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Abstract—Since synthetic aperture technology was employed in
radar signal processing, the information capability of radar has
greatly been enhanced. A lot of imaging algorithms have also
been developed. However, the high-resolution imaging for highly
squinted synthetic aperture radar data is still a difficult issue due
to large range migration and strong range dependence on the
secondary range compression term that is relatively large and
cubic with high focusing sensibilities for high resolution. To ac-
commodate for this problem, the “squint-minimization” operation
and azimuth nonlinear chirp scaling (CS) (ANCS) operation are
studied in this paper. On the basis of these operations, we propose
new imaging algorithms and analyze the characteristic of highly
squinted data and the difficulty in focusing these data as well
as discussing the principle of ANCS. We also introduce a new
CS algorithm, and numerical examples show that the proposed
algorithm is able to achieve 0.1 m of resolution under a squint
angle as large as 70◦s.

Index Terms—Azimuth nonlinear chirp scaling (CS) (ANCS),
high resolution, high squint, radar imaging, synthetic aperture
radar (SAR).

I. INTRODUCTION

IN RECENT years, there is a great development of the
synthetic aperture radar (SAR). As an active sensor, SAR

is able to work day and night under all weather conditions.
In addition, SAR can operate at different frequencies and view
angles in different polarimetric modes. This feature makes
the SAR a flexible and effective tool for information retrieval
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since the electromagnetic scattering property of a complex
object varies with radar frequency, polarimetric mode, and
incidence angle. The SAR is also capable of producing high-
resolution images with high accuracy and has more and more
applications.

The focusing of the SAR data is essentially a 2-D space-
variant correlation of the received data with the point scatter
response of the SAR data acquisition system. Although a 2-D
space-variant correlator can handle the issue of SAR focusing,
it is very inefficient in the processing of computation. Thus, var-
ious algorithms have been proposed in the past to make a bet-
ter accuracy/efficiency tradeoff. The most popular algorithms
are the range–Doppler (RD) algorithm [1]–[6], “wavenumber
domain” or “ω–k” algorithm [7]–[13], [25], [26], and the
chirp scaling (CS) algorithm [15], [16]. The RD algorithm
uses the complicated interpolation scheme to accommodate the
Doppler and range dependences of both the secondary range
compression (SRC) term and the RCM [4]–[6]. Well-focused
results can be obtained through using a long interpolator with
range variance, which makes the algorithm less computation-
ally efficient. The ω–k algorithm takes the data in the 2-D
spectrum domain and gives good results by employing the
so-called Stolt interpolation [13]. The CS algorithm employs
the CS Theorem [14] to eliminate the range dependence of
the range migration (RM) without any interpolation. This is
implemented by multiplying the range uncompressed signal
with a phase function so that the signal is compressed in range
to a desired location [15], [16]. Without any interpolation in
range cell migration correction (RCMC), the CS algorithm is
effective and preserves the phase. Moreover, the CS algorithm
is applicable to low-squint cases, e.g., less than 10◦.

For high-squint cases, the traditional CS algorithm does
not work anymore because it ignores the Doppler and range
dependences of the SRC term. The focused results of the
range marginal point suffer great degradation. The target’s 2-D
spectrum is skew and causes parts of the spectrum to cross into
the adjacent pulse-repetition frequency (PRF) band [23]. The
second problem can be accommodated by spectrum replicating
and filtering [23]. An extended version of the CS algorithm,
called ECS algorithm, was presented in literature [17]. The ECS
is used to process the squint SAR data through eliminating
spectrum folding caused by the traditional CS [15]. However,
the method did not include the Doppler and range dependences
of the SRC term and was limited for relatively lower squint
cases. Moreira et al. [24] extended the ECS for 2-D scaling
in the SAR and ScanSAR processing. In general, the Doppler
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and range dependences on the SRC term and the cubic phase
term must be taken into consideration for a better focused result
in high-squint cases. Thus, the nonlinear CS (NCS) algorithm
was proposed to deal with that problem [18]. Good results are
achieved for squint angles up to 40◦ for the C-band and 30◦ for
the L-band of SeaSat or the ERS-1 system.

All the aforementioned algorithms directly deal with the
original squinted data and concentrate on how to analyze the
characteristic of squinted data spectrum. However, the 2-D
skew spectrum needs high PRF or extra computational load
in the imaging processing due to the increased samples in
azimuth [23] with a high squint and big bandwidth. Moreover,
the degree of orthogonality between “range” and “azimuth”
decreases where the cross terms are not ignorable. In this
paper, we first “shear” the squinted spectrum and minimize the
effect of squint. We call this procedure “squint minimization,”
which aims to increase the degree of orthogonality between
the range and azimuth of the squinted data. The RM with its
space variance, the SRC term, and the cubic phase are decreased
much via the squint minimization.

Another method, based on the principle of the NCS, is
adopted in [19] to equalize the frequency-modulation (FM) rate
for the squint cases. In this method, the signal is first range
compressed. Then, a linear RCMC is used to eliminate the
RCM. After the correction, the FM rates of targets confined
in a range gate will differ from each other. The NCS is used
to focus the targets confined in a range gate. However, azimuth
interpolation was required to eliminate the azimuth distortion;
thus, the computational complexity increases. Furthermore, this
method did not count the cubic phase term and its azimuth
dependence. In our approach, we consider a nonlinear cubic
phase that filters the operation to avoid the azimuth distortion
and interpolation. In addition, the azimuth dependence of the
cubic phase term is restricted to a given accuracy in our method
(see the details in Appendix A).

This paper is organized as follows. Section II reviews the
characteristic of the original and the “squint-minimized” data
spectrum and introduces the principle of azimuth NCS (ANCS).
Section III describes the “ANCS-based” CS algorithm and its
application. Section IV gives the simulation results. Finally, in
Section V, we give conclusions.

II. HIGHLY SQUINTED DATA ANALYSIS

A. Signal Model

A general form of the received signal is derived in terms
of slant range and squint angle. With reference to the imaging
geometry shown in Fig. 1, the slant range distance between the
radar and a point target P is

R(tm;R0) =
√

(vtm −Xn)2 +R2
0 − 2R0(vtm −Xn) sin θ0

(1)

where v is the speed of the SAR platform, tm is the slow
time, R0 is the slant range at the center of the aperture, θ0
is the squint angle, and Xn indicates the target’s azimuth
position.

Fig. 1. Squinted-mode SAR geometry.

For further analysis, (1) is expanded to the Taylor’s series

R(tm;R0)=R0 − (vtm −Xn) sin θ0+
cos2 θ0
2R0

(vtm −Xn)
2

+
sin θ0 cos

2 θ0
2R2

0

(vtm −Xn)
3 + · · ·

≈

√
R2

0 + v2 cos2 θ0

(
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v

)2

−
(
tm − Xn

v

)
v sin θ0

+
v3 sin θ0 cos

2 θ0
2R2

0

(
tm − Xn

v

)3

+ · · · . (2)

The first row of (2) shows that the RM consists of range
walk (e.g., linear term of slow time) and range curvature (e.g.,
quadratic term of slow time). The second row of (2) incorpo-
rates the quadratic range curvature into the square root term,
which is similar to the form of RM in broadside SAR mode.

Assume that the transmitted waveform is given by

st(tr) = ar(tr) exp(j2πfctr) exp
(
jπγt2r

)
(3)

where ar(tr) is the transmitted signal envelop, fc is the carrier
frequency, tr denotes the fast time, and γ is the chirp rate. Then,
the demodulated and normalized echoes from the target can be
formulated as

s(tr, tm;R0) = exp

[
jπγ

(
tr −

2R(tm;R0)

c

)2
]

× exp

[
−j

4π

λ
R(tm;R0)

]
(4)

where c denotes the light speed and λ is the wavelength.

B. Spectrum of Highly Squinted Data

Taking 2-D fast Fourier transform (FFT) on both sides of (4)
yields [18], [20]

S(fr, fa;RB)

= exp

[
−jπ

f2
r

γ

]
exp

[
−j2πfa

(
tc +

Xn

V

)]

× exp [jφ0(fa;RB) + jφ1(fa;RB)fr

+ jφ2(fa;RB)f
2
r + jφ3(fa;RB)f

3
r + · · ·

]
(5)
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where⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

φ0(fa;RB) = − 2πRB

v

√
f2
aM − f2

a

φ1(fa;RB) = − 4π
c

RB√
1−(fa/faM )2

φ2(fa;RB) = πRB
2λ sin2 θ
c2 cos3 θ

φ3(fa;RB) = − 2πRBλ2 sin2 θ
c3 cos5 θ

(6a)

⎧⎨
⎩

RB = R0 cos θ0 fdc = 2v sin θ0/λ
fdc −Ba/2 ≤ fa ≤ fdc +Ba/2 faM = 2v/λ
sin θ = fa/faM cos θ =

√
1− (fa/faM )2.

(6b)

Each phase term is analyzed in the following.

1) The term φ0(fa;RB) is the azimuth modulated term and
should match for azimuth compression.

2) The term φ1(fa;RB) contains the information of RM.
From this term, we have the range delay carrying over
into the RD domain

R(fa;RB) =
RB√

1− (fa/faM )2
Δ
= RB [1 + a(fa)] (7)

where

a(fa) =
1√

1− (fa/faM )2
− 1 (8)

is the migration factor. It shows that the Doppler do-
main is dependent on the signal trajectory. Moreover,
R(fa;RB) is a function of Doppler frequency fa and the
scatter’s position RB , showing the space variance of RM.

3) The term φ2(fa;RB) shows the coupling of range and
azimuth in the signal spectrum. It usually matches the
SRC step in most algorithms, thus called the SRC term
[4], [10]. The SRC term makes the chirp rate of the
received signal unequal to γ, the original chip rate of the
transmitted signal. The effective FM rate γe(fa, RB) has
the functional form

1

γe(fa, RB)
=

1

γ
−RBβ(fa) (9)

where

β(fa) =
2λ(fa/faM )2

c2
(√

1− (fa/faM )2
)3 =

2λ sin2 θ

c2 cos3 θ
(10)

is the range distortion factor. Range distortion is a direct
consequence with only lack of orthogonality between
range and azimuth for signal components away from zero
Doppler. This distortion applies to any form of range
modulation, not just to linear FM [15]. The higher the
squint is, the larger the range distortion factor will be.
The effective FM rate γe(fa, RB) is a function of both
Doppler and the scatter’s position, showing its range
dependence. As discussed before, for highly squinted
data, γe(fa, RB) changes a lot with range.

4) The term φ3(fa;RB) is the coefficient of the cubic phase
term of range frequency, which is not ignorable for squint
angles as high as over 50◦. It results from the lack of

orthogonality between range and azimuth too. The other
higher order terms (power is greater than three) are very
small and thus ignorable.

C. Squint-Minimized or “Sheared” Spectrum of Highly
Squinted Data

Some problems in high-squint SAR imaging arise from the
lack of orthogonality between the range and azimuth of the
SAR data. The azimuth spectrum is always partial folded [23]
in the high-squint case. Spectrum extending was applied to
eliminate the spectrum folding by replicating and filtering the
spectrum [23].

The “squint minimization” aims to shear the data spectrum
efficiently with little increase in computational load so that the
orthogonality possibly increases.

The data in the fr−tm domain (fr is range frequency and tm
is slow time) are formulated as

S(fr, tm;R0) = exp

[
−jπ

f2
r

γ

]

× exp

[
−j

4π

c
R(tm;R0)(fr + fc)

]
. (11)

Now, we construct a function

Hshear(fr, tm;R0) = exp [−j2πfdc(1 + fr/fc)tm] (12)

where fdc = 2v sin θ0/λ is the Doppler center.
Then, the constructed function is multiplied by S(fr, tm;

R0). Note that this operation introduces a Doppler shift linear
to range frequency. This feature decreases the coupling or
increases the orthogonality between range and azimuth, which
will be addressed in the following.

After the multiplication, the data are transformed into the
2-D frequency domain with the azimuth FFTs, and thus, the
new data spectrum becomes

S(fr, fa;R0)

= exp

[
−j

4π

c
(fr + fc)Xn sin θ0

]

× exp

[
−j2πfa

Xn

V

]
exp [jφ0new(fa;R0)]

× exp
{
j
[
φ1new(fa;R0)fr + φ2new(fa;R0)f

2
r

+ φ3new(fa;R0)f
3
r + · · ·

]}
(13)

where

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

φ0new(fa;R0) = − 2πR0

v cos θ0

√
f2
aM − f2

a

+ 2πR0 tan θ0 sin3 θ
λ cos3 θ

φ1new(fa;R0) = − 4π
c R0 [1 + anew(fa)]

φ2new(fa;R0) = − π
γe,new(fa,R0)

φ3new(fa;R0) = − 2πR0λ
2 sin2 θ

c3 cos5 θ ρ(fa)

(14a)
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⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
γe,new(fa,RB) =

1
γ −R0βnew(fa)

−Ba

2 ≤ fa ≤ Ba

2

faM = 2v cos θ0
λ sin θ = fa

faM

cos θ =

√
1−

(
fa
faM

)2

(14b)

⎧⎪⎪⎨
⎪⎪⎩

anew(fa) =
1

cos θ − tan θ0 sin3 θ(cos2 θ−3)
2 cos5 θ − 1

βnew(fa) =
2λ sin2 θ
c2 cos3 θ

[
1 + 3 tan θ0 sin θ(2+3 sin2 θ)

2 cos4 θ

]
ρ(fa) = 1− tan θ0 sin θ(30 cos2 θ−3 cos4 θ−35)

2 cos4 θ .

(14c)

We use subscript “new” to distinguish from the primary
corresponding parameters used in the analysis of the original
data spectrum. Note that the interval of Doppler frequency
changes from fdc −Ba/2 ≤ fa ≤ fdc +Ba/2 to −Ba/2 ≤
fa ≤ Ba/2. The new phase terms are as follows.

1) φ0new(fa;R0) showing the new azimuth modulation and
matching for azimuth compression.

2) φ1new(fa;R0) indicating the new RM. The migration
factor anew(fa) is formulated in (14c).

3) φ2new(fa;R0), new range modulation, featured by the
new range distortion factor βnew(fa), as shown in (14c).

4) φ3new(fa;R0) showing the new cubic phase term.

Range extension is a problem brought by squint minimiza-
tion. One can detail the range extension sampling number.
φ1new(fa;R0)fr in (13) can express the new RCM after squint
minimization, and the new migration factor anew(fa) deter-
mines the variation of the RCM with fa. By using squint min-
imization, the linear part within the original migration factor
is eliminated. Therefore, one can express the range extension
using original linear RCM approximately. Supposing M , N ,
and Next denote the original azimuth, range, and range exten-
sion sampling numbers, respectively, Next can be expressed as

Next =

(
v

M

PRF
sin θ0

)/(
C

2Fs

)
(15)

where PRF and Fs denote the azimuth and range sampling
frequency, the numerator denotes the linear RCM, and the
denominator denotes the range sampling interval. The range
extension will be large when the azimuth sampling number
is big. Therefore, in order to reduce the computational load
brought by range extension, it is necessary to make blocks
in the azimuth. In order to increase the efficiency in imaging
processing, the azimuth subblock should be greater than an
azimuth aperture.

D. Difference Between the Original and the
Squint-Minimized Spectrum

To show the difference between the original and the squint-
minimized spectrum, some numerical examples are given in
this section. The simulation parameters are listed in Table I.

The “squinted” and squint-minimized data spectra are shown
in Fig. 2. We can see from Fig. 2 that the raw data spectrum
is highly squinted at the squint angle of 45◦ while the or-
thogonality between the range and azimuth is much increased

TABLE I
PARAMETERS FOR SIMULATION

after the squint minimization. We call the new spectrum squint-
minimized or sheared spectrum.

Now, we examine the characteristic of the squint-minimized
spectrum by evaluating the space variance of RM and effective
FM rate, as well as the cubic phase term.

We know from (7) that R(fa;RB) is a function of both fa
and RB , manifesting the Doppler and range dependences on
RM. Taking partial derivative with respect to RB in (8) yields

∂R(fa;RB)/∂RB = 1 + a(fa). (16)

Thus, RM factor, i.e., a(fa), could be employed to evaluate
the range dependence on RM. The larger the RM factor is, the
larger the range dependence on RM will be. According to the
parameters in Table I, the RM factor of the raw data spectrum
and squint-minimized data spectrum is shown in Fig. 3(a).
The RM factor of the squint-minimized data is only a few
thousandths of the original raw data, which shows that the space
variance of RM is greatly decreased by squint minimization.

As discussed earlier, the space variance of the effective FM
rate γe(fa, RB) [see (9) and (14)] is another problem for the
highly squinted SAR imaging. However, the space variance
of γe(fa, RB) is much reduced by the squint-minimization
operation. To see this, the Doppler band-unified difference of
γe(fa, RB) between arbitrary range R and reference range Rref

is defined by

ξ(R) =
1

Ba

∑
fa

|γe(fa, R)− γe(fa, Rref)| (17)

where Ba denotes the Doppler bandwidth.
The common logarithmic diagram of ξ(R) with respect to

R is shown in Fig. 3(b1)–(b2), with the squint angle being
60◦ and 70◦, respectively. From those figures, the variation of
γe(fa, RB) is greatly decreased for the squint-minimized data.

Let us now discuss the issue of the large cubic phase terms.
The cubic phase terms of the original and squint-minimized
data are formulated in (6a) and (14a), respectively.

Let

K1(fa) = −φ3(fa;R0)

2πR0
K2(fa) = −φ3new(fa;R0)

2πR0
. (18)

Then, K1(fa) and K2(fa) show the variation of φ3(fa;R0) in
fa, as well as the rate of φ3(fa;R0) with range. To show the
effect of squint minimization on the cubic phase term, we plot
the diagram of K1(fa) ∼ fa and K2(fa) ∼ fa in Fig. 3(c). The
value of K2(fa) is only several parts of K1(fa) in terms of
105, which implies that the cubic phase and its variance are
greatly reduced by the squint minimization. Since the squint
minimization provides us a new 2-D spectrum, we introduce a
new imaging method in the next section, which is called the
ANCS-based CS algorithm.
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Fig. 2. Spectrum of raw data and squint-minimized data.

Fig. 3. Diagrams for spectrum characteristic evaluation. (a) RM factor. (b1)–(b2) Space variance of effective FM rate. (c) Diagram of cubic phase term.
The dotted and solid lines denote the parameters corresponding to the original and the squint-minimized raw data spectrum, respectively.

III. SAR IMAGING ALGORITHM BASED ON

SQUINT MINIMIZATION AND ANCS

The new CS algorithm is addressed in this section. The
ANCS and squint minimization are incorporated into the al-
gorithms. The flow chart of the ANCS-based CS algorithm is
shown in Fig. 4. In the CS algorithm, one takes into considera-
tion of the range dependence of RM. The range dependence of
RM is eliminated by the CS operation without interpolation.
Thus, the CS algorithm is very efficient and precise in RM

correction. However, we know that the cubic phase term is
neglected in the presented CS algorithm and the effective FM
rate is evaluated at the reference range Rref in the scaling
function [see (19)] and the range compression function [see
(21)]. The reason is that the cubic phase term is largely reduced
by the squint minimization and so is the range dependence of
the effective FM rate. Thus, the new CS algorithm is still precise
enough in high-squint SAR applications and can perform better
than the conventional CS algorithm in [15].
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Fig. 4. Flow chart of the ANCS-based CS algorithm.

A. CS for RCMC

By performing inverse FFT (IFFT) on fr in (13), we get
the squint-minimized signal in the tr−fa domain (tr denotes
fast time). Since the expression has much difference from the
traditional one, it is necessary to exploit new imaging algo-
rithms. Due to the interpolation needed in the RD algorithm
to accommodate the range and Doppler dependence of the
RCM term, the CS algorithm, using the CS Theorem, is more
popular to substitute interpolation by FFT. Here, we use the CS
algorithm to deal with the range dependence of RM.

We construct a quadratic phase function to “scale” the signal

Hrg,Scale(tr, fa) = exp

[
jπγe,new(fa;Rref)anew(fa)

×
(
tr −

2R(fa;Rref)

c

)2
]

(19)

where Hrg,Scale(tr, fa) is multiplied by the squint-minimized
signal in tr−fa domain, called the CS operation. By ignoring
the constant phase term, the signal can be written as

S(tr, fa;R0)

≈ exp

{
− jπ (1 + anew(fa)) γe,new(fa;Rref)

×
[
tr−

2 (R0 +Rrefanew(fa))

c
− 2Xn sin θ0

c

]2 }

× exp [jφ0new(fa;R0)] exp

[
−j2πfa

Xn

V

]
. (20)

Clearly, the spatial variance of RM is eliminated in (20). The
signal is transformed into the fr−fa domain.

A function is now constructed for range matched filtering
(MF) and RM correction

Hcs,1(fr, fa) = exp

[
jπ

1

γe,new(fa, Rref) [1 + anew(fa)]
f2
r

]

× exp

[
j4π

Rrefanew(fa)

c
fr

]
. (21)

The function is multiplied by the FFT expression of (20), and
then, performing IFFT on fr completes the range compression.
By substituting R by R0 +Xn sin θ0, the range-compressed
signal is expressed as follows:

S(tr, fa;R0) = δ

(
tr −

2

c
R

)
exp (−jΘΔ(fa;R0))

× exp(jφ0new) exp

[
−j

2πfaXn

V

]
(22)

where

ΘΔ(fa;R0) ≈
4π

c2
γe,new(fa;Rref)anew(fa)

× [1 + anew(fa)] (R−Rref)
2. (23)

Equation (23) shows the residue phase caused by the CS opera-
tion. The imagery point is located at R0 +Xn sin θ0 from (22).
From (23), the residue phase ΘΔ(fa;R0) can be calculated
according to the range cells after range compression. Therefore,
a function for the phase compensation is given through

Hcs,Comp(fa) = exp [jΘΔ(fa;R0)] . (24)
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This is multiplied by (23) to remove the residue phase term
induced by the CS operation.

B. ANCS

As pointed out earlier, the squint minimization results in
the inequality of the Doppler rate of the scatters in the same
range cell after range compression, which needs special con-
sideration. Hence, the ANCS operation is proposed to solve this
problem.

Starting from (22) and ignoring the unimportant constant
phase term, we can have the signal approximately equal to

S(tr, fa;R0) = δ

(
tr −

2

c
R

)
exp

(
−j

Ω2
a

2bm

)

× exp

(
j
dm
b3m

Ω3
a

)
exp

[
−jΩa

Xn

V

]
(25)

where ⎧⎨
⎩

Ωa = 2πfa
bm = −4πv2 cos2 θ0/(λR0)
dm = −2πv3 sin θ0 cos

2 θ0λ/R
2
0.

(26)

From (20), we know that the imagery point is at R, while the
scatter’s actual position is at R0. Moreover, the parameters for
azimuth compression, i.e., bm and dm, are functions of the scat-
ter’s actual position R0. However, they are calculated according
to imagery point’s position R rather than R0 during azimuth
processing and therefore cause azimuth defocusing. Hence, a
special processing is required to avoid azimuth defocusing. A
method, based on the principle of NCS, was proposed in [19]
to equalize the azimuth FM rate. However, unfortunately, the
introduction of perturbation function resulted in azimuth distor-
tion. Thus, an azimuth interpolation was required, but increased
the computational complexity and loss in phase property. In this
paper, another ANCS is employed. First, we construct a cubic
phase function to avoid the azimuth distortion

H3order(fa;R0) = exp
(
jd′mΩ3

a

)
exp

(
−j

d0
b30

Ω3
a

)
(27)

where d0 and b0 are the values of bm and dm, respectively,
when R0 = R. Equation (27) is multiplied by (25). This step is
called azimuth cubic phase filtering. After this step, the signal
is transformed into the azimuth time domain via taking IFFT on
Ωa using the stationary phase method. Thus, we have

S(tr, tm;R0) = δ

(
tr −

2

c
R

)
exp

[
j
bm
2

(
tm − Xn

v

)2

+ j

(
d′m +

dm
b3m

− d0
b30

)
b3m

(
tm − Xn

v

)3
]
. (28)

Now, the azimuth scaling function is created

HAzi,Scale(tm, R0) = exp
(
jq2t

2
m/2

)
exp

(
jq3t

3
m

)
. (29)

It is multiplied by S(tr, tm;R0) on both sides of (28). This step
is called ANCS.

After the ANCS is performed, the signal is transformed to
the Doppler domain via the stationary phase method. Then,
we have

S(tr, fa;R0) = δ(tr − 2R/c) exp [jΦ(fa)] (30)

where Φ(fa) is the phase term in the azimuth frequency do-
main. bm and dm are evaluated according to the imagery point’s
position rather than the scatter’s actual position. Therefore, they
are approximately equal to

bm ≈ b0 + b1τ (31)
dm ≈ d0 + d1τ (32)

where τ = Xn/v denotes the azimuth center time of the point,
b0 and d0 are the same as the ones in (22), and b1 and d1 are the
ratios of bm and dm varying with τ . The approximations (31)
and (32) hold when the azimuth scope of the observed scene is
very small comparing with the slant range. Using (31) and (32),
we obtain

Φ(fa) ≈ A+Bτfa + Cτ2fa +Dτf2
a + Eτf3

a . . . (33)

where A is the azimuth unvarying term, the second term stands
for the azimuth position, the third one represents the azimuth
distortion, the fourth one denotes the azimuth dependence
on the azimuth FM, and the last one refers to the azimuth
dependence on the cubic phase term. In order to eliminate the
azimuth distortion and azimuth dependence on azimuth FM, we
usually set the third and fourth terms to be zeros. Also, we are
willing to focus the point target; hence, we choose B to be equal
to a constant. Therefore, we have

B = −2π/βscl C = 0 D = 0 (34)

where βscl is the azimuth scaling factor and its selection will be
determined in the following. As shown in Appendix A, we may
have the following parameters:

d′m =
(βscl − 0.5)b1
3(βscl − 1)b30

q2 = b0(βscl − 1) q3 =
(βscl − 1)b1

6
.

(35)

Thus, the signal in the tr−fa domain now becomes

S(tr, fa;R) =δ

(
tr −

2R

c

)

× exp

(
−j

2πXnfa
vβscl

− j
2π2f2

a

βsclb0

+ j
4π3b1f

3
a

3βscl(βscl − 1)b30
+ jφcon

)
(36)
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Fig. 5. Spectrum of (23) and (24). (a) Spectrum of (23) with the old PRF. (b) Spectrum of (24) with the new PRF.

where φcon denotes the independent phase term of the azimuth
frequency. The quadratic and cubic phase terms of fa are re-
lated to the azimuth phase modulation. Apparently, the azimuth
modulation is independent of the scatter’s azimuth position due
to the ANCS. Thus, a uniform azimuth MF function is obtained

HAzi,MF(fa, R) = exp

(
j
2π2f2

a

βsclb0
− j

4π3b1f
3
a

3βscl(βscl − 1)b30

)
.

(37)

The signal in (36) is multiplied by the MF function on both
sides of (37) and then transformed back into the azimuth time
domain to complete the azimuth compression. The result after
azimuth compression is

S(tr, tm;R0) = δ

(
tr −

2(R0 +Xn sin θ0)

c

)

× δ

(
tm − Xn/βscl

v

)
exp(jφcon) (38)

where the position of the imagery point is located at
(Xn/βscl, R0 +Xn sin θ0), while the scatter’s actual position
is (Xn, R0) in “acquisition Doppler output geometry” [15] or
(R0 sin θ0 +Xn, RB) in “zero Doppler output geometry” [15].
Thus, the geometrical distortion is introduced by the squint
minimization and ANCS. The geometrical correction may be
needed according to the practical requirements.

C. Some Considerations of the Application

1) Scaling Factor βscl: βscl is an azimuth scaling factor.
After azimuth compression, the position of the point is located
at Xn/βscl. The optimal selection of βscl can be figured out (see
details in Appendix B). However, if the optimal value of βscl is
big, another problem will arise. Equation (29) is involved in a
quadratic phase term, which indicates a bandwidth signal in the
spectrum domain. When (29) is multiplied by (28) in the time
domain, the total bandwidth is widened. Once the equivalent
bandwidth outclasses the PRF, the spectrum is folded.

In fact, the spectrum of (28) is restricted in
[−PRF/2 PRF/2]. The spectrum of a given expression (28)

Fig. 6. Computational time versus range dimension with different algorithms.

TABLE II
SIMULATION PARAMETERS

is not folded if we adopt a higher PRF, namely, PRF1. Thus, the
spectrum of (30) is confined in [−PRF1/2 PRF1/2]. Fig. 5
shows the problem and corresponding countermeasure. From
Fig. 5(b), we see that the spectrum must be folded with the old
PRF while the spectrum is not folded with the new PRF1. On
the other side, the extension of (28) is carried out by appending
zeros in the frequency domain. Then, the multiplication of
(28) and (29) is carried out in the time domain. After this
multiplication, we intercept the corresponding part of the
spectrum as the result of (30) to resume the old PRF.

2) Motion Compensation in Image Processing: A two-step
motion compensation method was applied in the ECS algorithm
to process squint SAR data [17]. For the airborne case, the first
step is to define the phase error correction for a reference range,
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TABLE III
SIMULATION RESULTS OF PROPOSED CS ALGORITHM

which is carried out directly with range uncompressed data.
The second step is to define the phase error correction of range
dependence. This step is carried out after the RCMC. In the
high-squint case, the motion error is more complicated.

Based on the raw radar data, a motion compensation method
was proposed in [21]. This dealt with the low-squint case
with good results. The motion compensation method is already
extended for the high-squint case [22] that may be applied to
the imaging algorithm in this paper. The envelopment error is
estimated and compensated for squint-minimized data without
range compression. Then, the phase error would be estimated
and compensated for the data after range compression [22].
This motion compensation method was valid by the data in the
case of a squint of 50◦ and could obtain good focused SAR
images.

3) Computational Load: This part mainly analyzes the
computational load of this method. The parameters of the
second simulation in Section IV are used. Supposing M and
N denote the original azimuth and range sampling numbers,
respectively, the range extension sampling number is about
Next = 1.14M . Nnew = Next +N denotes the range sampling
number after range extension. According to the flow of the
ANCS-CS algorithm, the computational load can be written as

MN + 2M
N

2
log2 N +N

M

2
log2 M + 2M

Nnew

2
log2 Nnew

+ 3Nnew
M

2
log2 M + 5MNnew. (39)

In the NCS algorithm [19], spectrum expanding is needed to
avoid aliasing [23]. The spectrum expanding results in increas-
ing azimuth sampling number. By the aforementioned parame-
ters, the new azimuth sampling number is about M ′ = 1.95M .
The range extension needed in [19] can be expressed as Next =
1.14M ′. Therefore, the computational load can be written as

M
N

2
log2 N +N

M

2
log2 M + 2NM ′ +M ′N

2
log2 N

+ 2M ′Nnew

2
log2 Nnew + 2NnewM

′ +Nnew
M ′

2
log2 M

′.

(40)

Fig. 6 shows the variation of the computational time with scene
dimension, where the original range and azimuth sampling

numbers are the same and a clock frequency of about 500 MHz
is used. The abscissa denotes the scene dimension. From Fig. 6,
we can see that the computational time is slightly less with our
method than with the NCS algorithm.

IV. SIMULATION RESULTS

In this section, we provide some simulation results to demon-
strate the performance of the proposed CS algorithms. The
parameters for simulation are listed in Table II.

The simulations are performed under squint degrees of 50◦,
60◦, and 70◦. From Table II, we can evaluate the ideal range
and cross resolutionρr = c/2B · 0.886 = 0.0886 m, ρcross =
Da/2 · 0.886 = 0.0886 m, respectively, where B denotes the
signal bandwidth and Da is the azimuth aperture length. The
ideal azimuth resolution, corresponding to squint angle θs,
could be evaluated by ρa = ρcross/ cos θs. Thus, the ideal az-
imuth resolutions are 0.138, 0.177, and 0.258 m under squint
angles of 50◦, 60◦, and 70◦, respectively. Note that the cross
resolution is independent of the squint angle while the azimuth
resolution is not. Four point targets are simulated under each
squint angle; the range positions of each target are 0, 0.5, 1,
and 2 km far away from the reference range, respectively. The
reference range is Rref = 15 km.

The quality parameters of the presented CS algorithm are
listed in Table III. The range and azimuth resolutions tally well
with the ideal resolution. Since there is no extra windowing
operation, the theoretical values of peak and integrated sidelobe
rations are about −13 and −10 dB, respectively. Note that the
step of geometrical correction in the proposed CS algorithm
is ignored here. Thus, the range and azimuth sidelobes seem
perpendicular. We can see that the focusing of the proposed
CS algorithm is good. The good performance is given by the
squint minimization and ANCS, which highly increases the
orthogonality between the range and azimuth of squinted data
and reduces the space variance of the parameters of squinted
data (Fig. 7).

In order to show the good performance of our method for
range targets, we give two simulation results with a squint angle
of 50◦. Three range points are set in the scene. Their range
coordinates are 0, 500, and 1000 m. The other parameters are
the same as those in Table II. The NLCS algorithm [18] is used
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Fig. 7. Simulation results of the proposed CS algorithm. (a) Simulation results under a squint angle of 50◦. (b) Simulation results under a squint angle of 60◦.
(c) Simulation results under a squint angle of 70◦.

in comparison with our method. Figs. 8 and 9 show the results
of the NLCS algorithm and the ANCS-based CS algorithm
in this paper, respectively. The NLCS algorithm processes the
data in the skew spectrum domain, while we adopt squint
minimization to increase the degree of orthogonality between
the range and azimuth. Hence, the RM, the space variance
of RM and SRC terms, and the cubic phase term are much
decreased via this step. However, for the reference point, the
focusing results with a different algorithm are the same. With
our method, the RCM of the farthest target is eliminated in
Fig. 9(d), while the corresponding problem is not solved in
NLCS. In addition, the space variance of the cubic phase term
of range frequency will result in range defocusing, as seen in
Fig. 8(d). The range defocusing will further affect the azimuth
focusing results, and this can be seen in Fig. 8(b) and (c). From
the following figures, we can conclude that our method is more
suitable for focusing the range target.

Another simulation is presented here to show the advantage
of our method over the method in [19]. In the simulation, the
range and azimuth resolutions are both about 0.1 m, the wave-
length is 0.01 m, the squint angle is about 70◦, the reference
range is 8000 m, and the speed of the platform is 100 m/s.
Eight points in the reference range cell are simulated. The
geometry of the eight points is shown in Fig. 10. The spaces
of the neighbor points are 20, 20, 20, 20, 20, 50, and 50 m,
respectively. In this simulation, the value of βscl is 3. The range
extension is needed according to the foregoing analysis. In this

simulation, the azimuth samplings are about 4368 and the range
extension samplings are about 3830. Fig. 10(b1) and (b2) shows
the azimuth focusing results of the fifth azimuth point with
100-m offset by using different methods. The sidelobe is much
higher in the traditional method, while our focusing result is
much better. The variations of the PLSR and ILSR with azimuth
position are also studied. From Fig. 10(c1) and (c2), the PLSR
and ILSR of our method vary a little while the PLSR and ILSR
of the method in [19] rapidly deteriorate with azimuth position.
So as to validate the azimuth distortion elimination without
little main-lobe widening to different azimuth points, we study
the ratio of main-lobe widening and azimuth distortion. We
define the ratio of azimuth distortion as

RAD =

∣∣∣∣SiSi−1

S2S1

P2P1

PiPi−1

− 1

∣∣∣∣× 100% (41)

where PiPi−1 denotes the line separation of Pi and Pi−1 (i =
2, 3, . . . , 6) and SiSi−1 is the focused peak separation of Pi

and Pi−1 (i = 2, 3, . . . , 6). From Fig. 10(c3), we see that our
method is better in the high-squint case. Fig. 10(c4) shows that
azimuth distortion is serious in the traditional method. Hence,
azimuth interpolation is required to obtain the azimuth uniform
space results. In the same condition, our method will not
introduce the azimuth distortion without interpolation, which
is one of the most significant advantages.
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Fig. 8. Simulation results by using NLCS. (a)–(c) Focusing results of three range points, corresponding to 0, 500, and 1000 m, respectively. (d) Envelope of the
farthest target.

Fig. 9. Simulation results of our method. (a)–(c) Focusing results of three range points, corresponding to 0, 500, and 1000 m, respectively. (d) Envelope of the
farthest target.

V. CONCLUSION

The highly squinted data are difficult to deal with due to
their large RM, high space variance of focusing parameters, and
large cubic phase terms. This arises from the lack of orthog-
onality between the range and azimuth of the squinted data.
To accommodate for this, the squint-minimization operation
is proposed in this paper. The proposed CS algorithm incor-
porates squint minimization with ANCS. Numerical examples
guarantee the effectiveness of our proposed algorithm in high-
resolution high-squint SAR imaging and also its advantage over
other existing methods.

APPENDIX A
DERIVATION OF (35)

We start from (28) and rewrite the azimuth phase term after
azimuth cubic phase filtering

S(tm;R) = exp

[
j
bm
2
(tm − τ)2

+ j

(
d′m +

dm
b3m

− d0
b30

)
b3m(tm − τ)3

]
. (A1)
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Fig. 10. Comparison of the current method and the method in [19]. (a) Geometry of eight points. (b1)–(b2) Comparison of the azimuth focusing results. (c1)–(c4)
Performance comparison of the current method and the method in [19].
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After multiplying the azimuth scaling term, (A1) is transformed
to the azimuth frequency domain

S1(fa;R) =

∫
tm

S(tm;R) exp
(
jq2t

2
m/2

)

× exp
(
jq3t

3
m

)
exp(−j2πfatm)dtm. (A2)

By using the phase stationary method, we have

S1(fa;R) = exp (jΦ(fa, τ)) (A3)

where

Φ(fa, τ) = − 2πfa
2πfa + bmτ

bm + q2
+

1

2(bm + q2)2

×
[
bm(2πfa − q2τ)

2 + q2(2πfa + bmτ)2
]

+
1

(bm + q2)3

×
[(

d′m +
dm
b3m

− d0
b30

)
b3m(2πfa − q2τ)

3

+ q3(2πfa + bmτ)3
]
. (A4)

Equation (A4) is a little complicated. In order to express
the azimuth distortion term and the azimuth FM term
in position dependence, we rewrite (A4) in the following
form:

Φ(fa, τ)≈A+Bτfa + Cτ2fa +Dτf2
a + Eτf3

a . . . (A5)

where the parameters can be expressed in terms of the partial
derivative of τ and fa

A =Φ(fa, 0) B =
∂2Φ(0, 0)

∂τ∂fa
C =

∂3Φ(0, 0)

2∂τ2∂fa

D =
∂3Φ(0, 0)

2∂τ∂f2
a

E =
∂4Φ(0, 0)

6∂τ∂f3
a

. (A6)

Equation (A4) consists of several fractional functions, which
make the computations of (A6) more complicated. Therefore,
we expand the parts of (A4)

1

bm + q2
≈ 1

b0 + q2
− b1

(b0 + q2)2
τ

1

(bm + q2)3
≈ 1

(b0 + q2)3
− 3b1τ

(b0 + q2)4
(A7)

and arrive at

A = − 2π2

b0 + q2
f2
a +

8π3
(
d′mb30 + q3

)
(b0 + q2)3

f3
a B = − 2πb0

b0 + q2

C = − 2πb1q2
(b0 + q2)2

+
6π

(
q3b

2
0 + d′mb30q

2
2

)
(b0 + q2)3

D =
2π2b1

(b0 + q2)2
+

12π2
(
q3b0 − d′mq2b

3
0

)
(b0 + q2)3

E =
48π3

(b0 + q2)3

[
3d′mb20b1 +

d0
R

]
. (A8)

Let (34) be satisfied, and then, we obtain (35). From (A8) to
(35), we adopt no approximation. Therefore, (35) has a high
accuracy.

APPENDIX B
SELECTION OF βscl

βscl is the azimuth scaling factor. We do not want βscl to be
big. The bigger the value is, the smaller the focused map is in
azimuth. However, in our simulation, the value of βscl is greater
than 1. Hence, βscl has an optimal value to focus the scene point
well and to obtain the smallest scaling result.

From Appendix A, we know that the azimuth dependence on
the cubic phase term is not eliminated. However, by using our
method, the azimuth dependence on the cubic phase term can
be weakened. To analyze the new cubic phase term, we rewrite
it as

Φ3remain =
48π3

(b0 + q2)3

[
3d′mb20b1 +

d0
R

]
τf3

a . (B1)

Substituting (34) into (B1) leads to

Φ3remain =
48π3

b40Rβ3
scl(βscl − 1)

×
[
(βscl − 0.5)b21R+ (βscl − 1)b0d0

]
τf3

a . (B2)

Let

�(βscl) =
48π3

b40Rβ3
scl(βscl − 1)

×
[
(βscl − 0.5)b21R+ (βscl − 1)b0d0

]
. (B3)

Then, �(βscl) is a function of squint range, squint angle,
wavelength, and velocity of platform. In order to obtain the
property of �(βscl), we have the logarithm plot of �(βscl)
versus squint angle, with parameters the same as the second
simulation in Section IV. From the plot (Fig. 11), we know that
the bigger βscl is, the smaller the azimuth dependence on the
cubic phase term is. This is the same as our experience.

Usually, if the cubic phase term is limited by π/4, the
error may be ignored. Then, βscl can be obtained from the
inequality

�(βscl)τf
3
a < π/4 (B4)

where fa is confined in azimuth bandwidth and τ is restricted
in the azimuth length of the scene. Equation (B4) is changed to

�(βscl) < 2π/
(
τmaxB

3
a

)
(B5)

where τmax is the corresponding azimuth time of the scene edge
point along azimuth.



SUN et al.: FOCUS IMPROVEMENT OF HIGHLY SQUINTED DATA 2321

Fig. 11. Plot of �(βscl) versa βscl. (a) Plots with different squint angles. (b) Local plots of (a).
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