A Synthetical Two-Component Model with Peakon
Solutions

By Baogiang Xia, Zhijun Qiao, and Ruguang Zhou

A generalized two-component model with peakon solutions is proposed in
this paper. It allows an arbitrary function to be involved in as well as
including some existing integrable peakon equations as special reductions. The
generalized two-component system is shown to possess Lax pair and infinitely
many conservation laws. Bi-Hamiltonian structures and peakon interactions
are discussed in detail for typical representative equations of the generalized
system. In particular, a new type of N-peakon solution, which is not in the
traveling wave type, is obtained from the generalized system.

1. Introduction

In recent years, the Camassa—Holm (CH) equation [1]
m; =2mu, +meu, m=u—1u. +k, D

where (k is an arbitrary constant) derived by Camassa and Holm [1] as a
shallow water wave model, has attracted much attention and various studies.
The CH equation admits Lax representation [1], bi-Hamiltonian structure [2, 3],
and is integrable by the inverse scattering transformation [4]. Also it possesses
multiple peaked soliton solutions [1,5] and algebrogeometric solutions [6, 7].
The most interesting feature of the CH equation is that it admits peaked soliton
(peakon) solutions in the case k£ =0 [1,5]. A peakon is a weak solution in
some Sobolev space with corner at its crest. The stability and analysis study of
peakons were discussed in several references [8—12].
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The interesting characteristics of the CH equation stimulated more people
to search new integrable models which admit peakon solutions. Among them,
for example, there are:

(1) The Degasperis—Procesi (DP) equation [13]
m; =3mu, +myu, Mm=1u— Uy, ()

which was shown integrable with Lax pair and bi-Hamiltonian structure
in [14], multipeakon dynamics in [15], and shocks formation in [16];
(2) The cubic nonlinear peakon equation—the Fokas-Olver-Rosenau-Qiao
(FORQ) equation [3,17,18]
m,=[m (uz—ui)]x, Mm=1u— Uy, 3)
which was shown to have Lax pair and bi-Hamiltonian structure in [19],
and peakon solutions in [20];
(3) The Novikov’s cubic nonlinear equation [21]

m,:uzmx+3uuxm, m=u— Uy, 4)

which was shown integrable with Lax pair, bi-Hamiltonian structure,
and conservation laws in [22]; and

(4) The generalized CH equation with both quadratic and cubic nonlinearity
[17,18,23]

= S I )], + S ma. =i,

where k) and k, are two arbitrary constants. Equation (5) was proven to
possess Lax pair, conservation laws, and peakon solutions in [23].

Equation (5) is actually a linear combination of CH equation (1) and
cubic nonlinear equation (3). This structure is very similar to the Gardner
equation, known as a linear combination of KdV and mKdV equations. Thus,
equation (5) is the dual system of the Gardner equation from the viewpoint of
tri-Hamiltonian duality [3, 18]. In the literature [17], a more generalized version
of Equation (5) was derived by Fokas from the two-dimensional hydrodynamical
equations for surface waves. We also notice that by some appropriate rescaling
or gauge transformations Equation (5) is equivalent to Equation (3).

All equations shown above are scalar integrable peakon models. Another
important task is to find integrable multicomponent peakon systems to enrich
the theory of soliton and integrable systems. For example, the integrable
two-component CH equations are proposed in [3,24-26]. The integrable
two-component forms of the cubic peakon systems (3) and (4) are presented in
[27-29].

In addition to the integrable generalizations of peakon equations, there
are also some works appearing to study the nonintegrable generalizations of
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peakon equations. The most well-known example is the so-called b-family
equation by Holm and Staley [30,31]

m; =bmu, +mu, m=u—uy,, (6)

where b is an arbitrary constant. The case of b = 2 is exactly the CH equation,
while the case of b = 3 recovers the DP equation. According to various tests
for integrability, it is known that the cases of b = 2 and b = 3 are the only
integrable equations within this family [32—35]. However, for any b, all those
equations admit peakon solutions [31]. Holm and Staley also studied peakon
dynamics of (6) for different values of b and discussed how they behave with
changing b [31]. In the literature [36], Popowicz proposed a two-component
system, which can be considered as a coupling between the CH equation
and the DP equation. Later, Hone and Irle showed that the two-component
Popowicz system is nonintegrable, but admits single-peakon solution as well
as multipeakon solutions [37].

In this paper, we propose the following generalized version of the
two-component peakon system:

m; =mH), +mH — %m(u —u,)(v + vy),

n,=mH), —nH + %n(u —u)(v + vy), ™

m=u— Uyy,

n =7V — Uxy

where H is an arbitrary function of u, v, and their derivatives. As v = 2 and
H = u, Equation (7) is reduced to the CH equation (1). As v =2u and
H = (u* — u?),Equation(7)isreducedtothe FORQequation(3). Asv = kju + k,
and H = 1[ki(u* — u?) + kou], Equation (7) is cast into the generalized CH
equation (5). Thus, Equation (7) is a kind of the two-component generalization
of Equations (1), (3), and (5). We show that the generalized system (7) possesses
an s/(2)-valued Lax pair and infinitely many conservation laws. Since the
arbitrary function H is involved in (7), we do not expect all those equations have
bi-Hamiltonian structures in general. Nevertheless, we demonstrate that for some
special choices of H we may find the corresponding bi-Hamiltonian structures.
Such a system is interesting, because we may obtain quite a large number of
integrable peakon equations by choosing different H. We take some examples
to discuss in detail the bi-Hamiltonian structures and the peakon interactions for
some equations in the family (7). From the equations in the family (7), we obtain a
new type of N-peakon solution which is not presented in the traveling wave type.

The whole paper is organized as follows. Section 2 provides the Lax pair
and conservation laws for the system (7). Section 3 studies the bi-Hamiltonian
structures and the multipeakon solutions of some two-component equations in
the family (7). Section 4 supplies a proof for the bi-Hamiltonian property in
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each example discussed in Section 3. Some conclusions and open problems
are addressed in Section 5.

2. Lax pair and conservation laws

Let us consider a pair of 2 x 2 matrix spectral problems of the following type:

1/ -1
_ I AT 4P

where A is a spectral parameter, ¢ = (¢1, ¢2)’,m = u — uy,n = v — vy, and

1
V=124 E(u — ) (v + vy),
Vi, = —k_l(u —ux)—AmH, (10)
Vo = A~ Nv 4+ ve) + AnH,

and H is an arbitrary function of u, v, and their derivatives.
It is easy to see that the compatibility condition of (8) and (9) reads

U-V.+[U,V]=0. (11)

Substituting the expressions of (8) and (9) into (11), we immediately find that
(11) is nothing but Equation (7). Thus, (8) and (9) compose of a Lax pair of
Equation (7).

Remark 1. Our generalized system with an arbitrary function H involved
does admit an s/(2)-valued Lax representation. System (7) is produced by
the compatibility condition (11) of the spectral problems (8) and (9) where
such an arbitrary function is included in V part. The arbitrary function H is
able to appear because the Lax equation (11) is an overdetermined system by
choosing the appropriate V' (dependent on 1) to match U.

Next, let us construct the conservation laws for system (7) by using spectral
problems (8) and (9). Let w = f;—?, then it follows from (8) that w satisfies the
Riccati equation

1 1
Wy = —E)Lma)z +w— E}\,n. (12)
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Based on (8) and (9), we obtain
(Ing)), = —1 + Iamo,

13)
(Ing), = -2 [A2 = 27"(u —u)o + 2 — uy)(v + v,) — AmHo),
which generates the following conservation law of Equation (7):
IO[ = AX’ (14)
where
p =mo,
15)

A=—1"w —u)w +v) + 272 — u)w + mHo.

Usually p and A4 are called a conserved density and an associated flux,
respectively.

We are able to derive the explicit forms of conservation densities by
expanding w in powers of A in two ways. The first one is to expand w in terms
of negative powers of A as

0=y w1 (16)
j=0

By substituting (16) into (12) and equating the coefficients of powers of A, we
arrive at
n mn, — myn — 2mn

wy = _— w)] =
m’ 2m?n

1 1
Wiy =——|W; —wjx— =m E w;w > 1.
N ) ivk=jriazihsy OO T =

Inserting (16) and (17) into (15), we obtain the following infinitely many
conserved densities and the associated fluxes

po = /—mn, Ay = H/—mn,

mn, — myn — 2mn
p1 = ’
2mn

’

(17

(mny —myn —2mn)H (18)

9’

1
A =—=(u— X X
1 2(u u )+ vy) + >mn

pj=mw;, A; =W —u)w; »+mHw;, j=>2,

where w; is given by (17).
The second expansion of w is in the positive powers of A as

o
w = wa)“j' (19)
j=0
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Substituting (19) into (12) and comparing powers of A lead to

wy; =0,7>0, (20)

1 1 .
w1 = S+ ) @241 — @210 = T 2, wonjzl @D
i+k=2j.0i k=2

From formula (20), we know
pj =0, A;=0, j=0, (22)

which means the even-index conserved densities and associated fluxes are
trivial. From formula (21), we arrive at the odd-index conserved densities and
associated fluxes

1 1
=3 X /s A4 = - Ux - H’
o1 2m(U + vy) 1= (U —uy)w; + Zm(v + vy) (23)

P21 =mwyjy1,  Azjy1 = WU —u)wrj3+mHwyy, j =1,

where the odd-index w;;; is defined by the recursion relation

1
w241 = 5(1 - 3x)1(m Z wia)k>a Jj=L (24)

i+k=2j,0<i,k<2j

We should remark that the relation (24) shows the nontrivial high-order
conserved densities in the sequence (23) may involve in nonlocal expressions in
u and v. However, the conserved densities in the sequence (18) are local ones.

Remark 2. The expressions (18) and (23) show that all members in
our generalized system possess the same conserved quantities but different
conserved fluxes. This is because the conserved quantities are derived from
the Riccati equation (12) that only depends on the spatial part of the Lax
representation which keeps the same for all members in the family; while the
conserved fluxes rely on the temporal part of the Lax representation which
changes for different members.

3. Two-component peakon systems
The two-component system (7) is of great interest because different choices of

H lead to different peakon equations. Let us discuss some special cases in the
following examples.



A Synthetical Two-Component Model with Peakon Solutions 7

EXAMPLE 1. A new integrable system with a new type of peakon solutions.
Taking H =0 in Equation (7) gives rise to the following integrable
two-component model.:

m; = —%m(u —u, ) (v~ vy),
ny = snu — u )V +vy), (25)
M=U—Up, B =0V — Uyy.

This model can be rewritten as the following bi-Hamiltonian form

SHy, SHy\' SHy, SH,\'
mon) =J (==, =2) =K+ ) , (26)
ém én ém  én
where
0 —0—1 —md'm md'n
S = (—a+1 0 )’K_ ( nd~'m —naln)’ @7
1 [+ 1 [+
o=t f v+ v)dx, Hy = / (= u (v + vondx.  (28)
2 ) o 4 )

In Section 4, we will provide a detailed proof for the compatibility of the
Hamiltonian pairs J and K in this example and the next three examples.

Let us assume that (25) has the following one-peakon solution
u=pit)e 0Oy =p(r)e N0l 29)

where pi(¢), ri(t), and ¢,(¢) are functions of ¢ needed to be determined.
Substituting (29) into (25) and integrating against the test function with support
around the peak, we obtain

1 1

Dl = —gp%rl, T = §P1V12, q1: =0, (30)

which yields

Ay
Lestt gty =45, (1)
2

pi(t) = Are 3N () = e

where A, A,, and A; are integration constants. Thus, we obtain the peakon
solutions as follows:

u(x,t) = AzeféAlfefl)C*A}" v(x,t) = %e;/’”el’*’m. (32)

2
This pair of single-peakon solutions is not presented in the traveling wave
type, because the peakon position g(¢) = A3 is stationary. To the best of our
knowledge, almost all integrable peakon models have single peakons which are
of traveling wave type. So, we find a new integrable peakon system (25) whose
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Figure 1. The single-peakon solution given by (32) with 4, = 4, =1 and 45 = 0. Solid
line: u(x, t); Dashed line: v(x, t); Black: t = 1; Blue: t = 2.

peakon solution is not in traveling wave type. See Figure 1 for the profile of
the new single-peakon solution. We remark that the amplitudes of the peakons
of Equation (25) grow/decay exponentially with time. Recently, Lundmark and
Szmigielski [38] found that the Geng-Xue two-component system [29] has a
similar type of peakons (with amplitudes exponentially growing/decaying with
time).

Let us suppose the N-peakon solution in the form of

N N
u(x,t) = ij(t)e—lx—qj(l)\’ v(x, 1) = Z’"j(t)e_‘x_qj(t)l' (33)

j=1 j=1

By substituting (33) into (25) and integrating against test functions, we obtain
the N-peakon dynamic system of (25)

qj,l - 07

P = 5P

) +%p.j Zz{Yk:I pire(sgn(q; —qi) + 1) i
(sgn(q; — qr) — Ve l—arl=la=arl (34)

rje = gD

3 SN piri(sgn(q; — i) + D)(sgn(q; — qi) — 1)e 14114 =ail,
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In the above formula, g;, = 0 implies that the peak position does not change
along with the time ¢.
For N = 2, solving (34) leads to

qi(t) = Az, qo(t) = As,

_ A _ A
ri(t) =2t @) =32, (35)
1
— _ D1 x(A—At
pi(t) = AgT1,  pa(t) = Bresthmo),
where 4, A,, ..., A¢ are integration constants, and
1 4= 451 | 341 (+sgn(dg—As) Laj—ay) 34430 —sgn(dg—4s) —Laj—ayy
Fl —e_gAlt_ 2 |: 1<A17A2;;3 S 41*424 S 3R

If A4 = As, it is reduced to the one-peakon solution. If A4 # A4s, this
two-peakon solution will never collide because gq;(¢) # ¢2(¢) for any ¢. In
particular, for 4 = A3 = Ay = —As = A¢ = 1 and A, = 4, the two-peakon
becomes

_1 —1=2  _|y_ _4 —t=2 _
u(x,t):e ztte e [x ”+€ 3tte e |x+l|’

(36)

Li_o=t=2 _x— 4, ,—1=2 _
v(x,t) =e3' ¢ e Tl p gesime oIl

See Figure 2 for the profile of the two-peakon dynamics for the potentials
u(x,t) and v(x, t).

Remark 3. We point out that from (25) one may conclude (mn); =0
and thus mn = f(x), where f(x) is a free function of x. It then follows
that v = (1 — 82)*1(6—?). This means we can remove the component v in
Equation (25) and thus write (25) in the form of a single field equation.
However, the resulting single field equation involves in nonlocal expressions
and a free function f(x). Guided by this, we still write the equation associated
with the case of H = 0 in the form of (25).

EXAMPLE 2. The integrable two-component system proposed in [28].

By choosing H = %(uv — U, vy), we obtain
my = %[Wl (uv - uxvx)]x - %m (v, — uxv),
n, = %[n (v —uv)] + %n (v, — uyv), 37
m=U—Uyxy,n =V — VUxy,

which is exactly the dispersionless version of the system we derived in [28].
This system possesses the bi-Hamiltonian form

SHy SH>\T SHy SHy\'T
(m[’n,)TzJ 2’ 2 =K 17 ! ) (38)
dm donm ém dnm
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~
= = SN2

FaY ==
T T T T T 1T uUJ T 17T 17T 17T 17T 17T 17T 17T 71T 17T 71711

-4 -2 0 2 4

X

Figure 2. The two-peakon solution given by (36). Solid line: u(x, ¢); Dashed line: v(x, t);
Black: t = 0; Blue: t = —1.

where

0 92 — 1
=il o )
B (39)

K — (9mdimd —md~im  9md~'nd +md'n
T\ o 'md+nd'm 0nd~'nd —nd~'n )’

+00 1 [t
H, = Ef (uv +u,vy)dx, H, = Z/ (uzvx + u)zcvx - 2uuxv)ndx.
0 -

N (40)
In [28], we have derived the one-peakon of (37)
u(x’ l) _ C]€7|x+%c]czt‘, v(x, Z) — CZe*|x+%c1czt|, (41)

where c| and ¢, are two arbitrary integration constants. We also investigated
the N-peakon dynamical system. In particular, the two-peakon solution was
given explicitly and the collisions are discussed (for details, see [28]).
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EXAMPLE 3. A new integrable two-component peakon system with the same
bi-Hamiltonian operators as (37) but different Hamiltonian functions.
Taking H = %(uvx — u,v), we arrive at

m, = 2 [m@uv, — u,v)], — Im W — uyvy),
ne = 5 vy — V)], + 30 (o — w30, (42)

M=U—Uxx, N =V — Uyy.

This system can be rewritten as the following bi-Hamiltonian form:

SH, SH>\T SHy SHy\T
mon) =J(=—=,==) =k (=—, =) . (43)
ém don dm  don

where J, K are given by (39), and

1 +00 1 +00
H, = 5[ (uvy 4+ uyvey)dx, Hy = 4_1/ (u2v + u_,%v — 2uu, vy )ndx.
- (44)
From (38) and (43), we find that Equations (37) and (42) share the same

bi-Hamiltonian operators but with different Hamiltonian functions. We will
comment this at the end of this example (see Remark 4).

—00

Let us study the peakon solutions of this example. By direct calculations,
we find that the one-peakon solution of (42) takes the form as

1 C 1
u(x, t) = c2e—§clte—|x—63\’ v(x, t) = éegclte—lx—cs\’ (45)

where ¢, ¢», and c3 are three integration constants. In general, we suppose the
N-peakon solution of (42) in the form of (33). Then, we obtain the N-peakon
dynamical system of (42)
Pt = §P3;
N
+3P) kZl pire(sgn(q; — gi)sgn(q; — qi) — e v—ail=la=ai,

) (46)
N
—37 2 pirisgn(q; — qi)sgn(q; — qi) — e a1,




12 B. Xia et al.

For N = 2, the two-peakon dynamical system reads as

pii = —3piri — 3p1(pira + pary) e 110
P2i = —3p3r2 — sp2(pira + pary) e 110
e = %plrlz + %’”1 (p1ry + pory) e -l
. = %pZ”zz + %VZ (p1r2 + pory) e 10,
q1,: = %(plrz — par1)sgn(q, — qz)e*wl*qzl’
92t ={q1;-

(47)

From the first four equations of (47), we may conclude p,(¢)r;(¢) = A; and
p2(t)ra(t) = Ay, where A; and A, are two integration constants. From the last
two equations of (47), we know ¢,(t) = q1(t) — B; where B; is a nonzero
constant, which indicates that the two-peakon will never collide. For 4| = A4,,
we have

pi(t) = De[_%Al_%(AICI-‘r%I)e"BI\]f
pi(t) 4,C
pa(t) = [ )= —,r = —,
l(t) pi(1)

— 1 A, _ B,
t) = A.C, — — B 1Bl |4 ’
q:1(7) 2|:( 1C1 1)sgn( 1)e :| +_2

92(1) = q:1(t) — By,

(48)

where By, C1,and D are three integration constants. For example, choosing C; =

D=1, By =2, 4; =3, we have py(t) = pi(t) = e OV 1y(t) = r1(t) =

3eG¢*+1i Thus, the two-peakon solution accordingly reads as
u(x,t) = e—(3e*2+l)f e =1 + e+ ,

[ (. 1) ( ) -

v(x,t) = 3pB3e 1) (efleu + e*|x+1|) ’

which are apparently M-shape peakon solutions with two peaks (see
Figure 3 for details). If choosing C; = By =2, D =1, A; = 3, then we have
the following two-peakon solution

ux, 1) = %e_(%{zﬂ)[ (Ze—lx—%fzt—ll 4 e r—3e *2z+1\>
15 -2 9 2 0 o (50)
v(x, 1) = 3elae (e"x—ze =1l 4 pe—lr—je t+1|> ‘

Figure 4 shows the profile of this two-peakon solution.
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u(x,t)

Figure 3. The M-shape peakon solution given by (49). Solid line: u(x, t); Dashed line:
v(x, t); Black: t = 0; Blue: t = —1.

Figure 4. The two-peakon solution given by (50). Solid line: u(x, ¢); Dashed line: v(x, t);
Black: t = 0; Blue: t = —1.
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For A, # A,, we obtain the following solution of (47):

1Bl 4y L, - Lo -,
L g, f— 3¢ 1 (F]e3(Al Az)ffAsze 34 42>f)

pi1(t) = Bze 377 -0 ,
— DL 34— Ayt
pZ(t) - 3263 ’

ri(t) = %,1’2 = %, G

3sen(B)e 81l L4, — Log,—
g1(0) = =250 gy e Sy el ] 4

q2(t) = q1 — By,

where 4y, A,, B, By, B3, and By are six integration constants. Let us consider
a special case of choosing 4, = By = B, = By =1, A, =4, By = 0. Then,
we have

1,1 -1 -1
12 e 3lt3e =1_2¢! ,
401 =1 _ -1
Py = e 3lt3e =1_2¢! ’
L, 1,11 i—1
_ ,3l—5e +2e
rp=e3'"2 ,

(52)

4 1 —1—1 r—1
It—se +2¢
rp =4e3'2 ,

1 _
6]1=§e t 1_"_26{ 1,

g =q1— 1.

Figure 5 shows the dynamics of this two-peakon for the potentials u(x, ¢) and
v(x, t) determined by (52).

Remark 4. It has been shown that Equations (37) and (42) share the same
bi-Hamiltonian operators (but with different Hamiltonian functions). In fact,
the bi-Hamiltonian operators (39) generate two hierarchies of equations. To
see this, we define Lenard sequence recursively by

Jb_y =Kb_jy1, Jby=0, k=12,...,
and the soliton hierarchy by
m,_, =Kb_,, n=12,.... (53)

Let us take an initial value by = (0, 0)”. Then from Jb_, = Kby, we may
reach b_ = 1(v,u)” or b_y = L(vy, —u,)". For b_; = 1(v,u)’, the first
member m, , = Kb_; in the hierarchy (53) is just Equation (37). While for
b= %(vx, —u,)", the first member m; , = Kb_; is nothing but Equation (42).

Remark 5. Although Equations (37) and (42) share the same bi-Hamiltonian
operators, their peakon dynamics are very different. In the single-peakon case,
the peakon solution of (37) is in the type of traveling wave (see (41)), while the
peakon solution of (42) is not, since the peak point does not change along with
the time ¢ (see (45)). In the two-peakon case, the collision of the two-peakon
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u(x,t)

B LI B m p e |5/ S e e e e e s s e

-4 -2 0 2 4

X

Figure 5. The two-peakon solution determined by (52). Solid line: u(x,?); Dashed line:
v(x, t); Black: t = —0.5; Blue: t = —1.

of Equation (37) is discussed in [28], while the two-peakon of Equation (42)
never collides since their positions are satisfied with g,(¢) = ¢1(¢) — B;, where
B is a nonzero constant.

ExXAMPLE 4. The two-component integrable system proposed by Song et al.
[27].
Choosing H = %(u — uy)(v + vy) casts Equation (7) into
m; = % [m@u — ux)(v + vo)l,s
ne= L — u) + vol,. (54)
m=u—Uxx, " =V — Uy,
which is exactly the equation derived by Song et al. [27]. This system possesses
a bi-Hamiltonian structure [39]:

SHy SH>\T SHy SHy\'
mn) =J (==, =2) =k (—, =) . (55)
dm donm ém  donm

0 3*+9 omd~'md  dmd~'nd
J‘(—az+a 0 )’K_<8n81m8 ono~'na )0 ©9

where

1 [+ 1 [+
H, = —/ m(v + vy )dx, H) = 4_1_/ (u —uy)’(v +vondx.  (57)

2 oo —00
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In the following, we want to derive the peakon solutions and discuss the
peakon interactions for this system. It is easy to check that the one-peakon
solution of (54) takes the same form as (41). In general, by direct calculations,
we can obtain the N-peakon dynamical system of (54) as follows:

pji =0,
l"j’[ — 0’
9 1 1 N (58)
qj: = gpjl”j + 3 Z pirk(sgn(q; —qi) + 1)
ik=1
(sgn(q; — qr) — Ve 1ai—ail=laj—al,

If N =2, then the two-peakon system reads as

Plri =Pt =Tl =72t = 0,
g1 = —1piri + 3 [pira (sgn(qr — ¢2) — 1)

—pori (sgn(qi — q2) + D] e 74, (59)
q2: = —3p2r2 + 3 [pir2 (sgn(qr — g2) — 1)

—par1 (sgn(qi — q2) + D] e 1742,

From the first equation of (59), we know
pr=41, po=4,, rn=B, rn=B:5, (60)

where A, Ay, By, and B, are four integration constants. If A1B1 = Ay B>,
then we have

01(0) = | = 1418 + 14 Bo(sgn(C)) - 1)
~ 4Bi(sgn(C) + D]e” e + G, (61)
q2(t) = q1(¢) — Cy.

If A\ B\ # A, B, then we arrive at

qi1(t) = =3 A1 Byt + T(1), o)
42(t) = =3 A2 Bot + +T(0),
where
3(A1B, + A>B 1
()= (4182 + 42 I)Sgn(t)(e—§\(AIBI—AZBZ)” _ 1)
2|A1B1 - A2B2| (63)

3(4,B; — AzB1)e_;|(AIBI—Asz>t|_
2(41B) — 42B,)
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Figure 6. The two-peakon solution for the potential u(x, ¢) given by (64). Red line: t = —3;
Blue line: t = —1; Brown line: ¢ = 0 (collision); Green line: ¢ = 1; Black line: ¢t = 3.5.

In particular, taking A\ = By = 1, Ay = 2, and B, = 5 sends the two-peakon
solution to the following form:

u(x, t) = e 0Ol 4 2= l—a(0l
'U(X, t) = e_|X—lII(t)| + Se—lx—qz(z)\’ (64)
where
q1(6) = =% + Lsgn(t)(e " = 1) — Je73V], (65)
¢a(t) = = + Tsgn(t)(e — 1) — e,

For the potential u(x, t), the two-peakon collides at the moment t = 0, since
q1(0) = q2(0) = 0. For t < 0, the tall and fast peakon with the amplitude 2 and
peak position q, chases after the short and slow peakon with the amplitude 1
and peak position q,. At the moment of t = 0, the two-peakon overlaps. After
the collision (t > 0), the two-peakon separates, and the tall and fast peakon
surpasses the short and slow one. Similarly, we may discuss the collision of the
two-peakon for the potential v(x, t). See Figures 6 and 7 for the two-peakon
dynamics of the potentials u(x,t) and v(x, t).
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Figure 7. The two-peakon solution for the potential v(x, #) given by (64). Red line: t = —3;
Blue line: + = —1; Brown line: # = 0 (collision); Green line: ¢t = 1; Black line: ¢ = 3.

4. A proof for the bi-Hamiltonian property

In this section, we will supply a proof for the bi-Hamiltonian property in each
example presented in the above section. Let us introduce the following basic
operators:

0 —1 0 9 0 92
J1:<1 O>’ J2=<8 0)9 J3=(—82 0>’ (66)

—md~'m md'n Omd~'md  9md'nd
K = ( nd~'m —nd 'n ) Ky = (8n81m8 9nd'nd ) ) (67)

LEMMA 1. All the above operators are Hamiltonian operators.

Proof: 1t is obvious that J, J,, and J; are Hamiltonian operators since they
are skew-symmetric operators with constant-coefficient. It is easy to check K
and K, are skew-symmetric. We need to prove that both K| and K, satisfy the
Jacobi identities

(a, K{[K1Bly) + cycle(a, B, y) = 0, (68)

(o, K3[KaBly) + cycle(a, B, y) = 0, (69)
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wherea = (a1, 2)7, 8 = (B1, B2)',¥ = (v1, v»)T arearbitrary vector functions,
the symbol cycle («, 8, y) means the cyclic permutation of «, 8, y, and the
prime-sign means the Gateaux derivative of an operator F on ¢ in the direction
o defined as [18]

]
F'lo] = Fl(g)lo] = 7c|  Flagteo) (70)
e=0

Let us first prove the Jacobi identity (68). For brevity, we introduce the
notations:

A=03""(may —naz), B=0""(mpy —np), C =9 ' (my1 —ny,). (71)
Direct calculations give rise to

(o, K{[K1Bly)

“+o00
= / [(@imB + a,nB)C + (cym — axn)d~(ymB + y,nB)]dx. (72)

0]

Integrating (72) by parts, we obtain

(o, K{[K1Bly)

+00
= / [(aym B + a;nB)C — (yymB + y,nB)d ™' (aym — aan)]dx

oo

+00
= / [(ymB + aynB)C — (yymB + y»nB)Aldx

oo

+00
= / [(1m + aon)BC — (y1m + yon)BAldx. (73)

o0

Thus

<O[, K{[Klﬁb/) + cycle(a, :Bv V)

+00
= / [(aym + aon)BC — (y1m + yon)BAldx

o]

+o00
+ / [(Bim + Bon)CA — (aym + aan)C Bldx

o0

+o0
+ / [(m + ysm)AB — (Bim + Ban) AC)dx

oo

= 0. (74)
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Now we turn to the proof of Jacobi identity (69). Let us set
A=9""(ma +nay), B=23""(mp +np>.),
C =07 (my1. +ny2)
With the similar calculations as (72) and (73), we arrive at

(o, Ky[K2Bly)

400
= / [(yl,xmx + VZ,xnx)BA - (al,xmx + a2,xnx)BC

+ C::‘CB:C/I - /Ixéxé]dx'
Then it follows that

(o, KA[K>Bly) + cycle(a, B, )

= / +00[<y1,xmx + y2xn)BA — (1 smy + azn)BC
.

+C,

+ [

i

A.C.B — éxéxﬁ]dx

B, A — A, B,Cldx

+00
[(al,xmx + aZ,xnx)CB - (lgl,xmx + ,BZ,xnx)CA

oo

C

+o0
+ / [(Brams + Boan) AT — (yram, + y2un) B

e¢]

The proof of Lemma 1 is finished.

LEMMA 2. The following relations hold
(a, JILLBlY) + (o, L[N Bly) + cycle(e, B, y) =0,
(o, JILBBY) + (o, J[1Bly) + cycle(a, B, y) =0,
(. Jy[SBly) + (. Ji[LBly) + cycle(e, B, y) = 0,
{a, JILK1Bly) + (o, Ki[J1Bly) + cycle(a, B, y) =0,

(a, KK 1Bly) + (o, K{[LBly) + cycle(a, B, y) =0,

(75)

(76)

(77)

(78)
(79)
(80)
(81)
(82)
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(o, KIK2BLY) + (. Ko[LBly) + cycle(a, B, y) =0, (83)
(o, KIK2BY) + (o Ko[3Bly) + cyele(a, B, y) =0, (84)
(o, K{[K2Bly) + (o, K[ K1 Bly) + cycle(e, B, y) = 0. (85)

Proof: 1t is clearly formulas (78)—~(80) hold since J,, J,, and J; are
constant-coefficient operators. For (81), we have («, J/[KB]y)=0, and

“+o00

(@, K|[LBly) = / [(@18> + B1)C — (Biys + Boyr) Aldx.

—00

Thus the left-hand side (LHS) of (81) becomes

400
/ (@12 + 21)C — (Brys + By Aldx

o]

+00
+/ [(B1y2 + B2y1)A — (V102 + y201) Bldx

o0

+00
+ f (102 + 7201)B — (@1 + a2 f1)Cdx

o0

=0.

Similarly, by direct calculations, the LHS of (82) becomes

+00
/ [(Bixa2 — Box1)C — (Bixv2 — Boxy1)Aldx

o0

+00
+ / [(V1xB2 — v2uxB1)A — (Y1502 — yaxa1)Bldx

+o0
+ / [(@1xy2 — a2 xy1)B — (a1 x B2 — a2, B1)Cldx

o0

+00
= / [(Bioa — B201)xC — (B1y2 — Bavi)r A — (yiaa — yoa1) Bldx

[e¢]

+00
= —/ [(Bioz — Bra1)Cr — (B1y2 — Bay1)Ax — (Y12 — y2a1) By ldx

+00
= —f [(Biaz — Bray)(my1 — nya) — (Biya — Bayi)(may — nay)

— (Y12 — yr01)(mpBy — nPy)]dx
=0.
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The LHS of (83) is equal to

+00
- / [(@1xBox + 2 B1.:)C — (BoxVix + Brxvax)Aldx

o0

+00
_/ [(ﬁl,xVZ,x + ﬂZ,xyl,x)A - (VZ,xal,x + yl.xaz,x)B]dx

o0

+00
—/ [(V1x02x + V201 x)B — (a2 B« + a1 B2,)Cldx

o0

=0.

The LHS of (84) is equal to

+00
- / [(al,xlBZ,xx - a2,x,31,xx)c - (/32,)(,\6 Yix — lBl,xx VZ,x)A]dx

o0

+00
_/ [(,Bl,xy2,xx - ﬁZ.le,xx)A - (VQ,xxal,x - Vl,xxOZZ,x)B]dx
—00

400
_/ [(yl,va,xx - V2,xa1,xx)B - (az,xxlgl,x - Oll,xx,BZ,x)Cv]dx

e¢]

+00
= _/ [(ﬂl,xylx - IBZ,le,x)xA + (Vl,xO{Z,x - V2,x051,x)xB
—00
+ (al,xﬂZ,x - O52,){,31,x)xév]dx
+00 - N
= / [(ﬁl,xVZ,x - ﬂZ,le,x)Ax + (Vl,va,x - V2,xal,x)Bx
-0
+(a1:Box — 021 P1x)Cildx
+00
= / [(ﬁl,xylx - ﬂZ,le,x)(mal,x + naz,x)
—00

+ (Vl,xalx - V2,xa1,x)(m,31,x + nlB2,x)
+ (@1 Box — @2 Brx)my1x +nyri)]dx
=0.

For the LHS of (85), we have

+00

(@, K|[KBly) = f [(marx — nas)CB — (my1x — nys,)ABldx.

+00
(. K[K\Bly) = f [(mass — nas)BE — (my1.x — nys.)BAdx.

—00
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Hence, the LHS of (85) reads as

+00
/ [(moy x — naz  )(CB + BC) — (my1,» — ny2 (AB + BA)}dx

o0

+00
+ / [(mB1.s — 1o NAC + CIA) — (matr , — s )(BE + CB)ldx

o0

“+00
+ / [(my1x —ny, ) (BA+ AB) — (mp .« — npa ) (CA+ AC))dx

o0

=0.

This completes the proof of Lemma 2.

Lemma 2 implies that J; + J,, J1 + J5, J1 + K1, b + J3, b + Ky, [, + K>,
J3 + K, and K| + K, are Hamiltonian operators. However, we should notice
that J; + K, and J3 + K are not Hamiltonian operators. In fact, we have

LEMMA 3. The following two relations hold:

(. JI[K2Bly) + (. K3[/1Bly) + cycle(a. B.y)
+00

= / [(Biy2 — Boyi)e A + (v — a1y2)x B + (@1 2 — 0281) Cldx,
(a, K[K1Bly) + (a, K{[B]y) + cycle(a, B, v)
+00
= / [(ﬂl,XVZ - IBIVZ,x + :32,)()/1 - ,82)/1,):)):14

+ (V1200 — V1025 + V2001 — V20 1) B

+(o1xB2 —a1fox + a2 i — a2B1:): Cldx.
(86)
Proof: Direct calculations yield that

(a, JI[K2Bly) + (o, K3[/1Bly) + cycle(a, B, )
+o0
= —/ [(Biax — Bra1 x)C — (Biyax — Bovix)Aldx

400
- f [((V1Box — v2B1.x)A — (V1o — yooy ) Bldx

“+0o0
- / [(@1y2x — a1 x)B — (12 — a2B1,)4Cdx

o0

+o0 .
= / [(Biy2 — Boyi)sb6A + (2y1 — a1y2)e B + (a1 f2 — a2 f1)4Cdx,
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and (a, LIK1Bly) + (o, K{[J3Bly) + cycle(a, B, v)
+00
= - / [(alﬁZ,xx + a2/31.xx)c - (ﬁl,xx Y2+ ﬁZ,xx VI)A]dx
+00
- / [(B1y2.xx + Bovixx)A — (V1xx02 + Va,xxat1)Bldx

+00
- / [(tnr + 201.00)B — (@10 + ao.en B1)Cldx

o0

400
= / [(Bixv2 — B1vax + Boxvi — Boyic )4

o
+ (V1002 — Y1021 + V2,01 — Y201 ) B
+(@1xBr — 1By + a2 i — a2 x):Cldx.
This finishes the proof of Lemma 3.

LEMMA 4. The following Jacobi identity holds:

(o, JI[K2Bly) + (o, Ko[J1Bly) + (o S[K1Bly) + (e, K{[J3B]y) (87)
+cycle(a, B,y) = 0.

Proof: By virtue of Lemma 3 and integration by parts, we arrive at

(o, JI[K2Bly) + (o, K[ N1 Bly) + (e, J[K1Bly) + (o, K{[J3B]y) + cycle(a, B, y)

+00
= / [(Biv2 — Bayi)e A + (ay1 — a172): B + (12 — a2 B1),. C

o0
+(Bixy2 — Bi1yvox + Boxvi — Bavi)c A
+ (V1102 — Y102 + V2x0 — V201 ) B
+(a1 B — 1By o2 i — o2 ) Cldx
+00 N N N
= —/ [(Biy2 — Bay1)Ax + (c2y1 — a1 2) By + (a1 B2 — 2 81)Cx
—00
+ (,Blﬁx]/z - ﬂlVZ.x + .82.36)/1 - ,Bzyl,x)Ax
+ (V1202 — Y102 x + V20 — V2ot ) By
+ (a1 fo — 1By + o B —a2fi)Cildx

+00
= - / [(Biya — Boy)(may x + nay ) + (coyr — a1y2)(mpBrx +nbax)

+ (@182 — a2 B1)(my1 x + ny2y)
+(Bixv2 — Bivax + Baxyi — Bavix)(may — naz)
+ (1202 — Y102 + V2x01 — Y21 )(mpBr — npa)
+(a1xfo —a1Box + oo i — afiy)myr — ny2)ldx
=0.
The proof of Lemma 4 is finished.
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Based on the above lemmas, we finally obtain:

ProPoSITION 1. Let c;, 1< j <5, be arbitrary constants. For any
c1c5 = c3¢4, we can conclude that J = c1Jy + coJr + ¢33 + 4Ky + ¢5K5 is
a Hamiltonian operator.

Proof: We need to verify the Jacobi identity
(a, JTIBly) + cycle(a, B, y) = 0.

In fact, we have

(a, J'[JBly) + cycle(a, B, v)
= cf(a, J{[NBly) + 3o, BLLBly) + 3la, J[5B]y)

+ ¢ (o, K{[K1Bly) + ci o, K5[K2By)
+ciea((a, Ji[LBly) + (o, JS[1B]y))
+ (e, J[HBly) + (a, L[J1Bly))
+ crea({e, JI[K1Bly) + (e, Ki[J1B1y))
+cies({a, JI[K2B1y) + (e, K3[J1B1y))
+ eas({e, LIHBly) + (o, [4B]y))
+ c2ea(a, LK1 Bly) + (o, K{[1B]y)
+caes((o, S[K2Bly )
+ces({a, S5[K 1 Bly

+ cses({a, S5[K2Bly

+caes((o, K{[KaBly)

+cycle(a, B, y)
= ce5({o, J{[K2B1y) + (a, K5[J1Bly))

+csea((o, S[K1Bly) + (o, Ki[J38]y))
+ cycle (a, B, y)
= 0,

(a, KS[ LBy

(a, Ki[5B]y))
(a, K3[58]v))
(a, K3[K1B1y))

) )
) + )
)+ Y)
)+ Y)
+

where the last identity holds because of c¢ics = c3c4 and Lemma 4. This
completes the proof of the proposition. |

Recall that a pair of Hamiltonian operators J and K is called compatible, if
J + K is Hamiltonian. From the above proposition, we immediately arrive at:

COROLLARY 1. The case of ¢y = —c; =c4 =1 and ¢3 = ¢5 = 0 leads to
the compatibility of the Hamiltonian operators (27).

COROLLARY 2. The case of ¢c; = c3 =c4 =c5 = 1 and ¢, = 0 leads to the
compatibility of the Hamiltonian operators (39).
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COROLLARY 3. The case of c; =c¢3 =c¢5 =1 and ¢; = ¢4 = 0 leads to the
compatibility of the Hamiltonian operators (56).

Remark 6. The Hamiltonian pair J and K in each example in Section
3 is a special case of the generalized form J = c¢1J; 4+ ¢ + ¢3J5 and
K = c4K| + ¢5K;,, where cics = c3c4. The compatibility of such a Hamiltonian
pair is guaranteed by Proposition 1.

5. Conclusions and discussions

In the paper, from the spectral problems (8) and (9), we propose a generalized
two-component model (7) which allows for an arbitrary function H to be
involved in. We may generate many integrable peakon systems with different
choices of H in our model. So, our model provides a large class of peakon
systems and covers almost all existing integrable peakon equations associated
with 2 x 2 spectral problems. Because of the presence of an arbitrary function
in the generalized system, we do not expect all those equations possess the
bi-Hamiltonian structures in general. Nevertheless, we show that for some
special choices of the function H in (7) we may find the bi-Hamiltonian
structures. Moreover, from the generalized model we obtain very interesting
solutions, such as new type of N-peakon solution which is not in the traveling
wave type.

Different from the usual integrable soliton equations, the peakon equation
involved in an arbitrary function seems to be unusual. We believe that this
system deserves a further investigation. The following two problems seem to
be interesting:

e Is there a gauge transformation that can remove the arbitrary function H?
e Can the inverse scattering transforms be applied to solve our system in
general?

Very recently, we know that Li et al. [40] proposed a four-component peakon
equation with an arbitrary function involved in, where they cited a preprint
version [41] of the present paper. We believe that both our generalized peakon
system and Li—Liu—Popowicz’s system deserve a further investigation.
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