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Abstract

Under the constrained condition induced by the eigenfunctions and the potentials, the Lax
systems of nonlinear evolution equations in relation to a matrix eigenvalue problem are nonlin-
earized to be a completely integrable system (R'N ,dpAdg H ). while the time part of it is
nonlinearized to be its N-involutive system {Fm} The involutive solution of the compatible
system (Fo), (F m) is transformed into the solution of the m-th nonlinear evolution equation.

1. Introduction

The Liouville-Arnold theory!!! of the finite-dimensional completely integrable system is
beautiful, which includes a series of examples celebrated for ingenuity and skill in the history
of analytic mechanics, e.g., the Jacobi problem of geodesic flow on the ellipsoid, C. Neumann
problem of oscillators constrained on the sphere, Kovalevski’s top, etc.(see [2]). The number
of already known finite-dimensional completely integrable systems is small, which depends
on the existence of N-involutive system of Hamiltonian functions.

Flaschka!®l pointed out an important principle to produce finite-dimensional integrable
systems by constraining the infinite-dimensional integrable system on the finite-dimensional
invariant manifold. However, it is not easy to realize the elaborately concrete framework
according to this principle. Recently, Caol4] developed a systematic approach to get a finite-
dimensional integrable system by the nonlinearization of Lax pair of solution equations under
certain constraints between the potentials and the eigenfunctions.

In the present note, let’s consider the following eigenvalue problem

A+ u+tv [
In [5], the gauge transformation between (1.1) and AKNS eigenvalue problem is given, and
the nonlinear evolution equations in relation to (1.1} are presented. In this paper, firstly,
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we are going to give the Lax pairs for evolution equation hierarchy in relation to (1.1), and
then, nonlinearize the Lax systems by introducing certain constraint conditions between the
potentials and the eigenfunctions and constructing a new polynomial involutive system, so
as to prove that the nonlinearized form of (1.1) is a complete integrable Hamiltonian system
in the Liouville sense.

2. The Lax Pair for Evolution Equation Hierarchy in Relation to (1.1)

First, we know that the eigenvalue problem (1.1) can be rewritten into

_ _fv—-0 u+w a @
Ly =y, where L = (u —u v+8> , 0= 32 (2-1)
Define the tangent mapping of differential operator L:
&)A d ( é2 €1+€2)
L. =—| L , = , 2.2
(52 dele=0 (u+ e, v+eda) &£2-4 &2 (2.2)

and then L, is a one-to-one mappi.ng, ie., L. ( ) = 0 implies §; =0, & = 0.
Lemma 2.1. Let G(z) = (GV(z),G? (z)) be an arbitrary smooth function. Then

[V,L] = L.(KG) - L.(JG)L, (2.3)

4 g2 a0 _ A2

. % )+ a3 ‘chx G,)
-5 (G‘," +q? ) —EG‘," +6%s

J=(-2 0 P 0 -8 + 20u

“ivo 38’ T2\ 8% +2u8 4v8+ 2, /-

Define the Lenard sequence recursively:

where

G"l = (1), Go = (—vu), KG,'..l = JG}‘, 3‘ = 0,1,2, crrty (2.4)

G, is a polynomial of u, v and their derivatives!®!, and is unique if its constant term is

required to be zero. X 2y Gj is a vector field.
Theorem 2.2. Let G; be a Lenard sequence. Then

[Wm’ L] = L. (Xm), (2.5)
where
e S v ( R 1)
m == -1 ) 5= 1 .
5 _1{t1) 2y _ 1,0 (2
i=0 > (ol + G,.',) 26 +6Pa
Proof. Since [WL* L] = [W, L]L’, by Lemma 2.1 we have

J:O 3=0

L,(JG,"} - { m)-
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Corollary 2.8. U, = X,, if and only if L,, = [Wym, L], where U = (,v)7.
Proof.
Ltm - [Wm,LI = L*(Utm) ot L*(Xm) = L*{Utm - m).

Corollary 2.4. The m-th evolution equation in relation to (1.1), U, = X, is the
consistency condition of the following Lax pair
Ly=2Xy,  4tn =Wny. (2.6)

Remark 2.6. The first few results of ealculation:

-u 1 Uy — 2uv
G = G = - y "7
° (u )’ ! 2(—u,+3v3—-u2> ’

Xo = (uz)’ X1 - }_( ~VUgz +2(89): )’ e,

v 2\ —uz, + (302 — u2),

3. The Nonlinearized Form of Lax System
and a Classical Integrable System

Let’s consider the eigenvalue problem (1.1), and introduce the constraint conditions
between the potentials and the eigenfunctions

{ u = (y1, 1) — (v, ¥2), (3.1)

v=(y1+ 2, y1+¥2),

where y; = (v11,¥12, " »91n)7, ¥2 = (¥21,¥22, - ,v2n)T, (-, -} is the standard inner-

product in RV, and (y1;, y2;)7 satisfies
1 —a;+v u+tv ] .
(ylj) — ( 7 R ) (y“)) )= 1)2s"' )N: (3'2)
¥5/ . u—v  a;—v /) \yo,
a; being a real constant.
Introduce the canonical variables ¢ = (g1, ,9s)T = y1, p=(p1, - ,pn)T = y3, and

A = diag(ay,- - ,a,); and condense (3.2) into

{qz=-Aq+vq+up+vp, (3.3)
Pz = ug — vg + Aq — up. )

Then (3.3) can be written in the Hamiltonian canonical form under the constraint
condition (3.1):

9z = B Pz = ~ 3 (3.4)
with the Hamiltonian function
= —(4q,p) + ({9, 9) + (2, 7)) ({2, P) + (3, P))- (3.5)
Lemma 3.1. Let (g, p) satisfy (3.3), with u = (¢,¢) — (p,p), and v = (g +p, ¢+ p).
Then there exist constants ¢y,¢2,-- -, cm+1, such that
(A™p,p) — (A™g, q)) ™
. =G+ S ciGp_s. 3.6
(Cairenba o ) =Gn* 2 ciGn ()

J=1
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Proof. First, we notice that
{ 5= = (~aj + v)g; + (v + v)p;,
piz = (v — v)g; + (a5 — v)ps,
implies
2 _ 42 2 g2
K( 912)=GJ,J( P 932>, i=12---,N;
(3 +p5) (35 +p5)
K ((A’p,p) - (A"q,q)) _ J((A"“p, p) = (A7*q, 9))
(47(g+p), g +p) (471 (g +p), g+ p)
Under the action of J~1K, G; — Gj41.
((A" p.p) — (44, q)) — ((Aj *ip,p) - (A7F, q))
(4(g+p)a+p) (A7+Y g +p), ¢+ p)
with an extra constant G_;. (3.6) is obtained by an action of m times upon

Go = ((P»P) - (9,q>)-

(g+p, q+p)

thus

A natural problem is whether the Hamiltonian system (3.4), (3.5) can be completely
integrable in Liouville sense. Next, we shall construct a polynomial involutive system, and

then give a complete solution of this problem.
From (2.6}, we have

{Ly;:ajyj, j=1,2-- N;
It Bt | * *

Y5tm = "WmYs,
then

m
1 o
Yik,tm =Z [EG_S,-QL,GZ' Ty1k
3=0
1 " s
+-2' (G.s'f-)l,z - G('z—l,z) O‘Z‘ yak + G§.2_)1a;n ’yu&,;} )
= - 1 G(l) G(z) m—j
Y2k,tm —Z —-2- i1,z + j-1,z) %k Y1k
j=0

1 _ -
__Z_G.S_l‘._)l,za;n Jka + G_SZ,_)].&Z' Jy?k,z] .

Introduce the canonical variables
g= (91,92, ,)" =v1,  p=(p1,p2,",Pn)T =v3;

then (3.7) can be condensed into

(@n= T [0 .47

j=0 2 -1,z

1 . .
) +'2'(G§'91»= - Gg'z-)l,x) A™p+ Gg‘z—)lAm_Jq"]’
i 1 1 2 m—r
Ptm = 2 [ - E(G}-)x,z + Gg'—)x,z)A ’q

=0

1 0 . ) i
\ =3G, Am=ip+ G Am=ip, .

(3.7)

(3.7)

(3.8)
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In virtue of Lemma 3.1 with ¢; = 0 (7 = 1,---,m + 1}, and constraint conditions (3.1},
through direct calculation, (3.8) can be written in the following Hamiltonian canonical form

Gtm = 31 Ptm =~ (3-9)

with the Hamiltonian functions

Fon == {(A™%q,p) + (q, q) (A™p,p) + (0,P) (A™p,p) + (3, 7) (A™q,q)

Alq, Alq, 3.10
+(q,p) {(A™ jg,,,_q,: oy (/i""'qu;:)p) . m=0,1,2,---. (3.10)

Let’s consider the integrability of systems (3.4) and (3.5). An important fact is given
in the following.

The Poisson bracket of the two functions in the symplectic space (R?N,dp A dq) is
defined as:
Z dF G 3F 3G

F,G
(F.CG) = aq dp; dp; dg;

F and G are called in involution, if (F, G) = 0. Define

T = —_— where Bj; = ; ;.
k z: - a_," ki = Pkq5 — 9kPj
i=1
j#k

Lemma 8.2. (rknrl) = 0, ((q: 7>:rl) =0, ((pvp)arl) =0, (Fk,Q?) = “_—H_Qk qi,

XAp—0y
(Tx,p?) = 225 pe .
Proof. See [2].
Lemma 3.3. E,, E,,---,En defined as follows constitute an N-involutive system:

Ep = —qupe + {0, P)og P2 + (9, p)ax  af + 2(q,p)ar *qepi + Tk.

Proof. (Eg,E;) = 0 is evidently valid for k = l. Suppose that k # l. Noticing

1, k=1
(9%,9) =0, (pr, 1) =0, (g, 1) = b = { ’ and Lemma 3.1, in virtue of Leibnitz
rule, we have

0, k#I

(AcEx, MEr) =443pi (4, p) — 447 P {9, p) + 4(q, PYakprp] — 4qipipE (a0, ) + 4aip1d7 (g, P)
~ 4xpkaf (9, P) + 4Buprpi{a,p) + 4Brigkqi{9, p) + 4Bri(qipk + qp1) = 0.

So (Ex, E;) = 0.
Consider a bilinear function Q,(¢,n) on RY and its partial fraction expansion and
Laurant expansion:

Q(‘f, ((2 —A) 15: ’?) Z(Z_ ak) 1&:’73: = Z z—m-l(Ame, 7?)

m=0



No.4 A NEW COMPLETELY INTEGRABLE SYSTEM 353

The generating function of [y is (see {2])

Q:(,9) Q:(ap)|_<= T
Qz(p» 9) Qz(?: P) I B Z z "'kak

k=1
Hence, on the one hand, we have
N o0 N
ST D el
z—ap Zm+1 Zak ki
Jomel m=0 k

and on the other, we have

1

N
> - zm+1["(A"'q,p)+(q,p)(A"‘"IP,PH(q,p)(A""Iq: 9

(4i71q,q) (47"!q,p) l]

+2(q, P)(A™ g, p) + ) (A™=ip, q) (A™~7p, p)

j=1

So we obtain
Theorem 3.4. The functions defined as follows are in involution in pairs, (Fi, Fi} = 0,

Fo =- (Aq, p) + ({g,9) + (0,2)) ({m, P) + (a0, D)), (3.11)
Frn =~ (A™%1q, p) + (g, 9){A™p, p) + (2,P)(A™p, p) + (g,P){A™q, p)

Hanirg g+ | fana A | (5.12)

Moreover, F,_; = }:2;1 apfEy, m=1,2,---.
Proof.

Fm—1=—(A™q, p) + (g, pY{A™'p, p) + (g, P)(A™ g, q) + 2(g, p)(A""iq, p)
- (Aj’lq: Q) (AJ.—lpa Q) .
+2 (A™~Ip, q) (A™7p, p)|’

=1

thus F,,,_; = E:;l al*Ex, and the involutivity of { Ex} implies the involutivity of { F,.}.

Note that the Hamiltonian function H of (3.5) is Fp; therefore, {F,,}2_, is a series of
involutive integrals of motion of (3.5). On the other hand, because a; # a; when i # j, the
Vandermoude determinant of a3, a2, - ,an is not zero. Thus it’s not difficult to see that
there is a region 1 C R?M on which the N 1-forms dFg,dFy, - - ,dFy_, are everywhere
linearly independent. Based upon these facts we obtain the following main theorem.

Theorem 8.5. The finite-dimensional Hamiltonian system (3.4) possesses a series of
involutive integrals of motion {F,, }3°_, of which Fy, Fy,-- -, Fy_; are linearly independent
(strictly speaking, on some region {1 C R?Y), thus being completely integrable.
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4. The Involutive Representation of Solutions of
Evolution Equation Hierarchy in Relation to (1.1)

Consider the canonical system of the F,-flow:
AFn
X 3 fa\_| a9p | _ [ 0 Iy
dq

where Iy is an N X N unit matrix. Denote the solution operator of its initial value problem
by gim; then its solution can be expressed as

(1)) = o (1)
tm)/ ™ \p(0)
Since any two F,, F are in involution, (Fi, Fi) = 0, we have [1].
Proposition 4.1. Any two canonical systems (Fi), (F;) are compatible; the Hamil-

tonian phadse-flows 9;:: g,“ commute.
Denote the flow variables of (Fy) and (F,,) by z = to, and t,, respectively. Define

(Fei) = e Gio) “

P(zy tm)

The commutativity of g§, g™ implies that it is a smooth function of (z, t,,), which is called
the involutive solution of the consistent system of equations (Fp), (Fn). |
Theorem 4.2. Let (g(z,tm), p(z,tm)) be an involutive solution of the consistent
¥;tem (Fo), (Frn) defined by (4.2). Let u(z,tm) = (g,9) — {p,p), v(z,tm) = {g+ p, ¢+ P).
en
1) The flow equations (F,), (Fin) are reduced to the spatial part and the time part
respectively of the Lax pair for the higher order nonlinear evolution equation in relation to
(1.1) with u and v as their potentials (c; are independent of z):

1()= (222 422) (-4 (). »

9 q.) = (W + ciWm—1+ - - + cmWo) (;) (4.4)

Bty

2) u(z,tm) = (g, 9) — (P, P}, v(z,tm) = {g+ p,q+ p) satisfy the higher order nonlinear
evolution equation:

“"a"“" (u) =Xm + 1 Xonw1 + -+ em Xo. (4'5)
Oty \v

Proof. From expression (3.11) for Fy, we have

aF
(Fo) 4z = —af- = —Ag + vg + (u + v)p,
dF,
pz=—-——9=Ap-vp+(u-v)q.
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Obviously (Fo) implies (4.3). From expression (3.12) for F,,, we have

(Fm) . :"79};“ —A™ 19+ 2(q,¢)A™p + 2(q,p) A"p + (A™p,p)q

m—l . . ] .

+(A™q,q)q+2(A™ g, q)p+2 ) [(47q,q) A™7p— (A'q,p) A™7q],
i=1

BF m<41 m m m
pe,..=~~§§--A p—2(p,p) A"q—2{g,p) A"q—(A"q,q) p

m—1

~(A™p,p)p— 2(A™p,p)a—~2 ) [(A7p,p) A™Iq— (A7q,p) 4™ 7p].
i=1

Through direct calculation (F,,) can be written in the following form

m
1 . . _. 1 . . o
Gt = ~((A7 'p,p) = (A772q,q)): A™ g+ ({47 1p,p) — (A7 71 q,9))A™p
2 2

i=1

1 . s i i
-4 Yg+p)ig+p)s A 'p+ (A" g+ p),g+p) A™ ’qz] +A"‘q,,( |
4.6

m 1 . . m—i 1, .. m—y
=Z[-§((A’ 'pp) = (A770,9))s A™ g~ (AT g+ p)ig +P)a AT g
~
1 y f— m-3 f — m-—j3 m
-5((44’ ‘p,p) — (A771q,q)): A" Tp+ (A g +p) g +p)A J?z]+A(Pz-)
4.7

By using Lemma 3.1, (4.6) and (4.7) are reduced to (co = 1):

m m
Gt = Z G Z [EG’;‘_)‘ 1, zAm-Jq +5 (G(l—)l 1 G'(z-)l—x)3 A" p+ G.S'Z:-)z—xaAm-)'?] )

=0 =l

m m
B Zc' Z [-_(Gm’ 1t G(g—t )sA™Tg - ‘G( ._): 1zA™ I+ Gﬁg)x 13A"‘°’p} .

(). ~Eeme ()

(4.5) is obtained through direct calculation from (Fy):

So we have

:t = 2(q, ¢t,n) — 2(P, Pt,)
=2(A™(g+p),q9+p) (g+p,a+p) —2((A™Fq,q) + (A™p,p))
= -3((A™p,p) — (A™q,9)),

aiv = 2{q +p, (¢ + P)e.)

= 2((q,q) — (p,P))(A™(q + p), ¢ + p) + 2({(A™*'p.p) ~ (A" g, q))
= 3(A™(q+.p), 9+ p)-
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Hence

3 (u (A™p,p) — (A™g, q)) = 3
— =J =J Gm-s = s Xm—s-
At pm (v) ( (A™(q+p),q+p) ; “ gc
Remark 4.3. In the above sense, under the constraints u = (q,9) — (p,p), v =
(g + p,q + p), the spatial and the time parts of the Lax pair for the higher order evolution

equation are nonlinearized to the canonical equations (Fo), (Fmm) respectively. Both of them
are completely integrable in Liouville sense.
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