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Abstract

This paper gives two new families of nonlinear partial differential equations (PDEs). One has cusp soliton solution
while the other possesses the cusp-like singular traveling wave solution. A typical integrable system: Harry—Dym (HD)
equation is able to be contained in both families and has cusp soliton solution as well as cusp-like singular traveling
wave solution. We prove that the cusp solution of the HD equation is not stable and the cusp-like solution is not
included in the parametric solutions of the HD equation.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

The Harry—Dym (HD) equation is an important integrable model in soliton theory [2]. This equation is related to the
classical string problem [10] and has many applications in theoretical and experimental physics [3]. It has the bi-Ham-
iltonian structures, Lax pair, and cusp soliton solution [11] by the inverse scattering transformation [1,12,13]. The HD
equation is able to work out from the Wadati-Konno-Ichikawa (WKI) hierarchy [13,9] through some reductions. Be-
sides the HD equation, other nonlinear partial differential equations (PDEs), such as normalized Boussinesq equation
and Ito-type wave equation, were also found to possess the cusp solutions [5-7]. However, the discussion about the cusp
and cusp-like solutions is very few in the literature. In this paper, we will present two new families of nonlinear PDEs.
One possesses the cusp soliton solution and includes the HD equation as its special case, while the other has the cusp-
like singular traveling wave solution which also involves the HD equation. That is, the typical integrable system: the
HD equation has cusp soliton solution (see Section 2.3) as well as cusp-like singular traveling wave solution (see Section
3). We prove that the cusp solution of the HD equation is not stable (see Section 2.3) and the cusp-like solution is not
included in the parametric solutions of the HD equation (see Section 4).
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Throughout this paper, we give the following conventions: u,, =% n=0,1,2,..., u, = % 0=209"= % Denote

ox" ox?

the set of all real numbers and integers by R and Z, respectively. a, A represent two arbitrary constants in R.
2. A family of nonlinear PDEs and cusp solutions

2.1. 1st order PDE

Let us first start from the simplest PDE
u +u, =0. (1)
Apparently, this equation has the general solution
u=fx—1), ¥f. (2)
Thus, the following cusp solution
u=cosh™*¢, ¢=a(x—1t)+tanh¢+ 4, (3)
is a special form of (2).

2.2. 2nd order PDE

Next, we consider the second order PDE

2—-uwu —(1- 14)3/2142r =0. (4)
This equation possesses the following cusp solution
u=cosh™¢ ¢é=a(x—at)+tanhé + 4. (5)

In fact, computing

& =acoth’¢, ¢ = —d’coth’¢,

_ —4a _4d?
“Tsinh2é "7 sinh2&’
h2
Uyy = ZaZM,
sinh™¢&

implies 2 — wu, — (1 — u)**u, = 0.

2.3. 3rd order PDE i.e. Harry—Dym (HD) equation

In the case of the 3rd order PDE, we take the Harry—-Dym (HD) equation

u,+ (1 —u)’us, = 0, (6)
as a typical example. It possesses the following cusp solution
u=cosh ¢, ¢&=a(x—4a’t)+tanh & + 4. (7)

This coincides with the result of Wadati, Ichikawa and Shimizu [11] obtained by using the inverse scattering trans-
formation method [12,13,1].

In fact, making a transformation U Y?=1—u, T=2r, X=x casts Eq. (6) to the standard Harry-Dym (HD)
equation:

1
Ur=—=] =00 8
= (7g), =% ®

where 3} = ;% Therefore, the HD equation (8) has the following cusp soliton solution

U = coth*¢, ¢ =a(X —24°T)+tanh ¢ + 4. 9)
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In Section 3, we will study a family of higher-order Harry—Dym type equations having the co-called cusp-like sin-
gular solutions other than cusp solutions.
Some calculations yield

_78a3cosh55 I L
B sinh’¢’ ' sinh2¢

Thus u = cosh™2¢ satisfies the HD equation u, + (1 — u)’us, = 0. (See Figs. 1 and 2).
The initial problem

Usy

u + (1 - u)3u3x =0, u(x,t)= cosh™2¢, &= a(x — 4a’ty) + tanh & + 4,
has the solution
u(x,t) = cosh ¢, &= a(x —4a*) + tanh ¢ + 4.
Let us now see why the cusp solution is not stable. Let e(x, ) be a perturbation term, namely,
v(x, ty) = u(x,to) + €(x, ),
then corresponding to this initial value the equation u, + (1 — u)*us, = 0 is assumed to have the solution
v(x,t) = u(x,t) + €(x, ).
Then we have
e+ (1—u—e e+ B(1 —u)e — 3(1 —u)* — eus, = 0,
which can be linearized as
& —3(1 — u) usee + (1 — u)’es, — 3(1 — u)’ee3, = 0. (10)
We can choose good enough e such that e;, is also very small. Thus the above equation is approximate to
& — 3(1 — u)*use = 0. (11)
Therefore, €(x, ) has the following approximate formula

3(1—u)uz,
)

€(x,1) ~ ce ¢ = constant. (12)

r=sech?(~0.5(x - 1.5 - y))

Fig. 1. Plane cusp solution for the well-known HD equation at 1 = 1.5, a = — 0.5.
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Fig. 2. Cusp traveling wave solution for the well-known HD equation under the cusp initial condition. Apparently, it is not stable.
Mathematical reason is displayed in Section 2.3

Note
us, > 0, x <0,
us, non — existence, x =0,
us, <0, x> 0.

Thus, when x < 0, Eq. (12) changes more, but when x > 0, Eq. (12) changes less. That is why the cusp traveling wave
solution takes on like Fig. 2. So, the cusp solution is not stable.
But, in the case of Gaussian initial condition, the Gaussian solution is stable, see the Figure.

2.4. 4th order PDE

The fourth order PDE we propose here is

2+ 5u)u, — (1 — u)”*ugy = 0. (13)
This equation has the following cusp solution
u=cosh™¢ ¢=a(x—4a’t) +tanh & + 4. (14)
Because of
cosh®¢ 16a*

— 84%(6 + cosh(2e)) SO e o, 164
iy = 8a'(6 4+ cosh(28) Sy = Gina

a direct check reveals that Eq. (14) satisfies the 4th order PDE (13).
2.5. 5th order PDE

We consider the fifth order PDE

(24 18u 4+ 151*)u, + (1 — u)’us, = 0. (15)
It possesses the following cusp solution

u=cosh™¢, ¢&=a(x—8a*)+tanh ¢ + 4. (16)
The 5th order Eq. (15) does not belong to the HD hierarchy:

u, =JJKY ' j=1,2,.., (17)
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where K = 0°, J = du + ud, and the sign - means the operator action on the function u~2. Apparently, the first one is the
HD equation (8), the second one is also 5th order PDE but not Eq. (15) and has no cusp solution.
A direct calculation of

7
s, = —4a%(99 + 40 cosh(2¢) + cosh(4e)) L€
sinh ”¢&
_ 324°
"= §inh2¢’

verifies that Eq. (16) satisfies the 5th order PDE (15).
2.6. 6th order PDE

The sixth order PDE we consider here is

(4 + 9%4u + 2521 + 10503, — (1 — u)"*ug, = 0. (18)
It possesses the following cusp solution

u=cosh ¢, ¢&=ua(x—8a’t)+tanh ¢+ A. (19)
After computing

hS
Uer = 2a°(2140 + 1399 cosh(28) + 100 cosh(4¢) + cosh(6g’))%,
sin

_ 3245
% = Sinh 28’

we find that Eq. (19) is a solution of the 6th order PDE (18).

2.7. 7th order PDE

The seventh order PDE we study here is
(14 54u 4 3301 + 4200 + 105u" ), + (1 — 1)z, = 0. (20)
It possesses the following cusp solution
u=cosh ¢, ¢=a(x— 64a’) + tanh & + 4. (21)
A lengthy calculation
cosh’¢
sinh"¢

)

7, = —a’ (58355 + 51296 cosh(2¢) + 6604 cosh(4¢) 4 224 cosh(6¢) + cosh(8¢))

2564’
U= Sinh 28

implies that Eq. (21) satisfies the 7th order PDE (20).
2.8. General case
In general, we consider the following PDE

Puoa(wits + (—=1)"(1 = ) e =0, n=1,2,3,..., (22)

where P,_»(u) is a (n — 2)-th order polynomial defined by:

2 —u, n=1,
P, o(u) = { (23)

STk, n=23,...,
with the constants a;, k=0,1,2,..., n — 2, to be determined. Eq. (22) possesses the cusp soliton solution:

u=cosh™?¢, ¢=ax—ct+tanh&+ 4, (24)
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where ¢ = ¢(a,n) is a constant related to constant ¢ and n. When we substitute Eq. (24) into Eq. (22) and expand every
term in terms of cosh?¢, then each constant a, is uniquely determined and constant ¢ is expressed in term of constant a.
We detailedly describe this procedure as follows.

Proposition 1. Assume

cosh™*?

€3 bk cosh2ké, n>=3, b,3=1, 25
sinh¥2¢ 2

e =2"7"(~a)"

where the constants bg, by, . . .,b,_4 may be determined from the solution Ansatz (24). Then

6 il COSth+3V n—2
Uiy = 2°7"(—a) TR de cosh2ké, d, =1, (26)
sinh’
where constants do,d, . . .,d,_3 are determined by constants bg, by, ..., b, 4.

Proof. Noticing the following identities
&, = acoth’¢,
2sinh?¢ = cosh 2¢ — 1,
2cosh’¢ = cosh2¢ + 1,
2 cosh & cosh 7 = cosh(¢ — n) + cosh(¢ + 1),
2sinh ¢sinhy = — cosh(& — 1) + cosh(& + 1),

and making derivative in x on both sides of Eq. (25), we obtain

cosh™3¢ a3 2 2
Uity = By———— |sinh 2¢ by sinh 2ké + ((n + 2)sinh™¢é — (3n — 2)cosh by cosh 2k
(n+1) Smh},,ﬂé ¢ ; k S (( ) 4 ( ) f) 2 k 4

Coshn+3¢' n—3 n—3

=By~ | 2(2n 4 (n — 2) cosh 2¢) Y ~ b, cosh 2k& — 2sinh 2¢ > kb sinh 2k¢
sinh™"" & = =
cosh™ B

=B, hT“é (do +dycosh2é+---+d, ycosh2(n—3)& + cosh2(n —2)¢&),

where B, =2"""(—=a)" - a, dy,d,, . . .,d,_5 are evidently determined by constants bo,b,, . ..,b,_4 and n, and in particular

the last term cosh 2(n — 2)¢ is obtamed through calculating
2(n —2)cosh2(n — 3)¢écosh 2¢ — 2(n — 3) sinh 2(n — 3)¢sinh 2¢ = cosh 2(n — 2)¢ 4 (4n — 5) cosh 2(n — 4)¢.
For the u defined by Eq. (24), we have

4c 2c

= = . 2
"= §inh2¢ ~ cosh Esinh & @7)
Substituting Eqs. (24) and (26) into Eq. (22) and choosing the constant ¢ = — 2°7"¢"*! Jead to
S ( P cosh2k5) =0, d,»=1 (28)
e coshz" 2- k coshz(’“z)é ) n=2 ’
ie.

n—2

(axcosh™ & + dy cosh2k&) =0, d,» = 1. (29)

k

Il
o

Because cosh 2k¢ must be a k-th degree polynomial of term cosh?é, all constants a; are able to be uniquely given
through constants dy,d,, . . .,d,_3. Thus, we obtain the following theorem.

Theorem 1. The (n + 1)-th order equation (22) has the cusp solution given by Eq. (24) with the speed ¢ = — 257" @*1

an arbitrary constant). The coefficient constants ay, k= 0,1,...,n — 2, in Eq. (22) are determined by Egq. (29).

(ais
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By this theorem, all figures of the cusp solutions (24) for Eq. (22) have the same shape as the Harry-Dym case (see
Fig. 1), but their velocities are different with the different order n + 1 of (22). These cusp solutions (24) are unstable (see
Fig. 2).

3. Another family of nonlinear PDEs and cusp-like singular solutions

Based on the discussion of the HD equation (8), we furthermore propose the following more generalized equation:
w=0u", I>1, m#1, leZ meR. (30)
Assume this equation has the traveling wave solution
ulx, ) = f(¢), <=x—q, (31)

then

-1
cf + me +¢cp =0, c¢o=constant. (32)
S

In order to solve this equation, we set = ¢ where « is a constant to be determined. Substituting this into Eq. (32)
and choosing ¢y = 0, we obtain

a:%7 c:—ﬁ(%—k). (33)

Thus, the general Eq. (30) has the following traveling wave solution

u(x,t) = [x—i—tﬁ (%—k)yﬁ. (34)

Apparently, if m < 1 this solution has singularity at xo = ¢ty (fo is some time), and if m > 1 this solution is a smooth
traveling wave solution.
Let us give some special cases of Eq. (30).

Choosing m = — 1/2, I = 3, i.e. Eq. (30) becomes the HD equation (8), we have o = — 4/3, ¢ = 2/9. Therefore the HD
equation (8) possesses a cusp-like singular traveling wave solution

u(x,t) = (x - %t) 74/3. (35)

Obviously, this is very different from its cusp solution (9).
e Choosing m = —2/3, /=5, i.e. Eq. (30) becomes u, = (u72/3)5X, we have o= — 12/5, ¢ = — 336/625. Therefore the
equation u, = (u=>')s, possesses a cusp-like singular traveling wave solution

336 \ "1
t) = —1 . 6
o) = (x+ 553¢) (36)
e Choosing m = 1/2, I =3, i.e. Eq. (30) becomes u, = (u/?);,, we have « = — 4, ¢ = — 6. Therefore the equation u, =
(u'"?)5, possesses a cusp-like singular traveling wave solution
u(x, 1) = (x+ 61)"*. (37)

e Choosing m = 2/3, [ =5, i.e. Eq. (30) becomes u, = (u**)sy, we have o = — 12, ¢ = — 7920. Therefore the equation
u, = (u*3)s, possesses a cusp-like singular traveling wave solution

u(x, 1) = (x + 79201) . (38)

The figures of Eqgs. (37) and (38) are seen in Fig. 4.
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Fig. 3. Initial value problem for the well-known HD equation under the Gaussian initial condition. No cusps appear.
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Fig. 4. Two cusp-like singular traveling wave solutions.
e For the above special cases, generally choosing m = —n/(n+ 1), n>0, n € R, then m <1 and Eq. (30) becomes
(=0 "D and we have o = — 2t o = T (22 - k). Therefore the equation u, = 3*" 1y ="*D pos

sesses a cusp-like singular traveling wave solution

2n(nt1)

tﬁ(2n+l ﬂ (39)

Apparently, Egs. (35) and (36) are two reductions of Eq. (39) when n = 1, 2, respectively.
If choosing /= 2n + 2, we obtain the following simpler cusp-like singular traveling wave solution

o —(n+1)
u(x,t) = (x + tH(n - k)> , (40)

— 62n+2u7n/(n+l)

ulx,t) =

for equation u,
Choosing m = nl(n + 1), n>0, n € R, then m < 1 and Eq. (30) becomes u, = du"™*V, we have o = — (n + 1)( — 1),

c=(-1) ,l;f)(n(l — 1) + k). Therefore the equation u, = 0'u™“*V possesses a cusp-like singular traveling wave solution
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Fig. 5. Two smooth traveling wave solutions.

—(n+1)(1-1)

u(x, 1) = |x+1(— ’“H (I—1)+k) (41)

Obviously, Egs. (37) and (38) are two reductions of Eq. (41) when n =1, /=3; n=2, [ =5, respectively.
e Choosing m=(n+ 1)/in, n>0, n € R, then m>1 and Eq. (30) becomes u, = du""V" we have a=n(l— 1),

¢ =—[I,Z5((n+ 1)(I = 1) — k). Therefore this equation possesses a smooth traveling wave solution
-2 n(l—1)
u(x, 1) = x+tH((n+1)(z—1)—k)} : (42)
k=0

For example, let m = 4/3, [ = 5, then the equation u, = 0°4*> has the following smooth traveling wave solution
u(x, 1) = (x + 436807)"%, (43)

32), . has the smooth traveling wave solution

and let m = 3/2, [ = 2, then the equation u, = (u
u(x, 1) = (x + 3t)°. (44)

The figures of Eqgs. (44) and (43) are seen in Fig. 5.

4. Comparison with the parametric solutions for the HD equation

Paper [8] dealt with the parametric solution for the Harry—Dym hierarchy, especially gave the parametric solution of
the HD equation (6). Let us briefly recall this result. The spectral problem associated with the HD equation (6) is

Yy =My, (45)
where
—id Mu—1) .
y:()’h)&)T, M = ( ) .y )7 12:_1'
—2 il
As shown in Ref. [8], we provided the following constraint
1
=—, (46)
(Ap,p)
which is located between the potential u and the spectral functions y; = (p;, qj) of spectral parameters 4; = 1,...,N).

Here A = diag(1,...,An), P = (01, PN ¢ = (q1s- - . qn)", and (,-)represents the standard inner-product in RY
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Under this constraint the spectral problem (45) is nonlinearized as a canonical Hamiltonian system in R*":

. 1% —iAg + ((Ap.p) " = DAp =4, @)
= —Ag+inp= -,
with
. 1 1 1 4
—i{Ap, q) +5(Aq,q) =5 (Ap,p) —5{Ap.p) . (48)
This Hamiltonian system (H) is completely integrable [8], and
1 (49)

~ (Ap 1), plx 1))

is a solution of the HD equation (6), where ¢(x, t), p(x, t) is a common solution of the compatible Hamiltonian systems
(H) and (F;). Here

(FO) : {qt : ahUaFO (50)
pPr=— W?
with
Fo = (N'p,p)(Ap,p)"" + (Np,p)* — (N’p,p)(Ap.p) + (N’q.q)(Ap, p)
— (N°p,q)* + 2i((N’p,q)(N’p,p) — (N’p,q)(Ap.p)).

The cusp solution (9) of the HD equation (8) cannot be included in its parametric solution (49). In fact, Eq. (47) is
equivalent to

Po=—(Ap,p) *Ap. (51)
When N = 1, this equation becomes
Pre=—1, (52)
which has the general solution
1
plx) = :l:\/clx2 — 2¢10x + ¢1¢3 — —, V constants ¢; #0, ¢, € R. (53)
C1
Therefore,
1\ 2
U= 2 4=, (c1x2 —2ci100x + clcg - —) . (54)
C1

Apparently, this is NOT the single cusp solution (9).

Furthermore, the cusp-like singular traveling wave solution (35) of the HD equation (8) cannot be included in its
parametric solution (49), either. In fact, let X =x — —t and substitute Eq. (35) into the HD spectral problem
Yy + A2up = 0. Then we obtain

X3y + 229 = 0. (55)
Solving this equation gives its general solution
V= (53— aX'?)sin(3ax"7) — (55 + ') cos(32X"), (56)

where ¢y, ¢, are two arbitrary constants, and 4 # 0. Let 4;,..., Ay be N spectral parameters of the HD spectral problem
Wex + 22up =0, and each p; the spectral function corresponding to 4; # 0. Then

P = (sz ¢ Xm) sin(32,X'73) — (

3 +CjX )005(3/1]’)(1/3), VC”, CJQER, ‘]:17,N
J

3%
Thus, under choosing ¢;; = ¢, we have

- 1
(Ap,p) = X**(Acy, 1) + A ci,¢p) Z [X1/3COS6AX1/3) ()Xm—ﬁ)sm(me)}

J
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where ¢; = (c11,. . .,ca1)". Apparently, this is NOT equal to X** regardless of how to select the constant vector ¢;.
Therefore
1 7\ 43
b (-2)" -
(Ap(x,1),p(x. 1)) 9

i.e. the cusp-like singular traveling wave solution (35) cannot be included in its parametric solution (49).

5. Conclusions

In this paper, we give an approach how to get the cusp soliton solution for the family of PDE (22). All cusp solutions
for this family have the same shape figure as the HD equation has, but their velocities are different with the different
order n + 1 of PDE.

We also propose another new family of PDE (30), which has the so-called cusp-like singular traveling wave solution
(34) instead of cusp solution (24). As we discussed in Section 3, if m < 1 in Eq. (30), then the solution (34) looks like a
cusp, but not a cusp because it has singularity at xo = ¢ty (here ¢ = — ,’(j)("’,sjll) — k) and ¢, is some time), and its all
plane figures are same in shape as Fig. 4 except different velocities ¢. If m > 1 in Eq. (30), then the solution (34) is a
smooth traveling wave solution, which has the same shape as Fig. 5 except different velocities c.

In Ref. [4], we obtained a parametric solution of the]:ZSth-order equation u, = (u=>?)s,. The parametric solution can-
not include its traveling wave solution u = (x +3%7)"7 because the parametric solution is smooth, but the traveling
wave solution is singular. N

Traveling wave solution u = (x +231)™% for equation u, = d°u~2 is singular at some certain point x with the differ-
ent time 7. That is, this singularity travels with the time ¢ (also see Ref. [4]). Actually, when m <1 the traveling wave
solution (34) for general Eq. (30) is also matching this case. A natural question arises here: is Eq. (30) integrable for
all/ > 1, m € R or for what kind of / > 1, m € R it is integrable? We will in detail discuss this elsewhere.

The Harry-Dym equation has the cusp-like singular traveling wave solution u(x,) = (x —31) ~4/3_ but this is not the
cusp soliton which Wadati, Ichikawa and Shimizu described this in Ref. [11], because the traveling wave solution is sin-

gular, but the cusp is continuous.
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