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Abstract A C, Neumann system 15 presented in this paper. This system is generated
through the nonlinearization of the Levy spectral problem under the so-called C. Neumann
constraint, We prove that the ¢, Neumann system is completely integrable in the Ljouvi]le
sense. The involutive solutions of the Ievi bierarchy are given. Particularlv. on the tangent
bundle TS"f'=((p.q)ER’NIFE%({q.q)—1)=D. G=1{p.q>=01} of the sphere S¥"'. the

involutive solutions of the well-known Burgers equation wu, = ., — Zun, and MKdV equation u,

A%
12,

Usually a soliton equation can be expressed as the compatible condition of an over-
determined system., the so-called Lax pair. We have already known that the two linear
equations in the Lax pair can be nonlinearized to be two compatible. completely
integrable Hamiltonian svstems in the Liou:ille sense under some cerrain constraint
conditions between the eigenfunctions and the potentials (see [11). Among these
constraint conditions are there the Bargmann consiraint ‘see [ 1, 2, 4], the C.
Neumann constraint (see [ 1.4]), and the symmetry constraint (see [5.6]). The
method of nonlinearization (see [2. 3]) is quite an effective approach for obraining
rinite-dimensional completely integrable systems. Accarding to this approach, guite a
tew new finite-dimensional completely integrable Liouville’s systems in explicit form are

successiully found. Another important application of the method of nonlinearization is

= — e, + Gzc*u, are obtained.
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that the sclution of soliton equation can be reduced to solving two compatible ordinary
differential equations.

This paper is devoted to the application of nonlinearization to :nvestigate the
completely integrable Hamiltonian system on some symplectic submanifold. Inref. {[7].
we gave a completely integrable Bargmann system, produced by the Bargmann
constraint of the Levi spectral problem. In the present paper, we shall study the C.
Neumann system associated with the Levi hierarchy, and discuss the integrability of C.

Neumann system and the involutive solution of Levi hierarchy,

§ 2. Finite-dimensional Involutive Systems

The Poisson bracket of two Hamiltonian functions £, F in the symplectic space (R,

o
dp A dg = Ed,‘b. A dg.} is referred as

=1

(E.F) =

o,

2\ 3 . I &,
which is skew-symmetric, bilinear, and satisfies the Jacobi identity and the Leibnitz
rule. (EF,H)=E(F,H)+F{(E,H). A hjerarchy of smooth functions {f.} are called in
involution. i (f,, f,)=0, for any i, ;.

Some direct calculations lead to the following propositions,

Proposition 1

By =— 5 pas + 3400a0pk + 5 <pag)al — Zpias)
N 2
1 Alpwg, — puu)?
+1 E ( ‘) k‘_:lo"‘fN t2)

2 T A — 4,
make up an N-involutive system, where A;, **+, Ay are N distinct constants, and
{ * 4 » ) stands for the standard inner-product in R,

N
Propoesition 2 Let F, = E AT Ee, m=0,1.2,+, A=diag(4;,-++Ax). Then
=

H=F, =— -lfmp,ﬁ + %{q,qﬂflpvﬁﬁ
+%(P,q)((ﬂq.q} — 2(Ap.g)) (3)
F -l{A’”'H L 5 o+t
m_z P'q:’_'_ E(qu-'{A P!Ib)
4+ %{p,q}((/l”ﬂq,q) — 2(A™ pgY)
1%
5 D AT @ AT, pY) — (A p g AT ) (4)

=1

and (F.,F.)=(H,F.)=0, ¥ m,n€Z*.
Here F.. are either different from or inequivalent to the ones in ref. [7].
Proposition 3 The Hamiltonian systems
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are completely integrable. Particularly . the Hamiltonian system (R¥™, dp Ndyg, H=F:)

o= 0.1:2,°, (5)

i= le.

$ 3. C. Neumann System Associated with the Levi Hierarchy

Consider the eigenvalue problem

= Mg, ¢= g7,

— —‘]‘é-il + %{u — ) u
M= ] ] . (63
v Eil — E(u —v)
{6) produces the Levi hierarchy of NLEEs:
(o o) = J@™ G, = J& Gy, mo= 0,1,2,-, L7
where
J__[o 2 (a—v+a-‘ua v+ Flvd
a o' —u— T 'ud —Idw— T w3 (8)

Go=(— v, — )T, G_, = (0. — 1.
The representative equations and Lax representations of {7} were given in ref. [8].
Let ¢, = Cyy,. 323" be the eigenfuctions corresponding to the eigenvalues A,{j=1,2,
. NY, and p=Cyu,s s yendTs g=Cyn + ¥5- 22 3w~ yow}’. Then under the C.
Neumann constraint
(grg? =1, {pg) = 0, u=(A(p —q), p — gl o =— (Ap,p>, (97
{6} is nonlinearized as a C. Neumann system

g =— TAg+ Ap + L idq.p — 2¢ap.g03g,
(Cy 1 1 (102
which is in fact restricted in the tangent bundle T8*!
TSV = ((p.) ERMIF=20(q.0) — 1) =0, G=(pug> =0} (1)

of the sphere S, Thus, by use of the method of Lagrange multiplier and the
propositions described in last section. it is not difficult to show the following theorem.
Theorem I C. Neumann system (C) is a completely integrable Hamiltonian system
(TS* ', dp Adglss"—1, H*=H) in Liouville's sense.
Proposition 4 Let {p.g)7 be a solution of the C. Neumann system ¢C). Then w and

w defined by (9) satisfy a stationary nonlinear Levi equation
N=1
SLNGy + NPy JGo = 0, (12
=
where #,(fv=1. y=1.2,'=+ N} are determined by the constants ;.- ,dx.
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§ 4. The Involutive Solutions under the C. Neumann System

Under the Bargmann system the involutive solution of Lewi hierarchy (71} was
obtained in ref. [7]. How about the case of C. Neutnann system? Since the Poisson
bracket (H ' =H, F:=F.)|rs¥—1 =0, let us on TS =0 define the involutive solution
of consistent Hamiltonian equations (H ") and (Fn )

(-r'rm} | del 'I (010)
j | =giair| ® \ (13)
Pl ) pLO,0)
which is smooth about (1.4,) on TS '==0, where g3, gir are the solution cperators of

their initwal-value problems, After doing some tedious calculations and using the
features of operators J. =+ we can get Theorem 2.
Theorem 2 Let g=gtlr.tm)},p=p{xr.t.) be an involutive solution of consistent
systems (H" ) and (F3 ) on TSY 1=0, Then
ulxsind = {Ap —ql.g — p).  vilx,t.) = (Ap.p) ({143
satisfy the nonlinear Levi equation
[:} = JL"Go = JLm G, m=10,1,2, (15)

As special applications of Theorem 2. we have the following two corollaries.

Corollary 1 Let g=gtr.y). p=plxr.5} be an involutive solution of consistent
swstems (H ) and (F') on TS¥ =0, Then the well-known Burgers equation

u, = u, — 2uu,; t16)
has the involutive solution
ulr.t)} = Alp —gl,g — p) = 2Ap.g} — (Ag.q) 17}
on TEY '=0.

Corpllary 2 Let g=gqd{x.t:),p=plx.1;} be an involutive solution of consistent

systems (H ) and (F7 ) on TS¥ '=0. Then the well-known MKdV equation
U, = — t... + Gulu. (18)
possesses the involutive solution
uilr.dyy = (Aip —gl.g— p) = {Ap,pd (192
on TSV =1,

Here the involutive solutions of Burgers equation (16) and MKdV equation t1%) are
different from the ones under the Bargmann constraint in ref. [7]. Thus it is concluded
that one nonlinear equation may have different inveolutive solution under the different
constraint.

We know that some 2 % 2 spectral problems are gauge equivalent with each other. The
gauge transformation between the equivalent spectral problems is usually nonlinear. A
natural guestion is: whether or not their nonlinearized systems are equivalent yet? The
answer 15 not sure., because from r-matrix viewpoint we have recently found that the

two nonlinearied systems generated by a pair of gauge equivalent spectral problems have
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the different »-matrix (see _9]). Some further informations are being investigated.
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