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Abstract A system of (1+41)-dimensional coupled integrable equations is de- 1
composed into a pair of new Neumann type systems that separate the spatial
and temporal variables for this system over a symplectic submanifold. Then,
the Neumann type flows associated with the coupled integrable equations are
integrated on the complex tour of a Riemann surface. Finally, the algebro-
geometric solutions expressed by Riemann theta functions of the system of
coupled integrable equations are obtained by means of the Jacobi inversion.
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1 Introduction 11

The Neumann system of harmonic oscillator constrained on the unit sphereisa 12
prototype of finite dimensional integrable system (FDIS) with rich mathemati- 13
cal natures in the area of classical mechanics [22]. Based on the Flaschka’s idea, 14
Moser’s, Veselov’s and Knoerrer’s work [14, 19, 23, 24, 35], a number of new 15
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FDISs of both Neumann and Bargmann types were found under a symmetric
constraint between spectral potentials and eigenfunctions in the framework
of the nonlinearization of Lax pair [4, 5]. The FDISs of Bargmann type are
the canonical Hamiltonian systems produced under a Bargmann constraint
from the Lax pair of an integrable equation; while the FDISs of Neumann
type are generated under a Neumann constraint on the symplectic submanifold
[6,9, 11, 27, 28, 33, 37, 38]. Those resultant FDISs not only enrich the content
of integrable systems itself, but also pave an effective way to solve integrable
equations via the separation of spatial and temporal variables. It is already
noticed that finite dimensional integrable Hamiltonian systems have been used
to get algebro-geometric solutions through the finite parametric (or involutive)
solutions of integrable equations with the help of the theory of algebraic
curves [1, 7, 16, 17, 28, 30, 31, 36, 37]. In particular, a Neumann type system
was already applied by Qiao to obtain the algebro-geometric solution of the
Camassa—Holm (CH) equation on a symplectic submanifold [33], where the
Lax matrix, dynamical r-matrix and Jacobi inversion were involved in.

To understand deeply the physical applications of integrable dynamical
systems , one has to derive all kinds of explicit solutions for nonlinear evolution
equations from different standpoints. After the breakthrough discovery of
inverse scattering transformation [15], many interesting explicit solutions have
been found, including the classical soliton solutions, the algebro-geometric
(or finite-gap, quasi-periodic) solutions, and the polar expansion solutions.
One can easily see that all explicit solutions of physical interests have a finite
number of parameters. A deeper insight indicates that they may satisfy certain
solvable ordinary differential equations and can be obtained through tackling
the associated FDISs, which are reduced from integrable equations. Apart
from the fruitful application of finite dimensional integrable Hamiltonian
systems [1, 7, 16, 17, 28, 30, 31, 36, 37] and the work of the CH Neumann
system with algebro-geometric solution [33], we also found that the Neumann
type flow is in essential the Hamiltonian flow in the sense of Dirac—Poisson
bracket over a symplectic submanifold, and the Neumann constraint under the
scheme of nonlinearization of Lax pair directly cast in a finite dimensional
invariant submanifold in quite a few cases [11, 28, 33]. In particular, the
generating function of integrals of motion of Neumann type system determines
a Riemann surface of hyperelliptic curve that pave a bridge to construct Abel-
Jacobi (or angel) variables for integrable equations [12, 33]. Following the
above-mentioned analysis, in this paper we present a distinct way by using the
Neumann type systems to derive new algebro-geometric solutions for more
integrable equations of physical and mathematical interests.

To illustrate our scheme, we study the algebro-geometric solutions of the
following (141)-dimensional nonlinear evolution equations [34]

(1)

Uy = 0 20V — U gy — 2Uty — 400y,
vy = —2Uvy — Uy,

In fact, the system (1) is the coupled integrable equations from the TD
hierarchy, which allows the zero-curvature representation in the sense of Lax
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compatibility [20], the Hamiltonian structure in view of the trace identity [34],
and the one- and two-soliton solutions by the Darboux transformation [10]. In
the following, we will provide a feasible relation between two Neumann type
systems stemmed from the Lax pair of (1) and algebro-geometric solutions
of the integrable system (1). To see this, the integrable system (1) is reduced
to two FDISs of Neumann type, whose compatible solutions yield solutions
of (1) through a direct algebraic operation [8]. An interesting thing is that two
Neumann type systems share the common Lax matrix and a dynamical r-matrix
structure in the Dirac-Poisson bracket [28, 32, 37, 39], instead of the standard
Poisson bracket since we construct Neumann type systems on a symplectic
submanifold.

The Lax matrix and the dynamical r-matrix guarantee that the two
Neumann type systems are completely integrable in the Liouville sense. Re-
ferring to the approach for getting algebro-geometric solutions for (1+1)- and
(2+1)-dimensional integrable equations [3, 7, 16, 17, 21, 28, 30, 31, 36, 37], two
sets of elliptic variables are singled out from the entries of Lax matrix, and
solutions of the integrable system (1) are expressed by the symmetric func-
tions with respect to these elliptic variables. Furthermore, through discussing
the Jacobi inversion, we attain the algebro-geometric solutions of integrable
system (1) in terms of Riemann theta functions.

The whole paper is organized as follows. In the next section, we decompose
the integrable system (1) into two FDISs of Neumann type. In Section 3, the
Neumann type flows are linearized/straightened out on the complex tour of a
Riemann surface, and in Section 4 we derive the algebro-geometric solutions

of integrable system (1) through the Jacobi inversion.
2 Decomposition of Integrable Equations
To describe our results, we first collect some necessary notations and formulas.
Let us begin with the spectral problem [34]
lA + ! u
—— - —v
2 2
pr=Up, U= =) @
1 1 ¥2
“A—~u
2 2

where A is a spectral parameter, and u and v are two spectral potentials. In

order to derive the integrable hierarchy associated with (2), we define the
Lenard sequence {g;} (—1 < j e Z) by
Kg/'fl = Jg]', Jg,l = 0, ]2 07 (3)
with
PR PR L L
——dv = dvT 9 —20 —=dv u 0 ——dv
_Zyp-! __ I |
2uv d 28 2v a 0
@ Springer
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where 3 = 3/0x and 9~ is the inverse of 3: 3~'d = 39~! = 1. Noticing that the
kernel of J is of dimension 2 with two generators g_; = (0,2v)” and g_, =
(3. O)T, one can easily get

kerJ = {018-1 + 028201, 02 € R}.

Each g; can be determined by the recursion formula (3). In particular, we have

g = (v7, 2uv)T, g1 = (2uv?, 2vy, + 20V + 4v3)T. (5)

Let us consider an auxiliary spectral problem that is the time-dependent part
of (2)

V(ﬂ) V(")

— (n) _ 11 12

e, = V"0, Vv —< n) n | nzl, (6)
Vir Vi

where

Vo = ——p~lgp! + —1,2 Q) —1g,(1 2
lr]l ZU lav Bg(l) Z()L u)v ! () [/1; __Ev lag()+§g()

1 1
v — —Ev”ag(” _ Ega)’ g=(s".g®)" Zg/ A

Then the compatibility condition of (2) and (6) gives the integrable hierarchy
[34]
W, )] = Jgn1. n>l. (7)
Apparently, the first nontrivial member of (7) is the integrable system (1) with
t = t,, which is the compatibility condition of Lax pair (2) and
1 1 1
V- B | _
o — Vg, vo_ |2 2u 2v Vxx AV — vy + thv
—AV — Uy — UV —5A2+5u2+§v‘1vxx
(8)

In what follows, we want to decompose (1) into two Neumann type systems
on a symplectic submanifold. Let us consider N copies of the spectral problem
(2) with N distinct eigenvalues A, A, - - , Ax and their corresponding eigen-
functions ¢ = (p;, q,)7,

| 1
. —Ait-u - .
(p,) o 1 (P{>, 1<j<N. (9)
1/ v Sy ——

2472

One can readily calculate the functional gradient of each eigenvalue A; with
respect to the spectral potentials  and v [9]

= (8X;/u, mj/av)T = (quj, - <p§ + q?))T. (10)
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Taking into account the Neumann constraint [4, 5, 9]

N
g—l = ZV)\.], (11)
=1

leads to

(p,q) =0, (p,p)—1{q.9) =0,

(Ap.p)+(Aq.q) 1<<Ap,p) (Aq,q>)

“CTopraa  2Up o
v PP ;r lg.q9) _ —(p. D). (12)

Where p = (plv R pN)Tv q = (CII, R QN)T’ A = diag()‘*ls M) )\-N)’ and <'7 )
stands for the standard inner product in R". In accordance with the rule of
the nonlinearization of Lax pair, substituting (12) into (9) gives rise to the first

nonlinear dynamical system of Neumann type,
1 1 ({Ap.p)  (Aq, q))
x = ——A + - + < ) > )
i 2P 4<<p,p> q.q) )PP
1 L ({(Ap.p) (Aq.q) 13
qx=—Aq——< q9—14.9)p; (13)
2 4\ (p.p) (a.9)

(p,q) =0, (p.p)—A{q.q9)=0.

On condition that the independent temporal variable ¢ is regarded as the
equivalence to the spatial variable x in the view point of mathematics, imposing
the Neumann constraint (12) onto the time-dependent part (8) leads to another
new Neumann type system

1 ((A%D,MJr (A%q, q)

1
= A’p+ (Ap.g)p— - )—,A—A, :
pi=5A°P (Ap,.q)p oo 7.0 p—(p. P)Agq—(Ap, p)q

1 1 [ (A%p, Alq,
6= (@ q)Ap + (Aq.)p — 5A%q — (Ap.)g + 5 << (ppp‘)m . (qqq;”)q,

(p.q) =0, (p,p)—{q.q9)=0.
(14)

A direct but lengthy computation yields the following proposition

Proposition 1 Let (p(x, 1), g(x, DT be the compatible solution of the two
Neumann type systems (13) and (14), then

Wr 1) = 1 <(Ap, p)  (Aq.q)
' (P, p) (q.q)

) )7 v(x, t)=_<pv p>’ (15)

are solutions of the integrable equations (1).
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So, by this proposition, the integrable equations (1) can be solved with a
finite parametric solution (15) through solving a pair of (finite dimensional)
nonlinear dynamical systems of ordinary differential equations (13) and (14).

By using the procedure shown in [9, 28, 31, 32, 37, 39], we know that the
Neumann type system (13) admits the Lax representation
L) =[U, LW, L) =dL0W)/dx, (16)
where
1
-0 N 1 ‘n. —p2
q;p Pj A() B
Loy =] 2 — ("5 /)é( > 17
W=l +j_ZIA—A,( ¢ —aip;) ~ \coy—aw ) 1D
3 —
and
1 1 ((Ap,p)  (Aq.q)
——k+—< AT S qq) (p. p)
7 2 4\ (p.p) (q.q)
1 1 ((Ap.p)  (Aq.q)
—(p, p) A=~
2 4\ (p.p (q.9)
Actually, the Lax matrix (17) was first discussed in [28, 32, 39] to classify

the FDISs. A very interesting fact is that the Neumann type system (14),
i.e. the nonlinearization of the time-dependent part (8) under the Neumann

constraint, admits the Lax representation with the same Lax matrix L(X)
defined by (17)
L =[V® LW,  LG)=aL®n)/d, (19)
where
A @ _ —
7o _ < Vil Mp.p) ~ (Ap. p))’ 20)
Mg, q) + (Aq, q) -V
with
- 1 1 ((A°p.p)  (A%q.q)
Vﬁ)=—kz+<Ap,q>——( PP .9
2 4\ (p,p) (q.q)
The Neuamnn type systems (13) and (14) are completely integrable in the
Liouville sense since L()) satisfies a dynamical r-matrix structure in the Dirac—

Poisson bracket [9, 32, 38, 39]. Consequently, this assures the compatibility of
the two Neumann type systems (13) and (14), which implies that the Neumann
type flows mutually commute [2].

3 Straightening Out of the Neumann Type Flows

To get explicit solutions of integrable system (1), we adopt the procedure
of straightening out Neumann type flows that are restricted on a symplectic

@ Springer
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submanifold. To do this, we select two sets of elliptic variables i, o, -+, 144
un—1 and vy, v, - - -, vy_; from the entries of L(A), 145
N 2
P m(A)
B(.) = — L= —(p, :
) j_ZlA_M PP
Y4 n(x) =
C A) = / = 5 i
*) ,._le—kj @955
where 146

N N—1 N-1
a) =[] =m0, moy =] —m), ny=[]0—w). (22
k=1 k=1 k=1

The combination of (21) and (22) gives 147
N N-1
{(Ap, p) 2
= Ai— wi=o —op,
(p. p) ; ! ]Z ! :
N N-1
A
( q’q> ZZ)\.]'—ZU]'%U—O’Q. (23)
(q.9) = P
By (12) and (20), one obtains 148
1 1
MZG_E(G] + 03), Oy lnv = E(Gl — 07), (24)
and 149
72 _
{‘_/1% =—(p,.p(A+0—o01), (25)
Vil =(q. @)+ 0 — o).
Define 150
b(A) RO
det L(A) = —AQ)?> = BOYCO) = — = - 2
et L(A) (*) *)C®) 220, 120" (26)
where 151
N 2N
by =[] —ine). RO =a@b@) =[]0 — ).
k=1 k=1
It follows from (21), (22) and (26) that 152
VR VR
A = YRBD oy YROD N 27)
2a(y) 2a(vy)
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153 By (21), (16) and (19), we arrive at the evolution equation of all u; and v
154 regarding x and ¢,

dpe N R(ui) dvie V' R(v) L <k<N—l1
dx - N—] 9 dx - N—l £ ~ ~ £
[T (ke — o) [T e—wp)
i=1,itk i=1,ik o8)
28
155 and
dp (i — 01+ 0)v/ R(ug)
dr N—1 ’
[T (x— )
i=1,itk
1<k<N-1. 29
dvg  (—vg+ 02 —0)v/ R(v) 29
dr N-1 ’
[T e—wp)
i=1,ik

156  These formulas naturally lead to the consideration of the Riemann surface I
157 of hyperelliptic curve given by the equation £2 = R(}), whose genusis N — 1.
158 For the same A, there exist two points (A, +/R(A)) and (A, —«/R(A)) on the
159 upper and lower sheets of I', and there are two points at infinity that are not the
160 branch points because degR(A) = 2N. Under an alternative local coordinate
161 z = A~!, they are marked as co; = (0, 1) and oo, = (0, —1).

162 Letaj,as,--- ,an—1; by, by, -+ -, bn_; be a set of regular cycle paths on I,
163 which are automatically independent if they have the intersection numbers

a,-oa,-:biobj=0, (l,’OijS,'j, i,j=1,2,-",N—1.
164 It is well known that
o A laa
a)l: b
VR()

165 are N — 1 linearly independent holomorphic differentials of I'". Let

I<ISN-1,

Ajj= / @;, C= (A", 1<, j< N—1, (30)

i

166 then @; can be normalized into a new basis w;,

N-1 N-1 N-1
wj= Y Ciy, fwj=ZCﬂ/651=ZCﬂAh=5ﬁ,
I=1 ai I=1 ai 1=l
167 and each

BijZ/wia 1<, j< N=-1,
b

j

@ Springer
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is an entry of (N —1)x (N —1) matrix B = (B;;) that characterizes the 168
Riemann surface I' and applies to construct Riemann theta functions of I'. 169

Let po be a fixed point, then the Abel-Jacobi variables can be given by 170
N-1 i (x,0) N—-1N-1 Wi )\.lild)\.
1)
Py (x, 1) = / @i= Ci erend
! ; Po ! kX:]: I=1 ! Po R()‘)
1<j<N-1
2)(x t) N_lka(xl) N_IN_lc Vi )\‘l—ld)\‘
P = wj= jl —_
! k=1"Po k=1 I=1 p VR@G)
(31)
Taking derivative with respect to x on both sides of (31); leads to 171
N-1N-1 g N—1N-1 Iy
(O] X . Mk
dxp; Z Z 11 W Z Z Ci o : (32)
I=1 k=1 I=1 k=1 T Gex — i)
i=L,ik
With the help of the formulae [26], 172
N-1 s
M
Iy = N = N2,  In-1=01IN-2, I<s<N-2,
k=t TT (e — o)
i=1,i#k
(33)
we obtain 173
oo’ = QY =—Civ, I<j<N-1. (34)
A similar calculation directly yields 174
d ,0(1) Qi-l), 8)(,052) 950), 3:/)(2) Q(jl)v (35)

where Q(l.l) = Cjn_2 +0Cjy_;. Clearly, pj-l) and pj can be integrated and 175
written as linear superpositions in the flow variables x and ¢, 176

(1) Q(O)x—i- Q(l)t—i- )/(l)

I<j<N-1, (36)
p;z) _ —Q?O)x B Q;l)t_i_ y;z)’ SIS
where 177
o NZL e p(0.0) (2) N1 auo, 0)
W= [ e =X
k=1 Po k=1"P0
are two integral constants. 178
4 Algebro-Geometric Solutions of the Integrable Equations 179

Since the Abel-Jacobi solutions (p", p®) (see (36)) are solved explicitly, 180
the remaining steps are to write down the explicit expression of u and v of 181

@ Springer



A U T H O Rl S PR O O F JrnlID 11040_ArtID 9092_Proof# 1 - 15/03/11

182
183

184
185
186

187
188

189

190

191
192
193

194
195
196

197
198
199

J. Chen, Z. Qiao

integrable system (1). For this purpose, we turn to the procedure of Jacobi
inversion

(", pP) = (1k, vi).

Let T be the lattice in CV~!, which is generated by 2(N — 1) periodic vectors
{6;, B;}. Then we have the following complex tour—called Jacobian J(I') =
CN=1/T of I'. The Abel map is defined by

p p
A: Divl) = JT), A@P) = (/ oy, - ,/ wN—l) :
Po P

0

where p is an arbitrary point on I'. Moreover, A can linearly be extended to
the factor group

Div(): A (Z nkﬁk) = Z i A(Pr)-
From [18, 25], the Riemann theta function is defined by

0() = Y exp(mi(Bz, z)+2mi(.2), ¢eCV,

z€ZN-!

N-1 N-1
(Bz.z) = Y _ Bijzizj, (€2) =)zl

ij=1 i=1

Let us consider two special divisors lec\:] 15,({'”) ,

N—-1 N-1 N—-1 [,]((’”)
() -Ta@) =X [ o= mra
k=1 k=1 k=1 Y Po

where 13,((1) = (ux, ¢(ug)) and [7,(3) = (V, £(vr)). Conforming to the Riemann
theorem [18], there exist two constant vectors (called Riemann constants)

MDY M e CN~! determined by I such that

e M) 20ACH) —pP —MD) has N —1 simple zeros at puy,---,
UN-1,
o O 20(ACM) —p® — MP)has N — 1 simple zeros at vy, - - , uy_i.

To make the functions single valued, I is cut by all paths a, b to form a simply
connected region whose boundary is denoted by y. By the residue formulas,
one gets

N—1 2
. — _ (1)
Z wj=I() ZE‘;’;WIH A0,
]:] s=1
N—-1 2

=10 =) Resrdln P, (37)

j=1 s=1
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where 200

I(T) = yg,\dlnﬂ"')(/\) Z/ Ao, m=1,2,

is a constant independent of p™ [13, 36]. The only requirement is to calculate 201
the residues at both infinities: 202

p p
1l =0 ([T = o =) =0 ( [" 0 — o
Po OO
P
:9(...’f wj— T — (m) M(m)“‘>
oo}

1
X <CjN—lZ+ 3 (CjN—2+0'CjN—1)Z2+"') ,>

=0 (p" + M"™ + ) + (=1 + -
where 7y = f o’;‘j wj (s, m = 1,2). Therefore, we arrive at 203
gg_xd In £ ) = (=1)*"3, In 6™, (38)
where 204
0 =0 QOVx + QY+ 1y, 62 =0(-Q0x — QWVr 4 Ay),
with 205
Y=y 4+ Mt Ag=yP+MP +my 1<<KN-L

From (37) and (38), we have 206
N-1 9(1) N-1 9(2)
Zm_l(r)+a 1n9m, Zv,_l(r)+a In L (2). (39)

=1

Substituting (39) into (24), we get the algebro-geometric solutions of integrable 207
system (1), 208
1 0 QOx + QW+ 1) 0(—QO0x — QWr 4+ A))
—0y In
277 0(Q0x + QD4 7)) 6(—QO0x — QD + Ay)
0(QUx+QWt+7,) QO x— QWi+ Ar) 0(QWr+1)) 0 QWVi+Ay)
O(Q(°>x+Q(1>t+T]) O QOx—QMt+ A} QW Et+5) 0QDt+ A, )
In conclusion, the algebro-geometric solutions of integrable system (1) are 209
attained, which implies that the two Neumann type systems in this paper are 210

successfully used to derive algebro-geometric solutions of integrable equations 211
in (141)-dimensional just like the procedure shown in [33]. This procedure 212

u=— —I(T") + o,

v4(0,1).
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J. Chen, Z. Qiao

is different from the utilization of finite dimensional integrable Hamiltonian
systems in the case of Bargmann constraint [19, 24, 35] that corresponds to the
whole symplectic space. We will try to solve some other integrable equations
under the Neumann constraint.
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