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Abstract

An interesting fact is found in this Letter that a pair of finite dimensional integrable Hamiltonian systems produced by
two gauge equivalent spectral problems possesses the different r-matrices. In addition, an approach is aso presented for
deriving the finite dimensional integrable systems from the Lax matrix instead of Lax pair. © 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction

The r-matrix method plays an important part in the study of integrable systems. The structures of r-matrix
and fundamental Poisson bracket include many necessary information of a finite dimensional system, such as
the conserved integrals [13,2] etc. Also the classical method for separation of variables to solve the integrable
system can be formed in the r-matrix structure[14,5]. Both dynamical and nondynamical r-matrices correspond-
ing to many finite dimensional integrable systems with physics interest have appeared in the literature [7,8].
Recently, we reported an interesting fact [12]: two different finite dimensional systems can share a common
r-matrix with a good property of being nondynamical. Those further three examples are still found in a
successive paper [11]. Now, we shall have another amazing fact in this Letter: a pair of finite dimensional
Hamiltonian systems produced by two gauge equivalent spectral problems possesses the different r-matrices.
Of cause, their Lax matrices and conserved integrals are different, too. In addition, taking this pair of
Hamiltonian systems as two examples, we also present an approach for how to derive the finite dimensional
integrable systems from the Lax matrix instead of Lax pair.
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Before displaying our results, let us first give some necessary symbols and notations:

(R?MN,dp A dq) stands for the standard symplectic structure in Euclid space R*N = {(p,q)Ip=(p,,.--,Py)
g= (g;,..-,q)) png (i=1,...,N) are N pairs of canonical coordinates,  -,-) is the standard inner
product in RY; in (R2N,dp A dq), the Poisson bracket of two Hamiltonian functions F,G is defined by [1]

N (9F 9G  OF G IF G\ [oF 4G
(Fe=Y|——-——|=(—,—) - {(—,—). (1)
i—1\dq; dp;  Ip; 9q; aq dp ap ' dq

AL, .., Ay ae N arbitrary given distinct constants, A,u are the two different spectral parameters, A =
diag(A,, ...,Ay). Denote all infinitely times differentiable functions on real field R by C*(R). Let x be the
continuous variable of space R or C.

2. Two gauge equivalent spectral problems

In 1992, Geng introduced the following spectral problem [4]

_M M = iA—iBu u
$x=M¢, - v —iA+iBuw |’

where u and v are two scalar potentials, A is a spectral parameter and B is a constant, and discussed its
evolution equations, Hamiltonian structure and integrability of the related constrained system. (2) is apparently
an extension of the well-known ZS-AKNS spectral problem [16]

e 3)

v

i2=—1, (2)

Two years later Qiao considered the following spectral problem [9]

=y, W= —is A+r+pB(s?—r?)

—A+r1—B(s?—r?) is

, (4)

where r, s are scalar potentials, the meanings of other signs are the same as ones in Eg. (2), and obtained a
completely integrable systems with a set of finite dimensiona involutive functions. (4) is actually an extension
of the Dirac spectral problem [6]

A I 17 (5)

12

It is well-known that Eqgs. (3) and (5) are gauge equivalent via some transformation. Then, for their extensive
spectral problems we have the following further proposition.

Proposition 1 Let
1 1
s-co.c-(1 1) (6)
Then,

MG = GM (7)

with v =i(r —s),u= —i(r + ). That is to say, the spectral problems (2) and (4) are gauge equivalent via the
transformation (6).



Z. Qiao, W. Srampp / Physics Letters A 263 (1999) 365—372 367

Proof Directly calculate.

We have known that the constrained flows of the ZS—-AKNS spectral problem (3) and Dirac spectral problem
(5), which are gauge equivalent, share a common standard r-matrix being nondynamical [11]. Thus, it seemsto
turn out this conclusion: two gauge equivalent spectral problems should have their finite dimensional
constrained systems with the same r-matrix. But, unfortunately, it is not the case. The exception is the spectra
problems (2) and (4). Please see below.

3. Lax matrix and finite dimensional Hamiltonian flows

Let us consider the following two Lax matrices:

1+2iB{p,q) 0

G_ |G _ i
L®=L%(A) 0 1o 2ig(p) iLo, (8)
1
0 5>~ Bp.p+<a.a))
L= =| +Lo. (9)
—5 TB(p.p) +(a.m) 0
where the 2 X 2 matrix L, is
Z 1 [po —of |
p] —P;q;
Then through calculating their determinants we have:
1 ) N2E
—)\ZdetLJ=§/\2Tr( L))" =F7 + FgA + HIA? + Z NS J=G,Q, (10)
SiAT A
where
€~ B+ 1} (1)
N (PG P)” . o
= x l%,J=G,Q;]=1,...,N, E% = —2i(1+2iB(p,a)) pa,
k=1,k#] j k
Q 1 2 2 G : 2
B =[5 —B(p.p +<a.@)|(p+0f),He = (1+2i(p.a))", (12)
1 2
Hg = (5 8P + @] (19

ZAJkEJJ,k 01,...;J=G,Q. (14)
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Apparently, Eq. (14) reads the following

FS = —2i(1+2ip{p,a)){p,a), (15)
FS = —2(1+2iB{p,q))Hs — {p,q)’, (16)
1
Fe =5 —Bp.p+<a.@)|(p,p) +<a,a)), (17)
FR=(1-2B({p,p) +<q,0))) Ho + 4(< p,p) + (a0, ®))*, (18)
where the two key Hamiltonian functions Hg and H, are
. (p,p<a,q)
He =i{Adq,p) — 20+ 2B p.D) (19)
and
1 1 Ap,a)* + (<p,p) — (q,))°
Ho= 5 (AP P) + A = e hp) + (a.0)) 29
Then, the above two Hamiltonians give the following finite dimensional Hamiltonian flows:
IHg - p,p{a.@ {(q,q)
qx=a_=A +1 R - — P,
P (1+2iB{p,q)) 1+2ip -
_Hs . (p,pX{a.ay +<p,p> (2)
P aq (1+2iB<p,q>)2p 1+2ig "
and
_Hy - Kp@'+((pp) =)’  Apayg+((p.p)—(q.®)p
T (1-2B(<{p.p) +(q,9))) P 1-2B({q,a) +{p,p))
Hoy 4 p,gY+ ((p.p) —<a.a)?  2(p,ayp—({p.p> —<a.a)q
px=_—=_Aq+ 2q+
dq (1-2B(<p,p) +<a,q))) 1-2B8(a,@ +<{p,p))
(22)
Obvioudly, Egs. (21) and (22) can become Egs. (2) and (4) with the constraints
(q,a (p,p
T1t2ig(pyy’t 1+2ipp.)] (%)
A=A, ¢=(q;,p)", j=1...,N; and the constraints
—2i{p,q) Ca,0) = <p,p) (22

= 1-2B8({a,a) +<{p,p)) o 1-2B(<a,a) +<{p,p))

A=A, ¢=(q,p)i=1..., N, respectively. Therefore, the finite dimensional Hamiltonian systems (21) and
(22) coincide with the constrained flows of the spectral problems (2) and (4), respectively. For their
integrability, we need to discuss their own r-matrix structure.
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4. Different r-matrices and integrability

Let LD =LV &I, LI(w)=1®L(w), J=G,Q, where | is the 2 X 2 unit matrix, ® is the tensor
product of matrix. We shall search for a 4 X 4 r-matrix structure r,,(A,u) satisfying the fundamental Poisson
bracket [3]:

(L)) = [ra(dm) LEN)] = [ra( 1), L3(w)]. I=6G,Q, (25)

where {L2 (L Cl mn = (L) L2Cd1 oy 1A, ) = Pr;(A w)P, P=3X3_ 0, ® 0y, 0; is the standard
Pauli matrices, and [ -, ] stands for the usual commutator of matrix.

Theorem 1. Eq. (25) is satisfied with the following two different r-matrix structures

2
(A p) = P+s’,1=G,Q, (26)
m—A
where
1 0 0 O 0O 0 0 -1
.20 0 0 0| co_,al 0 0 1 0O
S=4Blg 9 0 o'l o 1 0 o (27)
0O 0 0 1 -1 0 O 0
Evidently, (26) is nondynamical both for J= G and for J= Q.
Proof. We denote L’(A) by
A;(A)  By(A)
RIS ,J=G,0Q, 28
Wlem —am (%)
where
1
AG()‘)_1+2|B<pQ>_|Z—p]q]: (29)
N
Bo(M) =1 X ~——+ q,, (30)
J=1
Co(A) = —i Z —IOl , (31)
N 1
As(A , 32
Q( ) JZ:L)\ )\ qu] ( )
1
(A)———B(<p p>+<qq>)—2—qj, (33)

1 N 1
Co(A) = —§+B(<D,D>+<q,Q>)+ .Zlmpf. (34)
=
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Then under the standard Poisson bracket (1), it is not difficult to calculate the following equalities
{AG()‘)'AG( I-L)} = {BG(A) Bs( M)} = {CG(/\) Co( M)} =0,

{Ae(’\)vBG( M)}= —4ipBs( p) + (BG( /*")_BG(/\))’

m—A

(CG()‘) — Co( M))'

{Ac(A).Co( 1)} = 4i BCo( 1) + "

4
{BG(/\)'CG( M)} = E(AG( w) — AG(/\));
{AQ( A), AQ( P«)} =0, (35)
{BQ(/\)’BQ( M)} = _43( AQ( M) - AQ(/\)),
{CQ( /\) ’CQ( M)} = 45( AQ( M) - AQ( /\)),

2
{AQ()‘)’BQ( M)} = _Z:B(CQ()‘) - BQ(’\)) + w—A (BQ( m) = BQ()\))’
2

{AQ( A).Co( M)} = ZB(CQ(/\) — B A)) - m(CQ( ) = Cq( )\)),
{BQ(/\)*CQ( M)} = _43( Ag(A) + Ag( M)) + — A ( Ag(m) — AQ(/\))-

After substituting the above equdities into Eq. (25), we can obtain Eqgs. (26) and (27). O

An immediate consequence of Eq. (25) is
(L)L)} = [Fra(dm) E)] = [Fa 0), ()] (36)

where

F(he)= X X (L)) (L) ry(am) - (L) (LX), ij=12.21. (37)

k=01=0

Thus, Eqg. (36) leads to

a{Tr(L(0)"Tr(L(w))"} = Tr{ (L (D)) (L ()"} = Tr{ (L)) (L3 )7} = 0.

which guarantees the involutivity of those integrals of motion obtained in Eq. (10). Therefore, we have

(€.} ={H3.E’} = {F2.E’}=0,0=G,Q, i,j=12,....N, m=012,.... (38)
In addition, noticing Egs. (16) and (18), the following equalities

{He.(p. @} =0.{EC.(p.a)} =0,j=1,....N; (39)

{Ho{p,p> + a0} = 0,{ER(p,p) + (q,q)} =0j=1,....N, (40)

and a further property: E;},EJ,..., Ey (J=G,Q) are functionaly independent on certain region of R?N, we
obtain the following theorem.
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Theorem 2. The constrained flows (21) and (22) are two completely integrable systems in Liouville's sense.

Remark 1. Usually, the Hamiltonian H is one or at least the functional combinations of the N-involutive set
{F}. But, here is not the case (see Egs. (16) and (18)). Thus, we must verify Egs. (39) and (40). The present
calculation is not simple but guessed and skilled.

5. Conclusions

In this Letter it is reveded that there exists such an example that two spectral problems can be gauge
equivalent, but the associated r-matrices determined by their own finite dimensional constrained system are
different. Why does this phenomenon occur? Evidently, it does not depend upon the equival ence transformation
(6), but upon the Lax matrices (8), (9) which directly effect on the actual form of the r-matrices (see Theorem
1). The two integrable Hamiltonian systems (21) and (22), produced by the Lax matrices (8), (9), respectively
read the spectral problems (2) and (4) via the constraint conditions (23) and (24) which are generally determined
by the functional gradient of spectral parameter A with respect to the potentials (u,v) and (s,r). For a given
spectra problem, its functional gradient can be uniquely calculated [15]. Although Egs. (2) and (4) are
equivalent, obviously their constraints are not. So, the form of constraints or functional gradient of spectral
parameter has the actual effect on the choice of Lax matrices and the further calculation of r-matrices.

The present Letter along with the previous papers [12,11] bring us the amazing consequence: a pair of
different finite dimensional constrained integrable flow can share a common r-matrix, even the same Lax matrix
and involutive conserved integrals; but a pair of gauge equivalent spectral problem yields different r-matrices.
The latter tells us that r-matrix structure is an innate property of finite dimensional integrable Hamiltonian flow,
in the meantime also implies a fact: a pair of gauge equivalent spectral problems indeed produces two different
finite dimensional integrable flows via some constraints.

In our previous papers[8,11,12], it was from the Lax pair that we obtained the finite dimensional constrained
integrable systems. Now, the starting point of this Letter is the Lax matrix instead of the Lax pair. Thisis a
different and more terse way. We do not need to construct the auxiliary matrix. As we see in Sections 3 and 4,
the Lax matrix is sufficient enough to generate the finite dimensional integrable Hamiltonian systems (like the
r-matrix, involutive set, etc), especially to constrained flows. Simultaneously, we have also got a procedure
about how to induce a spectral problem starting from a given Lax matrix. The Hamiltonian system correspond-
ing to the induced spectral problem is namely the usual constrained flow. Moreover, in this way the scope of
finite dimensional integrable systems will be greatly enlarged [10]. Another aim of studying the Lax matrix and
r-matrix structure is to classify the finite dimensional integrable systems (including constrained and restricted
systems) from the viewpoint of r-matrix. We think that this can be redized. In a future step, we shall consider
promoting the r-matrix structure of finite dimensional constrained flows to the nonlinear evolution equations of
infinite dimensional systems [10].
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