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In this Letter, we study the solutions of equation m; = myu, m = u — uxx, which actually comes from
the so-called b-family equation m; = myu + bmuy, m = u — uyy in the case of b = 0. We show that this
equation admits both N-peakon and N-kink solutions. In particular, the bell-shape soliton, hat-shape
soliton, single-kink, and two-kink solutions are presented in an explicit formula.
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1. Introduction

In [1,2], the authors proposed the following so-called b-family
equation

My =Myl +bmily, M=1U— Uyy, (1)

where b is an arbitrary constant. There are some distinguished spe-
cial cases of this equation. For example, in the case of b =2, this
equation is reduced to the well-known Camassa-Holm (CH) equa-
tion, which was derived by Camassa and Holm [3] as a shallow
water wave model [3]. The CH equation was found to be com-
pletely integrable with a Lax pair and associated bi-Hamiltonian
structure [3,4]. The most interesting feature of the CH equation is
that it admits peaked soliton (peakon) solutions [3,5]. A peakon is
a weak solution in some Sobolev space with corner at its crest.
The stability and interaction of peakons were discussed in sev-
eral references [6-11]. In the case of b =3, Eq. (1) becomes the
Degasperis-Procesi (DP) equation, which is another important non-
linear model possessing peakon solutions [12-14]. The integrabil-
ity of the Degasperis—-Procesi equation was shown by constructing
a Lax pair, and deriving two infinite sequences of conservation
laws [13].

Recently, we presented an integrable equation with both quad-
ratic and cubic nonlinearity [15]:
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1 1
me = oy + §k1 [m(u® —u})], + Ekz (2muy 4+ myu),

m=1u— Uy, (2)

where «, ki, and k, are three arbitrary constants. In the case of
o =0, we derived the N-peakon solution. In the case of o # 0
and ky = 0, we found that this equation allows single weak kink
and kink-peakon interactional solutions. However, different from
the N-peakon solutions in the form of linear superpositions of
the single-peakon, Eq. (2) does not admit the N-kink solution
in the form of the superpositions of single-kink. It is natural to
ask whether there exists a nonlinear model that may admit both
N-peakon and N-kink solutions.

In this Letter, we will show that Eq. (1) in the case of b =0,
namely,

My =My, M=1U— Uy, (3)

possesses both N-peakon (N-peakon solutions were already pre-
sented in [1]) and N-kink solutions. In particular, the bell-shape
soliton, hat-shape soliton, stationary kink, and two-kink solutions
of Eq. (3) are presented in an explicit formula and plotted. Within
our knowledge, this is probably the first nonlinear model that al-
lows the N-peakon and N-kink solution at the same time.

2. The soliton and N-kink solutions of Eq. (3)

In [1,2], Holm, Staley, and Hone have deduced the N-peakon
solutions for the b-family Eq. (1)
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Fig. 1. The stationary single-kink solution u(x,t) given by (10) with ¢; =1 and
c=0.
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Fig. 2. The bell-shape solution u(x,t) determined by (13) with By =cy =1 at the
moment of t =0.

N
u=7) pje "0l (4)

j=1

where p;(t) and q;(t) evolve according to the dynamical system

N
Qjr= Z pke*\qukl’
k=1

N

pie=0b-1)) pjpisgn(q;—ge 1%, (5)
k=1

The N-peakon dynamical system of Eq. (3) is just (5) with the case
of b=0. See [1] for the details of the peakon solutions of b-family
Eq. (1).

Let us now derive the N-kink solution of Eq. (3). We suppose
the N-kink solution as the form
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Fig. 3. The hat-shape solution u(x, t) determined by (13) with By =20 and ¢; =1
at the moment of t = 0.

N
u=> cjsgn(x—q;(0))(e” O 1), (6)
j=1

where c; are arbitrary constants and q;(t) are to be determined. It
is easy to check that

N N
ux== e UL = ey 7)
j=1 j=1

The second order and higher order partial derivatives of (6) do not
exist at x =q(t). But in the distribution sense, we have

N
me=2Y cjqjs(x—qp).  (8)

N
my = —2ch8(x —qj),
j=1 j=1

Substituting (6)-(8) into Eq. (3) and integrating against test func-
tion with compact support, we obtain that q;(t) evolve according
to the system

N

djt=— Zci sgn(qj — qi)(e—lq)'—qil _ 1)7
i=1

I<j<N. (9)

For N =1, we have gy, =0, which yields q; = ¢, where c is an
arbitrary constant. Thus the single-kink solution is stationary and
it reads

u=cysgn(x—c)(e” " -1). (10)

See Fig. 1 for the profile of this stationary kink solution.
For N =2, (9) is reduced to

{qu = —c25gn(qr — g2)(e” 1721 — 1), 1)

G20 =cC15gn(q1 — g2)(e”11 "I —1).

If ¢c; + ¢z =0, we may obtain

{QI(t) =cisgn(By)(e Pl = 1)t (12)
q2(t) = q1(t) — By,

where B1 is an arbitrary constant. The solution becomes
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Fig. 4. The two-kink solution (15) at the moment of ¢t = 5.

ux,t) =ci [sgn(x - ql)(e*\X*LHI _ l)
—sgn(x —qz) (eI —1)], (13)

where q; and g are given by (12). It is interesting that the above
solution demonstrates the solitary wave shape. Explicitly, if the
value |Bq]| is small, solution (13) presents the bell-shape. See Fig. 2
for this solution with By = 1. If the value |Bq] is a little large, so-
lution (13) takes on the hat-shape. See Fig. 3 for this hat-shape
solution with B; = 20.

If c1 + ¢ #0, from (11) we obtain

__ @ (c1+e)t
qi(t) = tcz In(Aqe +1),
1

t) = ——In(A @+ 1 1),
q2(t) p—— (A1 +1)

(14)

where Ay > 0 is a constant. In particular, for ¢ =c; =1 and
A1 =1, the solution becomes

u(x,t) = sgn(x - % In(e* + 1)) (e"x’% In(e*+1)| _ 1)

1
+ sgn<x+ 3 ln(eZt + 1))(6—\x+% In(e?+1)| _ 1)’ (15)

which is two-kink solution. See Fig. 4 for the profile of this two-
kink solution.
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