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Abstract

We consider two different Lax representations with the same Lax matrix in terms of 2 x 2 traceless matrices: one
produces the discrete integrable symplectic mapping resulting from the well-known Toda spectral problem under the
discrete Bargmann-Garnier (BG) constraint; the other generates the continuous non-linearized integrable system for the
¢-KdV spectra problem under the corresponding BG constraint. We are surprised to find that the two very different (one is
discrete, the other continuous) integrable systems possess the same non-dynamical r-matrix. (© 1997 Published by Elsevier

Science B.V.

1. Introduction

In recent years, it has been proven that the well-
known non-linearized method (NM) [1] is a pow-
erful tool to construct completely integrable finite-
dimensional Hamiltonian systems from the Lax repre-
sentations of non-linear evolution equations ( NLEEs)
[2,3]. With the help of this method, many soliton
equations or NLEEs have been found to possess the
so-called involutive or parameter representations of so-
lutions [4-6]. Besides, the NM can also successively
be applied in a discrete context, naturally inducing the
integrable symplectic mapping [7-9].

Lately, Ragnisco, Cao and Wu have strictly estab-
lished the connection of integrable mappings with the

! Permanent address. E-mail: zjqiao @Inu.edu.cn.

stationary Toda flows and with the finite gap sector
of the solution manifold for the Toda hierarchy [10].
In a further paper [11] Ragnisco has presented the
dynamical r-matrices for integrable mappings result-
ing from the Toda spectral problem under the dis-
crete Bargmann—Garnier (we call this integrable map-
ping IMTDBG) and discrete Neumann constraints.
The conclusion of Ref. [11] concerns an open ques-
tion: whether one can choose different Lax pairs for
the same integrable mapping such that the correspond-
ing r-matrices only depend on the spectral parameters,
i.e. leading to constant or non-dynamical r-matrices. If
so, then the calculations and proof (such as the Yang-
Baxter equation) related to integrable systems will be
much reduced. Thus this open problem is important.
The aims of this paper are twofold. One is to answer
the above problem. We find another Lax representation
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for the IMTDBG, which admits a non-dynamical r-
matrix instead of a dynamical r-matrix [11]. Our Lax
operator relates to that given by Ragnisco through a
gauge transformation. The other is to report a surpris-
ing result: we find that IMTDBG and the continuous

non-linearized mteorahk- Hamiltonian system for the

¢-KdV spectra problem [12] possess the same non-
dynamical (or constant) r-matrix.

The paper is organized as follows. In the next sec-
tion, we first consider a 2 x 2 traceless Lax matrix
L( A); and then, through introducing two different aux-
iliary matrices M,(A), M (A}, from the two Lax equa-

finno A o AA T F =1TF M1 {(tha form of T
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is the same as L) we obtain IMTDBG and the continu-
ous non-linearized Hamiltonian system for the c-KdV
spectra problem, respectively. Section 3 shows that the
above two very different integrable systems possess
the same non-dynamical (or constant) r-matrix. Also
a gauge transformation between our Lax operator and
nagmbco ’s lb glVCl’l rurmcﬁ‘norc, lIl DCLUUI] 4 we [ldVC
shown that having the same kind of r-matrices assures
the integrability of the above two non-linearized sys-
tems. In the last section, some concluding remarks and
discussions are given.

2. Discrete and continuous systems

Let (R*™,dp A dq) be a standard symplectic
structure in the Euclid space R*™ = {(p,q)|p =
(pt,-.-,PN), 9= (q1,...,9n)}, qi, Di be a pair of
canonical variables; A,..., Ay be N arbitrary given
distinct parameters, A be a spectral parameter, and
{, ) stand for the standard inner-product in the Buclid
space RY. Denote A by A =diag(Ay,...,An).

Under the standard symplectic structure (R?Y, dp A
dp) the Poisson bracket of two Hamiltonian functions
F, G is defined by [13]

PG o {OF 3G 8F 3G\
{F }—%,( 611;—51;;5;1:)‘ (D

Now let us consider a 2 x 2 traceless matrix (called
the Lax matrix)

Theorem 1. Let n be the discrete variable, p — pj,
g — qn (i. pj — Pnj» 4j — qnj) and L — L,
Choose a 2 x 2 matrix M, as follows,
M,
- ( 0 ﬂ:((A(Im(In) - (Pna qn> - <Qna4n>2)]/2)
M3 ms3) y
(3)
.hA
ms; = ¢(<Aq,m qn> - (qun) - <Qn9Qn>2)—l/2-
m3z = (A — <qm qn>)
% ((Aqn,qn) — (Pn>qn) — (CIn,lIn) )2
Then, the discrete Lax equation
LpnM,=M,L, 4)

is equivalent to a symplectic mapping (discrete system
(DS)),

Prst = £((Aqn, gn) — (Pnsqn) — (Qn,Qn>2)1/2Qm

qn+1 = :l:(</14ns 4n> - (pn,qn> - (qna Qn)2)~1/2
w{ Ao —n —{la al\a ) 8]
MR £/ F 40 MRy Mn/n/ s \JJ

which can be simply written as a mapping form,
[ Pn ) ( Pn+1 )
H: — . (6)
\ 4~ / \ d=+1

a Yo

Proof. Through a lengihy but direct calculation, we
know (3)<(4). The mapping H defined by (6) is
symplectic by virtue of dp,.; Adg,.; =dp, Adg,

)
i o e} nT Mt {10

Set

Un = £({AGn. gn}) — (Pnr Gn) — (G- an)) /%,
Up = (qm qn>v (7
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then (5) naturally becomes

UnQn+1j + Ungnj + Un—1Gn—1j = Ajqnj,

1 N

J = 1,00 ,1¥, (8

AY
7
which is just the well-known Toda spectral problem
(TSP)

(E Uy + vp + u E)¥ = AV,

Efn=fart, E7Vfa=fan (9)

with A = A;, ¥ = g,;. Simultaneously, the poten-
tials u,, v, defined by (7) are exactly the Bargmann-

rni
Ud.llllCl \-Ullblldlllt L1V}

fé!‘/i j\ (10)
2\ u,’ 8v, ) N

j=1

T

o fD i N
Lo = \&lhp,Up)

of TSP (9), where 8A;/u,, 6A;/6v, are the two spec-
tral gradients of the spectral parameter A; with respect
to the potentials u, and v, respective!y. Therefore,
Eq. (5) is IMTDBG.

Now we turn to the Lax matrix (2). Analogous to
the calculations of Theorem 1, it is not difficult to
obtain

Theorem 2. Let x be the continuous spatial variable,

and the 2 x 2 traceless matrix M is chosen as

3A+3(g, :
M= ( 3(a.9) _(7>7\‘ (1)
-1 AT 2\ 4q7 )
Then the continuous Lax equation
aL
Ly=[M,L] = ML—- LM, Lx=a (12)

is equivalent to a finite-dimensional Hamiltonian sys-
tem (continuous system (CS)), H:

oH

px=-3Ap+ 3(@.qp + (p.a)g= -7,
q 7172

. | aH 1t2)
gr=—p+ 349 3(4.9)9 = S
with the Hamiltonian function
oo _Yie 5Nt LiAa 5N — Lia oNp. o) {14)
11 AV RN ACE LY 44 NG Y/ \Pr Y/ N1y

Set

u={(q.q), v={(p,q) (15)

then (13) actually reads
(16)

which is non-other than the ¢-KdV spectral problem
(CSP) [12]

(—ta+iu v
q’x:( 2—12 l/\_lu)w’ (17)
2 2

with A = Aj, ¥ = (p;,q;)T. Simultaneously, the po-
tentials u, v determined by (15) exactly present the
BG constraint [ 1]

3 (24 2
— du’ v

Go= (v,u)T =

of CSP (17). In Ref. [ 1], Cao and Geng studied the
non-linearized Bargmann—Garnier system and Neu-
mann system, but they did not give the Lax represen-
tation of (13).

3. The same r-matrix for DS (5) and CS (13)

In Section 2, we have already seen that the two
very different systems DS (5) and CS (13) have the
same form of Lax matrix L defined by (2). Thus, they
should possess the same r-matrices.

(A) be defined
meters, 'rhpn

{B(A),B(u)} =2(B(n) — B(A)),

2
A(L),B(p)} = ——
{4, B} = ——

A
X (B(p) — B(A)),
CACAY 2 N ey
{40, Clwy} = 7= (O = Cw),
4

—A(A)) =2C(p) .
(18)

(B, C(w} = —— (Aw)
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Let Li(A) = L(A) ® I and Ly(u) = 1 ® L(w),
here I is the 2 x 2 unit matrix. Then from the above
proposition one obtains the following theorem.

Theorem 3. The Lax matrix L defined by (2) satis-
fies the fundamental Poisson bracket

{Li, Lo} = [rial A, ), Li] — [ra (e, A), L
(19)

where {L;(A), Lo(u)} is a 4 x 4 matrix [14] con-
sisting of various possible Poisson brackets of the
elements for L(A) and L(u), and the r-matrices
riz{ A, u), ra{u, A) are given by

2
r{A, p) = ——P — S,
m—A

r21(/\"“‘) =Pr12(Asﬂ)Ps (20}
0 00
s o010
10 10 0}
00 0 1
0t 0 O
0 0 0 0
=000 -1]" 2
0 00 O

where [ , ] is the usual matrix commutator.

We readily verify the classical Yang-Baxter equa-
tion (YBE),

[rijora) + [rijori) + [rag, r] =0,

iLjk=1,2,3. (22)

Obviously, the r-matrix formula (20) only depends on
two constant spectral parameters A, & and has noth-
ing to do with the dynamical variables p;, g; for the
continuous case (Or p,j, g»; for the discrete case (j =
1,....N)). Thus, the symplectic mapping (5) for
the discrete Toda lattice and the Hamiltonian system
(13) for the continuous c-KdV hierarchy possess the
same non-dynamical (or constant) r-matrices formula
(20).

Remark. In fact, since the r-matrix relation is con-
cerned only with the commutator, the matrix S given
by (21) can be chosen as

Physic
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01 d 0
c 00 d

5=10 0 0 -1 (23)
0 0 ¢ O

The elements ¢, d in the r-matrix formula (20) which
make (19) hold can be chosen as arbitrary func-
tions c(A, 1, p.q), d(A p,p,q) or c(A, i, Pu, qn),
d(A, p, pn,qn) with respect to the spectral parame-
ters A, u and the dynamical variables p, g or p,, g,.
This shows that given a Lax operator, the associ-
ated r-matrix is not uniquely defined (even infinitely
many). Here we take the simplest case ¢ =d =0,

4. Integrability of DS (5) and CS (13)

Now, from the Lax matrix (2), let us introduce two
N-involutive sets, which guarantee the integrability of
DS (5) and CS (13).

First, for the discrete version (i.e. L — L,) of (2),
one gets

detLy(A) = =3 TrL2(A)
N

E .
1,2 ni
= A% — s 2
4 =1 /\ b Ag ( 4)
where
R 2 2
Eni = Aipnigni — Pni — (pm qn)‘?m'
N 2
_ z (Qru'pnj “Pmﬂnj)
i# =1 Ai = 4
i=1,....N. (25)

By the r-matrix relation (19), we can immediately
obtain

{LE (0, LL (1)} = [Fi2(A, 1), Ly (A) ]

— [Fa(p, A), Lip(p) 1, (26)
where [16]
1 1
(A =Y > LML ()
=0 =0
X rii( A, w) L () Ly (),
Lj=12,21, @n
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and
LMD =L, (A @I, Lp(u)=1®L,(u).
Then, it follows from (26) that
A{TeL2(A), TrLZ(w)} = Tr{22(A) ® L2(w)}

=Tr {L2,(A), L5 (p)} =0. (28)
Substituting (24) into (28), we obtain
{E.i,E,j} =0, i,j,=1,...,N. (29)
In addition, E,41y; = E,; and dE,, ..., dE,y are lin-

early independent. So, according to the principle of in-
tegrable symplectic mapping (8), from the view point
of the non-dynamical r-matrix we have shown

Theorem 4. The symplectic mapping H defined by
(6) for the Toda lattice is completely integrable, and

its N-involutive systems (invariant and ﬁmr‘hnnnllv

independent) are {E,,, , defined by (25).

Second, let p,j — pj, gsj — gq; in (25); for the
continuous version of {2) we obtain the N-involutive

systems Ei,..., E, of CS (13)
Ey = —p} — (P )G} + Aeprae
(pigi — pean)?
Y — (30)
=1 1 Af Ak
Since forthe H mvpn l-\v (14) we have H = LV FE
""""" 2 Luj=i =)

we obtain the fo]lowmg theorem.

Theorem 5. The finite-dimensional Hamiltonian
system (H) defined by (13) for the c-KdV hierar-
chy is completely integrable in the Liouville sense,
and its independent N-involutive systems are {E¢}i,

Aco o] ;£ AN
Uciinecu Uy LJug.

5. Concluding remarks and discussions

In the present paper, we have shown that, start-
ing from the Lax matrix (2), two very different

finite-dimensional integrable systems (one is DS (5)

IO GIINLASAVIIRS HRLEIQUIL S Siaiis WIS 252 V0,

the other CS (13)) possess the same kind of non-
dynamical r-matrices. This is surprising and interest-
ing. Are there, for other various finite-dimensional

10
37

integrable systems (including discrete and continu-
ous integrable systems), also two (or at least two)
such systems like DS (5) and CS (13) that possess
the same r-matrix (it wouid be best if the r-matrix is
non-dynamical) 7 Besides, can we regard the discrete
svstem as an exact discretization of some flow in the

SYSNA Q3 4l LAGLL QRSUINRILAUIUE O 58 VW 15 o

corresponding family of continuous systems? This
problem is still open.

The results on the Toda symplectic mapping in this
paper give a definite solution for the open problem
(see also Section 1) stated by Ragnisco in Ref. [11].
On the other hand, we have found some other finite-

dimanacianal intoaorahla svetame whish haova o dynam
uuu\«ucn}um llllUs‘uUlU DJD&\/II‘O Wlll\tl.l 11av. a uynmll"

ical r-matrix [18]. Do they have a non-dynamical r-
matrix? Furthermore, are there any gauge transforma-
tions to relate corresponding Lax operators? To the
authors’ knowledge, these problems do not seem to
have any solutions.

The Lax matrix (2) plays a key role in this pa—
1ntegrable system (5) and the continuous mtegrable
system (13) thmugh mtmrlumno the two anxuharv
2 x 2 matrices M,, M, then we constructed the non-
dynamical r-matrix formula (20) for two different in-
tegrable systems. Finally, by the use of the determinant
of L, and L (the forms of L, and L are the same) we
have established two involutive sets {b,,,} ., for DS
(5), and {E}Y., for CS (13), which assure the inte-
grability of (5) and (13). In addition, using the sep-
aration of variables [17], we have found N pairs of
Darboux canonical coordinates 7r;, w; and thus sepa-
rated the variables of DS (5) and CS (13). Eventually
we managed to develop an approach from the non-
linearized method to obtain the exact expressions of
the algebraic geometry solution for the soliton equa-
tionn (i9). This resuit wili be published eisewhere.
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