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Abstract The commutator representations of Tu hierarchy of equanions are presented first and then
through nonlinearization of Tu's eigenvalue problem, the involutive solutions of Tu hivrarchy are giv-

en in this paper.
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Solution

Consider Tu's spectral problem (see [17]):
ILy=(—F+u+ 270y =2y, d = ar. (1)
The pair of Lenard's operators are

22 0 0 2.
K= } , J = 1 . (23
0 34 22 533— (ﬂ3+&I}J
The Lenard’s recursive gradient seqquehce 2, of (1) are defined as follows;,
Gos= (1. T\ Goy = (oue Y5 Goy G € Ker,
Kz, = Sy, 3=0.1, 2, 2 (33

Xo 2o JGn (m=0. 1, 2, --+) are called the Tu vector ficlds, which produce the Tu hierarchy of
scliton eguations
(. Y = Xalu. 03, m=10,1,2, {4

with the representative eguation

1 3
te e + 5

#
= X, (u. n} = ] 5
(. "'J! l ? T -‘Lm' J {
T 2 T

Obviously, (5) is reduced to be the well-known KdV equation
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| 2 _
= — —lum + 5 as oro=— . (6

¥ 1. The Comunutator Representations of Tu Hierarchy

of Eguations

Lemma 1.1 The Gateaux derivative mapping of the spectral operator £, defined by (1) is

Fra i) %Ed; ! r;nLiw GeE) =& LTl {7 .
and L. Csimply written as L. below ) s an inpetive humomo_rphism. where o= (a, »)7,
F=08, S .
Theoreim 1.1 Let ¢7(r} be an arbitrary smootll function and i'=l'((?J:-—%G,+GB.
Then
[(Tef]allh — L = LOAGY — LG L. (R)
where ﬁ::(-*—}G,,%k%(ﬂ“zﬂ,*eﬁ). fi"y A, and L oate detetmined by (2) and (1), re-
spevtively.
Proof

[ 0] == L+ G A 2700005 o+ 200 4 270G, — 260 (9)

Substituting (2) and the expression of (7 into the cight-hand side of (8). by using (7) and care- -
fully caleulating .. (KG) — Fo. (4G) Lo we can get that L. (A% ) — L, (JG) [ s equal to the right-
hand side of (9) without difficulty.

Theorem 1.2 Let G:::((r'j”. (2 3" be the Lenard's recursive sequence of (1}, and 17,=

r(a;b;:—‘i— #4623, y=-—1, U. 1, ~- Then

[Was )= L.(X0, (10

m

- ™
where the aperator i, = ‘t\‘__,l’J_xL N
1=0

Proof By using Theorem 1, 1, directly calculate.
Corollary 1.1 The Tu hictarchy of equations Ca, )i =X (u, v} =0, 1, 2, »», pos-
sesses the following commutator representations -
L= [W., L]. m=0,1, 2, (11)
Proof Le="1L. (0, ), L—[W., L]=L.0(0. 1" —Xa), and L. is injective. Hence L
=[Wa. L]=Ge, 0) =X,

§ 2. The C. Neumann Constraint and Involutive System[?!

Let 4y, o+, Axbe A different eigenvalues of the spectral problem {13, Then it 1S easy to

calculare the functional gradients %7y, 4, of eigenvalue L with respect to #. »;
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i YRR fogn o} .
Fmi = 0= |, =L 2o N (12
lf’l DI l_‘.l’, fllr,i I\.‘.l

which satisfy the linear equation-

K'\_\,?'l‘ 1 }ﬁu el )—: . -l?in. I'I:'I-)q LISJ
where A, . are defined by L2)
N
The C. Neumann constraint . == E-:?Iu‘ .4, Yields
=
LETR i)
(A ', @y = L, ww=24p, qi.r — qj)l—!tw( 150}§b — (g = @) (11

In [2], it has been shown that under the canstraint candition {147, the Tu's sepctral problem
(1) is nonlinvarized as a completely integrable Hamilionian system in Liouville's semse (R°Y, dy

Mo, HT = #f — pF |+¢*~ )« whose involulive system is Fl =Fn— g where T2 ~'={{g, ¢

ER:“F=TJ;‘((A_J§”~ gy —1)=0, ti=¢ 1"'g. ¢ =01,

= (F Im Vo o = __(F. [ro*=
1., L -
H=Fy= 5" ¥ + % ( pee @) — *’qu. at, 1157

Fo = -}Till’“q"‘. ¢+ %-hi’“*'qo- g = %(qr. Py (AT )

S Sl Pz,( wy AU ¢
In the above formulae, t1=diagli;. ===, Avd. p={gt. ***» @ Ty = ghay e Pra s PyiE)
is the eigenfunction corresponding to An . % stands for the standard inner-product in B7, and
the Poisson bracket LE., F) of two functions £, F in the symplectic space (RN, dip Ndy) is de-
termined by

(B F) = {—.(FIE oF SR, _ 2 F, I

e bl
‘JL_I"' &FJ 3¢. a¢l 4},{: &P i’ ';19{‘ 39):' Ll?

$ 3. Involutive Solutions

Congsider the canonical equations of Fa-flows
1 PR oy P OF s [ 0 {4
soe A7) | = ore = (T ()
A g — AFw ) IF -~ I 0
(s
where f is the A N unit matrix, We denote by y'»the solution operator of its initial value prob-
lern. Then iis solution can be expressed as
QJLZN}) , {rp([]))
— ‘{}n - {19)
(—:pg(m "0
Since any two functions Fe' . F* are in votution, (F&. F2y=0, we have {sve | 3]

" Proposition 3.1 1) Any two canunic.tl systems (Fr) and (F* ) are compatible; 2) The
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Hamiltonian phase-flows yhand g commute.
Denote by r==fy, ! =!l.the flow variables of (H* )= (Fr ) and (Fa ). respectively.
Define

(20)

Wy Ia)' Ce{ 0. DY
(T ta) w0, 0

which is called the involutive sulution of the consistent systems (") and (F) (see [1]}. The
commutativity of g5, g»implies that (20) is a smooth function of (x, Z.).

Theorem 3.1  Let (p(z. L)« ¢(+, £.))7 be an involutive solution of the compatible group
Ly =LA e

(H ). (Fadoand et {47 'py @r=1., u=2{p, @}, 1==— . Then
P ¥

L %, @)
1) the cancnical flow equations (/4 "), (¥:) can be reduced to tlZe sg:;atial part i
Liue = (— g + 2@ + r.l7'g) == ap (213
and the time part
gy, = (o + oMoy 4 o A el dg, (22)

respectively . of the Lax representation for the Tu hierarchy of evolution equations (23) below
with s, » as their potentials., where ¢, are independent of z, and W, (k==0, 1, 2. -+, m) are de-
fined in Theorem 1. 2,

—1
2) w2,y t.)=2¢p. w> and v(z. (m)r____{go. %,i:t;lwf' 2] satisfy the higher-order Tu

cguation
Gt 03 = Xp + e1Xa1 + 0+ + caXo. (23
where X,==Jir (k=0. 1, 2, --. m) are the Tu vector fields.
Proof By the expression (16} of F.. we have

aF., " - = . "

= "l — (p.er e — (e, prp 4+ N, (UAw. Pra'p — G pd V),
o) +y=m—1
A

o A"+ S (e, g % — (% o) Vel
l'l[ V==

(Fu o= = (52 500 — (G2 50 == (p. @) + (479, ) (7 ).
Hence
fim = %irﬂ—’=—- {p. qz?t:tqul;?' a'i'){zl"‘_'nt;r)-. @y = ol A e, @), (24} .
= %r% [ rgfi—t= — (P, q;—}ilj;;:l;;#" L 25
Under (14}, 8;:;: =%i—p %:=quu—wo—!ul"cp. a‘;:b' =wy=q,, Thus (ff*}==(F§ } is reduced :
ta (21},

On the other hand, the pair of Lenard operators K, J possess the following properties,
« 7 ] ) 11"+J 1]
JOK, ( (e W)H({ P,
{0 ', ) (P, @
JTUK, G 3, 4 const. - G +const, » G, 27

(262
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where G,= (&', G1¥)7 are the Lenard recursive gradient sequence. Let the operator (JIK)
(k==0, kEZ) act upon G.;={{@, @). {17, @) and use (26). (27). It is easy to find
that there are some CoONSiaNts cz, =**. x4z, SuUCh that

13 ‘1t+l . b
A= (Ak ),_‘5= ({ LA ]= i+ eaces + 0 oy oo F caG . (28)

A Cl'e. @Y,
a-—z
Speclally. A = (zli(Pu (,T)\.? = {,;(:r Bleo=1.c0=00.
a-O

On the tangent bundle of ellipsoid T@*™', through a series of careful calculations we
obtain

Fi _ Fu_  F _ I

T T T »

= A"p + E ({ Ap. p).Vp — {Ap, @).rp)
=]

= ‘T‘(— AN+ ARD A

J‘U
m 3+l

=22 %f,a;e]_.,., + DL

= De > (— g6+ GRALT

r=0 k=D

= i Wt

we=l

This is (22).
Observe that
Ug’=4{qﬂv @")1 (29.)

', = m[(@. @+ (AT B (AT, @

— (g, @) + (A g, 22X (A%, @0 1 (30)
Substituting the two egualities
p= AP+ O, (e, 9Ly — (AP, Pryp.

e — ]
__ e __ I aF
=T T T Ty

. !1..+j‘p+ ‘:‘p’ Q))zl'.qj + (1‘1’"@7 Q’)‘P i&qz}l_}_‘p{/i;;bv ?p”} fﬂ"IQ). '99}/1"193

DT U, $rep — (LD, @dY)

1+ i=m—t
into {(29) and (30), and noticing {.17'p. >=1 and {A"'¢, p>=0, we get
U = 4{@91 11.¢) = 23{?! A"Q‘J) = 243 (Zl’ (31)

) 4@, @¥ + (A%, XA "o, gp)(A g ) — (A g, @i (A" g, WJ
e (A @, @)t (32)
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In addition.
P = 4T e
9;':' = b u;.n—"f r‘_]fll}a — Ll
L S : AL RN
T.= SoF I T T I S I
1 caqag iy
Hence
133 t2) ~ 120
=AY — (ud = Fr AL
= 24 g — 2adpy Ty ey iy S 2ot T ey — 2l L 1n T g
_ A0 g T, B T s e T el gy — (1 e g T g, iy s
/ T 5"-’>J .
— 4"y,
= — 2347,
fote
moo= 2345 -+ —i? — {3+ AN ]A (33)
- 2

Combining (313 wilh (33}, we have

The proof is complete.
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