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In this paper, we study an integrable generalization of the associated Camassa–Holm equation. The gener-
alized system is shown to be integrable in the sense of Lax pair and the bilinear Bäcklund transformations
are presented through the Bell polynomial technique. Meanwhile, its infinite conservation laws are con-
structed, and conserved densities and fluxes are given in explicit recursion formulas. Furthermore, a
Darboux transformation for the system is derived with the help of the gauge transformation between
two Lax pairs. As an application, soliton and periodic wave solutions are given through the Darboux
transformation.
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1. Introduction

The Camassa–Holm (CH) equation

U T + 2k2U X − U X X T + 3U U X = 2U X U X X X + U U X X X , (1.1)

where the real constant k > 0, was derived as a model for shallow
water waves by Camassa and Holm in 1993 [1]. This equation is
integrable with the following Lax pair:

ψxx = λ
(
u − uxx + k2)ψ + 1

4
ψ,

ψt =
(

1

2λ
− u

)
ψx + 1

2
uxψ. (1.2)

Considerable interest was paid on the CH equation in recent
decades about its integrability and various kind of exact solutions
[2–17]. Schiff and Fisher showed that the Camassa–Holm equation
possessed the Bäcklund transformations and an infinite number of
local conserved quantities by using the Loop group approach [5,
6]. Parker gave explicit multi-soliton solutions for the CH equation
by taking the Hirota bilinear method and a coordinate transfor-
mation [12]. Its structure and dynamics were investigated in the
different parameter regimes. According to the Ref. [12], there is
a reciprocal transformation, (T , X) → (t, x), such that
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dx = R dX − U R dT , dt = dT , R =
√

U − U X X + k2. (1.3)

Let us apply the reciprocal transformation to the Lax pair (1.2) and
define the following potential function u(x, t)

u = 1

2

Rxx

R
− 1

4

(
Rx

R

)2

+ 1

4R2
− 1

4k2
, (1.4)

then Eq. (1.1) is transformed into the following associated Camassa–
Holm (ACH) equation

ut + 2k3ux + 4k2uut + 2k2ux∂
−1
x ut − k2uxxt = 0. (1.5)

Hone showed in Ref. [18] how the ACH equation (1.5) is related to
Schrodinger operators and the KdV equation, and described how to
construct solutions of the ACH equation from tau-functions of the
KdV hierarchy, including rational, N-soliton, and elliptic solutions.

Recently, integrable negative order flows, mixed equations and
the relationship of different hierarchies attracted much attention,
including continuous and discrete cases, such as the negative KdV,
mixed KdV, and Volterra lattice equations [19–25]. Inspired by the
above works, let us consider a new generalization of the associated
Camassa–Holm equation, namely,

ut + α(uxxx − 6uux)

+ β
(
2k3ux + 4k2uut + 2k2ux∂

−1
x ut − k2uxxt

) = 0, (1.6)

where α,β are two arbitrary constants.
Apparently, Eq. (1.6) is reduced to the ACH equation (1.5) when

we take α = 0, β = 1. For α = 1, β = 0, Eq. (1.6) gives the KdV
equation. So, Eq. (1.6) may be called the ACH–KdV equation. In this
paper, we show that (1.6) is integrable in the sense of Lax pair. We
use the Bell polynomial [26] and Hirota’s bilinear methods [27]
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to provide the bilinear Bäcklund transformation and infinite con-
servation laws [28–40]. Furthermore, we construct (1.6)’s Darboux
transformation through Lax pair, and apply it to obtain the exact
solutions of the ACH–KdV equation (1.6).

Our paper is organized as follows. In Section 2, by using Bell
polynomials, we study the bilinear Bäcklund transformations of the
ACH–KdV equation, and the Lax pair is also recovered. In Section 3,
infinite conservation laws of the ACH–KdV equation are derived by
virtue of the Lax equations. All conserved densities and fluxes are
recursively determined in an explicit formula. In Sections 4 and 5,
a Darboux transformation of the ACH–KdV equation is presented
through its Lax pair, and soliton and periodic wave solutions are
obtained through the Darboux transformation. Some conclusions
are given in the last section.

2. The bilinear Bäcklund transformation

In this section, we focus on the bilinear Bäcklund transforma-
tion of the ACH–KdV equation (1.6). Let

u = −qxx, (2.1)

then substituting (2.1) into Eq. (1.6), yields

q2x,t + α(q5x + 6q2xq3x)

+ β
(
2k3q3x − 4k2q2xq2x,t − 2k2q3xqx,t − k2q4x,t

) = 0, (2.2)

where qr1x1,...,r�x�
= ∂

r1
x1 · · · ∂r�

x�
q.

Simultaneously, an auxiliary independent variable τ is able to be
determined through the following equation

q4x + 3q2
2x = −qx,τ . (2.3)

Substituting (2.3) into Eq. (2.2), and integrating once with respect
to x, we obtain

E(q) ≡ qx,t + α
[
q4x + 3q2

2x

]
+ β

[
2k3q2x − 2

3
k2(q3x,t + 3q2xqx,t) + 1

3
k2qτ ,t

]
= 0.

(2.4)

Let q = 2 ln g and q′ = 2 ln f be two different solutions of the
above equation (2.4). The corresponding two-field condition is

E
(
q′) − E(q)

= (
q′ − q

)
x,t + α

[(
q′ − q

)
4x + 3q′ 2

2x − 3q2
2x

]
+ β

[
2k3(q′ − q

)
2x + 1

3
k2(q′ − q

)
τ ,t − 2

3
k2(q′ − q

)
3x,t

− 2k2(q′
2xq′

x,t − q2xqx,t
)]

= 0. (2.5)

To find the bilinear Bäcklund transformation of the ACH–KdV
equation (1.6), we define the following two variables

v = (
q′ − q

)
/2 = ln

f

g
, w = (

q′ + q
)
/2 = ln( f g). (2.6)

Then, inserting (2.6) into Eqs. (2.3) and (2.5) yields

1

2

(
E
(
q′) − E(q)

)
= vx,t + α(v4x + 6w2x v2x) + β

[
2k3 v2x + 1

3
k2 vτ ,t − 2

3
k2 v3x,t

− 2k2(v2x wx,t + vx,t w2x)

]
= 0, (2.7)
and

vx,τ + v4x + 6v2x w2x = 0. (2.8)

Let us impose a constraint equation

w2x + v2
x = λ, (2.9)

where λ is a parameter. We substitute (2.9) into Eq. (2.8) and in-
tegrate in x to obtain

vτ = 2v3
x − v3x − 6λvx. (2.10)

Then, the two-field condition (2.7) becomes

vx,t + α(v4x + 6w2x v2x) + β

[
2k3 v2x − 2k2 v2

x vx,t − 1

3
k2 v3x,t

+ 6k2λvx,t − 2k2(v2x wx,t + vx,t w2x)

]
= 0, (2.11)

i.e.

∂x
[
vt + α

(
v3x + 3vx w2x + v3

x

) + 3αλvx + 2βk3 vx

− βk2(v2x,t + w2x vt + 2wx,t vx + v2
x vt

) − 3βk2λvt
] = 0.

(2.12)

Based on the Bell polynomial theory, we have

∂x
[
Yt(v, w) + α

(
Y3x(v, w) + 3λYx(v, w)

)
+ β

(
2k3Yx(v, w) − k2Y2x,t(v, w) − 3k2λYt(v, w)

)] = 0,

(2.13)

where we have taken advantage of the following formula [26]:

Yn1x1,...,n�x�
(v, w)

= Yn1,...,n�
( f )

∣∣∣
fr1x1,...,r�x�=

{
vr1 x1,...,r�x�

, r1 + · · · + r� is odd,

wr1 x1,...,r�x�
, r1 + · · · + r� is even.

(2.14)

Integrating Eq. (2.13) with respect to x and setting the integral
constant equal to zero, we obtain the following coupled system
of Y(v, w) polynomials

Y2x(v, w) = λ,

Yt(v, w) + α
(
Y3x(v, w) + 3λYx(v, w)

)
+ β

(
2k3Yx(v, w) − k2Y2x,t(v, w) − 3k2λYt(v, w)

) = 0.

(2.15)

By virtue of the identity between the Y(v, w) polynomials and the
bilinear operator

Yn1x1,...,n�x�
(v = ln f /g, w = ln f g) = ( f g)−1 Dn1

x1 · · · Dn�
x�

f · g,

n1 + n2 + · · · + n� � 1, (2.16)

where D is the Hirota derivatives defined by

Dn1
x1 Dn2

x2 f · g

= (∂x1 − ∂x′
1
)n1(∂x2 − ∂x′

2
)n2 f (x1, x2)g

(
x′

1, x′
2

) ∣∣
x′

1=x1,x′
2=x2

.

Thus we immediately obtain the following bilinear Bäcklund trans-
formation for the ACH–KdV equation (1.6):[

D2
x − λ

]
f · g = 0,[(

1 − 3k2λβ
)

Dt + α
(

D3
x + 3λDx

) + β
(
2k3 Dx − k2 D2

x Dt
)]

f · g

= 0. (2.17)
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Using the Hopf–Cole transformation v = lnϕ and formula

( f g)−1 Dn1
x1 · · · Dnl

xl
f · g

∣∣
g=exp(q/2), f /g=ϕ

= ϕ−1
∑

r1+···+rl=even

n1∑
r1=0

· · ·
nl∑

rl=0

l∏
i=1

(
ni

ri

)
Pr1x1,...,rlxl (q)

× ϕ(n1−r1)x1,...,(nl−rl)xl , (2.18)

we may transform (2.17) into the following linear system,

Mϕ ≡ ϕ2x + q2xϕ = λϕ,

Nϕ ≡ (
1 − 3βk2λ − βk2q2x

)
ϕt + αϕxxx − βk2ϕxx,t

+ (
3αq2x − 2βk2qx,t + 2βk3 + 3αλ

)
ϕx = 0, (2.19)

which is the Lax pair of Eq. (2.2) with Lax operators

M = ∂2
x + q2x,

N = (
1 − 3βk2λ − βk2q2x

)
∂t + α∂3

x − βk2∂2
x ∂t

+ (
3αq2x − 2βk2qx,t + 2βk3 + 3αλ

)
∂x. (2.20)

Combining with u = −q2x , we have the Lax pair for the ACH–KdV
equation (1.6)

ϕxx − uϕ = λϕ,(
1 − 3βk2λ + βk2u

)
ϕt + αϕxxx − βk2ϕxx,t

+ (−3αu + 2βk2∂−1
x ut + 2βk3 + 3αλ

)
ϕx = 0. (2.21)

By a long calculation, it is not difficult to get that (1.6) is exactly
the compatibility condition of (2.21).

3. Conservation laws

This section is contributed to construct the infinite conservation
laws for Eq. (2.2). We introduce a new potential function η(x, t),
such that

η = q′
x − qx

2
, (3.1)

where q,q′ is the same as in (2.15), then we have

vx = η, wx = η + qx. (3.2)

Substituting (3.2) into (2.9) yields a Riccati-type equation:

ηx + η2 + q2x = λ. (3.3)

We set λ = ε2 − 1
4k2 , and expand η as

η = ε +
∞∑

n=1

I(n)ε−n, (3.4)

which is inserted into the Riccati equation (3.3), and equating the
coefficients of ε , we obtain the recursion relations for I(n) as fol-
lows:

I(1) = −1

2
q2x + 1

8k2
, I(2) = 1

4
q3x,

I(3) = −1

8

[
q4x +

(
q2x − 1

4k2

)2]
,

· · ·
2I(n+1) + I(n)

x +
∑

i+ j=n,i, j�1

I(i) I( j) = 0, (3.5)

where I(n) does not denote the conserved density of the ACH–KdV
equation.
Taking advantage of (3.1) and (3.3), we are able to rewrite
Eq. (2.7) as the divergence-type form

∂t
[(

1 − 4βk2λ
)
η − βk2η2x − 2βk2ηηx

]
+ ∂x

[
α

(
η2x − 2η3 + 6λη

) + 2βk3η − 2k2βqx,tη
] = 0. (3.6)

Substituting expansion (3.4) into (3.6) leads to

∂t

[(
1 − 4βk2λ

) ∞∑
n=1

I(n)ε−n − βk2
∞∑

n=1

I(n)
2x ε−n

− 2βk2

(
ε +

∞∑
i=1

I(i)ε−i

)( ∞∑
j=1

I( j)
x ε− j

)]

+ ∂x

[
α

∞∑
n=1

I(n)
2x ε−n − 2α

(
ε +

∞∑
i=1

I(i)ε−i

)

×
(
ε +

∞∑
j=1

I( j)ε− j

)(
ε +

∞∑
l=1

I(l)ε−l

)

+ 6αλ

∞∑
n=1

I(n)ε−n + 2βk3
∞∑

n=1

I(n)ε−n

− 2k2βqx,t

(
ε +

∞∑
n=1

I(n)ε−n

)]
= 0. (3.7)

Comparing the powers of ε in Eq. (3.7) provides the following in-
finite conservation laws

F (n)
t + G(n)

x = 0, n = −1,0,1,2, . . . , (3.8)

where F (n) and G(n) stand for conservation density and asso-
ciated flux, respectively. The conservation densities F (n) , n =
−1,0,1,2, . . . , are given by

F (−1) = −4βk2 I(1), F (0) = −4βk2 I(2) − 2βk2 I(1)
x ,

F (1) = −4βk2 I(3) + (1 − β)I(1) − βk2 I(1)
2x − 2βk2 I(2)

x ,

F (2) = −4βk2 I(4) + (1 − β)I(2) − βk2 I(2)
2x − 2βk2[I(3)

x + I(1) I(1)
x

]
,

· · ·
F (n) = (1 − β)I(n) − 4βk2 I(n−2) − βk2 I(n)

2x − 2βk2 I(n−1)
x

− 2βk2
∑

i+ j=n,i, j�1

I(i) I( j)
x , n � 3, (3.9)

and the associated fluxes G(n) , n = −1,0,1,2, . . . , are given by

G(−1) = −2k2βqx,t, G(0) = 0,

G(1) = α I(1)
2x − 6α

((
I(1)

)2 + I(3)
) + 2βk3 I(1)

− 2k2βqx,t I(1) + α

[
6I(3) + 3

2k2
I(1)

]
,

G(2) = α I(2)
2x − 6α

(
I(4) + 2I(1) I(2)

) + 6α I(4) + 3

2k2
α I(2)

+ 2βk3 I(2) − 2k2βqx,t I(2),

· · ·
G(n) = α I(n)

2x − 2α

[
3I(n+2) + 3

∑
i+ j=n+1,i, j�1

I(i) I( j)

+
∑

i+ j+l=n,i, j,l�1

I(i) I( j) I(l)
]

+ 6α I(n−2) + 3

2k2
α I(n)

+ 2βk3 I(n) − 2k2βqx,t I(n). (3.10)



JID:PLA AID:22303 /SCO Doctopic: Mathematical physics [m5Gv1.5; v 1.120; Prn:27/12/2013; 11:58] P.4 (1-7)

4 L. Luo et al. / Physics Letters A ••• (••••) •••–•••

1 67

2 68

3 69

4 70

5 71

6 72

7 73

8 74

9 75

10 76

11 77

12 78

13 79

14 80

15 81

16 82

17 83

18 84

19 85

20 86

21 87

22 88

23 89

24 90

25 91

26 92

27 93

28 94

29 95

30 96

31 97

32 98

33 99

34 100

35 101

36 102

37 103

38 104

39 105

40 106

41 107

42 108

43 109

44 110

45 111

46 112

47 113

48 114

49 115

50 116

51 117

52 118

53 119

54 120

55 121

56 122

57 123

58 124

59 125

60 126

61 127

62 128

63 129

64 130

65 131

66 132
From (3.8)–(3.10), we observe that the first two equations of (3.8)
are trivial. However, the third conservation law F (1) = G(1) is ex-
actly Eq. (2.2).

So far, we conclude that the ACH–KdV equation (1.6) is inte-
grable with Lax pair, admits the bilinear Bäcklund transformation,
and has infinitely many conservation laws.

4. Darboux covariant Lax pair

In this section, we shall construct the Darboux covariant Lax
pair of (2.19) whose form is invariant under a gauge transforma-
tion.

Suppose that ϕ is a solution of the eigenvalue problem (2.19)
corresponding to the parameter λ. Let us define the operator T as

T = ∂x − σ , σ = ∂x lnϕ, (4.1)

then we have a gauge transformation of the spectral problem (2.19)

ϕ̃ = Tϕ. (4.2)

This maps the operator M(q) into a similar form

T M(q)T (−1) = M̃(q̃) = M(q̃), (4.3)

and the corresponding covariant condition is satisfied by

q̃ = q + 
q, 
q = 2 lnϕ, (4.4)

i.e.

ũ = u + 
u, 
u = −2σx. (4.5)

But this is not the case for the evolution equation of the spectral
problem (2.19). Hence, it is necessary for us to find another covari-
ant operator Ncov(q) with appropriate coefficients, such that the
following equation holds by gauge transformation (4.2):

Ñcov(q̃) = Ncov(q̃), q̃ = q + 
q, 
q = 2 lnϕ. (4.6)

Assume ϕ is a solution of the following Lax pair

M(q)ϕ = λϕ, Ncov(q)ϕ = 0,

Ncov(q) = (
1 − 3k2λβ + b1

)
∂t + 4α∂3

x − 4βk2∂2
x ∂t + b2∂x + b3

= 0, (4.7)

where b1,b2,b3 are three functions to be determined. We re-
quire that it is sufficient for transformation T to map the oper-
ator Ncov(q) to a similar one, that is

T Ncov(q)T (−1) = Ñcov(q̃),

Ñcov(q) = (
1 − 3k2λβ + b̃1

)
∂t + 4α∂3

x − 4βk2∂2
x ∂t + b̃2∂x + b̃3

= 0, (4.8)

such that b̃1, b̃2, b̃3 satisfy the covariant condition

b̃ j = b j(q + 
q) = b j + 
b j, j = 1,2,3. (4.9)

By an operator calculation from (4.8), we obtain

b̃1 − b1 = 
b1 = −8βk2σx,

b̃2 − b2 = 
b2 = 12ασx − 4βk2σt,

b̃3 − b3 = 
b3 = 12ασ2x − 8βk2σx,t + 12ασxσ − 4βk2σtσ

+ b2,x, (4.10)

and σ satisfies
(
1 − 3β2k2λ + b̃1

)
σt + 4ασ3x − 4βk2σ2xt + b̃2σx + b3x

+ (b̃3 − b3)σ = 0. (4.11)

According to expression (4.10), it remains to determine the func-
tions b1,b2,b3 in the form of polynomial expressions in terms of
q and its derivatives. We suppose

b j = F j(q,qx,qt,qx,t,qxx, . . .), j = 1,2,3, (4.12)

and


b j = 
F j = F j(q + 
q,qx + 
qx,qt + 
qt, . . .)

− F j(q,qx,qt, . . .), (4.13)

such that 
qkx,lt = 2(lnϕ)kx,lt , k, l = 1,2, . . . , and 
b j given
through (4.10).

Expanding the right-hand side of Eq. (4.13), we arrive at


b1 = 
F1 = F1,q
q + F1,qx
qx + F1,qt 
qt + · · ·
= −8βk2σx

= −4βk2
qxx, (4.14)

which indicates that b1 can be determined up to an arbitrary con-
stant c1, that is

b1 = F1(qxx) = −4βk2qxx + c1. (4.15)

In the same way, we have

b2 = F2(qxx) = 6αqxx − 2βk2qx,t + c2, (4.16)

where c2 is an arbitrary constant.
Expanding the coefficients of the operator ∂t in Eqs. (4.8) and

combining (4.15), one can readily obtain

qxx = −σ 2 − σx + γ , (4.17)

where γ is an arbitrary constant.
Regrouping (4.17), (4.13) and the third equation of (4.10), we

get


b3 = 
F3 = F3,q
q + F3,qx
qx + F3,qt 
qt + · · ·
= 3α
q3x − 3βk2
q2x,t, (4.18)

thus we have

b3 = 3αq3x − 3βk2q2x,t + c3, (4.19)

with an arbitrary constant c3.
Choosing c1 = 3βλk2, c2 = 2βk3, c3 = 0, we get the covariant

evolution equation

Ncov(q)ϕ = 0,

Ncov(q) = (
1 − 4βk2q2x

)
∂t + 4α∂3

x − 4βk2∂2
x ∂t

+ (
6αq2x − 2βk2qx,t + 2βk3)∂x + 3

(
αq3x − βk2q2x,t

)
= 0. (4.20)

Thus, we obtain the following Darboux covariant Lax pair for
Eq. (2.2)

M(q)ϕ = λϕ, Ncov(q)ϕ = 0,

M(q) = ∂2
x + q2x,

Ncov(q) = (
1 − 4βk2q2x

)
∂t + 4α∂3

x − 4βk2∂2
x ∂t

+ (
6αq2x − 2βk2qx,t + 2βk3)∂x

+ 3
(
αq3x − βk2q2x,t

)
, (4.21)
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Fig. 1. (1) The denominator of two-soliton wave determined by (5.5) with the parameters p1 = 1,α = 1, β = 3,k = 1. Red line: t = −1; Green line: t = 0; Blue line: t = 1.
(2) The numerator of two-soliton wave determined by (5.5) with the parameters p1 = 1,α = 1, β = 3,k = 1. Red line: t = −1; Green line: t = 0; Blue line: t = 1. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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i.e.

ϕxx − uϕ = λϕ,(
1 + 4βk2u

)
ϕt + 4αϕxxx − 4βk2ϕxx,t

+ (−6αu + 2βk2∂−1
x ut + 2βk3)ϕx

+ 3
(−αux + βk2ut

)
ϕ = 0. (4.22)

Moreover, the two operators N(q) and Ncov(q) are related through
the following formula

Ncov(q) = N(q) + (
3βk2λ − 3βk2q2x

)
∂t + 3α∂3

x − 3βk2∂2
x ∂t

+ (3αq2x − 3αλ)∂x + 3αq3x − 3βk2q2x,t . (4.23)

Hence, we arrive at the following proposition:

Proposition. Under the gauge transformations (4.1) and (4.2), the ACH–
KdV equation (1.6) possesses the following Darboux covariant Lax pair

Mϕ = λϕ, Ncovϕ = 0,

Ncov = (
1 − 4βk2q2x

)
∂t + 4α∂3

x − 4βk2∂2
x ∂t

+ (
6αq2x − 2βk2qx,t + 2βk3)∂x + 3

(
αq3x − βk2q2x,t

)
= 0, (4.24)

and the Miura transformation between u and ũ is

ũ = u − 2σx (4.25)

where σ is given as in (4.1).

Moreover, one can easily check that the compatibility condition
of the Darboux covariant Lax pair (4.21) does lead to the ACH–KdV
equation (1.6) in Lax representation

[
M(q), Ncov(q)

]
= q2x,t + α(q5x + 6q2xq3x)

+ β
(
2k3q3x − 4k2q2xq2x,t − 2k2q3xqx,t − k2q4x,t

)
= ut + α(uxxx − 6uux)

+ β
(
2k3ux + 4k2uut + 2k2ux∂

−1
x ut − k2uxxt

)
= 0. (4.26)
5. Application of the Darboux transformation

In this section, we shall apply the above Darboux transforma-
tion (4.1) to give the explicit solutions of the ACH–KdV equation
(1.6). To see this, we substitute the seed solution u = 0 correspond-
ing eigenvalue λ = p2

i , pi > 0, i = 1,2, into Lax pair (4.22), we get
the basic solution for the Lax pair (4.22)

ϕi = 2 cosh ξi,

ξi = pi x + 4αp3
i + 2βk2 pi

4βk2 p2
i − 1

t + νi, i = 1,2, (5.1)

where νi , i = 1,2, is arbitrary constant. From DT (4.2), we have

σ1 = ∂x lnϕ1 = p1 tanh ξ1. (5.2)

So, we get one-soliton solution of the ACH–KdV equation

ũ = −2p2
1 sech2 ξ1. (5.3)

According to the DT (4.1) and (4.2), we get

ϕ̃2 = Tϕ2 = (∂x − σ1)ϕ2 = 2p2 sinh ξ2 − 2p1 tanh ξ1 cosh ξ2,

which implies

σ2 = ϕ̃2,x

ϕ̃2
= −p1 tanh ξ1 + p2

2 − p2
1

p1 tanh ξ1 − p2 tanh ξ2
,

ξ j = p jx + 4αp3
j + 2βk3 p j

4βk2 p2
j − 1

t + ν j, j = 1,2. (5.4)

Thus, we get a two-soliton solution

˜̃u = 2(p2
1 − p2

2)(p2
1 sech2 ξ1 − p2

2 sech2 ξ2)

p1 tanh ξ1 − p2 tanh ξ2
. (5.5)

Next, we show special two-soliton solutions with singularities
based on (5.5). Letting p1 = 1, p2 = 2, α = 1, β = 3, k = 1, we can
see that the two-soliton solution (5.5) has a singularity x0 when
t = t0 is given, and these singularities satisfy (see Fig. 1(1)):

0 < x0 < 0.5, when t = −1,

x0 = 0, when t = 0,

−0.5 < x0 < 0, when t = 1. (5.6)

In the above cases, the numerator part of (5.5) is greater than 0
around the singularity x0 (see Fig. 1(2)).

For our convenience, let us denote the denominator of (5.5) by

g(x, t) = p1 tanh ξ1 − p2 tanh ξ2,
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Fig. 2. The two-soliton wave determined by (5.5) with the parameters p1 = 1,α = 1, β = 3,k = 1; and the location of blowing up is different with different moment t . (i) Red
line: t = −1 with the point of explosion 0 < x0 < 0.5; (ii) Green line: t = 0 with the point of explosion x0 = 0; (iii) Blue line: t = 1 with the point of explosion −0.5 < x0 < 0.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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then as shown in Fig. 1(1), the denominator of (5.5) is continuous
and tends to zero as x → x0, and

lim
x→x−

0

g(x, t) = +0, lim
x→x−

0

g(x, t) = −0.

So we have

lim
x→x−

0

˜̃u = +∞, lim
x→x+

0

˜̃u = −∞,

and

lim
x→−∞

˜̃u = lim
x→+∞

˜̃u = 0.

According to Fig. 2, we may observe that the asymptotic behavior
of the two-soliton solution (5.5): it tends to zero as x → ±∞ while
there exists a point of explosion for every different time t . The
points of explosion vary with different time t , and the location of
the blow up moves from left to right with increasing time t .

If we choose the seed solution u = 0 corresponding to eigen-
value λ = −p2

1, p1 > 0, we have the basic solution

ϕ1 = cos ξ1 + sin ξ1, ξ1 = p1x + 4αp3
1 + 2βk3 p1

4βk2 p2
1 − 1

t + ν1, (5.7)

and

σ1 = ∂x lnϕ1 = p1
cos ξ1 − sin ξ1

cos ξ1 + sin ξ1

= p1
(
sec(2ξ1) − tan(2ξ1)

)
. (5.8)

We get a periodic solution of Eq. (1.6)

ũ = 4p2
1

1 + sin(2ξ1)
= 4p2

1

(
sec2(2ξ1) − sec(2ξ1) tan(2ξ1)

)
. (5.9)

Substituting (5.9) into the Lax pair (4.22), and assuming λ =
−p2

2 > 0, then the eigenfunction satisfies

σ2 = ϕ2,x

ϕ2
= −p1

cos ξ1 − sin ξ1

cos ξ1 + sin ξ1

− p2
1 − p2

2

p1
cos ξ1−sin ξ1
cos ξ1+sin ξ1

− p2
cos ξ2−sin ξ2
cos ξ2+sin ξ2

,

ξ j = p jx + 4αp3
j + 2βk3 p j

4βk2 p2
j − 1

t + ν j, j = 1,2, (5.10)

where σ2,x + σ 2
2 = −p2

2 + 4p2
1

(cos ξ1+sin ξ1)2 .

Thus, we get another soliton solution of Eq. (1.6)
˜̃u = 2p2
1

(cos ξ1 + sin ξ1)2

− 2(p2
1 − p2

2)(p2
1 − p2

2 − p2
2 sin(2ξ1) + p2

1 sin(2ξ2))

[(p1 − p2) cos(ξ1 + ξ2) − (p1 + p2) cos(ξ1 − ξ2)]2
.

(5.11)

In this case, both the one-periodic and two-periodic solutions are
singular and their singularities appear periodically.

6. Conclusions

In this paper, we study a new generalization of the associated
Camassa–Holm equation. This equation is shown to be integrable
in the sense of Lax pair. The bilinear Bäcklund transformations are
presented by virtue of the Bell polynomial theory. At the same
time, its infinite conservation laws are constructed, and conserved
densities and fluxes are given with explicit recursion formulas. Fur-
thermore, a Darboux transformation for this equation is derived
with the help of the gauge transformation between two Lax pairs.
As an application, soliton and periodic wave solutions are given
through the Darboux transformation. Simultaneously, we analyze
the asymptotic behavior of the two-soliton solution, and we ob-
serve it tends to zero as x → ±∞ while there exists a point of
explosion for every different time t . The points of explosion vary
with different time t , and the location of the blow up moves from
left to right with increasing time t along with x-axis.
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