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Under the constraint between the potentials and eigenfunctions, the Kaup-
Newell eigenvalue problem is nonlinearized as a new completely integrable
Hamiltonian  system (R¥™dpNdg,H): H= i(A%p,q) +3{(Aq,q){Ap.p).
Furthermore, the involutive solution of the high-order Kaup—Newell equation is
obtained. Specifically, the involutive solution of the well-known derivative
Schrédinger equation u,=%u,,+3(u|u|?), is developed.

I. INTRODUCTION

It is a very important task to find out new finite-dimensional completely integrable systems
in soliton theory. It is a celebrated fact that the Hill-Schrodinger eigenvalue problem —g,,
+ug=Aq is nonlinearized by the Mckean-Trublowitz identity {g,g)=1 to be a famous me-
chanic system owing to the Neumann system

—guetug=Aq, u=(Aqq)—{q:.9x) {(@q9)=1,

which is completely integrable in the Liouville sense and can be regarded as a harmonic
N-oscillator constraint on sphere SV.'? In light of this thought, some classical integrable
systems generated through the nonlinearization of the eigenvalue problems are obtained.*® In
this article, we prove that the Kaup-Newell eigenvalue problem® is nonlinearized to be a new
finite-dimensional completely integrable Hamiltonian system under the Bargmann constraint.

This article is divided into four sections. In the next section we present the commutator
representation (or Lax representation) of the Kaup-Newell vector field. In Sec. III a new
finfte-dimensional involutive system {F,,} is found out and moreover the nonlinearization of
the Kaup-Newell eigenvalue problem under the Bargmann constraint is proven to be a new
completely integrable Hamiltonian system. Section IV gives the description that the involutive
solution of the compatible system (H)=(F,), (F,,) is mapped by f:(u,v) T—f (g,p) which is
determined by the Bargmann constraint u=—(Ag,q), v=(Ap,p) into the solution of the
m+ 1th Kaup-Newell equation and the involutive system {F,} is actually produced by the
nonlinearized time part of the Lax pair of the high-order Kaup—Newell equation. Specifically,
the involutive solution of the well-known derivative Schrodinger equation u,=3iu, +3(u|u|%),
is obtained.

Il. COMMUTATOR REPRESENTATION OF THE KAUP-NEWELL VECTOR FIELD

Consider the Kaup-Newell eigenvalue problem6

—iA? Au(x,p)
)y, P=—1, (2.1)

Px=My= (ﬂ.v(x,t) iA?

where A is an eigenparameter, y=( yl,yZ)T, Y,=0y/0x, u(x,t), and v(x,t) are potential func-
tions, x€ (. The underlying interval Q is (— «0,+ o) or (0,7) under the decaying conditions
at infinity or periodic condition, respectively.
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Zhijun Qiao: Integrable Liouville system from Kaup-Newell eigenvalue 3111

Proposition 2.1: Let A be an eigenvalue of Eq. (2.1). Then the functional gradient VA of A
is

OA/bu Ay; ' -1
vi= (5,1/51;) - ( _,1%) ’ ( fn (Uﬁ+4v1y1yz—uy§)dx) . (2.2)

Proof: See Ref. 7 Sec. 1I.
Proposition 2.2: Let A be an eigenvalue of Eq. (2.1). Then VA which is defined by Eq. (2.2)

satisfies
KVA=2%-JVA, (2.3)
where
1 ud~'ud i+ ud~'vd 0 9
k=3 (—i82+8v6‘1u8 3vd~wd )’ = (6 0)' (2.4)

d=38/8x, 3~'9=89"'=1. J is a symplectic operator. K and J are called the pair of Lenard’s
operators of Eq. (2.1).

Proof:
1 (—ia—l—va_‘ua vd~wd )

o
T7K=3\ oo idtus-'wd

Equation (2.1) implies that uy,p,,— vy y,,=id(p,),- So we have
(—i34+v3~'ud) (Ay3) +v3~ Wd(—Ay?) =242 - (Apd),
ud™'ud(Ay3) + (i8+ud~'wd) (—Ap) =242 - (—p3).

Thus J~'KVA=A?VA.
Proposition 2.3: The eigenvalue problem (2.1) is equivalent to

L(up,A)y=A% (2.5)

in Eq. (2.5), the differential operator L= L(u,v,A) is

(2.6)

id —idu
—A"a —i6+uv)'

L(u,v,zl):(

Proof* Directly calculate.
Lemma 2.4: Let L(u,v,A) be expressed as ‘(2.6), then the differential mapping of L is

—IiAgy )

—A7ED  vE +ub, (2.7)

d
L&) =7

L(w+e§)=(
o

€=

and L, is an injective homomorphism. L, is simply written as L, below. In Eq. (2.7),
w= (u,U) T! §= (gl 152) T’ aza/ax-
Consider the commutator [V,L] of V=V |+ ¥,d and L= L, + L,0, here

0 4 c o 0 —iku i 0
V‘=(o B)’ VZ:(D C); L‘:(o uv ) Lz:(—/l-lu —i)'
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A, B, C, D are four undetermined functions.
[V,L1=VL—-LV
=[V1,Ly] = LoViu+ VaLixt+ ([V1, L] — [ L1, Vo] + Vo Loy — LaV2) 3+ [ V2, L] &

0 iAuB+uvA—id,—iAu,C
_(0 }L"lvAx—i-in—iAuxD-{-(uv)xC)

—A"YvA+iAuD—iC, —2id 5
+(—/l“lvB—(uv)D—/l“lvxC+/l“vax+li ﬂ.“lvA-—i/luD+iC,,)
0 0
+(2iD 0)32. (2.8)
We hope
[V,L]=L,(KG)—L,(JG)L. (2.9)

In Eq. (2.9), K and J are the pair of Lenard’s operators, G= (G, GNHT. 6V (x), G (x)
are two arbitrarily smooth functions on ().

According to Eq. (2.7) and L= L+ L,d, through calculating Eq. (2.9) and sorting it out,
we have [note L= L+ (L;+ Ly,)3+ L,3]

0 —iA(KG)YD ) (0 —iA(JG)D ) ( 0 0)
- - 1x

[V’L]=(o WKV +uk® ) (0 vV 1u6)?) T\~ ue@ o)t

0 0 0 —IAJG)M
+[(—l“(KG)‘2’ 0)_(0 v(JG)“)+u(JG)‘2’)L2
0 0 | 0 0
—(_A_I(JG)(Z) 0)(L1+L2x)‘a—(—/l—l(JG)(2) O)Lzaz. (2.10)

Equation (2.10), i.e.,

0 —iA(KG)Y D 4 iAuv(JG) D
[V’L]=(o v(KG)(”+u(KG)(2)—uv(v(JG)“)—{—u(JG)(Z))—iux(JG)(z’)

—in(JG)V —A(JG)V
+ (/l_lv(v(JG)“)+u(JG)(2)) —ﬂ_l(KG)Q) —i(JG')(l) )

0 0 2 :
+ (ir‘(JG)m o) ’ (211
where (- )(i) (i=1,2) is the ith component of ( - ), KG and JG are

1 -G(2) Jud—1 G(l) G(Z) G(Z)
(1 .+ (uG,’ +vG™) )’ JG=( ) (2.12)

I X
KG=3 | — 6L+ 09~ (uGV +0G62) G
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Substitute Eq. (2.12) into Eq. (2.11) and compare the right-hand side of Eq. (2.8) with
Eq. (2.11). We should choose

A=3i1G®, B=-—uGY,
(2.13)
C=30""(uG" +vG?), D=3#"'G".

Thus, we have
Theorem 2.5: Let G (x), G*® (x) be two arbitrarily smooth functions, G=(G'",G*)7.

Let
1(0 AGP\ 1 (37 '(uG +vGP) 0
r=rer=; (o —uG“>)+§( A~ a—‘(uG§"+vG§2’))a'
(2.14)
Then
[V,L]=L,(KG)— L, (JG)L, (2.15)

where A is an eigenvalue of Eq. (2.6), K, J are expressed as (2.4).
Prooft We substitute Eq. (2.13) into the right-hand side of Eq. (2.8) and carefully calculate
it. It is not difficult to find that the result is equal to the right-hand side of Eq. (2.11).
Define the Lenard’s recursive sequence {G;}: G_;=(1,0) T KG;=JG;, (j=—10,1,..).
G;(x) is the polynomial of u(x),v(x) and their derivatives® and is unique if its constant term
is required to be zero. X;=JG; is the Kaup-Newell vector field. The first few results of
calculations are

_{4x 1/ i+ (u0),
X_1=0, XO_(UX)’ XI—E(—ivxx+(vzu)x)'

The Kaup-Newell hierarchy of equations is produced by the Kaup-Newell vector field X ;, i.e.,
we=(u,0)] =X;(4v), j=0,1,... (2.16)
Equation (2.16) is reduced to be the well-known derivative Schrodinger equation if one lets
j=1and v=u*.
Let ¢; be constant. The equation

w=X, e Xpm 1+ +cX9, m=0,1,.. (2.17)

is called the high-order Kaup—Newell equation.
Theorem 2.6: Let .Gj= (G}” ,G§~2))T be the Lenard’s recursive sequence. Let Vj= V(G j),
Wau=27_o¥V;_yL™ /. L is expressed as (2.6). Then

(W, L1=L(X,), m=0,l,... (2.18)

Proof*
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m
(W, Ll= 2 [V,_1,LIL™
Jj=0

= '20 (L*(KGI‘_1)Lm_j——L*(JGj_1)L’n—j+1)
j=

=L,(JG,)— L, (JG_) L™*!
=L (X,

Corollary 2.7: The Kaup—Newell equation w,=X,,(u,v) has the commutator representa-
tion

L=[W,,L], m=0,l,., (2.19)

i.e., w,=X,, is the natural compatible condition of Ly=A% and y,=W,».

Proaf:
0 —iAu, I
LF(—A“‘U,& U1U+Utu)= #0000,

L—[W,,L1=L(w)—L,(X,)=L,(w,—Xp,).
L, is injective, so this corollary is correct.
Corollary 2.8: The potential function w(x) =(u(x),0(x))7 satisfies the stationary Kaup-
Newell system
XN+C1XN_1+"'+CNXO=O, N=0,1,... (220)
if and only if
[WN+C1WN_1+"'+CNWO,L] =0, (2.21)

where c,,...,cy are constants.

lil. NONLINEARIZATION OF EQ. (2.1) AND A FINITE-DIMENSIONAL INVOLUTIVE
SYSTEM

Let A;,A,,...,Ay be N different eigenvalues of Eq. (2.1). Consider the Bargmann constraint

N
Go= 21 v, Vi;, v;= fn (vg’+4iA p g, — up})dx, (3.1)
]=
ie.,

u=—{Aq.q), v={App), (3.2)
where g=(g1,...qx) 7> p= (pl,...,pN)T; A=diag(A,,...,Ax); {*,*) is the standard inner prod-
uct in RY.

Under the Bargmann constraint (3.2), the nonlinearization of Eq. (2.1) gives the Barg-
mann system
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aH
gx=—iAq— (Aq,q)Ap=———,

dp
. OH (3.3)
Px=iNp+{App)Ag=7 ",
q
whose Hamiltonian function H is
H=i(A’p,q) +3{Ap,p){Ag,q). (3.4)

The Poisson bracket of two functions in the symplectic space (R¥™,dp Adg) is defined as’

(F.G) § (aF 3G dF aG) 3 <8F aG> <6F §>
0T 2 \9p;dq; dq;dp;] \dp’ dq dqg’ ap/’
which is skew-symplectic, bilinear, and satisfies the Jacobi identity and Leibnitz rule: (FG,H)
=F(G,H)+G(F,H). F, G is called an involution,’ if (F,G) =0.

Now we consider the function system {F,,}

m

2(m—j)+1 2m—j)+2
Fm=i(A2m+2 ’q>+% <AP,p) (A2m+1q,q> +E El (A q’q) (A %P)‘ ’
j=

(A¥g,p) (A¥+1p,p)

m=0,1,2,... (3.5)

specifically Fo=H.
Lemma 3.1: For F,, which is defined as Eq. (3.5), the inner-product {3F;/dp,0F /dq), is
symmetrical about %, /, i.e.,

OF: OFx\  vrlez* 3.6
—<ap’ aq)’ ’G . (')

AT

<6Fk 8F1>

Proof:

oF k . . . .
a—;=iA2"”q+<Aq.q>A2"“p+ -21 ((AY+1g,g) A2h=D+1p_ (Aig,p) XK= +2g),
1:

dF !
a—;=iA2’+zp+(Ap,p)A2’+1q+ Zl ((AZ+1pp) A2U=9)+1g__ (AZp gy A2I=9+2p)
sS=

Calculate the inner product of the left-hand and right-hand sides of the above two equalities,
respectively. Through a series of careful calculations, it is easy to find that {(3F/dp,dF /dq) is

" expressed as the sum of the symmetrical items about %, /. So the required result is right.
Theorem 3.2: The functions defined as Eq. (3.5) are in involution in pairs

(Fy,F)=0, VkleZ*

specifically (H,F,,) =0, VmeZ™.
Proof:

g dF, OF, |3F, 3F,
o= a) (%)
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Theorem 3.3: Under the Bargmann constraint (3.2), the Hamiltonian system
(R*,dp Ndq,H=F,) which is given by Eq. (3.3) is completely integrable in the Liouville’s
sense and its involutive system is composed of F,,(VYmeZ™).

Remark: The finite-dimensional involutive systems {F,,} are the stationary points of the
corresponding higher-order flows (see Refs. 10 and 11) and therefore special cases of the
systems considered in Refs. 10 and 11.

Theorem 3.4: Let (¢,p) T be a solution of the Bargmann system (3.3). Then u= — (Ag,g),
v={Ap,p) satisfy a stationary Kaup—Newell equation

XN+a1XN_1+-“+aNX0=0, (37)

with suitably chosen constants a; (j==1,...,N).
Proof: Let the operator (J™ K ¥ act upon two sides of Eq. (3.1). In virtue of Eq. (2.3) and
J K Gf—»GjH with an extra term const- G_; (j=—1,0,1,...,), we obtain

N
Gi+ByGr_2+ " +BiGo+Bri1G_1= '21 /@kV/lj, (3.8)
j=
where f3,,...,B; . are constants.
Consider the polynomial
N
P()= I[I (A=A =pAY +p AN+ +py, po=1. (3.9)
ji=

Equation (3.7) is obtained as the operator JEY_o Pv_x acts upon two sides of Eq. (3.8).

In addition, according to the proof of Theorem 3.4, we have

Lemma 3.5: Let (q,p)T be a solution of Eq. (3.3) and G; be the Lenard’s recursive
sequence, then there exist constants ¢,,...,C;, 1.1 Such that

A;}) <A2m+lp’p) m+1
Am= (Ag))=(—<A2m+lq,q))=Gm+ sgz CsGm__s, m=0,1,... (3.10)
or
m+1
Ap= 2 ¢Gpn_s co=1, ¢;=0. (3.11)
s==0

IV. THE INVOLUTIVE SOLUTIONS OF THE KAUP-NEWELL HIERARCHY

Consider the canonical system of F,,-flow

aF,,
4, T ap 0 —Iy
(F'")(Ptm)_ BF_,,, =IVF,, I_(IN 0 ), (4.1)
dq

where Iy is the N X N unit matrix. Let g:;" be defined as the solution operator of the initial value
problem (4.1), then the solution of Eq. (4.1) is expressed as

qtm)\ _ 4, (2(0)
(p(tm)) = (p(0>)' (42)

J. Math. Phys., Voi. 34, No. 7, July 1993

Downloaded 26 Aug 2003 to 128.165.156.80. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/imp/jmpcr.jsp



Zhijun Qiao: Integrable Liouville system from Kaup—Newell eigenvalue 3117

Since any two Fy,F; are in involution, we have (see Ref. 9).

Proposition 4.1: (1) Any two canonical systems (Fy),(F;) are compatible; (2) the Hamil-
tonian phase-flow g}*,¢7 commute.

Denote the flow variables of (F) and (F,,) by x={,, t=t,,, respectively. Define

q(x,ty,) ¢, (9(0,0)
(p(x,tm))=g"°g»"-' (p(o,O))' (4.3)
The commutativity of g3 ,g::' implies that it is a smooth function of (x,t), which is called the
involutive solution of the consistent systems of equations (Fy),(F,,).
Theorem 4.2: Let (q(x,tm),p(x,t,,,))T be an involutive solution of the consistent system
(Fo),(F,,). Let u(x,t,,) =—(Aq,q), v(x,t,) ={Ap,p). Then
(1) the flow equations (Fg),(F,,) are reduced to be the spatial part and the time part,

respectively, of the Lax pair for the high-order Kaup-Newell equation with u,v as their po-
tentials (cy,...,c,, are independent of x)

g\ [—iA uA\(q »
(x)—( VA iAz)(P)’ (4.4)
4, q
P, =W+ \Wp_1+ "+, W) 2 4.5)
(2) u(x,t,,)=—{Aq,q), v(x,t,)={(Ap,p) satisfy the high-order Kaup-Newell equation
(g, 00, ) =X nt €1 X1+ +CmXo. (4.6)

Proof: From Eq. (3.3), we immediately know (F,) is Eq. (4.4). Through careful calcu-
lation we have (here order 4 _;=0, 3~ '0=2)

m

2 {6~ l(uA(l) x+vA(2) )A2(m j)q +lA(2) J‘_AZ(m_jH-lp}
j=

m
= IR —(AQ@I N Ip+ 2 (A p) NI Ig— (AT lg,q) A Pp)
j=
dF,,

== (4.7)

2 {87 (A, 4 vd 2y JAXDp 4 AP0 APy D, AN Dp)

m
=iA2'"+2p+(Ap,p)A2”’+lq+ E (<A2j+ p)AZ(m 1)+1q <A2]qp>A2(m—j)+ )
j=1
aF,,

=3_q . (4.8)

In the calculation of Egs. (4.7) and (4.8), Eq (4.4), ulx,,,)=—{Aqq), v(x,t,)={(Ap,p),
and the equality 30~ ' (uAd{D, +v4'?, ) =i(A*q,p) are used.
Substituting Eq. (3. 11) into Eqs (4.7) and (4.8), respectively, we obtain
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dq dF,,
ot, dp
1o { 1 2 2 i
=3 2 2 {07 WG A vGR NP G, AT )
j=0 s=
1 m m—s
___5 Z CSk { l(uG(l)1x+vG(2) )AZ(m—s—k)qx_*_iGl((z_)l'xAZ(m———s—k)+l } (4 9)
s=0 =0
8p aF
a aq
13 ¢ 1 2 i 1
=5 2 P R +G2y_, A

— UG A p}

I
N
"Ma

o 1 2 —— —k—5)—
o 3 5 UG G DAt G Ay,

—uGD | AMmE=pY, (4.10)

In virtue of Egs. (4.9) and (4.10), we get

q m m—s AZ(m—s-——k)
( m)= E Cs Z Vk—l(AZ(M——S—k)q)

Py, s=0 k=0 p
m m—s
q
— c V. Lm—s—k
sgo =" (P)
m
q
= sg() Csz—s(p)

q
=(Wm+C1 Wm—l+' "-J(-CmWO) (p),

where W,,_ =373V, L™ % V,_, is expressed as one in Theorem 2.6.

du a oF,,
aT=_2<Aq’ af) <Aq, 8p> =2i(A¥+3¢,q) +2(Ag.g) (A +2q,py =4,
(4.11)

dv dp dF,,
aT=2<Ap, é't_> =2<Ap, a—q) =2i(AY"*3p,p) + 2{Ap,p) (AP 2q,p) =AL)).. (4.12)
m m

By using Egs. (3.11), (4.11), (4.12), and X;=JG,, we have (note JG_,=0)
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u, 0 3\[4l m3!
( )=( )(A2'3>)=JA,,,=J( > csGm_s)=Xm+c1Xm_1+---+c,,,Xo.
m

Y, Jd 0 =0

As a special case of Theorem 4.2, we can get the involutive solution of the well-known
derivative Schrodinger equation (DSE)

uy=Sit e +3(u|u|?), (4.13)

if we choose m=1, u=v*.

Corollary 4.3: Let (q(x,t;),p(x,t, )T be the involution of the compatible system (F,)
= (H),(Fy). Let u(x,t;) = —{Aq,q), v(x,t;) = (Ap,p), and u=v*. Then (1) the flow equations
(Fy),(F,) are reduced to the spatial part and the time part, respectively, of the Lax pair for the
derivative Schriodinger equation (4.13) with u as their potential

—iA? uA
)= A2 o) (4.14)
Dx u*A IA p
4q:, —iAS_%ilulZAZ %(lux-f— |u|2u)A .
N : (4.15)
(”‘1) W —id+ [ulPu)A A+ u] A (p)

(2) u(x,t;) satisfies the DSE (4.13).
Proof: According to u=v*, Eq. (4.4) is evidently Eq. (4.14). Choosing m==1, ¢;=0 in Egs.
(4.5) and (4.6), we have

) _w (1) = oA (9), (4.16)
Py, P - P
where
V GIN 0 V 1 uvalN lAuxIN
_1—( 0 HIN)’ 072 (A"lvxaIN —uvxIN—i-uuaIN)'

Iy is the N XV unit matrix.

Substituting the expression of ¥_, and ¥V into Eq. (4.16), through some calculation we
know Eq. (4.16) implies Eq. (4.15).

The required result (2) is obtained because of (2) of Theorem 4.2 and

u, 1 iup+ (1),
— —_— —pyk
(Utl)—Xl, XI_Z(—ivxx+(U2u)x , U=DT.
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