REPRESENTATIO OF THE LAX SYSTEM FOR
LEVI HIERARCHY*
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In this letter, We shall study Levi eigenvalue problem:
o+ - q
L,=1/2 'q;;L(u)=( _, a+_q_2:L ) (1)
where u=(q, )7, p=(¢,, ¢,)7, d=0/dx.
L: u— L(u)is the mapping from potential function into differential operator.

Definition"!. The differential of the mapping L is defined as

-4
L-u[«ﬂ—de FnL(u-’rsé). (2)
Lemma. The differential of L for Levi hierarchy is
_{ &'-¢)72 ¢!
L'[ﬂ*( N OV ) )

and L~ is injective homomorphisn.
Proposition 1. The finctional gradient VA of the eigenvalue A for Eq. (1) is
- Af 64/0q \_[ (o+te)der . ) - 4
Vi=grad i (52./& ) ( —(oy+ 000 ( Qqa. @,dx) (4)
where (@, @,) is the eigenvalue function coresponding to 4 of Eq. (1), Q is the inteval dis
cussed in this letter.

Proposition 2. Let 4 be an eigenvalue of Eq. (1). Then VA is satisfied with
KVi=4 - JVi (5)

- -2 - J
KZ( qo-dg —0*+dq ra);]=(o é

-

where

0*—0or+qo o+ ar é 0 )’
k and J are skew-symmetric, J is a symplectic operator, K and J are called the pair of Lenard’s

operater.
Theorem 1. Let G*'Y(x) and G'*)(x) be arbitrary smooth finctions, G=(G"",G'? Y. Let

____;__ 6[6(2)+GH>)+(Gl2)_G[|))a *3(;‘2}
V= aG(l) ,_!__ a(G(I}+G(2>)+(Glzl_G{ll)a
2
then
(V. 14 VL-LV=L*(KG) -~ L*(JG) - (2L). (6)

Define the Lenard sequence recursively: G"=([l)) ' KG=JG (j= =1, 0, 1), Gi(x) is

polynomial of ¢( x), r(x) and their derivatives® and is unique if its constant term is required to
be zero. X,=JG, (m=0, 1,---)is the Levi vector field.
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Theorem 2. Let G=(G}",G*’)7 be the Lenard sequence, and
( _ %a((}}‘wa’)+(G}2)—G}”)6 ~3G )

’ o S 0GN+GP) +GP G2

Then
[%s L]=Lt(Xm)s (?)

where W,,,=2Vv_, (2L )™,
j=

Corollary 1. TheLev:'equaubnu;(?):Xm ifand only if L,=[W,,, L]. (m=0, 1,---).

q(x)

rix) ) is satisfied with stationary Levi system:

Corollary 2. Potential function u( x) =(

Xy+ta Xy +--+ayX=0 if and only if
[wN+a|WN_|+"'+aN%a L]=03 * (8)
where a\> -+, ay are constants.
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Let (M, @) be a strictly pseudo-convex CR manifold. Choose an admissible coframe
{02}, such that _
dO=ih,50°N\ 67,

where (h, 7)is a positive Hermitian matrix. 6 is a pseudo-Einstein structure on M if the Webster-
Ricci tensor!! is a scalar multiple of the Levi form, namely, R,z= f h,z for a function on M.

Lee'? showed that if A is compact and strictly paeudo-convex, then in a neighborhood
of every point of M there exists an associated pseudo-Einstein structure. For the global existence,
he also showed that if the first Chern class of the holomorphic tangent bundle on M vanishes
and the Webster Ricci tensor is nonnegative, then m admits a global pseudo-Einstein structure.



