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Involutive Solutions and Commutator Representations
of the Dirac Hierarchy
Qiao Zhijun( FFK %)

_ 07,4

(Department of Mathematics, Liaoning University . Shenyang + 110036)

Abstract The Dirac hierarchy of isospectral evolution equations associated with the Dirac spectral
problem are studied in this paper. The commutator representations of Dirac hierarchy are first pre-
sented.and then through the noalinearization of Lax pair the involutive solutions of Dirac hierarchy
are obrained.
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Consider the Dirac spectral problem
—g p—A@
r+3 g g

where p.q are two potentials, A is a spectral parameter.

fe=1lip.gp= J:A{ﬂ), 8= 3dx , (1)
F

d '_Ez ‘?1' {P] "El
L.[E = N gl L{ E = ] = ] = ]
>a Tleolin + €f) '. ¢ EJ “={ 3 (EZJ (2)

£, is an injective homomorphism.

The functional gradient VA=1{2@@ . @ —@)7 of eigenvalue A with respect to p,q satisfies

KVAa=AJJA. {3
where
(2 — 4gd! 42~ 'p VIS 1
K=1 o @ L y= J drt =g 'la=1 (4)
2\ 4paiq a— dpdpl ' — 1

are called the Lenard’s operator pair of (1),
Theorem 1 Let G (2).G* tx) be two arbitary smooth functions, G = ( GP, GE) 7,
Then the following operator equation with respect to V=V1(3),
[V,L]=L.(KG) — L. (JG)L (5)
possesses the operator solution
7 _lew _ Lo T P8 — o
1" =1ViG) = 1 2 2G +1(P © y (6)
_ E(_;\:) — T PG — GGU) ?GLLJ
where [ « . = ] is the commutator; L=L{p.g).K.J are defined by (1),(4) respectively.
Proof Substitute (6) into (5).directly calculate,
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Drefine the Lenard®s recursive sequence G,: Gy =1(p,¢) «KG,=JG,;, (j=0.1.2,~).

a
Xl p.q)=JG.{m=10,1.2.-+) are called the Dirac vector fields.and X, (p,q) produce the
Dirac hierarchy (p.qg)) =X _ (p.q)sm=10,1,2,~,with the representative equation 1
[ 2] . C— P o B(RY A ¢TI,
P = Xpeg) = o (8
7 8‘—Qx:x+6(P2+q-)Q.t
which can be reduced to the remarkable MEDV equation p,= —_;-P"‘—%Pzp‘ as g=1.
Theorem 2 The Dirac hierarchy (7) have the commutator representations
Lt:[Wm‘L]I mo= 0,12, (9)
where the operator
W, = S VIG,_ )L
o | — LG — LGE TG, — GG
= T‘ F Ao
= e — aae, — oG Lo,
{10)
is the Lax operator of Dirac vector fields X {p.q). i.e. W, satisfies (W, .L]=L,{X.).
Corollary 1 The potentials p.g satisfy a stationary Dirac system Xy + o Xy + o+
ayX=0 if and only if [Wy+aW_++taxWy.L]=0. Here a,(k=1,2,+--, M) are some
constants.
Let &, (j=1.2.-+,N) be N different eigenvalues of (1) and (@,- @, )7 the associated
vigenfunctions , then
G, = fl'l T o — q
A, o
where @= (@i 2E=1,2.; A =diag{d, .. Ay,
Under the Bargmann constraintt'- P
P=— Q%
= — ?t{%.%w — {@.@) .
(11} is nonlinearized as a completely integrable Hamiltonian system[-
B =A@ REE (B — AR =0 H/2 g
(H), B . (13)
with the Hamiltonial function
H= %cm @y + (A GLEY) + %“%-%3'” — @@ eal)
+ L) + i) (1L

whose involutive systems are
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" ~ 1 ; 1—1
o dEe A (m AT e
ra—

viii = 1.2,
= ies AR (g AR

Fo= LCAma) + <Ama.m0 + -

€15)
which are generated by the nonlinearlizanon of the time part 3 =W,y of Lax form (9).

Theorem 3 ILet (@,@)7 be a solution of {13).then p=—<ﬂ,n>.q=~%({%.¢;}—

(#6115 the solution of a stationary Dirac equation XptaXnu_ 1+ -+ anX,=0, where
constants a,(¢=1,2.++ . N) are suitably chosen.

AF. aF, aF, aF,

"

Lemma | Py W omam (16)

Ta'dn’ Ta e

Theorem 4

[} F.. defined by (15) are involutive in pairs.i. e. (F..F)=0.,¥ &,1.

2) tH.F,)=0,¥ m. Here { », » ) stands for the standard Puoisson bracket! in the
symplectic space { R* .dg A dg ¥ e

. SNiaF a 3
(F.G) = Elﬁjﬁ*%é‘%f‘%'%ﬁ“%*%’- (17

Theorem 5 The Hamiltonian systems (R*™. d@ A d@y. F.) defined by (157, and
(R*™.dg Ad@ . H) are completely integrable in the Liouville sense.

Consider the canonical equation of F_-flow

g i ‘aF./2e

9’»«(%) - l— 2 F./3 ﬂ} )

Denote the solution operator of its initial-value problem by gx. Since (F,.F,;)=0. the Hamil-

(R0 (18>

tonain systems (F,;) and (F,) are compatible.and their phase-fows gl g’ commute. Denote
the flow variables of (H) . (F.) by x.r, respetively., Define
EAEI N L (A0,

= gc,g#(gf{),[}})

vt
which is called the involutive solution of consistent equations {H) and (F.).

€152

Theorem 6 lLet (@ e,t.) @ (x.2,)0" be an involutive solution of consistent equations

(H) and (F.). Then p{z,t.)=—{@.@’ -q[;r-lm)=—%{.(%'ﬁ}—'{ﬂ,ﬁ}) satisiy a m-th
Dirac equation
(P.Ej'): = Xm + L“}X,,.L‘ + et + ('p...Xn == 112!"' ] fEO)

where constants ¢,(j=1.2,+» .m) are independent of .
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