ny = (NpH)yx — 5”1(“1 — Uy ) (v + V%) — 5”2(“2 — Uy x) (V2 + V2%),

mp; = Uqg — Uqxx;, my = Uy — U xx, Ny = V1 — V1,x, Ny = V2 — V2 xx-
Let us set

Ki1 Ko Kiz Ky
1Ky Ky Ky Kog
9| K1 K2 Kz Kzq )

Kas1 Kigp Kaz Ky

(36)

where

Ki; = om0~ 'mid — m0~ 'my, Kiz = 0m10”'myd — mpd~ 'my,

Ki3 = 0m10~'n10 + m1d~ 'ny + myd 'y, Kiq = 0m10~'ny9,

Koy = —K}, = 9mpd~'myd — myd~ 'my, Kyy = 0myd ™ 'myd — myd~'my,

K3 = 0myd " 'n;0, Kog = 0m0 " 'n20 + m19 " 'ny + myd ™~ 'ny,

K31 = —Kj5 = dn87'myd +ny9~'my + npd” 'my, K3 = —K33 = dn;9~'mya,
K33 = amd 'md —md 'my,  Ksg =m0 'npd — npd 'ny,

Ky = —Kj, = 007 'mid,  Kip = —K3, = 9n07 'mpd + n107'my + n0™ 'my,
Kaz = —K3, = dn20~'myd — 9 'y, Kaq = 0120 1020 — ny0 ™ 'ny.
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By direct calculations, we arrive at

Proposition 3. Eq. (35) can be rewritten in the following Hamiltonian form

SHy S8H; SH; &8Hy\'
My, Moy, N1y, N =K _— —, — 38
(mye, ma, Ny 2,[) <8m1 sm,’ o, 8n2> (38)
where K are given by (36), and
+00
H; =/ [(w1x — u)ng + (upx — uz)np]dx. (39)
—00

We believe that Eq. (35) could be cast into a bi-Hamiltonian system. But we did not find another Hamiltonian operator
yet that is compatible with the Hamiltonian operator (36).

Suppose N-peakon solution of (35) is expressed also in the form of (29). Then, we obtain the N-peakon dynamical system
of (35):

O =

Ge = i = (pjsj + rjw)) + Z (isi + riwe) (sgn(q; — qi) — sgn(q; — qu)) e~ I~~~
i,k=1

N
+ > (s + raw) (1 — sgn(g; — gi)sgn(q; — qv)) e"f‘“""f‘”‘] :
i,k=1

O =

1 o
P = { ~pi(pjs; + rjwy) + Z (pipisk + ripiwe) (sgn(q; — qi) — sgn(q; — qi)) e~~~ 14l
i,k=1

(pipisk + ripiwg) (1 — sgn(q; — gi)sgn(q; — qi)) e %%l ~19~a! } :

+
EMZ

ri(pys; + rjwy) + Z rirawe + pirisi) (sgn(q; — qi) — sgn(q; — qi)) e”'~41~19 !

i,k=

3

-

I

© |
~—
w\»—~

N (40)
+ > (rwi+ pyrise) (1 — sgn(q; — qi)sgn(g; — q) e 194171974 ] ,
ik=1
1)1 N
Se =g {3 i(pysi + riwy) — Y (wirisk + sipisi) (sgn(qy — qi) — sgn(g; — qi)) eI~
i,k=1
N
+ Z (sipisk + wyisk) (sgn(q; — qisgn(q; — qu) — 1) E_qu_Qil_Qj_q"l} :
ik=1
N
)1 —1j—qil—1gj—q«|
Wit = g gwj(Pij + rjwj) — Z (sipiwi + wyriwy) (sgn(q; — ;) — sgn(q; — qr)) e~ 9=l =14 =%
ik=1
N
+ Y (wyrw + spiwi) (san(q; — gi)sgn(g; — qi) — 1) e‘qf‘qf""’f‘%} :
ik=1
For N = 1, (40) becomes
2
Qi = E(plsl + riwi),
2
P = Epl(plsl + rwy),
2
I = Erl (p1$1 + riwy), (41)
2
St = —551(13151 + rwy),
2
wir = ———wi(p1s1 + riwy).

27
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ut(x,t),v1(x.t)

Fig. 1. The stationary single-peakon solution of the potentials u; (x, t) and vy (x, t) given by (34) with C; = 0,A; = A4 = 1and A; = 2. Solid line: u; (x, t);
Dashed line: vy (x, t); Black: t = 1; Blue: t = 2. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 2. The single-peakon solution of the potentials u; (x, t) and v (x, t) given by (42) with Ay = 0,A; = As = 1and A3 = 2. Solid line: u;(x, t); Dashed
line: v (x, t); Black: t = —2; Blue: t = 2. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

We may solve this equation as

2 1 A A
q1 = = (A2 + A3)t + Ay, p1 ZAse%(A2+A3)[, = —D1, 51 = *26_2277“2“3){, wy = —, (42)
27 A] A5 i
where Ay, - - -, As are integration constants. See Fig. 2 for the single-peakon of the potentials u; (x, t) and v, (x, t) withA; = 0,

A :A5 = 1andA3 =2.

4. Conclusions and discussions

In our paper, we propose a multi-component generalization of the Camassa-Holm equation, and provide its Lax
representation and infinitely many conservation laws. This system contains an arbitrary smooth function H, thus it is actually
a large class of multi-component peakon equations. We show it is possible to find the bi-Hamiltonian structures for the
special choices of H. In particular, we study the peakon solutions of this system in the case N = 2, and obtain a new
integrable system which admits stationary peakon solutions.

In contrast with the usual soliton equations, the peakon equations with arbitrary functions seem to be unusual. We
believe that there are much investigations deserved to do for both our generalized peakon system and Li-Liu-Popowicz’s
system [31]. The following topics seem to be interesting:
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o [s there a gauge transformation that can be applied to the Lax pair to remove the arbitrary function H?
o Does there exist a unified (bi-)Hamiltonian structure for the system (5) for the general H?
o Can the inverse scattering transforms be applied to solve the systems in general?
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